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This worksheet contains the Maple codes used for the population models with the strong Allee effect, 
of the following paper.

AmirHosein Sadeghimanesh, Matthew England, Resultant Tools for Parametric Polynomial Systems 
with Application to Population Models, 2022.

Single population with the strong Allee effect

Plotting Figure 1.

Consider 1 population model with the strong Allee effect, normalized such that the carrying 
capacity is equal to 1. Let the Allee threshold be equal to 2/5.

survivingTrajectory := dsolve({diff(x(t),t) = x(t)*(1-x(t))*(x
(t)-2/5), x(0)=21/50}, x(t), type=numeric):
survivingCurve := plots:-odeplot(survivingTrajectory, [t, x(t)
], 0..25, color=red, thickness=5):
extinctingTrajectory := dsolve({diff(x(t),t) = x(t)*(1-x(t))*(x
(t)-2/5), x(0)=19/50}, x(t), type=numeric):
extinctingCurve := plots:-odeplot(extinctingTrajectory, [t, x
(t)], 0..25, color=red, thickness=5):
text1 := plots:-textplot([13.5,1.02,"Carrying capacity", font=
["TimesNewRoman",26]], align=above):
dottedLine1 := plottools:-line([0,1], [25,1], color=red, 
linestyle=dot):
text2 := plots:-textplot([13,21/50,"Allee threshold", font=
["TimesNewRoman",26]], align=above):
dottedLine2 := plottools:-line([0,2/5], [25,2/5], color=red, 
linestyle=dot):
strongAlleeEffect := plots:-display(survivingCurve, 
extinctingCurve, dottedLine1, text1, dottedLine2, text2, view=
[0..25,0..6/5], labels=["Time", "Population size"], labelfont=
["TimesNewRoman",26], labeldirections=[horizontal,vertical], 
tickmarks=[[],[0="0",2/5="b",1="1"]], axesfont=
["TimesNewRoman",26]);
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Symbolic-Numeric method

Plotting only part a of Figure 4. The rest are taken from the following reference.

Gergely Rost, AmirHosein Sadeghimanesh, Exotic bifurcations in three connected populations with 
Allee effect, International Journal of Bifurcation and Chaos, 31(13): Article No. 2150202, 2021, 
https://doi.org/10.1142/S0218127421502023

The steady state equations for the three populations.

vars := [seq(cat(x__,i), i=1..3)]: # variables
params := [a,b]: # parameters
F := [seq(vars[i]*(1-vars[i])*(vars[i]-b)-2*a*vars[i]+add(a*
vars[j], j in {1,2,3} minus {i}), i=1..3)]:
<seq(polynomial, polynomial in F)>;

bSampleValues := [seq(0+(i-1)*(1/2)/10, i=1..11)];

with(RootFinding:-Parametric):
CellDecomposition([seq(eval(polynomial = 0, [b=0]), polynomial 
in F), seq(var > 0, var in vars), a > 0], vars, [a]);
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> > 

> > intersections := Array([]):
ArrayTools:-Append(intersections, [0,0]):
# The only point for b = 0, is a = 0, because of the 
discriminantVariety is 'a' as you can see above in the summary 
of the CellDecomposition's result.
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for i1 from 2 by 1 to 11 do
bValue := bSampleValues[i1]:
tempCAD := CellDecomposition([seq(eval(polynomial = 0, [b=bValue]), polynomial in F), seq(var > 0, var in vars), a 

> 0], vars, [a]):
tempAValues := Array([seq(0, i=1..numelems(tempCAD:-SamplePoints)-1)]): # pre-allocation
for i2 from 1 by 1 to numelems(tempCAD:-SamplePoints)-1 do

tempCell := CellDescription(tempCAD, i2):
tempAValues[i2] := evalf(RootOf(tempCell[1][4], tempCell[1][3], index=real[tempCell[1][5]])):

end do:
ArrayTools:-Extend(intersections, [seq([i3, bValue], i3 in tempAValues)]):

end do:

Now we have all the intersection points of the discriminant variety with the 11 horizontal lines.

intersectionPoints := plots:-pointplot(intersections, symbol=
solidcircle, color=black, view=[0..0.09,0..0.5]):
lineArray := Array([seq(plot(bSampleValues[i], a=0..0.09, 
color=red, thickness=1), i=1..11)]):
horizontalLines := plots:-display(seq(horizontalLine,
horizontalLine in lineArray)):
numericApproach := plots:-display(horizontalLines, 
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intersectionPoints, labels=[a,b], labelfont=["TimesNewRoman",
20], view=[0..0.09,0..0.5]);

Attempting to use the CAD with respect to the discriminant 
variety when it is computed by GB

One can uncomment the following part and test if RootFinding:-Parametric computations terminate 
on their computer without hitting a memory limit or any other problem.

