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Abstract

In this paper, we consider a Dirichlet problem driven by the anisotropic (p, q)-
Laplacian and a superlinear reaction which need not satisfy the Ambrosetti—
Robinowitz condition. By using variational tools together with truncation and
comparison techniques and critical groups, we show the existence of at least five
nontrivial smooth solutions, all with sign information: two positive, two negative and
a nodal (sign-changing).
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1 Introduction

In this paper we study the following anisotropic (p, g)-equation

—Apu(z) = Agu(@) = f(z,u(z)) inQ )
u=20 on a2’
where @ C RY is a bounded domain with a C2-boundary 92. Given r € C()
with 7_ = minr > 1, by A,(;) we denote the r(z)-Laplace differential operator with
Q

variable exponent 7 (-) defined by
— di r(z)—2 L,r(z)
Aryu = div(|Dul Du) forall u € W, (2).

This operator, in contrast to the isotropic r-Laplacian, is not homogeneous and this is a
source of difficulties in the study of anisotropic equations. In problem (1), we have the
sum of two such operators with different exponents. So, even in the isotropic case (that
is, p(-) and ¢(-) are constants), the differential operator is not homogeneous as well.
The reaction f(z, x) is a Carathéodory function (that is, for all x € R, z — f(z, x)
is measurable in €2, and for a.a. z € Q, x — f(z, x) is continuous). Moreover, we
assume thatfora.a.z € Q, f(z, -) is (p4+ — 1)-superlinear (here p = max p), but need
Q

not satisfy the Ambrosetti—-Robinowitz condition (the AR-condition, for short), which
is common in the literature when studying “superlinear” problems. In the present work,
instead, we employ a less restrictive condition, which incorporates in our framework
also nonlinearities with “slower” growth near 00, and which fail to satisfy the AR-
condition.

Using variational tools from the critical point theory together with truncation and
comparison techniques as well as critical groups, we prove a multiplicity theorem
for problem (1), producing five nontrivial smooth solutions all with sign information,
namely, two positive solutions, two negative solutions and a nodal (sign-changing)
solution. Our work here extends those of Gasinski and Papageorgiou [7] and of Tan
and Fang [20]. In both these works, the authors considered equations driven by the
anisotropic p-Laplacian and with a superlinear reaction which need not satisfy the AR-
condition. They proved multiplicity theorems producing three nontrivial solutions, but
do not obtain nodal solutions (see Theorem 4.4 of [7] and Theorems 1.2 and 1.3 of
[20]). Moreover, in [20] the hypotheses on the reaction f(z, x) are more restrictive.

The study of variational problems and partial differential equations with nonstan-
dard growth conditions, was motivated by various applications. There are materials
whose study requires such a more general theory. Electrorheological fluids are the
fluids whose viscosity depends on the electric field in the fluid (for example, lithium
polymetachrylate). The viscosity is inversely proportional to the strength of the elec-
tric field. The study of such fluids requires the use of the equations with nonstandard
growth conditions. In the context of continuum mechanics, these fluids are treated
as non-Newtonian fluids and have been used in robotics and space technology. For
details, we refer to the book of Ruzicka [18]. On the other hand, boundary value prob-
lems involving a combination of several differential operators of different nature (such
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as (p, q)-equations), arise in many mathematical models of physical processes. We
mention the works of Benct et al. [2] (models of elementary particles and soliton-type
solutions), Cherfils and Ilyasov [3] (stationary reaction-diffusion systems), Zhikov [23]
(problems in nonlinear elasticity theory). Recently such problems were examined with
variable exponents. We refer to the works of Papageorgiou et al. [9], Papageorgiou et
al. [13], Papageorgiou and Vetro [14], Réddulescu [15], Radulescu and Repovs [16],
Ragusa and Tachikawa [17], Vetro [21], Vetro and Vetro [22].

2 Mathematical background and hypotheses

The analysis of problem (1) requires the use of Lebesgue and Sobolev spaces with
variable exponents. These are particular instance of Musielak-Orlicz spaces and a
comprehensive treatment of these spaces can be found in the books of and Cruz-Uribe
and Fiorenza [4] and Diening et al. [S].

