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Abstract

George E Andrews derived formula for the number of smallest parts of partitions of a positive integer n. In this paper
we derived the generating function for the number of smallest parts of all partitions of n utilizing r-partitions of n. We
also derive the generating function for Ac(n) , the number of smallest parts of the partitions of n which are multiples of
c and also to evaluate the sum of smallest parts of partitions of n by applying the concept of r-partitions of n.
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1. Introduction

We adopt mostly the common notation on partitions used by Andrews [1] as given below.

A partition of a positive integer N is a finite non-increasing sequence of positive integers Ay Ay A, such that

r

Zﬂ,l =N and is denoted by n :(ﬂi,ﬂq,_",ﬂr), Nn=A4+4,+A4;+..A4or 1= (A_fl,ﬂéz ,2123 ,) when A, repeats fi

i=1

times, /12 repeats f2 times and so on. The A, are called the parts of the partition. In what follows A stands for a partition

of N, A=(A, A 4 ) A2 2, 202,

1 if n=0,
p(n)=<number of partitionsof n if neN,
0 if nis negative.

1.1. Ex: partitions of 7.

7 6+1 5+1+1 4+1+1+1 3+1+1+1+1 2+1+1+1+1+1 2+1+1+1+1+1+1
5+2 4+42+1 3+2+1+1 2+2+1+1+1
4+3 3+3+1 2+2+2+1
3+2+2
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If 1<r <n then é‘r (I‘l) is the set of partitions of n with r parts and its cardinality is denoted by P, (n) A partition of
n with exactly r parts is called r - partition of n. We define

(n)= 0 if r=0 or r>n
PriN)= number of r — partitions of n if O<r<n

If 1<r <n then fr (n) is the set of partitions of n with r parts and its cardinality is denoted by P, (n) A partition of
n with exactly r parts is called r - partition of n. We define

(n)- 0 if r=0 or r>n
PriN)= number of r — partitions of n if 0<r<n

1.2. Ex: 3-partitions of 8
6+1+1 5+2+1 4+3+1 4+2+2, 3+3+2.

. spt(n) denotes the number of smallest parts including repetitions in all partitions of N .

e I —spt;(n) denotes the number of i" smallest parts in all r — partitions of n.

Verification of the above illustration by 3— partitions of 10 having second smallest parts.

8+1+1, 7+2+1, 6+3+1 6+2+2, 5+4+1 5+3+2, 4+4+2, 4+3+3.

2. Generating function for spt(n)

The generating function for the number of smallest parts of all partitions of positive integer n is derived by Andrews [2].
By utilizing I — partitions of n, we present a formula for finding the number of smallest parts of n.

2.1. Theorem

spt(n iipkn tk)+d(n)

k=1 t=1
Where d (n) is the number of positive divisors of N

2.1.1. Proof

Let N=(A, 4,,...,4) = (ﬂl“l,yz“? NN )be any I — partition of N with I distinct parts.(1)

Case 1l

Let I > ¢, =t which implies 4, , > K
Subtractall K'S, we get N —tk = (/Jlml , quaz - ll,ll_la"1 )

Hence N—tK =<,Ltlal,ﬂ2a2,-.-,ﬂ|_1a"l) is a (r —t)— partition of Nn—tk with |- 1 distinct parts and each part is

greater than or equal to K +1.
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Therefore the number of I — partitions with smallest part k that occurs exactly ¢ times among all I — partitions of n
is P (K+Ln—tk)

Case 2

Let I > ¢, >t which implies A, , =K
. ] B —t
Omit K'S from last t places, we get N—tk = (,ul‘”l , ﬂzaz _— :u|71a| Lok )

Hence N—tk = (,Ulal ) ,Uzaz yeeey ,ul_lw"1 Kk . ) is a (r —t) — partition of N—tK with | distinct parts and the least part
isk.

Now we get the number of I — partitions with smallest part k that occurs more than ¢t times among all I — partitions
ofnis fpt (k, n —tk).

Case 3

Let I = ¢, =1 which implies all parts in the partition are equal.