# st := time[real](): # st stands for 'start time'.
# cadDifficult := CellDecomposition([seq(polynomial = 0, 
polynomial in F), seq(var > 0, var in vars), seq(param > 0, 
param in params)], vars, params):
# time[real]() - st; # to also see how long it took time to 
have the computation completed, in case your computer was lucky
enough ^_^

One can uncomment the following part and test if Grobner basis computations terminate on their 
computer without hitting a memory limit or any other problem. Note that changing the order of the 
variables will not change the computation time since there is a symmetry in the system with respect 
to the variables. And in the monomial order for Grobner basis computation, the variables must be 
greater than the parameters. The only option is to change the order of the parameters, or to use 
elimination-type block monomial orders. The block order made by tdeg (grevlex) on each two 
blocks of the variables and parameters have been tested as well with no success.

We first need to compute the determinant of the Jacobian matrix. Note that in this example the 
number of nonnegative real solutions changes only when the number of real solutions changes. That 
is the reason we only check the discriminant variety coming from the determinant of Jacobian 
matrix.
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J := Matrix([seq([seq(diff(polynomial, var), var in vars)], 
polynomial in F)]):
d := LinearAlgebra:-Determinant(J):
equations := [seq(polynomial, polynomial in F), d]:
# st := time[real]():
# GrobnerDifficult := Groebner:-Basis(equations, plex(seq(var, 
var in vars), seq(param, param in params))):
# time[real]() - st;

Using resultant techniques

Using Dixon Resultant implementation in the Maple package DR to get the discriminant variety.

read("C:\\Home\\Packages\\dixon-master\\dr.mpl"): # replace the
directory with the one that dr.mpl file is located there on 
your own computer.
st:=time[real]():
DV := DR:-DixonResultant(equations,vars):
time[real]()-st;

337.5430000000
plots:-implicitplot(DV,a=0..0.15,b=0..0.5,view=[0..0.09,0..0.5]
);

Some tiny places where the plot looks ugly is because of the plot function, not because of the result. 
One can ask a finer plot.

The Dixon resultant computed is the folloring.

DV;
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factor_list:factors(DV):
factors_list:=[seq(j[1],j in factor_list[2])];
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numelems(factors_list);
8

st := time[real]():
curvesPP:=Array(1..numelems(factors_list)):
for i from 1 by 1 to numelems(factors_list) do
    curvesPP[i]:=plots:-implicitplot(factors_list[i]=0, a=0.
.0.09, b=0..0.5):
end do:
finalPP := plots:-display(seq(curvesPP[i], i=1..numelems
(factors_list)), view=[0..0.09,0..0.5], labelfont=
["TimesNewRoman",18]);
time[real]()-st;

0.0610000000

The plot got a bit better, but still not that much.
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It has 8 irruducible factors two of which has no solutions in the positive orthant, namely 3*a+b and 
2*a+b.

The interesting region where the number of steady states temporarily increases is related to the 
longest irreducible factor.

longest_polynomial := factors_list[2];

plots:-implicitplot(longest_polynomial, a=0.0550..0.0570, b=
0.4010..0.4020, view=[0.0550..0.0570, 0.4010..0.4020], 
labelfont=["TimesNewRoman",18]);
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Now using our ResChain package.

libname ,= "C:\\Home\\Packages\\ResChain": # replace the 
directory with the one that ResChain.mpl file is located there 
on your own computer.

First trying the simple resultant chain.

st := time[real]():
RC1 := ResChain:-ResChainSimple(equations, vars):
time[real]()-st;

0.5170000000
RC1;
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numelems(RC1);
16

color_list := ['blue', 'aquamarine', 'brown', 'coral', 'cyan', 
'green', 'khaki', 'magenta', 'maroon', 'navy', 'pink', 'red', 
'sienna', 'yellow', 'violet', 'gray'];
numelems(color_list);

16
NN := numelems(RC1):
st := time[real]():
curvesRC1 := Array(1..NN):
for i from 1 by 1 to NN do
    curvesRC1[i] := plots:-implicitplot(RC1[i]=0, a=0..0.5, b=
0..1, color=color_list[i]):
end do:
plots:-display(seq(curvesRC1[i],i=1..NN),view=[0..0.5,0..1]);
time[real]()-st;
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0.9030000000

Let look at it in the same region as in the previous work.