Let L2(S2) be the vector space of all measurable functions u: Q2 — R. As usual
we identify two such functions which differ only on a Lebesgue null set. Also, let
Ei={r € C(Q) | 1 <r_=minr} (in the sequel for any r € C(2), we set 7_ =min

Q Q

and ry = maxr). Then given r € Ej, we define the anisotropic Lebesgue space
Q

L™@(Q) by

L'O(Q) = {u e L°Q) | f lu(z)["@ dz < oo}.
Q

This space is equipped with the so-called “Luxemburg norm” defined by

r(z)
||u||r(z)_1nf|:k>0 | f (Iu(z)|> dz51].

With this norm L") () is a Banach space, which is separable and reflexive (in fact
uniformly convex). If v’ € E| is defined by r'(z) = r(Z) ; forall z € Q (that is,

r(l—z) + % = 1 for all z € Q), then we have

L'@Q)* = Lr/(Z)(Q).

Moreover, the following variant of Holder’s inequality holds,

/ luvldz < [— } leellr @ V1l )

forallu € L™ (Q) andall v € L"@(Q). Also, if r, rg € E; and r(z) < ro(z) for all
z € €, then the embeddings

L(Q) «— L"@(Q) — L'() are all continuous.
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In addition to the norm || - || (), we consider also the modular function p, : L™ ()
— R4 := [0, 400) defined by

or(u) = / lu(z)|"® dz forall u € L™ (Q).
Q

The Luxemburg norm and this modular function are closely related.
Proposition 1 Ifr € E1, {tn}neny € L™ @ (Q) and u € L™ (Q), then we have

@ lullry=r % pr(3)=1

®) llull;) <1 = (resp.=1and > 1) & pr(u) < 1(resp. =1, and > 1);

© llullry < 1= Nl < pr) < Hll gy and ullry = 1= lull’, < pr()
< Nl

(d) ”un”r(z) — 0 (resp. — +00) & py(u,) — O(resp. — +00);

© llup —ullr@) > 0 & pr(uy —u) — 0.

Using the variable exponent Lebesgue spaces, we can define the variable exponent
Sobolev spaces. So, let r € E;. We define

whr@(Q) = {u e L'O(Q) | |Dul € L’<Z>(Q)}.
We equip this space with the following norm
lulliry = lullre + | Dullr) for allu € WH (@),

where ||Dull;;) = |||Dul|l;z). Suppose that r € E; N C*1(Q) (that is r € Ej is
Lipschitz continuous). We define

W(},r(z)(Q) — WIHIU(;)'
The spaces whr@(Q) and Wol’r(Z)(Q) are both Banach spaces which are separable
and reflexive (in fact uniformly convex). For the space WO1 @ (£2), we know that the
Poincaré inequality holds, namely,

N 1
lully o) < EllDully ey forall u € Wy @ ()

for some ¢ > 0. )
Given r € E; N C%1 (), we consider r*(-) the critical Sobolev exponent corre-
sponding to r(-), defined by

Nr(z) . _
1 (z) = { N Hr@ <N g lzed.

+00 if N <r(z)
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Consider ¢ € C(2) and assume that | < g_ < g(z) < r*(z) (resp. | < q_ < q(2)
< gy <r*(z)forallz € Q.Set X = W@ (Q)or X = W()l‘r(Z)(Q). Then we have

X > L19(Q) continuously (resp.X — L4 (Q) compactly).

This is the so-called “anisotropic Sobolev embedding theorem”. Moreover, if r €
E; N C%(), then

Wé’r(Z)(Q)* — W_l’r/(Z)(Q),

Let us introduce the nonlinear operator A, ;) : WO1 @ Q) > w-br '@ (€2) defined
by

(Ar(zy(u), h) =/ |Du|"@=2(Du, Dhgy dz forallu, h € Wy ().
Q

The next proposition summarizes the main properties of this operator (see Gasiriski
and Parpagerogiou [7] (Proposition 2.5) and Radulescu and Repovs [16] (p.40)).

