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Abstract: This paper examines the existence of weak solutions for a nonlinear boundary value problem of p(z)-Kirchhoff
type involving the p(z)-Kirchhoff type triharmonic operator and perturbed external source terms. We establish our
results by using a Fredholm-type result for a couple of nonlinear operators, in the framework of variable exponent

Sobolev spaces.
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1. Introduction
The purpose of this work is to investigate the existence of weak solutions for the following nonlinear elliptic

problem involving the p(z)-Kirchhoff type triharmonic operator, with Navier boundary conditions

—M(L(u))Ai(I)u = faz,u, Vu, Au, VAu) en Q, 1)
u=Au=A%u=0 en 09,

where Q) is a bounded domain in R™ with a smooth boundary 0Q, and N > 3, p € C(Q2) for any x € ;
. . . x . T)—2
M :R* — RT is a continuous function, L(u) = [, ﬁ VAU da ASyu = div (A (|VAu|p( ) VAU))

is the so-called p(x)-triharmonic operator, p € C4(Q) = {h : h € C(Q),h(z) > 1 for any =z € Q};
1 < p~ = mingp(z) < pt := maxgp(z) < N, fu = fi + Af2, where fi, fo are continuous functions and
A>0.

The study of differential and partial differential equations with variable exponent has received con-
siderable attention in recent years. This interest reflects directly into various range of applications. There
are applications concerning elastic mechanics [37], thermorheological and electrorheological fluids [3, 34], im-
age restoration [9] and mathematical biology [24]. In the context of the study of elliptic Navier boundary
problems, many results have been obtained, for example [10, 11, 28, 32]; however, there are few contribu-
tions to the study of the triharmonic problems with reaction term f(x,t,z,y,w) depending on on the gra-
dient, the Laplacian and the gradient of the Laplacian of the solution. We can cite [4, 5, 26, 31, 33, 35].
Recently, Mehraban et al. [30] considered the existence and multiplicity of solutions for the problem (1),
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with M(t) = 1, fa(z,u, Vu, Au, VAu) = pf(x,u) + Ag(x,u). We notice that if we choose the functional
L(u) = [, ﬁ|Vu|p(‘r) dz then we have the problem

1
-M /—Vu P(®) dg) div(|[VulP® ~2Vu) = f(z,u) in Q,
([ 5 vulr® de) div(vel )= f(a,u)
u=0 on 09, (2)

which is called the p(x)-Kirchhoff type equation. The problem (2) has some physical motivations as follows.
Indeed, it is related with a physical model

0%u (PO ’8u2 >8u:0
2L ’

Pﬁ - (3)

which extends the classical D’Alembert’s wave equation, by considering the effect of the changing in the length

of the string during the vibration. A distinct feature is that the model (3) contains a nonlocal coefficient

2 tar fo \ |2 dx which depends on the average 5 L fo | o | dx, and hence the equation is no longer a pointwise
1dent1ty. Problem (3) has received a lot of attention after Lions [29] proposed an abstract framework for this
problem, see e.g. [2, 8] and [13]-[18]. The study of Kirchhoff type equations has already been extended to the
case involving the p-Laplacian (for details, see [13, 14, 18, 20]) and p(x)-Laplacian (see [12, 15-17, 25, 32, 40]).

Motivated by the above references, the results in Rahal [33] and the importance of sixth order elliptic
equation in the modeling of ulcers [38], viscous fluid, geometric design [39], in this paper we investigate the
existence of weak solutions of problem (1). Due to the presence of Vu, Au and VAu in f the most usual
variational techniques can not used to study it; so we adapt topological tools: a Fredholm type theorem for a
couple of nonlinear operators due to Dinca [19]. As far as we know, our work is the first attempt to consider a
p(z)-Kirchhoff triharmonic problem with a (Vu, Au, VAu)-dependent nonlinearity f. It is worth noting that,
in this work, f does not satisfies typical growth conditions. Also, we study the uniqueness of the weak solutions
under suitable assumptions on the nonlinearity.