st := time[real]():
curvesRC1:=Array(1..NN):
for i from 1 by 1 to NN do
    curvesRC1[i]:= plots:-implicitplot(RC1[i]=0, a=0..0.09, b=
0..0.5, color=color_list[i]):
end do:
finalCV1 := plots:-display(seq(curvesRC1[i], i=1..NN), view=[0.
.0.09,0..0.5], labelfont=["TimesNewRoman",18]);
time[real]()-st;
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0.3190000000
st := time[real]():
curvesRC1:=Array(1..NN):
for i from 1 by 1 to NN do
    curvesRC1[i]:=plots:-implicitplot(RC1[i]=0, a=0.0550.
.0.0570, b=0.4010..0.4020, color=color_list[i]):
end do:
zoomedRC1 := plots:-display(seq(curvesRC1[i], i=1..NN), view=
[0.0550..0.0570,0.4010..0.4020], labelfont=["TimesNewRoman",18]
);
time[real]()-st;

0.3340000000

As it can be seen. ResChainSimple generates the boundaries that Dixon resultant generated plus 
some extra components.

Now trying ResChainBranching which must generate less components.

st := time[real]():
RC2 := ResChain:-ResChainBranching(equations, vars):
time[real]()-st;

0.0050000000
RC2;
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numelems(RC2);

11
evalb(`and`(seq(polynomial in RC1, polynomial in RC2)));

true

This shows that the branching algorithm computes a smaller subset of RC1, which means less extra 
components.

# getting index of the polynomials of RC2 from RC1 to use the 
same colors in both plots for the same curves. Then it is 
easier to see which component is removed.
NN2 := numelems(RC2):
index_list := Array([seq(0, i=1..NN2)]):
for i from 1 by 1 to NN2 do
member(RC2[i], RC1, 'indice'):
index_list[i] := indice:
end do:
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index_list;

st := time[real]():
curvesRC2 := Array(1..NN2):
for i from 1 by 1 to NN2 do
    curvesRC2[i] := plots:-implicitplot(RC2[i]=0, a=0..0.5, b=
0..1, color=color_list[ index_list[i] ]):
end do:
plots:-display(seq(curvesRC2[i],i=1..NN2), view=[0..0.5,0..1]);
time[real]()-st;

0.4720000000

Looks better than RC1.

Again looking at it in the same region as in the previous work.

st := time[real]():
curvesRC2:=Array(1..NN2):
for i from 1 by 1 to NN2 do
    curvesRC2[i]:= plots:-implicitplot(RC2[i]=0, a=0..0.09, b=
0..0.5, color=color_list[ index_list[i] ]):
end do:
finalCV2 := plots:-display(seq(curvesRC2[i], i=1..NN2), view=
[0..0.09,0..0.5], labelfont=["TimesNewRoman",18]);
time[real]()-st;
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st := time[real]():
curvesRC2:=Array(1..NN2):
for i from 1 by 1 to NN2 do
    curvesRC2[i]:= plots:-implicitplot(RC2[i]=0, a=0.0550.
.0.0570, b=0.4010..0.4020, color=color_list[ index_list[i] ]):
end do:
zoomedRC1 := plots:-display(seq(curvesRC2[i], i=1..NN2), view=
[0.0550..0.0570,0.4010..0.4020], labelfont=["TimesNewRoman",18]
);
time[real]()-st;

0.2160000000
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The output of the Dixon resultant is already proving that what have been found with the algebraic-
numeric method in the previous work was a complete classification for the three population model. 
Therefore we do not spend more time on computing the open CAD with respect to any of the three 
results above. But just to show that the problem with the RootFinding[Parametric] algorithm was in 
the Discriminant variety computation. We introduce an auxiliary variable 'y' and an auxiliary 
equation y-1=0 which no matter what conditions we put on the parameters always has 1 real 
solutions. Then we ask the RootFinding:-Parametric:-CellDecmposition for the system generated by 
this auxiliary equation and inequations of the form 'p \neq 0' where p's are polynomials in RC2. 
Techniqally this is the same as asking open CAD with respect to the curves in RC2.

eqations_list := [ y-1 ]: # an auxiliary variable y and an 
auxiliary equation y-1 which always has 1 real solutions no 
matter what happens on the parameters.
inequations_list := [ seq(p <> 0, p in RC2) ]:
# Technically we are saying that the parameters must not be on 
the curves defined by these equations.
positivity_list := [a, b]:
st := time[real]():
RC2openCAD := RootFinding:-Parametric:-CellDecomposition( [seq
(p = 0, p in eqations_list), seq(p > 0, p in positivity_list), 
seq(p <> 0, p in ineqautions_list)], [y], [a, b]);
time[real]()-st;

112.8410000000
numelems(RC2openCAD:-SamplePoints);

5016

It takes about 2 minutes to finish this open CAD.
If one is interested, can take the sample points and solve the initial system at these sample points, 
assign the number of solutions to each cell and then make a plot which is not our intention in this 
work.