Proposition 2 The operator A, )(-) is bounded (that is, it maps bounded sets in
WO1 ’r(Z)(Q) to bounded sets in W*]”,(Z)(Q) ), continuous, strictly monotone (thus,
maximal monotone too) and type (S)4, i.e.,

. w . l’r(z) .

ifuy, — uinW, (2) and lim sup(A, ) (un), uy, —u) <0,

n—od
then u, — uin Wol’r(Z)(Q).
On account of the anisotropic regularity theory, we will also use the Banach space
Cl() = {u e C' () | ulyo = 0}.

This is an ordered Banach space with positive (order) cone

C, = {u e Cl@) | uz) = 0forallz sz}

This cone has a nonempty interior given by
. .. ou
intCq :=Ju € Cy | u(z) > 0forall z € Q2 with a—|39 <0¢,
n

with n(-) being the outward unit normal on 9€2.
Suppose u, v: 2 — R are measurable functions such that u(z) < v(z) for a.a.
z € Q2. We define the following order interval in W&’r(Z)(Q),

[, 0] i= {h € Wy @) | u() < h(2) < v(@) foraa z e Q).

@ Springer



Y.Baietal.

By intc1 g [u, v] we denote the interior in CH(Q) of [u, v1 N CL(K). For every mea-

surable function u: Q — R, we define u®(z) = max{zu(z), 0} for all z € Q. We

have u = ut —u™, Jul = ut +u~, and it u € W, (), then u* € W, @ ().
Let X be a Banach space and ¢ € Cl(X). We set

K, ={u € X : ¢'(u) = 0} (the critical set of ¢).

Besides, we say that ¢(-) satisfies the “C-condition”, if it has the following property:

o if {un}nen C X is such that {¢p(u,)}nen € R is bounded, and
(1 + llunllx)@"(un) — 0in X* asn — oo,

then {u, },en admits a strongly convergent subsequence.

Let (Y1, Y2) be a topological pair such that Y, € Y1 € X. For every k € Ny, by
Hi (Y1, Y2) we denote the kth-relative singular homology group with integer coeffi-
cients for the pair (Y1, ¥»). Let & € K, be isolated and ¢ = ¢(i1). Then, the critical
groups of ¢ at & are defined by

Cx (@, ) == Hi(o NU, ¢ N U\ {2})) for all k € Ny,

with ¢ = {u € X | ¢(u) < c} and U a neighborhood of i such that K, N NU =
{ii}. The excision property of singular homology, implies that this definition of critical
groups is independent of the choice of the isolating neighborhood U'.

We end the section by introducing the hypotheses of the data of problem (1).

Hy: p,q e CO\(Q)aresuchthat ] <¢_ < gy < p_ < py < +o0.
Hi: f: Q xR — Ris a Carathéodory function such that f(z,0) = 0 for a.a. z € Q
and

(i) 1f@ 0| < a@[1+x["@7] foraa z € @, all x € R, witha € L®(Q),
reEjand py <r(z) < p*(z) forall z € Q;
(ii) there exist a, ¢ > 0 such that
f(z,a) < =k <0< ig < f(z,—c) foraa. z € Q;
(iii) if F(z,x) = [y f(z,s)ds, then

F(z,x)
1m
x—Foo |x|P+

= +o0 uniformly for a.a. z € Q;

(iv) there exists T € C (L) such that

1(2) € <(r+ — p_)max {pﬁ 1} ,p*(z)> forall z € Q,
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and

0 < Bo < liminf f(z, x)x — p(2)F(z,x)

uniformly for a.a. z € Q;
x— 400 |x|7@ y <

(v) there exist 8, u € E1 and § € (0, min{a, c}) such that

1 <0(z) < u(z) <g_forallz € Q,
colx|*® < f(z,x)x fora.a. z € Q, all |x| <8,

f(z,x)

lim sup m

x—0

< cyuniformly for a.a. z € Q;

(vi) there exists € > 0 such that for a.a. z € Q, the function
x> f(z,x) 4 &x|P@2x

is nondecreasing on [—m, mq] with mo = max{a, c}.

Remark 3 Hypotheses Hj(ii)—(iii) imply that for a.a. z € Q, f(z,-) is (p4+ — 1)-
superlinear, but without satisfying the AR-condition (see Ambrosetti-Rabinowitz [1]).
For example the function

|x|ﬂ(Z)—2x _ 2|x|9(2)—2 if |X| < 1
Ix|P+2xIn|x| — |x|PD2  ifl < |x|

f(z,X)={

satisfies hypotheses Hj but fails to satisfy the AR-condition. Hypotheses Hj(ii) and
(iv) dictate an oscillatory behavior near zero for f(z, -).

