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A thorough understanding of the effects of sloshing on aircraft dynamic loads is of great relevance 
for the future design of flexible aircraft to be able to reduce their structural mass and environmental 
impact. Indeed, the high vertical accelerations caused by the vibrations of the structure can lead to the 
fragmentation of the fuel free surface. Fluid impacts on the tank ceiling are potentially a new source of 
damping for the structure that has hardly been considered before when computing the dynamic loads 
of the wings. This work aims at applying recently developed reduced-order models of sloshing to the 
case of a research wing to investigate their effects on the wing aeroelastic response under pre-critical 
and post-critical conditions. The vertical sloshing dynamics is considered using neural networks trained 
with experimental data from a scaled tank and then integrated into the aeroelastic system following 
a suitable scaling procedure. The results concern the aeroelastic response of the wing to gust input 
under pre-critical (flutter) conditions as well as post-critical conditions highlighting the onset of limit 
cycle oscillations caused by sloshing, the only nonlinear phenomenon modelled in the present simulation 
framework. Moreover, the load alleviation performances will be assessed for a typical landing input.

© 2022 Elsevier Masson SAS. All rights reserved.
1. Introduction

Vertical sloshing is a phenomenon that typically occurs in aero-
nautical structures when subjected to strong vertical accelerations. 
These structures withstand loads caused by gusts, turbulence, and 
landing impacts. The sloshing of fuel caused by vertical acceler-
ation is coupled to the structural dynamics and aeroelasticity of 
the aircraft. It is well known that this type of sloshing leads to a 
noticeable increase in structural damping, yet it is generally not 
modelled in the design phase of modern aircraft. This work is 
part of the research activities within the European H2020 SLOsh-
ing Wing Dynamics (SLOWD) project and aims to provide reduced 
order models (ROMs) for the study of sloshing dynamics (Ref. [1]).

Vertical sloshing dynamics is one of the possible dynamics of 
the fluid stowed in the tanks, which has different characteristics 
compared to the classical sloshing that generally occurs during 
rotations and lateral motion of the tank. The latter generates stand-
ing waves inside the cavity, which provide dynamic coupling with 
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the structure and a possible modification of flutter margins. In 
particular, the effects of sloshing on the aeroelastic flutter sta-
bility of aircraft have been discussed in Refs. [2–4] where slosh-
ing dynamics was modelled using equivalent mechanical models 
(EMMs), frozen fluids and linear frequency domain approaches. 
Furthermore, the effects of sloshing on aeroelastic typical section 
behaviour have been investigated in Refs. [5,6] by direct time-
marching analysis employing Smoothed Particle Hydrodynamics 
(SPH).

On the other hand, the subject of this paper is the sloshing 
phenomenon induced by a high vertical acceleration of the tank, 
that is, perpendicular to the free surface. As long as the verti-
cal acceleration of the tank is kept below a certain threshold, the 
free surface does not break. However, exceeding this acceleration 
threshold triggers Rayleigh-Taylor instabilities (Ref. [7]), which de-
termine a chaotic flow regime with air/water mixing. Turbulence, 
impacts with the tank ceiling and continuous free surface genera-
tion cause additional dissipation of energy (Refs. [8,9]). The overall 
balance of elastic potential energy and fluid energy leads to a no-
ticeable increase in the effective damping of the structural motion. 
Moreover, when vertical harmonic motions are considered, it is 
noticed that the dissipative properties depend on the amplitude 
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of the motion and the frequency. Ref. [10] experimentally investi-
gated the dissipative behaviour of vertical sloshing considering a 
small-sized tank using an electromechanical shaker and evaluated 
the dissipated energy exploiting the definition of the hysteresis cy-
cle.

Aeroelastic studies in which sloshing was modelled via the so-
called bouncing ball ROM can be found in Ref. [11] where the 
damping performance of the aeroelastic/sloshing system was char-
acterised as gust speed and intensity varied. More specifically, an 
equivalent mechanical model of bouncing ball was used to emu-
late the fluid behaviour inside the tank (the impacts with the tank 
wall). Indeed, classical sloshing ROMs are intrinsically based on po-
tential fluid theory or small lateral perturbations [12–15] and, the 
identification of impulsive forces that vertical sloshing dynamics 
provides is not covered by these models. These new sloshing mod-
els - based on bouncing ball - address the need to describe this 
complex phenomenon through a simple physical model quickly 
and effectively. However, they suffer in being able to characterise 
well the dissipative capacity of the fluid at different values of am-
plitude and frequency as can be seen by comparing the energy 
maps provided in Refs. [10,16].