Using the same colors for the curves in the result of the Dixon resultant approach as in the ResChain
results.

# getting index of the factors of DV from RC1 to use the same 
colors in the plots for the same curves.
NN3 := numelems(factors_list):
index_list2 := Array([seq(0, i=1..NN3)]):
for i from 1 by 1 to NN3 do
member(factors_list[i], RC1, 'indice'):
index_list2[i] := indice:
end do:
index_list2;

st := time[real]():
curvesDV := Array(1..NN3):
for i from 1 by 1 to NN3 do
    curvesDV[i] := plots:-implicitplot(factors_list[i]=0, a=0.
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.0.5, b=0..1, color=color_list[ index_list2[i] ]):
end do:
plots:-display(seq(curvesDV[i],i=1..NN3), view=[0..0.5,0..1]);
time[real]()-st;

0.2300000000
st := time[real]():
curvesDV:=Array(1..NN3):
for i from 1 by 1 to NN3 do
    curvesDV[i]:= plots:-implicitplot(factors_list[i]=0, a=0.
.0.09, b=0..0.5, color=color_list[ index_list2[i] ]):
end do:
finalDV := plots:-display(seq(curvesDV[i], i=1..NN3), view=[0.
.0.09,0..0.5], labelfont=["TimesNewRoman",18]);
time[real]()-st;
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0.0710000000
st := time[real]():
curvesDV:=Array(1..NN3):
for i from 1 by 1 to NN3 do
    curvesDV[i]:= plots:-implicitplot(factors_list[i]=0, a=
0.0550..0.0570, b=0.4010..0.4020, color=color_list[ index_list2
[i] ]):
end do:
zoomedDV := plots:-display(seq(curvesDV[i], i=1..NN3), view=
[0.0550..0.0570,0.4010..0.4020], labelfont=["TimesNewRoman",18]
);
time[real]()-st;

0.0950000000

Counting the maximum number of terms in the polynomials appearing in each of the three methods.

max([seq(nops(polynomial), polynomial in RC1)]);
153

max([seq(nops(polynomial), polynomial in RC2)]);
153

max([seq(nops(polynomial), polynomial in factors_list)]);
72

The largest total degree of the polynomials in these three approaches.

max([seq(degree(polynomial), polynomial in RC1)]);
21

max([seq(degree(polynomial), polynomial in RC2)]);
21

max([seq(degree(polynomial), polynomial in factors_list)]);
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Appendix 1: An example where ResChainBranching does not 
produce the extra components of ResChainSimple

An example where ResChainSimple produces an extra term, but ResChainBranching does not.

Let us say that we are looking for a condition on values of a parameter 'a' so that the union of circle 
and paraboloa, intersects the alpha curve and the horizontal line y=a. So we have the following 
parametric system of equations with 3 polynomials and 2 variables.

exF := [(x^2+y^2-1)*(y-x^2), x^2+x^3-y^2, y-a]:
exVars := [x, y]:

Trying ResChainSimple:

exRC1 := ResChain:-ResChainSimple(exF, exVars);

We get 5 polynomials.

Trying ResChainBranching:

exRC1 := ResChain:-ResChainBranching(exF, exVars);

We get 3 polynomials.

Now let's use elimination via Grobner basis computation to get the exact conditions.

G := PolynomialIdeals:-EliminationIdeal(PolynomialIdeals:-
PolynomialIdeal(exF), {a});

g := PolynomialIdeals:-Generators(G)[1]:
g_factors := [seq(pair[1], pair in factors(g)[2])];

As one can see, we got the three polynomials of the result of ResChainBranching so 
ResChainBranching here had no extra component, whereas ResChainSimple had two extra 
components.

Appendix 2: An example where ResChainBranching produces 
extra components.
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An example where ResChainBranching produces extra terms, but there are still possibility for 
coming up with more optimized version of ResChain algorithms avoiding computation of these 
extra terms.

Consider the following five irreducible polynomials in two variables x and y, and three parameters 
a, b and c.

f := x^2 + y^2 -1:
g := x^2 - y^2:
h := y - x^2 + a:
p := y - b:
q := x - c:

We want to find conditions on the parameters for which the system of equations consisted of the 
following four polynomials have a solution.

F := [ f, g*q, h*q, p]:
<seq(polynomial, polynomial in F)>;

First we use ResChainBranching.

conditions1 := ResChainBranching(F, [x, y]);

numelems(conditions1);
5

It gave us 5 polynomials.