This paper is organized as follows. In Section 2, we present some necessary preliminary knowledge on

variable exponent Sobolev spaces. In Section 3, we state and prove our main results.

2. Preliminaries

To discuss problem (1), we need some theory on Wl’p(”)(Q) which is called variable exponent Sobolev space
(for details, see [21]). Denote by S(€2) the set of all measurable real functions defined on 2. Two functions in

S(Q2) are considered as the same element of S(?) when they are equal almost everywhere. Write
Ci(Q) ={h:heC(Q),h(x) >1 for any = € Q},

h~ :=minh(z), hT:=maxh(z) forevery h € Cy(Q).
Q Q

Define
LP@(Q) = {u € S(Q) : / lu(z)|P™®) dz < 400 for p € C(Q)}
Q

with the norm

[ul Lo () = |Ulp(z) = inf{A >0 / | —~ |P(I) do < 1},
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and
WHEPE(Q) = {u € LP(Q) : D*u € LF9(Q),[o] < k}

with the norm

kp(z) = ||U||ka<~r>(m = Z |Dau|m<m>(n)~
la|<k

[[u

Proposition 2.1 ([21]). The spaces LP®)(Q) and WP (Q) are separable and reflexive Banach spaces.

Proposition 2.2 ([21]). Set p(u) = [, [u(z)|P®) dz. For any u € LP*)(Q), then

(1) for u#0, |ulyy = A if and only if p(%) = 1;
(2) |ulpy <1 (= 1;> 1) if and only if p(u) <1 (= 1;> 1);

(3) if lulyy > 1, then |ul?, < p(u) < [ul’,);

. +
(4) if ulye) < 1, then [uf?,) < plu) < [ul?,

p(a)’
(5) limg_s 4o |Uk|pe) = 0 if and only if limy_, oo p(ug) =0;
(6) limg_s oo |Uk|pe) = +00 if and only if limy_s oo p(ur) = +00.

Proposition 2.3 ([21, 22]). If ¢ € C+(Q) and q(x) < pi(z) (q(z) < pi(x)) for x € Q, then there is a
continuous (compact) embedding WP (Q) — LI&)(Q), where

iy = { R (e <
g +00 if kp(x) > N.
The space W, 7" (Q) is the closure of C§°(€) in W) (Q). We denote by

X = Wy PP Q) nwir) ()

and define a norm ||.||x by

lullx = llell1pe) + [ellzp@) + lelspe@)-

Moreover, the norms [lul|x and [|[VAul|,) are equivalent on X . Let

A p(z)
u||:inf{u>0:/‘v “ dxgl}
al M

for any v € X . Hence, we see that |jul| is equivalent to the norms |lul|x and [[VAul|,) in X. From now on,

we will use ||.|| instead of |lu|x on X.

Proposition 2.4 ([21, 23]). The conjugate space of LP®)(Q) is LI@)(Q), where q(T) + =1 holds a.e. in

p(r)
Q. For any u € L*®)(Q) and v € LY®)(Q), we have the following Hélder-type inequality

1 1
wdx| < (— + —)|u v .
| [ wwds] < =+ D)lubo ol
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Proposition 2.5 ([21, 23]). Let p(x) and q(x) be measurable functions such that p(x) € L*(Q) and 1 <
p(z)q(z) < oo, for a.ex € Q. Let u€ LI®(Q),u #0. Then, we have

. + . -
i) For [ulp(z)q(z) < 1, |U|Z(m)q(m) §||u‘p( )|q(x) < |U|Z(I)q(x)

3 - N +
i) For [ulp(z)q(z) > 1, |U|Z(m)q(m) §||u‘p( )|q(x) < |U|Z(I)q(x)

Proposition 2.6 ([21, 23]). Set U, (u) = [, IV AulP™) dz for any u € X. Then, we have
(1) if llull = 1, then [[ullP” < Wy (w) < Jull?”;
(4) 3 Jull < 1, then ull”™ < Wy () < Juf””
Theorem 2.1 ([19]). Let X and Y be real Banach spaces and two nonlinear operators T, S : X — 'Y such that

1. T is bijective and T~ is continuous.
. S is compact.

Let p# 0 be a real number such that: ||(uT — S)(z)|| = 400 as ||z| — +oo;

e e

There is a constant R > 0 such that
I(uT = S)(@)|| > 0 if ||z| > R, dps(I—T~(2), B(6,R),0) #0.
Then pl — S is suryective from X onto Y .