On the other hand, this work exploits the approach recently in-
troduced in Ref. [16] for the generation of neural-network based 
ROM for vertical sloshing, by employing low-fidelity data and fi-
nally improved and experimentally validated for a sloshing beam 
in Ref. [17]. The use of neural network is getting attention in pro-
viding ROMs for fluid structure interaction (FSI) as it was already 
done for external aerodynamics in Ref. [18]. Artificial neural net-
work can be seen as a parallel distributed processors made up of 
the so called neurons: simple processing units, having the natu-
ral capability of storing accumulated knowledge, and then, make it 
available for subsequent use. In particular, knowledge is acquired 
by the network from its environment through a learning process, 
and then stored by synaptic weights. Due to their useful proper-
ties and capabilities (Ref. [19]), neural networks are increasingly 
used in nonlinear system identification. Indeed, they are a power-
ful tool for approximating nonlinear dynamic systems, even when 
the structure of the system to be identified is unknown and only 
input–output data are available, so allowing a sort of generalised 
black-box modelling. Specifically, the sloshing forces will be esti-
mated on the basis of the time series of the unsteady boundary 
conditions applied by the moving rigid tank. A Nonlinear Finite 
Impulse Response (NFIR) network is trained with an appropriate 
data series (consisting of vertical velocity of the tank and forces) 
obtained by a suitable scaled experiment (see Ref. [10]) spanning 
different values of frequencies and displacement amplitude in order 
to provide a nonlinear overall characterisation of fluid dissipation 
and fluid inertial behaviour.

Since the reduced-order model was obtained from data derived 
from a scaled model, an appropriate strategy for model scaling is 
then required. The full-scale models (one for each tank integrated 
into the wing) are based on the assumption that Froude number 
is the most characteristic of the non-dimensional parameters of 
vertical sloshing, whereas tank height is typically the characteris-
tic length for this kind of sloshing. This assumption neglects the 
effects that fluid properties such as surface tension and viscosity 
have on free surface fragmentation by focusing on sloshing forces 
generated by fluid impacts within the tank.

A classic approach is used to model the rest of the aeroelas-
tic system, i.e., by employing the finite element method (FEM) 
to model the structure and the doublet lattice method (DLM) for 
the unsteady aerodynamics (see Ref. [20]). The aeroelastic anal-
ysis is based on the modes of vibration of the dry structure. A 
rational polynomial function approximation is applied to achieve a 
purely differential expression for the unsteady aerodynamics with 
the cost of defining a new set of aerodynamic finite states (see 
2

Fig. 1. Research wing aeroelastic/sloshing modelling.

Refs. [21,22]). The nonlinear sloshing dynamics is then integrated 
into linear aeroelastic system. Response analyses under pre- and 
post-critical aeroelastic conditions illustrate how the sloshing dy-
namics helps to alleviate the dynamic loads following severe gusts 
while providing limit cycle oscillation beyond the flutter margin. 
Indeed, the characterisation of the limit cycle bifurcation provides 
results in line with those originally presented in Refs. [23,24] for a 
simplified aeroelastic model in wind tunnel.

Following the procedure applied for the gust analyses, the dy-
namic response of the wing to an operational landing impact is 
considered to assess the influence of the sloshing induced damp-
ing to alleviate landing loads.

The paper is organised as follows: the aeroelastic and sloshing 
modelling are introduced in Sec. 2, whereas the NN-based ROM 
is introduced in Sec. 3 along with the scaling procedure and the 
integration of the sloshing ROMs into the aeroelastic system. The 
aeroelastic response results are shown in Sec. 4. Finally, a section 
of concluding remarks ends the paper.

2. Aeroelastic and sloshing modelling

A sloshing/aeroelastic wing is modelled in this work using a 
hybrid model that combines a linear differential problem (aeroe-
lasticity) with a data-driven model (sloshing). More in details, the 
numerical testbed is represented by a prototype wing model with 
dimensions typical of a single-aisle commercial aircraft wing. Fig. 1
shows the finite element model, along with the lifting surface dis-
cretized by means of doublet lattice method, and the position of 
the eight tanks integrated within the wing box. Fig. 2 shows the 
wing first six modes of vibration in the case of dry structure, that 
is the case in which tanks are empty, along with the correspond-
ing natural frequencies normalized with respect to the first modal 
frequency ω1. Dry modes are assumed to be the shape functions 
in order to avoid considering different FEM models depending on 
the fill level (even though the case with 50% fill level is considered 
in the present analysis). A box-shaped, rigid structure is approxi-
mated for each of the eight tanks embedded within the wing-box. 
Their dynamic behaviour is condensed in a point placed in the ge-
ometric centre of the tank and their motion is based on a weighted 
average of the motion of the surrounding nodes.

The wing structural displacements u(x, t) can be expressed by 
the spectral decomposition

u(x, t) �
N∑

n=1

ψψψn(x)qn(t) (1)

where ψψψn(x) are the modes of vibrations of the structure and 
qn(t) are the generalised coordinates describing the body defor-
mation in time. Note that a space-discretisation for the structure 
is assumed by including a finite number N of modes in the anal-
ysis, i.e., a frequency-band-limited unsteady process. Considering 
this representation for aircraft wing dynamics, one has the follow-
ing Lagrange equations of motion in terms of N modal coordinates 
qn(t)
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Fig. 2. Mode shapes of the wing model with their natural frequencies. O-P-B = Out-of-plane bending mode, I-P-B = In plane bending mode, T = torsional mode.
Mq̈ + Kq = e + g + f(ext) (2)

where q = [q1, q2, . . . , qN ]T is the modal coordinates vector, M and 
K are, respectively, the modal mass and stiffness (diagonal) ma-
trices provided by FEM solver, whereas e = [e1, e2, . . . , eN ]T and 
g = [g1, g2, . . . , gN ]T are, respectively, the generalised aerodynamic
and sloshing forces induced by the elastic motion. The f(ext) is the 
vector of the current external forcing terms which includes gust 
and landing force. The generalised aerodynamic forces (due to the 
aircraft motion only) are generally computed as a function of the 
reduced frequency k = ωb/U∞ (with b semi-chord and U∞ free 
stream velocity) and Mach M∞ domain (see Ref. [20]) as:

