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Abstract
This paper presents a new approach to evaluating the special values of the Dirichlet
beta function, 8(2k+1), where k is any nonnegative integer. Our approach relies on
some properties of the Euler numbers and polynomials, and uses basic calculus and

telescoping series. By a similar procedure, we also yield an integral representation
of B(2k).

1. Introduction

It is well known that the value of the Riemann {-function at a positive even integer
2k can be expressed as

[e%s) 1 (_1)k_122k_17r2k

C(2k) = ZW = 0! Bok, (1)

n=1

where By, is the k-th Bernoulli number. One of the classical proofs of this formula is
attributed to Euler, which involves considering the expansion of 7z cot(nz) in two
different ways. However, over time, numerous other proofs have been developed
utilizing a variety of techniques and approaches, including notable examples such
as [1], [3]-9], [11], and [13]-[15]. The multitude of proofs reflects the fundamen-
tal importance of this formula and the richness of the mathematical concepts it
connects.

On the other hand, the Riemann {-function has been generalized in many ways,
including the Dirichlet L-functions. In a similar manner to Equation (1), formulas
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for the special values of the Dirichlet L-functions have been established as follows
(for details see, for example, [10, Section 7-2, Corollary 2.10]).

Theorem 1 ([10]). Let x be a primitive character of conductor N and k be a
positive integer satisfying x(—1) = (—=1)*. Then we have

-\ k o
L) = (- T (20) Bex @)

where By, 5 is the generalized Bernoulli number associated with the conjugate of the
character x, and T(x) is the Gauss sum of the character defined as

) = Y x(a)e ¥

a=1

These formulas play a critical role in number theory, particularly in the study of
primes in arithmetic progressions, and have many connections with various math-
ematical objects such as modular forms, automorphic representations, and Galois
representations.

In this paper, we focus on Equation (2) particularly for the L-function associated
with the primitive Dirichlet character x4 modulo 4, also known as the Dirichlet 5-
function

o~ (=™
Bls) _mz::O @m+1)°
More precisely, it is our aim to present an alternative approach to computing
L(2k + 1,x4) = B(2k + 1), whose formula can be stated as in the following the-
orem, according to Equation (2).

Theorem 2. Let x4 be a primitive character of conductor 4 and k be a nonnegative
integer. We have

™

B(2k +1) = (-1 (7)

21 Bok1,x4

(2k+ 1)V 3)

where Bagy1,y, 45 the 2k 4 1-th generalized Bernoulli number associated with x4.

To prove the above theorem, we use the techniques analogous to those introduced
in [5]. The method utilizes basic calculus and telescoping series to derive the desired
formula. Applying the same techniques, we also obtain an integral representation
for 5(2k), when k is a positive integer.

Theorem 3. For any positive integer k, we have

_{\k—1g2k 1/2
B(2k) = (2(12)16_1)| /O Eop_1(t) sec(rt)dt. (4)
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In the next section, we recall definitions and important properties of Euler poly-
nomials Ej(z), which are crucial to our work. Then Section 3 is devoted to our
proof of Theorem 2, a formula for 5(2k + 1). Lastly, we derive Theorem 3, an
integral representation for 3(2k), in Section 4.

2. Euler Numbers and Polynomials

In this section, we introduce some useful properties of the Euler numbers and poly-
nomials, which will be used repeatedly in Sections 3 and 4.

Definition 1. The k-th Fuler number Ej is defined by the generating function
s k t
t 2e
E Ey— = ———. (5)
| 2t
= k! et +1
By expanding the right-hand side of the equation above, the first few Euler
numbers can be observed as
FEy=1 E1=0, Eb =-1, E3=0, B, =5, ....

Definition 2. The k-th Euler polynomial Ey(x) is defined by the generating func-

tion
= tk 2e™t
ZEk(JU)— = ——, where [{| <71,z €R. (6)
Pt k! et +

Again, by expanding the right-hand side of the above equation, we see that the
first few Euler polynomials are

1 3 1
Ep(z) =1, El(m):x—? Fy(z) = 2 — x, E3:m3—§x2+1,

Using Definitions 1 and 2, we observe the following noteworthy proposition.
Proposition 1. For the Euler polynomials and k € Z>¢, the followings are true:

(1.1)  En(1—2) = (=1)*E(z) and, in particular, Eopy1 (1/2) =0,
(1.2) E,=2E;(1/2),
(1.3)  Ex(z+1)+ Ex(z) = 22F,

(1~4) EQk(l) = EQk(O) =0,
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(1.5) E}{(x) =0 and E|(z) = kEx_1(x) when k > 1,

B
(1.6) E9;(1/2) = _(ijﬁl%’ where Bapi1,y, 15 the generalized Bernoulli

number associated with the primitive character modulo 4.