Here d;s(G, B,0) denotes the Leray-Schauder degree.

Definition 2.1. A function u € X is said to be a weak solution of (1) if

1 N
(Py) M (/ —— |VAu™ dx) / VAU 2V Au- VA de =
a p(z) Q

/ iz, u, Vu, Au, VAu)v dx
Q

forall ve X.

Suppose that M and f) satisfy the following hypotheses:
(My) M :[0,4+00[— [mg,+o0o[ is a continuous and nondecreasing function with mg > 0.

(Fy) fa=fit+t A2, 220, i e CAXRXxR® xR xR™R), i=1,2 and there exists a

positive constant c; such that

fi(z,5,&,t,Q)] < crloi(m) + [ 4 €% 4 [¢5@) 4|15 @), vz e Q,

1 1
@ TP

0 € LP@(Q), 0 < my(z) < plz) —1, 0 < §(x) < p(;/)(x)l,i =1,2

Vs, t € R,(, & € R, where n;,0; € C(Q), ¢ € C(Q)

p~+1<m(z)<p"+1forze.
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3. Existence of solutions

In this section we will discuss the existence of weak solutions of (1). Our first result is as follows.

Theorem 3.1. Assume A =0 and that (My) and (Fy ) hold. Then (1) has a weak solution in X .

Proof. In order to apply theorem (2.1), we take Y = X’ and the operators 7,5y : X — X' in the following

way

p(x)

(Sxu,v) :/f)\(x,u,Vu, Au, VAu)vdz,
Q

1
(Tu,v)y = M (/ — |VAu® da:) / IVAuP™ "2 YA - VA dz,
Q )

for all u,v € X.
Then v € X is a solution of (1) if and only if

Tu=S\u in X'

In what follows, for simplicity we denote S = Sy, f = f1,n=m,0 =61
Take A = 0. For the convenience of the reader, we will divide the proof into five steps.
Stepl. We prove that T is an injection.

First we observe that

@(u):M(L(u)), where M(s) = /0 M) dt,

is a continuously Gateaux differentiable function whose Gateaux derivative at the point u € X is the functional

®’'(u) € X' given by
(@' (u),v) = (T'(u),v) forallveX.

On the other hand, by applying a standard argument, we can show that L € C'(X,R) and

(L' (u),v) = / VAUl ™2 Y AuV Avdz, for all u,v € X.
Q

for all u,v € X.
By taking into account the inequality [36, (2.2)]

Cyle — yl? ifp>2

CprlZt o (2,y) £ (0,0) fl<p<2,

(lzlP~2z = [y[P 2y, z —y) > {
P Tl +yP 2

for all =,y € RV, we obtain

(L'(u) = L'(v),u—v) >0  forallu,v € X with u# v,

that is, L’ is strictly monotone and thus, by [41, Prop. 25.10], L is strictly convex. Furthermore, as M is

nondecreasing, M is convex in [0,400[. Consequently, for every u,v € X with u # v, and every s,t € (0,1)

with s+t =1, one has

M(L(su + tv)) < M(sL(u) + tL(v)) < sM(L(w)) + tM(L(v)).
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This shows that @ is strictly convex, and as ®'(u) = T'(u) in X’ it follows that T is strictly monotone in X,
consequently 7' is an injection.

Step2. We prove that the inverse 7= : X’ — X of T is continuous.

For any u € X with ||u|| > 1, one has

(T(u),u) M(fQ ﬁ |V Au[P@) dx) Uﬂ IV AufP@ dx]

lull [[ul

> mollul” 71,

from which we have the coercivity of T'.

Since T is the Fréchet derivative of ®, T is continuous. Thus, in view of the well known Minty Browder
theorem T is a surjection and so 7! : X’ — X and it is bounded.