ẽ = qD Q(k, M∞) q̃ (3)

where Q(k, M∞) is the generalised aerodynamic forces matrix, qD

is the dynamic pressure and the symbol ˜ is used to represent the 
Laplace/Fourier transforms. For a fixed value of M∞ , the following 
rational function approximation for the unsteady aerodynamics

Q(k) ≈ A0 + jkA1 − k2A2 + jkC
(

jkI + P
)−1

B (4)

As a consequence of the rational function approximation, the aero-
dynamic forces can be recast in time domain as:

e = qD A0 q + qD
b

U∞
A1 q̇ + qD(

b

U∞
)2 A2 q̈ + qD C r (5)

ṙ = U∞
P r + B q̇ (6)
b

3

where b is the reference half-chord and r is the vector of the aero-
dynamic finite states.

At the same time, the generalised sloshing forces vector g can 
be expressed as a sum of contributions g(i) of individual tanks:

g =
NT∑
i=1

g(i) (7)

with NT the number of tanks. The n-th component of g(i) is the 
projection of the fluid pressure distribution pS evaluated on the 
wet tank surface S(i)

tank on each n-th modal shape ψψψn as in the 
following (n unit normal vector to S(i)

tank)

g(i)
n = −

"

S(i)
tank

pS n ·ψψψn dS (8)

By assuming a rigid tank identified by its geometrical centre, Eq. 
(8) can be recast as:

g(i)
n = f(i)

S ·ψψψn(xTi ) + m(i)
S ·ϕϕϕn(xTi ) (9)

where fS and mS are, respectively, the sloshing force and moment 
applied in the geometric centre of the tank xTi , whereas ϕϕϕn(xTi )

is the n-th modal rotation of the point xTi . In this study, slosh-
ing force is decomposed into two contributions: the inertial force 
according to the frozen fuel modelling (Ref. [3]) and the perturba-
tion resulting from the relative motion of the fluid particles within 
the tank (Ref. [17]). Assuming there is only a vertical perturbation 
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Fig. 3. Aeroelastic/sloshing modelling in Simulink®.

� f (i)
Sz

, the sloshing force fS and moment mS about the geometric 
centre of the i-th tank are given by:

f(i)
S = −

N∑
k=1

m(i)
l

[
ψψψk(xTi ) − d ×ϕϕϕk(xTi )

]
q̈k + i3� f (i)

Sz
(10)

m(i)
S = −

N∑
k=1

(
I(i)
l ϕϕϕk(xTi ) − m(i)

l d × [
ψψψk(xTi ) − d ×ϕϕϕk(xTi )

])
q̈k

(11)

where d is the offset between the geometric centre of the tank 
and the liquid centre of mass, i3 is the vertical unit vector and Il is 
the inertia tensor of the frozen fluid. It is worth noting that � f (i)

Sz
, 

hereafter denoted as dynamic sloshing force is a non-conservative 
force that is a nonlinear function of the history of the tank vertical 
displacement uz(xTi , t). By considering Eqs. (10) and (11), Eq. (9)
can be recast as:

g(i)
n = −�m(i)

nk q̈k + i3 ·ψψψn(xTi )� f (i)
Sz

(12)

where the components �m(i)
nk provide a further non-diagonal con-

tribution to the mass matrix given by the inertia of the fluid.
The aeroelastic/sloshing modelling is therefore implemented in 

Simulink® as illustrated in Fig. 3. The aeroelastic blocks are purely 
differential whereas the sloshing block is modelled with neural 
networks trained by means of data made available by experiments 
carried out with a small scale tank [17]. The description of such 
approach based on neural network to describe � f (i)

Sz
is covered in 

Sec. 3
4

Fig. 4. Experimental layout.

3. Neural-network-based ROM of vertical sloshing

In this section the neural-network-based ROM is presented. The 
description of the experimental set-up used for the network gen-
eration is presented in Sec. 3.1, whereas the scaling procedure 
for obtaining the sloshing model for the actual application is pre-
sented in Sec. 3.2.

3.1. A neural-network based ROM from experiments

In this study, we use the same approach developed in Ref. [17]
to generate a reduced order model based on neural networks used 
for investigating the effects of nonlinear sloshing on the response 
of the wing aeroelastic system. The model is identified by exploit-
ing the experimental data obtained from the experimental setup 
depicted in Fig. 4. The experimental testbed is a box-shaped tank 
made in plexiglass with a height of h = 27.2 mm and base of sides 
l1 = 117.2 mm and l2 = 78.0 mm. The dimensions were chosen 
in order to be able to trigger slamming with the tank ceiling af-
ter the occurrence of the Rayleigh-Taylor instabilities. The tank was 
placed over a controlled electrodynamic shaker able to impose ver-
tical sinusoidal displacement. The dynamic load at the interface 
between shaker and tank is measured by two load cells, placed 
in the middle of the long side of the tank base. The system is 
also equipped with two redundant accelerometers placed at the 
opposite corners of the tank upper closing side and with a con-
trol accelerometer used by the shaker controller. In Reference [10], 
this experimental set-up was exploited to investigate the dissipa-
tive behaviour of the fluid sloshing inside a tank set in vertical 
motion. Indeed, if one represents the fluid tank interface force as a 
function of the displacement, e.g. by using experimental measure-
ments, one obtains in harmonic regime a hysteresis cycle with the 
closed area representing the energy dissipated Ld by the fluid in 
a cycle. Fig. 5(a) provides the non-dimensional energy dissipated 
by the sloshing fluid �d = Ld/(mla2�2) in a vertical harmonic mo-
tion uz = a cos(�t) (with a displacement amplitude of the imposed 
motion and � the excitation frequency) as a function of the non-
dimensional frequency ω̄ = �/