In what follows by || - || we denote the norm of the anisotropic Sobolev space
Wol’p(Z)(Q). On account of the Poincaré inequality |[u| = | Dull ) for all u €
Wy ® ().

3 Constant sign solutions

In this section, we search for constant sign solutions. We show the existence of four
such smooth solutions (two positive and two negative). We also obtain the existence of
extremal constant sign solutions, that is, we prove the existence of a smallest positive
solution and the existence of a biggest negative solution. These extremal constant sign
solutions will be used in Sect. 4, to generate a nodal solution.

For the purpose we introduce the energy (Euler) functional ¢: W(}’p (Z)(Q) — R
for problem (1) defined by

1 1
o) ;=f —|Du|f’<z)dz+/ —|Du|q<z>dz—f F(z,u)dz
o p) 2 q(2) Q
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forall u e Wol’p(Z)(Q). It is not difficult to see that ¢ € Cl(WOl’p(Z)(Q)) (see, for
example, [16]). Also, in order to produce constant sign solutions, we introduce the
positive and negative truncations of ¢(-), respectively. More precisely, we consider

the C'- functionals ¢ : Wol’p ©(Q) — R defined by

1 1
) ::/ —|Du|P(Z)dz+/ —|Du|‘1<z>dz—/ F(z, u™)dz
o p(@) 2 q(2) Q

forall u € W' ().
First we produce two positive solutions.

Proposition 4 If hypotheses Hy and H; hold, then problem (1) has at least two positive
solutions,

ug, it € intCy and ug # u.
Proof We introduce the Carathéodory function f+ : 2 x R — R defined by

fz,xt) ifx<a
f(z,a) ifa < x.

fi(z,x) = { )

Set I?+ (z,x) := f(f f+ (z, s) ds and consider the C'-functional 1/Af+: Wol’p(Z)(Q) — R
defined by

n 1 1 —~
D) :=/ —IDulp(Z)dz—l—/ —IDulq(Z)dz—/ Pz u)dz
o p@) Q q(2) Q

for all u € W&’p(Z)(Q). From (2), it is clear that I/A/+(-) is coercive. Also, using the

anisotropic Sobolev embedding theorem (see Sect. 2), we see that 1@+ (+) is sequentially
weakly lower semicontinuous. Hence, by the Weierstrass-Tonelli theorem, we can find

up € Wol’p(Z)(Q) such that

Pri o) = min i) | ue W@, 3)

Let u € intC4 and § > 0 be as postulated by hypotheses H(v). We choose
t € (0,1) small such that 0 < ru(z) < 6 for all z € Q2. Because of t € (0, 1) and
q- < p+, then, we have

A tP- 19— tH+ ~ q "
Vi (tu) < p—,op(Du) + q—,oq(Du) - ’u—copﬂ(u) <cottT +crt?T — ettt
- - +

for some ¢y, c1, c2 > 0. By hypothesis H;(v), we have ;. < g_ < p_. So choosing
t € (0, 1) even smaller if necessary, we see that

i(tu) <0 = Py(ug) <0=1,(0) (see (3) = ug#O0.
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From (3), we have &; (ug) =0, i.e.,
(Ao o), h) 4+ (Ag(o) (o), h) = fQ Fr(z uo)hdz forall h € Wy "P(Q). (4)

In (4) first we choose h = —u, € W(}’p(Z)(Q). From (2), Proposition 1 and the
assumption f(z,0) = 0 for a.a. z € 2, we have

pp(Duy) + pg(Duy) =0 = uo > 0,up # 0 (see Proposition 1).