Now we prove the continuity of 71.

First, we verify that T is of type (S4). In fact, if u, — w in V (so there exists R > 0 such that
luv]] < R ) and the strict monotonicity of T we have

0 = limsup(Tu, — Tu,u, —u) = lim (Tu, — Tu,u, — u)
v—00 v—o0

Then
lim (Tu,,u, —u) =0
V—r00
That is
tim M (L)) / IV Ay [PE-2F Ay (V Ay — VAU) da = 0 (5)
14 o0 Q
Now, we have
1 1
|L(uw)| < ,T—/ IV A, P da < ,?(Huullp+ +1)<C (6)
Q

So, (L(uy)), s, is bounded.

Then, since M is continuous, up to a subsequence there is ¢y > 0 such that
M(L(ul,)> — M(to) > mo as v — 00
This and (5) imply

V—r00

lim / IV Au, [P 72V Ay, . (VAu, — VAU) de = 0
Q

By proceeding similarly to [[1], Proposition 2.5], one can obtain

V—00

lim / VA, — VAuP® dz = 0.
Q

Therefore, by the equivalence of norms on X one has

u, — u strongly in X as v — oo.
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So, T is of type (S4+). Then, in view of [[6], Lemma 5.2 ], T~ is continuous.

Step3 We prove that S is a compact operator.
1.- The Nemytskii operator ¥ : X C LP()(Q) — LP' @) (Q) defined by

U(u)(z) = f(zr,u(x), Vu(z), Au(z), VAu(z)) a.ein Q (7)
is bounded and continuous. In fact, using (F) for all w in X we get
(@, u(z), Vu(z), Au(z), VAu(z)) [P @)
< erfo(a) + |u(@) '@ + [Vu@)]P® + | Au(@)P@ + |V Au() P [P

< (|a(x)|73’<x) + (@) 1@ @ 4 (@) P@F @ 4 Ay() PP @) 4 |vAu(x)\5(x>P’<x>)
Since 0 < n(z) < p(x) — 1, we have 0 < n(z)p'(z) < p(x), then
|f (2, u, Vi, Au, VAU (z) < (/Q \f(x,u(x),Vu(x),Au(x),VAu(m)”P’(x) dx) /o
<d [/Q (|U(x)|p’(fr) + |u(@)["@P' @) 4 | ()PP @) 4| Ag(z) P @P @)

/ 1/ o o
+ |V Au(z)P@r @) d:c} <C (1 + I )P ||u\|9/a)

where
p/_a if ‘f(x, U, vu)|p’(:ﬂ) > 1, (7717')+a if |u|n(w)p’(a:) >1,
o= . , B= . , and
Pty | f (V) e <1 (p')™s i Julp@yp @) <1
0 — {(5p,)+7 if |vu|6(ac)p’(z) > 1,
(5p/)_a if ‘Vu‘é(r)p’(z) < 17
On the other hand, if v, — w in X up to a subsequence we have
u, — u, Vu, = Vu, Au, — Au and VAu, - VAu a.e. in
luy (2)] < k(z), |0uy (2) /0] < wjy, |82u,,(x)/8x?| < zj,
|83uu(a:)/8x18x§| < lij a.e. € Q,
for some k, Wi, 24, lij S Lp(m) (Q) (8)
Then
U(u,)(z) = U(u)(z) ae z€Q (9)

But, it follows from (F;) and (8) that

’

p'(z)

W))W )| <2007 (W) ()P0 + [ (w) () P

< h(z)ae z€Q
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where h = h(k,w;,z;,1;;) € L'(Q). Applying the Dominated Convergence Theorem with (9)-(10), we obtain

(=)
lim/‘\lf(uy)(a?)—\lf(u)(x)‘p dr =0
V—r00 Q
This implies that
lim |[Y(u,)(x) — Y(u)(z =
Jim | ¥(u,)(@) = W)@)|

2.- S is well defined. Indeed

(Su.0)l < [ [()(a)lo]de
< Ol (W) () [v]p(a) < Ol ()] llv]| < oo
3-S=1Ij0Wol, where I : X — LP(®)(Q) x LP®) (Q;R™) x LP(*)(Q) x LP®) (Q;R") is given by
I (u) = (u, Vu, Au, VAu),
¥ is the Nemytskii operator in (7) and I : X < L? (®)(Q) whose adjoint operator I3 : LP(®)(Q) — X is given
by
(o) (u) = /Qvudx.

