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1. Introduction 

When the author of this article was trying to develop the multiple summations of geometric 

series, a new idea was stimulated his mind to create a combinatorial geometric series [1-7]. The 

combinatorial geometric series is a geometric series whose coefficient of each term of the 

geometric series denotes the binomial coefficient 𝑉𝑛
𝑟 .    

 

2. Combinatorial Geometric Series  
The combinatorial geometric series [1-7] is derived from the multiple summations of geometric 

series. The coefficient of each term in the combinatorial refers to the binomial coefficient 𝑉𝑛
𝑟 .    

∑ ∑ ∑ ⋯

𝑛

𝑖3=𝑖2

∑ 𝑥𝑖𝑟

𝑛

𝑖𝑟=𝑖𝑟−1

𝑛

𝑖2=𝑖1

𝑛

𝑖1=0

= ∑ 𝑉𝑖
𝑟𝑥𝑖

𝑛

𝑖=0

 &  𝑉𝑛
𝑟 =

(𝑛 + 1)(𝑛 + 2)(𝑛 + 3) ⋯ (𝑛 + 𝑟 − 1)(𝑛 + 𝑟)

𝑟!
, 

where  𝑛 ≥ 0, 𝑟 ≥ 1  𝑎𝑛𝑑  𝑛, 𝑟 ∈ 𝑁 = {0, 1, 2, 3, ⋯ }.  

Here, ∑ 𝑉𝑖
𝑟𝑥𝑖

𝑛

𝑖=0

denotes the combinatorial geometric series and  𝑉𝑛
𝑟 the binomial coefficient. 

The traditional binomial coefficient denotes (
𝑛
𝑟

) = 𝑛𝐶𝑟 =
𝑛!

𝑟! (𝑛 − 𝑟)!
, where 𝑛, 𝑟 ∈ 𝑁.  

 

The factorial function or factorial of a nonnegative integer n, denoted by n!, is the product of all 

positive integers less than or equal to n. For examples, 5! = 1×2× 3×4×5 = 120 and 0! = 1.  

 

𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟐. 𝟏: 
(𝑛 + 𝑟)!

𝑛! 𝑟!
= ∏

𝑛 + 𝑖

𝑟!

𝑟

𝑖=1

= 𝑉𝑛
𝑟 , where 𝑛, 𝑟 ≥ 0  &  𝑛, 𝑟 ∈ 𝑁. 

 

𝑃𝑟𝑜𝑜𝑓. (
𝑛 + 𝑟

𝑛
) =

(𝑛 + 𝑟)!

𝑛! (𝑛 + 𝑟 − 𝑛)!
=

(𝑛 + 𝑟)!

𝑛! 𝑟!
=

(𝑛 + 1)(𝑛 + 2)(𝑛 + 3) ⋯ (𝑛 + 𝑟)

𝑟!
= 𝑉𝑛

𝑟 . 
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                     That is, 𝑉𝑛
𝑟 =

(𝑛 + 1)(𝑛 + 2)(𝑛 + 3) ⋯ (𝑛 + 𝑟)

𝑟!
= ∏

𝑛 + 𝑖

𝑟!

𝑟

𝑖=1

. 

From the above expressions, we conclude that  

                
(𝑛 + 𝑟)!

𝑛! 𝑟!
= ∏

𝑛 + 𝑖

𝑟!

𝑟

𝑖=1

= 𝑉𝑛
𝑟 , where 𝑛, 𝑟 ≥ 0  &  𝑛, 𝑟 ∈ 𝑁. 

 

Note that (𝑛 + 𝑟)! = 𝑉𝑛
𝑟𝑛! 𝑟! ⟹ (2𝑛)! = 2𝑉𝑛−1

𝑛 (𝑛!)2. 
 

The combinatorial or binomial identities of 𝑉𝑟
𝑛 are derived from Theorem 2.1 as follows: 

(𝑖)   𝑉𝑛
0 = 𝑉0

𝑛 = 1 for 𝑛 = 0, 1, 2, 3, ⋯  
(𝑖𝑖)   𝑉𝑟

𝑚 = 𝑉𝑚
𝑟 , (𝑚, 𝑟 ≥ 1 &   𝑚, 𝑟 ∈ 𝑁). 