√
g/h (not to be confused with the 

reduced frequency k for the unsteady aerodynamics) and veloc-
ity v̄ = v/

√
gh (with v = �a) that, for the vertical slosh dynamics 

assumes the meaning of Froude number (Ref. [25,26]). Moreover, 
for the same kind of input, the variation of the sloshing-effective 
mass fraction β (see Fig. 5(b)) can be identified by assuming the 
linear approximation of the dynamic sloshing force (removing the 
effects of the super-harmonics) and performing the ratio between 
the Fourier transform of the dynamic sloshing force and the re-
lated frozen mass force
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β = �
[ � f̃ Sz (�)

ml �
2 ũz(�)

]
(13)

where �[ ] is used to express the real part. Appendix A provides 
analytical details and interpretation of this quantity. This effect, 
that will result critical in the aeroelastic response close to the flut-
ter margin, was already investigated in Ref. [27]. A reference value 
β̂ = −0.154 is obtained by averaging among the experimental val-
ues obtained at low level of acceleration (0.25g), namely for the 
quasi-linear sloshing regime. Nonetheless, a small uncertainty in 
defining the exact amount of liquid in the tank during the experi-
ment affects this value.

Subsequently, the experimental set-up was used to generate a 
data set for training a neural network by means of a 480 s long 
test with a variable frequency and amplitude harmonic imposed 
acceleration üz = f (t) cos(

´
�(t)dt) such as to suitably cover the 

frequency-velocity domain of interest (see Fig. 6(a)). A different 
data set 240 s long covering the same points in the frequency-
velocity domain is used for validation in order to avoid overfitting 
of training data. The acquired sensor measurements were used to 
train the neural network. More in detail, Fig. 6(b) shows the ver-
tical velocity of the tank obtained by integrating the acceleration 
signal, that is the input feeding the network, whereas, the dynamic 
sloshing forces, estimated by the load cells subtracting the frozen 
fluid and tank masses inertia are shown in Fig. 7.

Among the wide variety of dynamical models, a Nonlinear Fi-
nite Impulse Response (NFIR) model has been considered (see 
Fig. 8). The output of the network, the dynamic sloshing force 
at a given time instant, is obtained by means of a static approx-
imator that receives the recent time history of the tank vertical 
velocity as input. NFIR models, simply made up by static approx-
imator and bank of filters with delay lines, generally ensures the 
stability of the network (Ref. [28]). The used NFIR model consists 
of 1 hidden layer with 20 neurons and 1 output layer whilst 60 
tapped delay lines are considered for the input. Normalised radial 
basis functions are employed as activation functions in all nodes 
of the hidden layer, whereas the output layer is made up with 
a simple linear function. Levenberg-Marquardt backpropagation al-
gorithm, implemented in Matlab® through the trainlm function 
(Ref. [29]), is used for the network training. The model identified 
in this study was trained using an error rate increase criterion over 
6 consecutive epochs as the stopping criterion. The stopping of the 
training process occurred after 76 epochs, when the mean-squared 
error performance had already stabilised at a constant and rela-
tively low value. The trained network was then converted into a 
Simulink® block to be used for simulations and thus obtaining pre-
dictions for the output. Fig. 9 shows the dynamic sloshing force (in 
red) that the network predicts when the tank is excited with the 
velocity time history of the validation data set compared to the 
validation sloshing force (in black). The identified network looks to 
be able to accurately describe the nonlinear behaviour of sloshing.

3.2. Scaling of the sloshing forces

More in general, the energy dissipated by the sloshing fluid Ld

can be expressed by means of the π -theorem:

Ld = mla
2�2�d (ω̄, v̄,α, Re, Bo, ...) (14)

Besides the non-dimensional frequency ω̄ and velocity v̄ , Ld is de-
pendent on the fill level α, the Reynolds number Re = vh/ν (ν
kinematic viscosity) that reflects viscosity effects, and the Bond 
number Bo = ρgh2/γ (γ surface tension) that reflects surface ten-
sion effects. Since the operational parameters ω̄ and v̄ only cover a 
subspace of the space spanned by the non-dimensional parameters 
influencing the sloshing-induced energy dissipation, it is necessary 
5

to formulate the following hypotheses before scaling the NN-based 
ROM:

• The non-dimensional dissipated energy is assumed to be 
mainly dependent on the non-dimensional velocity (Froude) 
and non-dimensional frequency. Other parameters more re-
lated to physical properties of the fluid (Reynolds and Bond) 
are assumed to play a secondary role.