Next in (4) we use the test function & = [ug — a]T € Wé P& Q). Then, we have

(Ap() (o), (wo — a)") + (Agz) (o), (wo —a)*) = /Q fz, @)y —a)tdz <0,

s0, it holds ug < a, where we have used (2) and hypothesis Hj(ii). So, we have proved
that

ug € [0, a] and ugp # 0. )
From Theorem 1.2 of Fan [6] (see also [20, Corollary 3.3] and Lieberman [8] (p.
320), for the isotropic case), we have that ug € C4 \ {0}. Moreover, from Proposition 4

of Papageorgiou et al. [9], we have that ug € [0, a]NintC4. Let & > 0 be as postulated
by hypothesis Hi(vi). Using (5) and H;(vi), we have

A ~1 N —1
_Ap(Z)MO - Aq(z)MO + 8”5(1) = f(Zs up) + 8”(1)9(1)
< f(z,a) + 8a”D7! (see (5)) and hypothesis H (vi))
< b4 8aPD7 < —A,a — Aya + EaPO7L

Since & > 0 and a > 0, from Proposition 2.4 of Papageorgiou et al. [13], we infer
that

up(z) <aforallze Q = ugpe intcy(g)[0. al. (6)

From (2) it is clear that
¢+110.a1 = ¥ l0.a-
Thus, from (3) and (6), it follows that
ug is a local C' () — minimizer of ¢ (-).

Hence,

uo is a local Wy*®(Q) — minimizer of g (-)(see[7,20]). )
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Using the definition of ¢ (-), the anisotropic regularity theory and the anisotropic
maximum principle, we have that K, \ {0} C intC,. So, we may assume K, is
finite or otherwise we already have an infinity of positive smooth solutions of (1), and
so we are done. So, ug € K, isisolated and this together with (7) and Theorem 5.7.6,
p.449, of Papageorgiou et al. [12], imply that we can find n € (0, 1) small such that

@4 (uo) < inf {4 @) | lu —uoll =n} =m. 3
If u € intC, then an account of hypothesis H(iii), we have
¢4+ (tu) - —oo ast — +o00. )

Finally reasoning as in the proof of Proposition 4.1 in Gasifiski and Papageorgiou [7],
we infer that

@4 (+) satisfies the C-condition. (10)

Then (8)—(10) permit the use of the mountain pass theorem. So, we obtain it €
Ky, € Cy such that

@+ (o) <my < @y () (see (1)) = i # uo.

Since # is a critical point of ¢4 of mountain pass type from Theorem 6.5.8, p. 527, of
Papageorgiou et al. [12], we have

Ci(p4, i) #0. (11)

On the other hand, hypothesis H;(v) and Proposition 3.7 of Papagerogiou and
Rédulescu [10] imply that

Ci(p,0) =0 forall k € Np. (12)

Note that |F(z,x)| < ¢3[|x]?@ +[x|"@] for aa. z € Q, all x € R and some
¢3 > 0. In addition, we may assume that K, is finite or otherwise we already have
an infinity of smooth solution of (1) and so we are done. The C'-continuity of critical
groups (see [12], Theorem 6.3.4, p. 503) implies that Cx(¢+,0) = Ci(p,0) = 0
for all k € Ny (see (12)). Then comparing this with (11), we infer that # # 0. So,
i € intC is the second positive solution of (1) distinct from ug. O

Similarly truncating this time f(z, -) at —c < 0 and using the functional ¢_(-) we
obtain a similar multiplicity result for negative solutions.

Proposition 5 Ifhypotheses Hy and H\ hold, then problem (1) has at least two negative
solutions

Vg, U € intCy and vy # 0.
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Furthermore, we show the existence of extremal constant sign solutions. These
solutions will be used in Sect. 4 to generate a nodal solution. On account of hypotheses
Hi(i) and (v), we have

Fz,0)x = colx|“9 — eq|x|"@ (13)

fora.a. z € @, all x € R, some ¢4 > 0. This unilateral growth restriction on f(z, ),
leads to the following auxiliary anisotropic Dirichlet problem:

u=20 ondQ -’ (14)

{ —Apu — Nyt = colul* @2y — cqlul" @2y in Q
Proposition 6 [f hypotheses Hy hold, then problem (14) has a unique positive solution
u € intCy, and since the problem is odd v = —u € intC is the unique negative
solution of (14).