This time we follow the idea introduced at the end of section 5 in the paper. Namely using the 
information that we have, the second and the third input polynomials have a common factor to start 
the chain of resultants with two branches. One branch with f, g, h and p, and the other with f, q and 
p.

conditions2_branch1 := ResChainBranching([f, g , h , p], [x, y]
);

conditions2_branch2 := ResChainBranching([f, q , p], [x, y]);
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(6.8)(6.8)

conditions2 := [seq(polynomial, polynomial in 
conditions2_branch1), seq(polynomial, polynomial in 
conditions2_branch2)];

numelems(conditions2);
3

for polynomial in conditions1 do
 if not polynomial in conditions2 then
  print(polynomial);
 end if;
end do;

This version produces two polynomils less than ResChainBranching which the two extra 
polynomials are shown above. In the text it is mentioned that these two extra components are 
coming from res(res(f,g),res(f,q)) and res(res(f,q),res(f,h)). Let us check this.

ResChainBranching([f, g, q], [x, y]);

ResChainBranching([f, q, h], [x, y]);

As expected.

Now let us compute the discriminant variety using elimination theory via Grobner basis 
computation.

ideal := PolynomialIdeals[EliminationIdeal](PolynomialIdeals
[PolynomialIdeal](F), {a, b, c});

gen := PolynomialIdeals[Generators](ideal);

numelems(gen);
2

seq(element[1], element in factors(gen[1])[2]);

seq(element[1], element in factors(gen[2])[2]);
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It is clear that V(gen) consists of V(b^2+c^2-1) union with V(b^2-1/2, a+b-1/2). These two 
components are contained in the union of solution sets of the three polynomials in the modified 
version and the two extra components of the result of ResChainBranching indeed are extra.

Appendix 3: Attempting the four connected population model

Checking why ResChainBranching or ResChainSimple end up with [0] for the 4 population model 
example.

vars := [seq(cat(x__,i), i = 1 .. 4)]:
params := [a, b]:
F := [seq(vars[i] * (1 - vars[i]) * (vars[i] - b) - 2 * a * 
vars[i] + add(a * vars[j], j in {1, 2, 3, 4} minus {i}), i = 1 
.. 4)]:
<seq(polynomial, polynomial in F)>;

J := Matrix([seq([seq(diff(polynomial, var), var in vars)], 
polynomial in F)]):
d := LinearAlgebra:-Determinant(J):
equations := [seq(polynomial, polynomial in F), d]:
st := time[real]():
timelimit(120, ResChainSimple(equations, vars)):
time[real]() - st;

0.2290000000
RCS := ResChainSimple(equations, vars);

Some extra info from inner steps of the algorithm can be seen by using 'infolevel'.

infolevel[ResChainSimple] := 5:
ResChainSimple(equations, vars):

The following subsection contains several polynomials appearing during the computation of 
ResChainSimple. We just assign some names to them for convenience.
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Saving polynomials by names.
g__1 := -1/3*x__1*b-1/3*x__2*b+1/3*x__1^2+1/3*x__1*x__2+1/3*
x__2^2+a+1/3*b-1/3*x__1-1/3*x__2;

g__2 := -1/3*x__1*b-1/3*x__3*b+1/3*x__1^2+1/3*x__1*x__3+1/3*
x__3^2+a+1/3*b-1/3*x__1-1/3*x__3;

g__3 := -b*x__1^2+x__1^3+a*x__1-a*x__2-a*x__3+b*x__1-x__1^2;

g__4 := -2/3*a*x__1^3*x__2-2/3*a*x__1^3*x__3+1/3*x__1^4-2/3*
x__1^5+1/3*x__1^6+a^3-2/3*b^2*x__1^3+4/3*b*x__1^4-2/3*b*
x__1^3+1/3*b^2*x__1^4-2/3*b*x__1^5+5/3*a*x__1^4-2*a*
x__1^3+1/3*a*x__1^2+7/3*a^2*x__1^2+1/3*b^2*x__1^2-a^2*x__1-2*
a*b*x__1^3-5/3*a^2*x__1*x__3+2/3*a*x__1^2*x__2-5/3*a^2*x__1*
x__2-a^2*b*x__1-1/3*a*b^2*x__1+7/3*a*b*x__1^2+2/3*a*x__1^2*
x__3-1/3*a*b*x__1+1/3*a*b^2*x__1^2+2/3*a^2*x__2*x__3+1/3*a^2*
b*x__2+1/3*a^2*b*x__3+1/3*a^2*x__2^2+1/3*a^2*x__3^2+1/3*a^2*
b+1/3*a^2*x__2+1/3*a^2*x__3+2/3*a*b*x__1^2*x__2-2/3*a*b*x__1*
x__2+2/3*a*b*x__1^2*x__3-2/3*a*b*x__1*x__3;