• The principal dimension is assumed to be the tank height h
(Ref. [25]). Tank base area is not assumed to be important.

• For each filling level α a different identification is required.

Although these hypotheses are only partially supported by exper-
iments and numerical evidences [25,30], it is reasonable to assert 
them to scale the obtained data for the eight tanks embedded 
within the structure. Indeed, a variation in the dimensionless pa-
rameters of Reynolds (at high Reynolds values) and Bond seems to 
provide a negligible influence on the dissipative capabilities during 
violent vertical sloshing phenomena (Ref. [30]). The re-scaled ROM 
must therefore work in similarity of non-dimensional velocity and 
non-dimensional frequency as well as non-dimensional dissipated 
energy in order to replace the sloshing model with a neural net-
work capable of reproducing the real dissipative behaviour. Fig. 10
shows the Simulink® implementation of the neural network unit 
and the scaling gain. More in details, from the non-dimensional 
frequency similarity between the experiment ω̄(exp) and the i-th
tank ω̄(i) , we obtain:

�(exp)√
g/h(exp)

= �(i)√
g/h(i)

=⇒ dt(i) = dt(exp)

√
h(i)

h(exp)
(15)

Thus, a proper time rate translator is used within the simulation 
(see Fig. 10) to make the neural network working with a time rate 
compliant with the one used for its identification. Furthermore, the 
similarity of the non-dimensional velocity (Froude) of the vertical 
motion yields:

v(exp)√
gh(exp)

= v(i)√
gh(i)

=⇒ v(i) = v(exp)

√
h(i)

h(exp)
(16)

that provides a gain to the vertical tank velocities before the 
call to the neural network (see Fig. 10). Assuming the similar-
ity of the non-dimensional dissipative function �d and that Ld =´

cycle � f Sz d uz we obtain:

� f (i)
Sz

= � f (exp)
Sz

m(i)
l

m(exp)

l

= � f (exp)
Sz

ρk V (i)

ρw V (exp)
(17)

where ρk and ρw are the density of kerosone and water, respec-
tively, whereas V (i) and V (exp) are the volume of the i-th wing 
tank and experimental tank, respectively. Equation (17) provides 
the gain for the dynamic sloshing forces to be applied after the 
call to the neural network within the simulation framework (see 
Fig. 10). This scaling procedure is able to take into account dif-
ferent liquids with respect to that used for data generation. In 
this scaling procedure, velocity and displacements of the tank are 
adjusted according to tank size, but the maximum accelerations 
achievable when the tank works in similarity with the tank used 
for the network identification are retained. It is worth noting how 
this scaling procedure assumes a perfectly box-shaped tank. In ad-
dition, the dependence of the dissipative characteristics of vertical 
sloshing with respect to aspect ratios (the other two dimensions 
of the tank with respect to its height) and wing dihedral angle has 
not yet been thoroughly investigated and are not considered in this 
work.
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Fig. 5. Maps of the Identified dissipated energy and sloshing-effective mass fraction.
Fig. 6. Velocity profile used to train the network, see Ref. [17].

Fig. 7. Time history of the dynamic sloshing forces for the training data set.

4. Aeroelastic response analyses

Before performing the aeroelastic response of the wing, a stabil-
ity analysis is performed by evaluating the poles of the linearised
6

Fig. 8. Time-Delay Neural Network flowchart.

Fig. 9. Comparison between the output predicted by the identified neural network 
and the experimental time history of the force used for the training. (For interpre-
tation of the colours in the figure(s), the reader is referred to the web version of 
this article.)

aeroelastic system between 250 m/s and 360 m/s and consid-
ering fixed the Mach number M∞ = 0.85 and the air density 
ρ∞ = 0.9 kg/m3. Twelve vibration modes are employed for the 
aeroelastic analyses whereas 200 aerodynamic states were used for 
the rational function approximation of the unsteady aerodynamics. 
An additional modal damping of 5% is introduced into the analy-
sis only for vibration modes whose dry nondimensional frequency 
with respect to the size of the wing bigger tank was greater than 
the nondimensional frequency limit of the sloshing identification 
process, namely when fn/

√
g/h1 > 6.72. The root locus of the 

aeroelastic system (frozen configuration � f (i)
Sz

= 0) is shown in 
Fig. 11 in which the vibration modes from which the different 
branches originate are annotated. The flutter instability occurs at 
U∞ = U F = 319.3 m/s from the branch that originates from the 
first bending mode (see Fig. 2(a)), whereas the flutter frequency 
is ωF = 1.95 ω1. The critical mode mainly consists of a coupling 
between the first vibration mode (1st O-P-B) and the third mode 
(2nd O-P-B / 1st T) that consists also of a slight torsion of the aero-
dynamic sections. Moreover, Fig. 12 shows the trend of the flutter 
speed as a function of the filling level α, where the green square 
represents the speed value in the case a fuel mass correction is 
used to take into account the sloshing effective mass at small per-
turbances, namely by assuming
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Fig. 10. Scaling procedure implemented in Simulink®.
Fig. 11. Root Locus of the aeroelastic system.

Fig. 12. Flutter speed as a function of the filling level fraction α.