Proof First we show the existence of a positive solution for problem (14). To this end,
we introduce the C!-function o Wol’p @ (2) — R defined by

1 1 1
o4 (u) =/ —|Du|p(z)dz+f —|Du|q(z)dz+04f — W) Ddz
o p() 2q@) Qr@)

_ 1 @ 4
CO/Q e

forall u € Wy'"*“(Q). Then, it holds
1 c4 co
o) = —pp(Du) + _pr(u+) - _pu(u+)~
P+ r+ H—

Recall that 1.(z) < p(z) < r(z) forall z € Q. So, it follows that o, (-) is coercive (see
Proposition 1). Also, it is sequentially weakly lower semicontinuous. So, we can find

i € Wy"® () such that
o4 (i) = inf[o+(u) | ue Wg”’@(sz)}. (15)
Letu € intCy and ¢ € (0, 1). Keeping in mind thatz € (0, ) andg— < p_ <r_,
it yields

tP- q cyt’™= coth+

"
G4 (t1) < —pp(Du) + — pg(Dut) + —— p, (u) —
p- q- r- i

ppu(u) < cst?= — ct"*

for some cs, cg > 0. Since ¢ € (0, 1) and 4 < g— (see hypothesis H;(v)), choosing
t € (0, 1) small, it finds

o4(tu) <0 = o4(u) <0=04(0)(see(15) = u#0.
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From (15), we have ¢/, (i) = 0. This means that
MmﬂmﬂHwﬁwwxmz/}Mww@”mn—/qmﬂm*ma (16)
Q Q

forall i € Wol’p(Z)(Q). In (16), we use the test function h = —it~ € Wol’p(Z)(Q) and
obtain that u > 0 and u # 0. Therefore, u is a positive solution of (14) and then the
anisotropic regularity theory and the anisotropic maximum principle, as before, imply
that i € intCy.

Now we show the uniqueness of this positive solution. For this purpose, we introduce
the integral functional j: L'(Q2) — R = R U {400} defined by

p(2) q(2)

1 1 1 €L 1

, / ——|Du- [P® dz+/ ——|Dut- |19 dz, ifu=0,u7 € Wy (@),

Jw) =1 Jo Q
400 otherwise .

From Theorem 2.2 of Taka¢ and Giacomoni [19], we have that the functional j(-) is
convex. Let domj = {u € LY(Q) | j(u) < +oo} (the effective domain of j(-)).
Suppose that v € Wol’p (Z)(Q) is another positive solution of (14). Again we have
v € intC4. On account of Proposition 4.1.22, p. 274, of Papagerogiou et al. [12], we
have

€ L™ ().

ST
NI

Hence, if & = u?- — v9-, then for |¢| < 1 small enough, we have
% +th € domj and v7- + rh € domj.

Then, the convexity of j(-) implies the Gateaux differentiability at u?- and at v¥- in
the direction £, respectively. Moreover, the chain rule and Green’s theorem imply that

1 —Apit — Ay
el == e
- JQ

— i/ [Coﬁu(z)*q— _ C4ﬁr(z)*q—] hdz,
q- Ja

and
1 [ =Dyt — Ay
J @) = — | R0, g
q- Jo va--1
1
= q—/ [coﬁ“(z)f’f— — C4l_)r(z)7q_:| hdz.
- JQ
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Whereas, the convexity of j(-) implies the monotonicity of j'(-). Therefore, it gives
0< / co[a"d 4~ — {)/L(Z)*KI—](,Zq_ — v, )dz
Q

— f cali @4 — _r(Z)_q’](ﬁq, — 9y )dz <0,
Q

SO, I = V.
This proves the uniqueness of the positive solution # € intCy of (14). Since the
equation is odd, v = —u € —intCy is the unique negative solution of (14). O

These solutions provide bounds for the constant sign solutions of problem (1). We
introduce the following two sets:

S4 = set of positive solutions of problem(1),
S_

set of negative solutions of problem(1).
From Propositions 4 and 5, we have
B #Sy CintCyand P # S_ € —intCy.

Proposition 7 If hypotheses Hy and Hy hold, then the statements hold true:

(@ u <uforallueSy;
®d) v<vforallveS_.