Since I; is linear and bounded, ¥ is continuous and I3 is continuous and compact, we conclude that S is

continuous and compact.

Step4
(T — S)(u)|| = o0 as ||ul]] = oo for u € X.

In fact, after some computations we get
| Tu| > moljul? —* forall we X with |lul| > 1
and, since

1/«
/ U(u)(z)vde < C, </ |Tw) ()P @ da:) o] for all u,v € X,
Q Q

we get

1Sull < €y (Jull® + [ull?)* + €y forall we X

for some 6 € [(np')~, (np')*] and ¥ € [(dp')~, (6p')F].

Combining the above inequalities, we obtain
(T = $)()l = [ Tull = [[Sull > Collul” " = Cil[u]|”* = Ca|[u]| /™ = Cs. (11)

Here, we note that
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So, we have

.. . 9 _
and, similarly we obtain 0 < & <p~ —1.
Since
lim (Cot?” ~' — Clts — Clts — C3) = 00

t—o00

and from (11) we conclude that ||(T' — S)(u)|| = oo as |lul] = 0.
Moreover, there exists 19 > 1 such that |[(T'— S)(u)|| > 1 for all uw € X, with ||u]| > ro.
Step5 Set
W={ueX:3tel0,1] such that w = tT~'(Su)}.

Next, we prove that W is bounded in V.
For u € W\ 0, i.e. u=tT"1(Su) for some t € [0,1] we have

U
1T = 1ISull < Cillu|* + Ch||ul|”/* + Cs with ¢ > 0. (12)
Then, there exist three constants a,b,c > 0 such that
mollull”" "' < allull” +bllul® 4 if 0<|ull <t
mollull” 7 <aflu]|” +blull® +eif £ < uf <1,
p—1 T]+ st .
mol|ull <allul” +0lull® +e i 1 <|ul.
Let g1,92 :[0,1] — R and g3 :|1,00[— R be defined b,
91,9 ) g ) Y
g1(t) = mot?” Tt —at" — bt — ¢, go(t) =mot? L —at" —bt® —c,
g3(t) = mot? ~' — at" — S — .

The sets {t € [0,1] : g1(t) < 0},{t € [0,1] : g2(t) < 0} and {t €]1,00[: g3(t) < 0} are bounded in R.

From the above inequalities and (12) we infer that W is bounded in X, so
W C B(0,r;) for some 71 > 0.
Now, taking R = max{rg,r1}, it follows from [27, theorem 1.8] that
drs(I —tT~Y(S),B(0,R),0)=1  forall t€0,1].

In particular
dps(I—T7'(5), B(0,R),0) = 1.

Thus, the couple of nonlinear operators (T,S) satisfies the hypotheses of theorem (2.1) for p = 1.Then
T —S:X — X' is surjective. Therefore, there exists u € X such that

(T-—S)u=0 inX'

With this step the proof of Theorem (3.1) is concluded. O
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We are now in a position to give the proof of our main result.

Theorem 3.2. Assume that hypotheses (My) and (Fy) hold. If A > 0 is small enough, then (1) has a weak
solution in X .

Proof. Thanks to the proof of Theorem (3.1), we have that all the solutions of (Py) are in B(0, R). Hence
u—T"'Sy(u) #0, Yue dB(0,R)
From this, we have that
p = ueaigl(co,r) |ITw — Soul|x» >0
In fact, arguing by contradiction, assume that there exists a sequence {u,} C 9B(0, R) such that

[Tu, — Sou||x — 0 as v — +oo. (13)

By construction, the sequence {u,} is bounded in X and so (up to a subsequence) converge to some ug

weakly in X

Hence, by the compactness of S, {Spu,} has a strong convergent subsequence in X’ (still denoted
{Sou, }) such that

[[Sou, — Sougl|lx» = 0 as v — +oo.