g__5 := 2/3*a^2*b^3*x__1^5-7/3*a^2*b^2*x__1^6+8/3*a^2*b*
x__1^7-9*a^2*x__1^6*x__2^2-9*a^2*x__1^6*x__3^2+4*a^2*x__1^5*
x__2^3+4*a^2*x__1^5*x__3^3+8/9*a*b^4*x__1^5-28/9*a*b^3*
x__1^6+32/9*a*b^2*x__1^7-4/3*a*b*x__1^8+4/3*a*x__1^8*
x__2+4/3*a*x__1^8*x__3+16/3*a*x__1^7*x__2^2+16/3*a*x__1^7*
x__3^2+10/9*b^5*x__1^4*x__2+10/9*b^5*x__1^4*x__3-40/9*b^4*
x__1^5*x__2-40/9*b^4*x__1^5*x__3-5/3*b^4*x__1^4*x__2^2-5/3*
b^4*x__1^4*x__3^2+56/9*b^3*x__1^6*x__2+56/9*b^3*x__1^6*
x__3+6*b^3*x__1^5*x__2^2+6*b^3*x__1^5*x__3^2-32/9*b^2*x__1^7*
x__2-32/9*b^2*x__1^7*x__3-7*b^2*x__1^6*x__2^2-7*b^2*x__1^6*
x__3^2+2/3*b*x__1^8*x__2+2/3*b*x__1^8*x__3+8/3*b*x__1^7*
x__2^2+8/3*b*x__1^7*x__3^2-4/3*x__1^8*x__2*x__3-16/3*x__1^7*
x__2^2*x__3-16/3*x__1^7*x__2*x__3^2-7*x__1^6*x__2^2*
x__3^2+4/9*a^3*b^3*x__1^3-34/9*a^3*b^2*x__1^4+22/3*a^3*b*
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x__1^5+2*a^3*x__1^5*x__2+2*a^3*x__1^5*x__3-12*a^3*x__1^4*
x__2^2-12*a^3*x__1^4*x__3^2+10*a^3*x__1^3*x__2^3+10*a^3*
x__1^3*x__3^3-2*a^3*x__1^2*x__2^4-2*a^3*x__1^2*x__3^4-2*a^3*
x__2^4*x__3^2-4*a^3*x__2^3*x__3^3-2*a^3*x__2^2*x__3^4+16/27*
a^2*b^4*x__1^3-199/27*a^2*b^3*x__1^4+154/9*a^2*b^2*x__1^5-13*
a^2*b*x__1^6+6*a^2*x__1^6*x__2+6*a^2*x__1^6*x__3+14*a^2*
x__1^5*x__2^2+14*a^2*x__1^5*x__3^2-20/3*a^2*x__1^4*x__2^3
-20/3*a^2*x__1^4*x__3^3+4/27*a*b^5*x__1^3-100/27*a*b^4*
x__1^4+98/9*a*b^3*x__1^5-98/9*a*b^2*x__1^6+32/9*a*b*x__1^7
-32/9*a*x__1^7*x__2-32/9*a*x__1^7*x__3-14/3*a*x__1^6*x__2^2
-14/3*a*x__1^6*x__3^2-8/9*b^5*x__1^3*x__2-8/9*b^5*x__1^3*
x__3+40/9*b^4*x__1^4*x__2-3*x__1^8*x__2^2*x__3^2-2*a*x__1^8*
x__2^2-2*a*x__1^8*x__3^2-4/9*b^5*x__1^5*x__2-4/9*b^5*x__1^5*
x__3+14/9*b^4*x__1^6*x__2+14/9*b^4*x__1^6*x__3+2/3*b^4*
x__1^5*x__2^2+2/3*b^4*x__1^5*x__3^2-16/9*b^3*x__1^7*x__2
-16/9*b^3*x__1^7*x__3-7/3*b^3*x__1^6*x__2^2-7/3*b^3*x__1^6*
x__3^2+2/3*b^2*x__1^8*x__2+2/3*b^2*x__1^8*x__3+8/3*b^2*
x__1^7*x__2^2+8/3*b^2*x__1^7*x__3^2-b*x__1^8*x__2^2-b*x__1^8*
x__3^2+2*x__1^8*x__2^2*x__3+2*x__1^8*x__2*x__3^2+8*x__1^7*
x__2^2*x__3^2+10/9*b^2*x__1^4*x__2+10/9*b^2*x__1^4*x__3-4/9*
b*x__1^5*x__2-4/9*b*x__1^5*x__3-2/3*a^2*b^2*x__2^3*x__3-a^2*
b^2*x__2^2*x__3^2-2/3*a^2*b^2*x__2*x__3^3+230/9*a^2*b*x__1^4*