Proof (a) Let u € S and consider the Carathéodory function ky: Q@ x R — R
defined by

o O™ — () O~ ifx < u(z)

cou(@*O —cqu(z)"@1 ifu(z) <x an

ky(z,x) = {

Weset K (z, x) := [ k+(z,5) ds and consider the C'-functional y. : WOI”’(Z)(Q)
— R defined by

1 1
%mu):=/‘———uha””dz+l/ ——ﬂDMWQH&-/1K+@JOdZ
o p@) Q q(2) Q

forallu e W(}’p(Z)(Q).

From (17) it is clear that y, (-) is coercive. Also, it is sequentially weakly lower
semicontinuous. So, we can find &z € Wol‘p (Z)(Q) such that

yet) =inf |y | ue Wy @} (18)

Letv € intC4. Since u € S4 C intC4, we can find ¢ € (0, 1) small enough such
that rv < u (see [12], Proposition 4.1.22, p. 274). Since u4+ < g—, as in the proof
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of Proposition 6, we have y4 (rv) < 0. Hence
y+@) <0=y4(0) (see (18)) = u #0. (19)
Using (17), we easily show that
K,, Cl0,ulnCy = uel0,ulNCyrandu #0 = ua=ucintCy,

where we have applied (17)—(19) and Proposition 6. So, we conclude that u < u
forallu € S;.
(b) Similarly, we show that v < v forall v € S_. O

Using these bounds, we can produce the extremal constant sign solutions for prob-
lem (1).

Proposition 8 If hypotheses Hy and H; hold, then we can find u* € Sy < intCy and
v* € S_ C —intC such that

u* <u forallu € Sy and v < v* forallv e S_.

Proof From Papageorgiou et al. [11] (see the proof Proposition 7), we know that the
solution set S is downward directed (that is, if u1, u» € S4+, then we canfindu € Sy
such that u < u; and u < uy). Also, from the proof of Proposition 4, we can restrict
ourselves to the set S+ N [0, a]. Then, we can find a sequence {u,},en € S+ N[0, al
such that

inf S = inf u,.

o = o

For each n € N, we have

(Ao (tn). ) + (Agiey ) ) = /Q Gz un)hdz 20)

forall h € Wy (). Choosing h = u,, € Wy " () and recalling that u,, € [0, a]
for all n € N, we obtain

pp(Duy) < c7l|luy|| for somecs > Oalln € N,

= {tpnen C Wol’p(Z)(Q) is bounded (see Proposition 1).
So, we may assume that
w % - 1,p(z) * p)
u, — uinW, () and u,, — u™ in L7/ (Q). 21

In (20) we use the test function & = u,, — u* € W(}’P(Z)(Q), pass to the limits as
n — oo and apply (21). Then, we have

nlingo[(Ap(z)(”n)a Up — ”*)> + <Aq(z)(”n)» Up — ”*))] = 0.
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But, the monotonicity of A (-) reveals that

lim sup[{A pz) (un), tn — u™)) + (Agy (u™), up — u™))] < 0.
n—oo

The latter combined with the (S)_-property of A and (21) imply that
up, — u* in Wy "9(Q). (22)

If in (20) we pass to the limit as n — oo and use (22), then we have
(Ap@yW™), h) + (Agy (™), h) = / f(z,u")hdz (23)
Q

forall h € WOl 7@ (©). From Proposition 7 and (22)—(23), we have
i <u,foralneN = a<u* = u*eS; CintCyandu™ =infS,.

Similarly, we produce v* € S_ and v* = sup S_. We mention that the set S_ is
upward directed (that is, if vi, v € S_, we can find v € S_ such that v; < v and
vy < v). Also on account of the proof of Proposition 4, we can restrict ourselves to
S_NJ[—c,0]. O

4 Nodal solutions

In this section we show the existence of a nodal solution to problem (1). To obtain
such a solution, we will focus on the order interval [v*, u*] by using truncations. More
precisely, observe that any nontrivial solution of problem (1) in this order interval
distinct from u* and v*, is nodal on account of the extremality of ™ and v*.