Proof. To prove the first statement, we substitute z with 1 —z in Equation (6) and

get
e tk 26(17I)t 2¢e—t k tk
;}Ek(l_x)ﬁ T el et41 Z ) B (x k-

Comparing the coefficients of t* term on both sides of the equation gives us the
desired result. The second part in (1.1) then follows by evaluating the equation at
x = 1/2 when k is an odd integer. The second and third statements are obtained
similarly, by evaluating Equation (6) at x = 1/2 and at « — 1, respectively.

The statement (1.4) follows from substituting z = 0 to equations in (1.1) and
(1.3), which yields Foi(1) = E2;(0) and Ea(1) + E2,(0) = 0, respectively.

To verify (1.5), we differentiate Equation (6) with respect to z;

= tk d 2e 2e*t
I L e
Z: k(x)k! dret+1 et +1

The right-hand side of the equation is then the product of ¢ and the generating
function of the the Euler polynomials. Therefore, we see that
0 t k+1 k

ZE,@(x)t— ZEk AT (7)
k=0

which means Ej(z) = kE}_;(x) when k > 1. Since the constant term of the
right-hand side of Equation (7) is 0, we conclude that Ej(z) = 0.

Lastly, for (1.6), we recall the relation between the k-th generalized Bernoulli
number By, , associated with x and the k-th Bernoulli polynomial By (z) given by

By, = N1 g: x(a) By, (%) .

a=1

k=0

Here, N is the conductor of the character x. See, for example, [2, Section 4.3]. In
particular, when y = x4,

e m)on@)

Likewise, the Euler polynomials can be related to the Bernoulli polynomials as

Err(2) = QZ(Bk (9”;1) ~ By (g))
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(see [12] for details). In particular, when 2 = 1/2, we have

) - EmE @) o

Comparing Equations (8) and (9) gives us

o 1 _ ﬁ . —Bra _ Bl x
T\ 2 ko 4kl 2k—2f"
A proof is completed by replacing k with 2k + 1. O

3. Computing 3(2k + 1)
In this section, we prove the formula for 5(2k + 1) as stated in Theorem 2.

Proof of Theorem 2. We will use the following auxiliary integral
1/2
I(k,m) = / Eoi(t) sin((2m + 1)7t) dt, (10)
0

for integers k, m > 0. For clarity, we split the proof into three main steps.

1) Summing auxiliary functions. First, we find the recurrence relation among
the auxiliary functions I(k,m) and derive the closed form solution. We begin with
the simplest case when k& = 0. Using the fact that Ey(¢) = 1 for any real ¢, we have

that
1

2m+ )7’ (11)

1/2
I(0,m) = / sin((2m + 1)wt) dt =
0
For k > 1, we integrate Equation (10) by parts and obtain

cos((2m mt) ]2 / cos((2m ™
(2m+1) t)} +/01 2E§k(t) (@m+mt)

I(k,m) = — [Ezk(t) @m+ r 2m + 1)m

t=0
1 vz
= —— Es (t 2 1)mt) dt
G, Eateos(@m o+ )t
where the last equality follows from (1.4).
Now, applying (1.5) and integrating by parts again, we get

2k(2k —1) [1/?
(2m +1)2x2 J,
_ —2k(2k —1)

= Gm g gzl hm)-

I(k,m) = — Es—o(t) sin((2m + 1)7t) dt
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Applying this recurrence relation repeatedly, together with the value of I(0, m) from
Equation (11), we obtain the closed form of our auxiliary functions

I  —2k(2k —1) —(2k —2)(2k — 3) -2-1 1
k) = Gz~ Gmr e Gmr 0P @mt D
(=1)%(2k)!

- (2m—|— 1)2k+1ﬂ.2k+1’

for any nonnegative integers k and m. Multiplying each I(k,m) by (—1)™ and
summing up over nonnegative integers m relate I(k,m) to 8(2k + 1) as

S e )™ 2% —1)k(2k)!
> (1" Ik m) Z QmH %117(72,3“ ! nggl Yaer+1).  (12)
m=0 m=0

2) Modifying auxiliary functions. We now modify our auxiliary functions
I(k,m) as follows:
1/2

Im) = | B @) sin((m -+ ) dr

where £
Ef(t) = BEa(t) — 2T2,fsin(7rt).