� f (i)
Sz

= β̂ m(i)
l

N∑
n=1

i3 ·ψψψn(xTi )q̈n (18)

that can be integrated in Eq. (12).
Aeroelastic response analyses to vertical gust are then per-

formed for different velocities in the neighbourhood of the flutter 
speed where the response is less damped and the sloshing may 
play a role of paramount relevance on damping aeroelastic vi-
brations. Since the neural network is trained considering a time 
history made of a sequence of simply-harmonic input with differ-
ent frequency and amplitude values (see Fig. 6), it follows that the 
proposed sloshing model works consistently when the input ve-
locity has a dominant harmonic. The external aerodynamics plays 
a key role on filtering a single mode that has a pole with a smaller 
real part making the proposed ROM suitable to study most of the 
aeroelastic response analyses (like the aeroelastic response to dis-
7

crete gusts). Specifically, in this analysis we consider the following 
standard gust profile:

w g(t) = 1

2
w ga

(
1 − cos(

2πU∞t

Lg
)
)

(19)

where w ga is the gust amplitude. The reference value for the gust 
length measured in chord length b is Lg = 25 b. Spatially, the gust 
is assumed to be constant throughout the wing domain. Two mod-
els are compared, namely the frozen fuel model and the sloshing 
fuel model that employs the neural network to replace slosh dy-
namics. Three different flight conditions are considered, that is 
U∞ = 266 m/s and U∞ = 315 m/s, before the flutter margin as 
evaluated by the frozen fuel model, and U∞ = 321 m/s in flut-
ter condition. The gust amplitude w ga is assigned in order to do 
not make the vertical acceleration overcome the limit of 6 g at the 
tank locations which would violate the range of applicability of the 
network. Different gust intensities are employed to highlight the 
increase of the sloshing induced damping at high response ampli-
tudes or the onset of limit cycle oscillations.

The first analysis is performed at a free stream velocity of 
U∞ = 266 m/s, with a gust intensity of w ga = 6 m/s. Fig. 13(a) 
compares the wing response of the sloshing fuel model with 
the frozen fuel model in terms of tip acceleration. Despite the 
aerodynamic damping is high, the role of sloshing is evident 
since the sloshing fuel model results in a more damped response 
due to presence of the fluid impacting inside the tanks. More-
over, the response of the dynamic sloshing forces, obtained by 
exploiting the neural network-based ROM, can be observed in 
Fig. 13(b).

Then, the flight speed is brought close to the flutter margin, 
at a free stream velocity of U∞ = 315 m/s, with a gust inten-
sity of w ga = 3 m/s. Fig. 14(a) compares the wing tip response of 
the sloshing fuel model with the frozen fuel model. Even though, 
the structure is closer to the flutter margin, it can be noticed how 
the beneficial influence of the damping introduced by sloshing dy-
namics helps to alleviate the gust response. Again, the response 
of the dynamic sloshing forces, obtained by exploiting the neural 
network-based ROM, can be observed in Fig. 14(b).

The post-critical gust response analysis is performed after the 
flutter speed limit evaluated with the frozen fuel model, that is 
U∞ = 321 m/s, with a gust intensity of w ga = 1.5 m/s. The wing 
tip response is shown in Fig. 15(a) comparing the two considered 
cases. The linear frozen case results in a fluttering response with 
diverging exponential envelope, whilst the sloshing case develops a 
limit-cycle oscillation (LCO). This LCO is determined by the nature 
of the sloshing forces, which become highly dissipative when the 
acceleration of the tank increases (Rayleigh-Taylor instabilities oc-
cur above 1 g). Fig. 16 compares the response of the sloshing fuel 
model for two different gust amplitudes, that is w ga = 0.15 m/s
and w ga = 2.5 m/s. Within the range of maximum allowable ver-
tical acceleration at the tank locations (given by the identification 
process), the response of the wing converges to the same limit cy-
cle oscillation.
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Fig. 13. Gust response analysis for U∞ = 266 m/s.

Fig. 14. Gust response analysis for U∞ = 315 m/s.

Fig. 15. Gust response analysis for U∞ = 321 m/s.
More in general, the response analysis to small disturbances 
(w ga = 0.15 m/s) is carried out spanning from 316 m/s to 323 m/s. 
Fig. 17 shows the Hopf bifurcation diagram of the limit-cycle os-
cillation of the wing tip displacement. Despite the nonlinear sta-
bilising contribution of the sloshing forces, the system is never-
8

theless unstable after a flight speed slightly lower 323 m/s. This 
denotes the presence of an unstable branch coexisting with the 
stable one identified by the numerical simulations. Moreover, be-
cause the sloshing forces are primarily dissipative, the unstable 
branch cannot exist before the flutter speed. It is worth not-
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Fig. 16. Gust response analysis for U∞ = 321 m/s considering two different gust amplitudes.
Fig. 17. Bifurcation diagram.

ing that the limit cycle oscillations of the stable branch exist in 
a range of displacement amplitude that generally structures of 
this type can withstand in terms of maximum allowable stresses. 
Moreover, sloshing is able to provide a limit cycle response up 
to a velocity which is slightly greater than the linear flutter 
speed. Therefore, for flutter analyses, this effect must be weighed 
against other uncertainties from structural and aerodynamic mod-
elling.