x__2+230/9*a^2*b*x__1^4*x__3+82/9*a^2*b*x__1^3*x__2^2+82/9*
a^2*b*x__1^3*x__3^2-8*a^2*b*x__1^2*x__2^3-8*a^2*b*x__1^2*
x__3^3+2/3*a^2*b*x__1*x__2^4+2/3*a^2*b*x__1*x__3^4+2/3*a^2*b*
x__2^4*x__3+4/3*a^2*b*x__2^3*x__3^2+4/3*a^2*b*x__2^2*
x__3^3+2/3*a^2*b*x__2*x__3^4-40/9*a^2*x__1^3*x__2^2*x__3
-40/9*a^2*x__1^3*x__2*x__3^2+8*a^2*x__1^2*x__2^3*x__3+12*a^2*
x__1^2*x__2^2*x__3^2+8*a^2*x__1^2*x__2*x__3^3-4/3*a^2*x__1*
x__2^4*x__3-8/3*a^2*x__1*x__2^3*x__3^2-8/3*a^2*x__1*x__2^2*
x__3^3-4/3*a^2*x__1*x__2*x__3^4-4/27*a*b^5*x__1*x__2-4/27*a*
b^5*x__1*x__3+22/9*a*b^4*x__1^2*x__2+22/9*a*b^4*x__1^2*x__3
-2/9*a*b^4*x__1*x__2^2-2/9*a*b^4*x__1*x__3^2-320/27*a*b^3*
x__1^3*x__2-320/27*a*b^3*x__1^3*x__3-4/3*a*b^3*x__1^2*x__2^2
-4/3*a*b^3*x__1^2*x__3^2+2/3*a*b^3*x__1*x__2^3+2/3*a*b^3*
x__1*x__3^3+52/9*a*b^2*x__1^3*x__2^2+52/9*a*b^2*x__1^3*x__3^2
-2*a*b^2*x__1^2*x__2^3-2*a*b^2*x__1^2*x__3^3-50/9*a*b*x__1^4*
x__2^2-50/9*a*b*x__1^4*x__3^2+4/3*a*b*x__1^3*x__2^3+4/3*a*b*
x__1^3*x__3^3+104/9*a*x__1^5*x__2*x__3+40/9*a*x__1^4*x__2^2*
x__3+40/9*a*x__1^4*x__2*x__3^2-8/3*a*x__1^3*x__2^3*x__3-4*a*
x__1^3*x__2^2*x__3^2-8/3*a*x__1^3*x__2*x__3^3-8/9*b^4*x__1^2*
x__2*x__3+16/3*b^3*x__1^3*x__2*x__3+2/3*b^3*x__1^2*x__2^2*
x__3+2/3*b^3*x__1^2*x__2*x__3^2-100/9*b^2*x__1^4*x__2*x__3
-8/3*b^2*x__1^3*x__2^2*x__3-b^3*x__1^2*x__2^2*x__3^2+224/9*
b^2*x__1^5*x__2*x__3+40/3*b^2*x__1^4*x__2^2*x__3+40/3*b^2*
x__1^4*x__2*x__3^2+4*b^2*x__1^3*x__2^2*x__3^2-140/9*b*x__1^6*
x__2*x__3-40/3*b*x__1^5*x__2^2*x__3-40/3*b*x__1^5*x__2*x__3^2
-5*b*x__1^4*x__2^2*x__3^2-8/9*a^4*b^2*x__1*x__2-8/9*a^4*b^2*
x__1*x__3+4/9*a^4*b^2*x__2*x__3+2*a^4*b*x__2^2*x__3+2*a^4*b*
x__2*x__3^2-2*a^4*x__1^2*x__2*x__3+4*a^4*x__1*x__2^2*x__3+4*
a^4*x__1*x__2*x__3^2-44/27*a^3*b^3*x__1*x__2-44/27*a^3*b^3*
x__1*x__3+16/27*a^3*b^3*x__2*x__3+38/9*a^3*b^2*x__1^2*
x__2+38/9*a^3*b^2*x__1^2*x__3-22/9*a^3*b^2*x__1*x__2^2-22/9*
a^3*b^2*x__1*x__3^2+8/9*a^3*b^2*x__2^2*x__3+8/9*a^3*b^2*x__2*
x__3^2-44/9*a^3*b*x__1^3*x__2-44/9*a^3*b*x__1^3*x__3-16/3*
a^3*b*x__1^2*x__2^2-16/3*a^3*b*x__1^2*x__3^2+22/3*a^3*b*x__1*
x__2^3+22/3*a^3*b*x__1*x__3^3-8/3*a^3*b*x__2^3*x__3-4*a^3*b*
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x__2^2*x__3^2-8/3*a^3*b*x__2*x__3^3-40/3*a^3*x__1^3*x__2*