This can also be written as

1/2
I'(k,m) = /0 (EQk(t) - % sin(wt)) sin((2m + 1)7t) dt

12 g
= I(k,m)— /0 ok sin(7rt) sin((2m + 1)=t) dt,

and therefore,

Ly,

1/2
I(k,m) = I*(k,m )—&—QW/O sin(rt) sin((2m + 1)xt) dt. (13)

Furthermore, applying the following trigonometric identity

cos(a — ) — cos(a + )

sin(a) sin(f8) = 5
to the integrand in Equation (13) yields that
By (Y2 . B Y2 cos(2mmt) — cos((2m + 2)7t)
ook sin(7t) sin((2m + 1)mt) dt = 92k 2 at
0
Esy .
ey if m=0,

0 otherwise.
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We also note that (1.2) and (1.6) give

Eoy, Bok+1,x4

22642 T (2k 4 1)22k+T

Hence, Equation (13) can be written as

. Baky1,xa
lkm) = G et
I*(k,m), ifm>1.

I(k, m) if m=0,

Thus,

M8

2k + 1)22k+1

3
Il
<

(—1)™I(k,m) = (I*(k,o) (32’””) + i 1)™I* (k, m)

= Bokti1,x
1)™I(k —_— = 14
mz::O ™) = Gkt )22 (14)
Comparing this with Equation (12), it boils down to simplify Equation (14) to
obtain the desired result. Indeed, we will show that Y °_ (=1)"I*(k,m) = 0 in
the following subsection.

3) Computing telescoping series. We now show that the infinite series
S _o(—=1)"™I*(k,m), which is defined as limy oo ZZZO(—l)mI* (k,m), converges
to 0 by using trigonometric identities and telescoping sums. Consider

N
135“@7;)(_1) I*(k,m)
= lim (I*(k,0) = I*(k, 1) 4+ + (=1)N'1* (b, N — 1) + (-1)NI*(k, N))
bde el
1/2
= lim (E;k(t)sin(nt)—E;k(t)sin(?mt)—&—~-~
N —oo 0

+ ()N () sin((2N — 1)mt) + (—1)V B () sin((2N + 1)m)) dt.
Applying the following trigonometric identity

cos((2m — 1)x) — cos((2m + 3)x)
2sin(2x) ’

sin((2m + 1)z) =
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we obtain the telescoping series

1/2 —7t) — 7r s(mt) — 7r
i [ (Bt ST
. cos(3mt) — cos(7mt) . cos(5mt) — cos(9mt)
+ Eau(t) - 2sin(27t) — Ea(t)- 2sin(27t)
DY EL®) - cos((2N — 1);;)n(2:;((2]v + 3)71'15)) it (15)

To cancel out repetitive terms in Equation (15), we need to extend the function

B3, (1)

for t 1/2
Sin(27('t>7 or G(Oﬂ /)a

flt) =

tot=0and 1/2.
When ¢ = 0, we note that £3,(0) = E2;(0) — 225 - sin(0) = 0 by (1.4). We then
evaluate the limit of f(¢) when t approaches 0 using L’Hoépital’s rule as follows

Eor . FEoy,
L Balt) — ogpsinGrt)  2kEpa(0) — e
150 sin(2mt) - o ’

which is some constant.
As for t = 1/2, notice that E3, (1/2) = Ea(1/2) — %Sin(ﬂ'/?) =0 by (1.2).
Then the limit of f(t) as ¢t approaches 1/2 can be evaluated as

By, Ear,
Eor(t) — 2Wsm(mﬁ) 2k - Fop—1(1/2) — ST cos(m/2)

li =
tiﬁr}z sin(2nt) 27 cos(m) ’

which equals 0 by using (1.1). Thus, f(¢) is well-defined on [0,1/2], and, hence,
most of the terms in Equation (15) get cancelled. Moreover, since the first two
terms f(t) cos(—nt) and f(t) cos(wt) are equal, we are left with

(—=1)™I* (k,m)

M8

0

3
Il

/2
— ]\}21100(—1)1\”1/0 2511?25275) (cos((2N + 1)7t) — cos((2N + 3)7t)) dt

1/2 *
:J&@m(_l)N—l/o QSEiIzlk(g:t)(—QSin((ZN—i—2)7rt)sin(—7rt)) dt

1/2 *
:]Vliirlm(fl)Nfl/() fg’;g)t)(sm((m+2)m)) dt. (16)
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To proceed further, we justify that the function 2?5:((2) sin((2N + 2)7t) is dif-

ferentiable on [0,1/2] with continuous derivative. Similar to the case of f(t), we
extend the function

B3, (1)
cos(mt)’

g(t) = for t € [0,1/2),

to t = 1/2, which can be achieved by applying (1.1) and (1.5):

Eor .
Eor(t) — 2Wsm(wt}

lim
t—1/2 2 cos(mrt)

Therefore, g(¢) is differentiable with continuous derivative on [0,1/2].
We now consider the integral on the right-hand side of the last equation of (16).
Writing (2N 4 2)m = R and integrating by parts give

. 1/2 S
g1/ + a0+ [ o0

1/2
/0 o(t)sin(RE) dt = —

The boundedness of g(0), g(1/2) and ¢'(t) shows that each term in the above sum
approaches zero as R approaches infinity, and therefore

N

ngnmmz::o(_m I*(k,m) = 0.