The number of partitions of n with equal parts is £ which is equal to thenumber of positive divisors of n. Since the

positive number of divisors of nis d (n) , the number of partitions of n with all parts are equal is (n) .

1 ifr|n
0  otherwise

where = {

From cases (1), (2) and (3) we get I — partitions of n with smallest part k that occurs atleast t times is
f(k,n—tk)+p,_ (k+Ln-tk)+ 3

= pr—t(kin_tk)+ﬂ (2

From [2], the number of smallest parts in partitions of n is

spt(n iipkn tk)+d(n).

k=1 t=1 ]

The above illustration is verified from the following partitions of 8.
8, 7+1 6+2, 5+3, 4+4, 6+1+1 5+2+1 44341 4+2+2, 3+3+2, S+1+1+]
44+2+1+1 3+3+1+1 3+2+2+1 2+2+2+2, 4+1+1+1+1 3+2+1+1+1
2+2+2+1+1, 3+1+1+1+1+1 2+42+1+1+1+1 2+1+1+1+1+1+1
41414141+ 14141
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2.2. Theorem
p, (k+1n)=p, (n—kr)3)
2.2.1. Proof
Let n=(A4, 4,,..., 4.), A4 >K Vibeanyr— partitionofn.
Subtracting k from each part, we get N —Kr = (ﬂ,l -k, A, —K,... 4 — k)

Hence N—Kr =(ﬂl—k,iz -k, A —k)isa r — partition of N —Kr .

Therefore the number of r — partitions of N with parts greater than or equal to K-+1is P, (n - kl’).

2.3. Illustration

Let N=9, k=2 and r=3,

r(k+1n)=&3(2+1,9)=¢5(3,9)={3+3+3}
Hence pg (39)=1
&r(n—kr)=¢3(9-23)=&(3)={L+1+1]
Hence p, (3)=1
Hence py (k+1,n) = py (n—kr).

Further we also derive generating function for the number of smallest parts of all partitionsof n utilizing r — partitions

of n.
2.4. Theorem
- 1 &0'(a),,
spt(n)q” = -
2 = 2 )
2.4.1. Proof

From theorem (1) we have

spt(n) =3 p(k,n—tk)+d(n)

where d (n) is the number of positive divisors of n.

:iii p, (k,n—tk)+d(n) since p(n):ﬁl“p,(n)

From (4)
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r+tk+r(k-1)

S e d S . n
spt(n)q" = + since —=Kk
2N =22 2 g T &g :

o o 0 qtk+rk ®© qk

= +

222 o) &g

et S 5
Let 2@
:Z(lik)lj(l—;qu) from [1]
Sl
"W Zil(_qq))

3. Corollary

The generating function for A: (n), the number of smallest parts of the partitions of N which are multiples of C is

N

n-1 Q)w n-1 (1— q” )

To evaluate the sum of smallest parts of partitions of n by applying the concept of r-partitions of n, we propose the
following theorem.

3.1. Theorem

The generating function for the sum of smallest parts of the partitions of Nis
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Z sumspt(n s n-1

ng" (
= T (), & (- )

3.1.1. Proof

From [3] we have the sum of smallest parts SUM Spt (n) of the partitions of a positive integer N is

sum spt(n):ii k p(k,n—tk)+o(n)

where a(n) is sum of positive divisors of n.

Hence the generating function for the sum of smallest parts of the partitions of a positive integer N is

r+tk+r(k-1) o

isumspt(n)q” :iiikq(q) +> k9 - from [4]

n=1 k=1 t=1 r=1

o o  ® kqtk+|’k 0 qu
= +
2227 g FEiq
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4., Conclusion

The formula for the number of smallest parts of partitions of a positive integer n was first derived by George E Andrews.
In the present article we derived the generating function for the number of smallest parts of all partitions of n utilizing
r-partitions of n. We also derived the generating function for Ac(n) , the number of smallest parts of the partitions of n
which are multiples of ¢ and also to evaluate the sum of smallest parts of partitions of n by applying the concept of r-
partitions of n.

There are many such applications. A straightforward one is that partitions can be used in statistical mechanics to count
available states to many-particle bosonic/fermionic systems and in the calculation of their "partition" functions.
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