Fig. 18(a) shows a contour plot of the energy exchanged be-
tween the structure and external aerodynamics per cycle as a func-
tion of the amplitude of the response and flight speed in case the 
response were solely determined by the unstable branch of the 
root locus in Fig. 11, or q(t) ≈ w1a1(t) + c.c.1 The blue colour indi-
cates the region in which the aerodynamics subtract energy from 
the structure (positive damping, stable), whereas the red-one indi-
cates that the structure is absorbing energy from the aerodynamics 
(negative damping, flutter condition).

1 From mode tracking we obtain the eigenvector w1track (U∞) corresponding to un-
stable branch as a function of the flight speed (that is normalised in order to have 
real and unit displacement at tip −→ a1 assumes the meaning of the tip displace-
ment) and the associated frequency ω1track (U∞). Therefore, the following quantity 
yields the energy exchanged by the structure and the external aerodynamics in a 
cycle with angular frequency ω1track :

Laero(U∞,a1) = π a2
1

1

2
ρU 2∞ I

{
wT

1track
Q

(ω1track b

U∞
)

w1track

}
. (20)
9

On the other hand Fig. 18(b) provides the energy exchanged by 
the internal sloshing fluid with the structure summarising the ef-
fects of the eight tanks by dimensionalisation and the sum of the 
map in Fig. 5(a). This energy map, similarly to the one in Fig. 18(a), 
is based on the tracking of the critical eigenvector and frequency. 
By increasing the flight speed, the map is not defined at the higher 
amplitude because of the increase of the considered aeroelastic 
frequency. The dissipative nature of sloshing is thus highlighted 
(positive damping, stabilising effect).

The energy exchanged between the structure and the fluids (ex-
ternal aerodynamics and sloshing) can be computed by integrating 
the maps in Figs. 18(a) and 18(b) (see Fig. 18(c)). This figure is 
overlaid with the LCO bifurcation in Fig. 17. The zero-energy iso-
line should represent the locus of points at which fuel sloshing 
dissipates as much energy as the aerodynamics induces onto the 
structure, and thus represents the LCO bifurcation obtained directly 
from the energy map analysis [31]. Note that the LCO bifurcation 
identified by simulation is similar to the one obtained by energy 
consideration but it is shift of about 2 m/s due the inertial ef-
fects of the fluid in the tank that anticipate the onset of flutter 
(as shown in Fig. 17). Considering the dissipative nature of slosh-
ing, the total energy exchanged between structure and fluid before 
the flutter speed will always result in positive damping. Moreover, 
as a result of the saturation of the dissipated energy, an unstable 
branch may result with vertical asymptote at flutter speed. This a-
priori post-critical analysis based on energy maps shows that the 
neural-network-based ROM is capable to reproduce the behaviour 
of the slosh dynamics when integrated in a complex aeroelastic 
computational environment.

4.1. Landing response analysis

The last analysis is performed considering landing condition 
with a reference free stream velocity equal to U∞ = 150 m/s and 
Mach M∞ = 0.43. The simplified landing modelling is accounted 
in modal coordinates by specialising the external forces f(ext) in Eq. 
(2):

f(ext) = b üz f (21)

where üz f is the vertical acceleration of the fuselage and therefore 
of a system moving according with the wing. Moreover, the n-th
component of the input vector b is obtained by:



F. Saltari, M. Pizzoli, F. Gambioli et al. Aerospace Science and Technology 127 (2022) 107708

Fig. 18. Energy maps.
bn = Mac

2
i3 · ψψψn(xlg) −

ˆˆˆ

V

ρm i3 ·ψψψn dV (22)

where Mac/2 is the aircraft half mass, xlg is the position of the 
landing gear, ρm is the material density, and V is the material 
volume. The first term in Eq. (22) represents the mutual force be-
tween the landing gear and the ground, whereas the second term 
is the fictitious force given by the deceleration of the wing refer-
ence system with respect to the ground.

The present simplified modelling is based on the following hy-
potheses: i) the vertical acceleration of the landing gear is assumed 
equal to the fuselage vertical acceleration; ii) there exists only a 
one way coupling between the dynamics of the fuselage and the 
wing dynamics; iii) ground effects and high-lift devices are not 
accounted. Using an operational landing acceleration measured at 
the fuselage of a typical aircraft, the analysis is conducted for the 
two models taken into account. Fig. 19(a) compares the wing tip 
response of the sloshing fuel model with the frozen fuel model. 
Slosh dynamics provides a bit more damped response with respect 
to the frozen fluid model. Moreover, Fig. 19(b) shows the response 
of the dynamic sloshing forces.
10
5. Conclusions

This work studied the effects of vertical sloshing dynamics of 
fuel inside the tanks on the aeroelastic response of a prototype 
wing when high vertical accelerations caused by the vibrations of 
the structure lead to the fragmentation of the fuel free surface. 
The fluid impacts generated on the tank ceiling are a source of 
damping for the overall structure that has hardly been considered 
before when computing the dynamic loads of the wings.