Then, we get
| Tu, — Souol|x+ < | Tuy — Souy||x + || Sow, — Souol|x+ — 0

as v — +00. Now, the continuity of 77! implies that u, — T 'Spug in X ; thus we obtain
u, >y in X (14)
(because u, — ug). From (13) and (14) we have
I Tug — Sougl|x = 0.

So, ug solves (Py) and |jug|| = R, which is a contradiction. Therefore p > 0.

Since the Nemytskii operator Ny, is bounded and continuous from X to X', there exists € > 0 such
that

INp(w)l[x <& Vue B(0,R).
Set A« = £, then for any A € [0, \.[ we have
HTU - S)\’U,”X/ = ||Tu — So’u + S()’LL — S)\UHX’

> ||TU — SouHX/ — ||SQU — S/\UHX’

>p— g.e =0, YuedB(0,R).

Hence Tu — Syu = 0 does not have solution on 9B(0,R) for any A € [0,A]. It follows that the
Leray-Schauder degree drs(I — T~1S,, B(0, R),0) is well defined for o € [0,1], and
drs(I =T 'Sy, B(0,R),0) =drs(I —T 'S, B(0,R),0) =1,

where the last equality is due to that the equation Tu = Spu has solution in X .Thus Tu = S)u has a

solution. O
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In the last part of this section, we will show that the solution of problem (1), for A = 0, is unique. To

this end, we also need the following hypotheses on the nonlinearity f.

(F3). There exists 2 > 0 such that

(f(m551755t7 ) - f('r?527£at7€)) (51 - 52) < 52‘51 - 32|P(£I?)

for a.e z € 2 and all s1,s9 € R, (§,1,{) € R" x R x R"™.
(F3). There exists 3 > 0 such that

f(m’&gvtag) - f(mwsvéa i, CA) S 63|< - <A-|p(z)71

for a.e x € Q and all s1,80 € R, (£,¢,() € R* x R x R™.

Theorem 3.3. Let M : [0, 4+o00[— [mg,m1] be a function satisfying (My) with mq > mg > 0 and, moreover
(Fy) — (F3) hold. If, in addition 2 < p(x) for all x € Q, then (1) has a unique weak solution provided that

Ll [(52+5i> SN Al (15)
mo p p

where

Jo IV AulP®) dz

As =
ueX\{0}  [q |u[P(®) da

Proof. Theorem 3.1 gives a weak solution u € X . It is enough to prove that T'— S : X — X’ is injective. Let
uy,us be two weak solutions of (1) such that (T'— S)(u1) = (T — S)(ug). Hence

<T(’LL1) — T(Ug),U1 — U2> = <S(U1) — S(uz),ul — ’UQ>. (16)

But, in view of Lemma 3 in [7], assumptions (Mp), (F2) and (F3), we get from (16) and the Young inequality
that

1
p(z)
<(T'(ur) = T(uz), ur — ug) < [(S(ur) — S(uz),u1 — uz)|

mio/ VAL = Vi) dz < mo / IV Auy — VAuP@ do
Pt Ja Q

< [ 1)@ = ¥) @)1 ] do
S/(f(x,ul,Vul,Aul,VAul) — f(z,u2, Vuy, Auy, VAu)) (ug — ug) dx
Q

+/ |f (2, u2, Vuy, Auy, VAuy) — f(x,u2, Vug, Aug, VAugz)|luy — ug| dx
Q
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<Bs / fur — uglP® da + B / VA (ur — w2y — g da
Q Q

-1

<P / VA (ur — ) P@) da + 57 / VA (uy — ug) @) da
Q Q

-

+ ﬂfxgl/ VA (g — 1) [P® da
p Q

= [(52 + 63) AT+ 53p+ — 1] / IVA(u1 — u2)|P@ da.
p p Q

Therefore, we obtain

/Q VAL —w)P@ dz =0 (by (15)).

So, u; = us. The proof is complete. O
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