Thus, Equation (14) is simplified as

Bogt1,x

(A" km) =

M8

0

3
I

This, together with Equation (12), completes the proof. O

4. An Integral Representation of 3(2k)

This section is devoted to obtaining the integral representation of 5(2k) as stated
in Theorem 3. In this case, we split the proof into two steps.

Proof of Theorem 3. We consider a slightly different auxiliary integrals

1/2
J(k,m) = /0 Esp41(t) cos((2m + 1)wt) dt (17)

with integers k,m > 0.



INTEGERS: 23 (2023) 10

1) Summing auxiliary functions. Similar to the case of 1(0,m), applying (1.5)
and integrating by parts yield

dt.

TO.m) = By (4) sin (275Hr) — B1(0) sin(0) B /1/2 (0 B2 + Dyt)
0

2m+ )7 2m+ 7
Then, using (1.1), together with the facts that Ey(¢) = 1 and sin(0) = 0, we are left
with 12
sin((2m + 1)t) 1
JO,m) = — SR T )T g = 18
(0,m) /0 (2m+ 1)w (2m 4 1)272 (18)

Now we consider Equation (17) when k > 1. Integrating by parts twice, along
with (1.1), (1.4), and (1.5), gives us

(2k+1)(2 )

J(k,m) = “@m T 1)

J(k—1,m). (19)

Putting Equations (18) and (19) together provides the closed form of J(k, m) as

(=1)F1(2k 4+ 1)!
(2m + 1)2k+2ﬂ-2k+2'

J(k,m) =

Therefore, we can relate J(k,m) to B(2k) as

= > VE(2k —1)! (—1)*(2k — 1)!
k—1 = 2k
— ,m ZO 2m + 1)21@7.(-21@ 2k ﬁ( )’
for any k > 1, or equivalently,
(—1)kn2k &
2 = -1 . 2
5(2k) Qkil,Ej m) (20)

2) Computing telescoping series. We now simplify the right-hand side of
Equation (20) by exploiting a telescoping series and the trigonometric identity

cos(2mmt) + cos((2m + 2)7t) '

cos((2m + 1)7t) = 2 cos(mt)

(21)

Applying Equation (21) in Equation (17), we obtain that

J(k—1,m) = For 1 (1) cos(2mamt) + cos((2m + 2)7t)

dt.
o 2 cos(mt)
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Multiplying each J(k —1,m) by (—1)™ and summing up over nonnegative integers
m give

S (-1 I(k - 1,m)

m=0
1/2 0 2t
_ ngn Fox 1 (1) cos(2) +cos(2mt)
o Jo cos(mt)
cos(2Nnt) 4 cos((2N + 2)7t) it
2 cos(mt) ’

+(—1)N Ear—1(t)

Then we extend the function

h(t) = m t€10,1/2),

in each summand, to ¢ = 1/2 by continuity. By applying L'Hdpital’s rule, we obtain

Eop—1(t) — (2k —1)Ep,2(1/2)

t—1/2 2 cos(nt) —27

)

which is some constant. Thus, h(t) is differentiable on [0,1/2] with a continuous
derivative, and, hence, most of the terms in the above integral now get cancelled,
leaving us

> (=)™mI(k—1,m)

m=0
1/2 COS COS ™
Y2 Boj_(t) sec(nt) _ /2 cos((2N + 2)mt)
,/0 %dtﬂvlg&(q)fv/o EZk_l(t)Wdt. (22)

To further simplify the above expression, we will show that, in fact,

12 2N + 2)t
lim (fl)N/ E%_l(t)Mdt
S0 0 cos(mt)

is null. Let R denote (2N + 2)m. The integral above then equals

N—o00

sin sin 1/2 sin
— lim (-1 (h(1/2)(§/2)—h(0) ©) —/0 o) E%Rt)dt>.

lim (—-1)V /01/2 h(t) cos(Rt)dt

N—o00 R
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Since h(1/2),h(0), and h'(t) are bounded, each summand approaches 0 as R — o0,
and therefore this limit is indeed 0. Thus, the summation (22) is

i(—l)mj(k —1,m) = 12 By (t) sec(nt)

2
m=0 0

Substituting this back into Equation (20) yields

(_l)k—17r2k 1/2

B2k) = 202k — 1)1 J,

Esp—1(t) sec(rt)dt,

for all positive integers k, as desired. O
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