More specifically, a hybrid modelling was used to predict the 
aeroelastic/sloshing response. The coefficients of the aeroelastic 
model were obtained by a standard linear aeroelastic solver whilst 
a data-driven approach was used to obtain slosh dynamics which 
were subsequently incorporated into the aeroelastic framework. 
The vertical sloshing dynamics was considered using neural net-
works trained with experimental data from a scaled tank intro-
duced in Ref. [17]. The neural-network based ROM was properly 
scaled for being integrated into the aeroelastic system considering 
the current tank dimensions.

The results concerned the damping performance under pre-
critical conditions as well as the limit cycle oscillation caused by 
the sloshing. In fact, sloshing is the only nonlinear phenomenon 
modelled in the present work and has proven to be effective in 
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Fig. 19. Landing response analysis.
providing an additional margin of stability in post-critical condi-
tions. Finally, the effect of sloshing in aircraft landing was also 
investigated showing the increased damping of the structural re-
sponse.
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Appendix A. Interpretation of the non-dimensional dissipated 
energy and sloshing-effective mass fraction

In vertical simply harmonic motion, the response of a non-
linear system provides a nonlinear sloshing force such that its 
Fourier transform is not uniquely defined as a simple spectral line. 
However, filtering the response about the excitation frequency pre-
serves the most of the signal properties and can be used here to 
interpret the role and the origin of the dissipate energy and effec-
tive mass.

Let’s suppose that, given the amplitude of the motion a and the 
frequency �, it is possible to linearise the dynamic sloshing force 
by assuming:

� f Sz
∼= −β(�,a)mlüz − γ (�,a)u̇z (A.1)

where β(�, a)ml is an incremental term with respect to the frozen 
fluid model and γ (�, a) is a quantity that provides the depen-
dency of the sloshing force with respect to the input velocity. Both 
β and γ generally depend on the frequency and amplitude of the 
motion.

Assuming a steady generalised harmonic input for uz like ǔz =
ae j�t and a consequent generalised expected harmonic output 
� f̌ Sz = F e j(�t+ϕ) , with F and ϕ , respectively the amplitude of the 
dynamic sloshing force and phase shift with respect to the tank 
motion, one has (see (A.1)):
11
� f̌ Sz = −
(

− β(�,a)ml�
2 + γ (�,a) j�

)
ǔz (A.2)

Thus, Eq. (A.2) yields

� f̌ Sz

ml�
2ǔz

= β(�,a) − j
γ (�,a)

ml�
(A.3)

� f̌ Sz

�ǔz
= β(�,a)ml� − jγ (�,a) (A.4)

By taking the real and imaginary parts of Eqs. (A.3) and (A.4), one 
obtains

β(�,a) = F

ml �
2 a

cos(ϕ) = �
[ � f̌ Sz

ml �
2 ǔz

]
(A.5)

γ (�,a) = − F

�a
sin(ϕ) = −


[� f̌ Sz

� ǔz

]
(A.6)

A Fourier transform of the sloshing forces � f̃ Sz (�), as well as the 
vertical tank motion ũz(�) at the excitation frequency �, can be 
used instead of the phasors for experimentally measured harmonic 
signals.

The dynamic sloshing force � f Sz can be expressed also as a 
function of the relative acceleration �üzlG

of the fluid centre of 
mass with respect to tank as � f Sz = −ml�üzlG

.2 The motion of 

2 Indeed, assuming ul the displacement field of the fluid continuum and T the 
stress tensor, the Cauchy momentum (conservation) equation projected in vertical 
direction i3 provides⎡
⎣˚

V

ρ
D2ul

Dt2
dV −

˚

V

divTdV − g

˚

V

ρi3dV

⎤
⎦ · i3 = 0 (A.7)

Assuming ul = uzi3 + �ul , being uz the vertical displacement of the tank and �ul

the relative displacement of each fluid point of the domain, and using the diver-
gence theorem, one has:

mlüz +
˚

V

ρ
D2�ul

Dt2
dV = − f Sz + ml g (A.8)

Neglecting the hydrostatic contribution and considering the dynamic sloshing force 
given by � f Sz = f Sz + mlüz , it is possible to obtain:

� f Sz = −ml�üzlG
(A.9)

that is, the dynamic sloshing forces depend on the relative motion of the fluid cen-
tre of mass.
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the fluid centre of mass is therefore given by �uzlG
= ale j(�t+ϕ)

where al = F/(ml�
2) is the amplitude of the relative motion of 

the fluid centre of mass with respect to the tank. This way, it is 
possible to recast the sloshing effective mass variation ratio as:

β(�,a) = �
[�ǔzlG

(�)

ǔz(�)

]
= al

a
cos(ϕ) (A.10)

Thus, the variation of the sloshing-effective mass assumes the 
meaning of the ratio between the amplitude of the phased relative 
motion of the fluid centre of mass and the tank motion amplitude. 
The identified β(�, a) in Fig. 5(b) results to be negative throughout 
the interest frequency-amplitude domain. Therefore, the relative 
motion of fluid centre of mass is always counter-phased with re-
spect to the tank.

On the other hand, from Eq. (A.6), can be demonstrated that:

�d(�,a) = πγ

ml�
= − π F

ml�
2a

sin(ϕ) = π
al

a
sin(ϕ) (A.11)

From Eqs. (A.10) and (A.11), we can estimate the relative ampli-
tude and phase shift of the fluid centre of mass displacement from 
which we can interpret the role of dissipated energy and effective 
mass.
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