So, we introduce the Carathéodory function g: Q2 x R — R defined by

f(z,v*()) ifx <v*(2)
§(z, x)=14 f(z,x) if U*(Z) <x< M*(Z) . (24)
flu*(z) ifu™(z) <x

Also we consider the positive and negative truncations of g(z, -), namely, the Carathéo-
dory functions

81z, %) = §(z, £x7). (25)

Then we set a(z, x) = f(;c 8(z,s)ds and ai(z, x) = f(f g+(z, s)ds and introduce
the C'-functionals B , Bii Wol’p (Z)(Q) — R defined by

. 1 1 N
ﬂ(u):/ —|Du|f’<z)dz+/ —|Du|q<Z>dz—/ G(z,u)dz,
P Qq(2) Q
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and
3 1 @ 1 @ =
Brw)= | —|Dul’Pdz+ | —|Du|?¥dz— | Gi(z,u)dz
o P(@) Qq(2) Q

forall u € Wy " ().
Using (24)—(25), the anisotropic regularity theory and the extremality of ™ and v*,
we obtain the following result.

Proposition 9 If hypotheses Hy and Hy hold, then Kﬁ C [v*, u*]N Cé(Q), Kﬁ+ =
{0,u™}, Ky =1{0,0v"}.

The next observation, will allow the use of the mountain pass theorem.

Proposition 10 [f hypotheses Ho and Hy hold, then u* € intC and v* € —intCy are
local minimizers of the functional B(-).

Proof From (24) and (25) it is clear that ,é+(-) is coercive. Also it is sequentially
weakly lower semicontinuous. So, we can find &* € WOl P& () such that

B (@*) = inf {B+(u> | ue W&”’(“(m}. (26)

Since u* € intCy, if u € intCy for t € (0,1) small we will have that
tu < min{u*, 8} (see hypothesis H;(v) and [12], p. 274). Therefore as in the proof of
Proposition 6, since ny < g—, we have

Bi(tu) <0 = Br@™) <0=pB.(0) (see 26)) = a*#0. (27)

From (26) and (27) we have u* € K@ \ {0}, hence u* = u™ € intC4 (see Proposi-
tion 9). Notice that

,3|C+ = l§+|c+ = u*isalocal C&(Q)—minimizer ofﬁ(o).
The latter together with [7] and [20] implies that
u*isa localWol’p(Z)(Q)-minimizer of B(-). (28)

Similarly for v* € —intCL we can obtain the desired conclusion by using the
functional B_(-). O

Now we are ready to produce a nodal solution to problem (1).

Proposition 11 Ifhypotheses Ho and H, hold, then problem (1) admits a nodal solution
Yo € [v*, u*]1 N Cy ().
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Proof On account of Proposition 9, we may assume that K ; is finite. Otherwise we
already have an infinity of smooth nodal solutions (see Proposition 9) and so we are
done. So, we may assume that

Bw*) < Bu™).

The analysis is similar if the opposite inequality holds. Since u* € intC is a local
minimizer of B(-) (see Proposition 10) and K ; is finite, using [12,Theorem 5.7.6, p.
449], we can find n € (0, 1) small such that

B = pwy <inf A | u—u*) =n} = and v ="l > 0. 29)

Recall that ,3(~) is coercive (see (24)). So, from [12], Proposition 5.1.15, p. 369, we
have that

,3(-) satisfies the C-condition. (30)

Then (28)—(30) permit the use of the mountain pass theorem. So, we can find yg €
Wol’p(Z)(Q) such that

{yo € Kﬁ C [v*, u*]N Cé () see Proposition 9, 31

yo & (v*, u*}, C1(B, yo) # O see [11], p. 527

Since 0 € inf C(;(Q)[v*, u*], through a standard homotopy invariance argument, we
infer that

Ck(,é, 0) = Cr(p,0) =0, forall k € Ny (see [[9]]). (32)
From (30) and (32), we infer that

Yo ¢ {0, u*, v*}, yo € v*, u*1N G5 (),
= Yo € Cé (€2) is a nodal solution of problem (1).

This completes the proof of the proposition. O

So, summarizing, we can state the following multiplicity theorem for the problem
(1), which provides the exact sign information for all the solutions produced.

Theorem 12 Ifhypotheses Hy and H| hold, then problem (1) has at least five nontrivial
solutions

ug, i € intCy withug # 1, vg, 0 € —intCy with vg # 0 and yg € Cé(S_Z) nodal .
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