 

𝑃𝑟𝑜𝑜𝑓 for identity (𝑖):    𝑉𝑛
0 = 𝑉0

𝑛 =  
(0 + 𝑛)!

0! 𝑛!
= 1 ⟹    𝑉0

0 ==  
(0 + 0)!

0! 0!
= 1. 

 

𝑃𝑟𝑜𝑜𝑓 for identity (𝑖𝑖):    𝑉𝑛
𝑚 = 𝑉𝑚

𝑛 =  
(𝑚 + 𝑛)!

𝑚! 𝑛!
. 

 

𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟐. 𝟐: 
(𝑛 + 𝑝 + 𝑟)!

𝑛! 𝑝! 𝑟!
= 𝑉𝑛

𝑝+𝑟 × 𝑉𝑝
𝑟 , where  𝑛, 𝑝, 𝑟 ∈ 𝑁. 

 

𝑃𝑟𝑜𝑜𝑓: 𝑉𝑛
𝑝+𝑟 × 𝑉𝑝

𝑟 =×
(𝑛 + 𝑝 + 𝑟)!

𝑛! (𝑝 + 𝑟)!
×

(𝑝 + 𝑟)!

𝑝! 𝑟!
=

(𝑛 + 𝑝 + 𝑟)!

𝑛! 𝑝! 𝑟!
. 

 

Corollary 2.1  
(𝑛1 + 𝑛2 + 𝑛3 + ⋯ + 𝑛𝑘)!

𝑛1! 𝑛2! 𝑛3! ⋯ 𝑛𝑘!
= 𝑉𝑛1

𝑛2+𝑛3+𝑛4+⋯+𝑛𝑘 × 𝑉𝑛2

𝑛3+𝑛4+⋯+𝑛𝑘 × 𝑉𝑛3

𝑛4+𝑛5+⋯+𝑛𝑘 × ⋯ × 𝑉𝑛𝑘−1

𝑛𝑘 , 

 

where 𝑘 ≥ 2; 𝑛𝑖 ≥ 0; 𝑎𝑛𝑑 𝑘, 𝑛 ∈ 𝑁. 
 

3. Conclusion 

In this article, the combinatorial geometric series and its binomial coefficients and combinatorial 

identities were introduced and theorems on binomial and multinomial coefficients and factorials 

discussed with detailed proofs for research and development further.    

 

References 

[1] Annamalai, C. (2020) Optimized Computing Technique for Combination in 

Combinatorics. hal-0286583.  https://doi.org/10.31219/osf.io/9p4ek. 

 

[2] Annamalai, C. (2020) Novel Computing Technique in Combinatorics. hal-02862222. 

 https://doi.org/10.31219/osf.io/m9re5. 

 

[3] Annamalai, C. (2022) Annamalai’s Binomial Identity and Theorem, SSRN Electronic 

Journal. http://dx.doi.org/10.2139/ssrn.4097907. 

https://doi.org/10.31219/osf.io/9p4ek
https://doi.org/10.31219/osf.io/m9re5
http://dx.doi.org/10.2139/ssrn.4097907


 

Page | 3  
 

 

[4] Annamalai, C. (2022) Computation Method for Combinatorial Geometric Series and its 

Applications. COE, Cambridge University Press. https://doi.org/10.33774/coe-2022-

pnx53-v22. 

 

[5] Annamalai, C. (2022) Computing Method for Combinatorial Geometric Series and 

Binomial Expansion. SSRN Electronic Journal. http://dx.doi.org/10.2139/ssrn.4168016. 

 

[6] Annamalai, C. (2022) Factorials and Integers for Applications in Computing and 

Cryptography. COE, Cambridge University Press. https://doi.org/10.33774/coe-2022-

b6mks. 

 

[7] Annamalai, C. (2022) Application of Factorial and Binomial identities in Computing and 

Cybersecurit. Research Square. https://doi.org/10.21203/rs.3.rs-1666072/v2. 

 

 

 

https://doi.org/10.33774/coe-2022-pnx53-v22
https://doi.org/10.33774/coe-2022-pnx53-v22
http://dx.doi.org/10.2139/ssrn.4168016
https://doi.org/10.33774/coe-2022-b6mks
https://doi.org/10.33774/coe-2022-b6mks
https://doi.org/10.21203/rs.3.rs-1666072/v2