x__3+2*a^3*x__1^2*x__2^2*x__3+2*a^3*x__1^2*x__2*x__3^2-8/3*
a^3*x__1*x__2^3*x__3-4*a^3*x__1*x__2^2*x__3^2-8/3*a^3*x__1*
x__2*x__3^3-8/9*a^2*b^4*x__1*x__2-8/9*a^2*b^4*x__1*x__3+4/27*
a^2*b^4*x__2*x__3+58/9*a^2*b^3*x__1^2*x__2+58/9*a^2*b^3*
x__1^2*x__3-16/9*a^2*b^3*x__1*x__2^2-16/9*a^2*b^3*x__1*x__3^2
-2/9*a^2*b^3*x__2^2*x__3-2/9*a^2*b^3*x__2*x__3^2-536/27*a^2*
b^2*x__1^3*x__2-536/27*a^2*b^2*x__1^3*x__3-19/9*a^2*b^2*
x__1^2*x__2^2-19/9*a^2*b^2*x__1^2*x__3^2+4*a^2*b^2*x__1*
x__2^3+4*a^2*b^2*x__1*x__3^3+16*a^2*b*x__1^3*x__3^3-a^2*b*
x__1^2*x__2^4-a^2*b*x__1^2*x__3^4-a^2*b*x__2^4*x__3^2-2*a^2*
b*x__2^3*x__3^3-a^2*b*x__2^2*x__3^4-16/3*a^2*x__1^5*x__2*
x__3+20/3*a^2*x__1^4*x__2^2*x__3+20/3*a^2*x__1^4*x__2*x__3^2
-32/3*a^2*x__1^3*x__2^3*x__3-32/3*a^2*x__1^3*x__2*x__3^3+2*
a^2*x__1^2*x__2^4*x__3-8*a^2*x__1^2*x__2^3*x__3^2-8*a^2*
x__1^2*x__2^2*x__3^3+2*a^2*x__1^2*x__2*x__3^4+2*a^2*x__1*
x__2^4*x__3^2+4*a^2*x__1*x__2^3*x__3^3+2*a^2*x__1*x__2^2*
x__3^4+4/9*a*b^5*x__1^2*x__2+4/9*a*b^5*x__1^2*x__3-20/3*a*
b^4*x__1^3*x__2-20/3*a*b^4*x__1^3*x__3+2/3*a*b^4*x__1^2*
x__2^2+2/3*a*b^4*x__1^2*x__3^2+190/9*a*b^3*x__1^4*x__2+190/9*
a*b^3*x__1^4*x__3+52/9*a*b^3*x__1^3*x__2^2+52/9*a*b^3*x__1^3*
x__3^2-2*a*b^3*x__1^2*x__2^3-2*a*b^3*x__1^2*x__3^3-242/9*a*
b^2*x__1^5*x__2-242/9*a*b^2*x__1^5*x__3-190/9*a*b^2*x__1^4*
x__2^2-190/9*a*b^2*x__1^4*x__3^2+16/3*a*b^2*x__1^3*
x__2^3+16/3*a*b^2*x__1^3*x__3^3+140/9*a*b*x__1^6*x__2+140/9*
a*b*x__1^6*x__3+58/3*a*b*x__1^5*x__2^2+58/3*a*b*x__1^5*x__3^2
-10/3*a*b*x__1^4*x__2^3-10/3*a*b*x__1^4*x__3^3-56/9*a*x__1^6*
x__2*x__3-44/3*a*x__1^5*x__2^2*x__3-44/3*a*x__1^5*x__2*
x__3^2+20/3*a*x__1^4*x__2^3*x__3+20/3*a*x__1^4*x__2*x__3^3+4*
a*x__1^3*x__2^3*x__3^2+4*a*x__1^3*x__2^2*x__3^3-4/9*b^5*
x__1^2*x__2*x__3+16/3*b^4*x__1^3*x__2*x__3+2/3*b^4*x__1^2*
x__2^2*x__3+2/3*b^4*x__1^2*x__2*x__3^2-160/9*b^3*x__1^4*x__2*
x__3-16/3*b^3*x__1^3*x__2^2*x__3-16/3*b^3*x__1^3*x__2*
x__3^2+44/27*a^3*b^3*x__1^2*x__2+44/27*a^3*b^3*x__1^2*x__3
-16/27*a^3*b^3*x__1*x__2^2-16/27*a^3*b^3*x__1*x__3^2-16/27*
a^3*b^3*x__2^2*x__3-16/27*a^3*b^3*x__2*x__3^2-64/9*a^3*b^2*
x__1^3*x__2-64/9*a^3*b^2*x__1^3*x__3+10/3*a^3*b^2*x__1^2*
x__2^2+10/3*a^3*b^2*x__1^2*x__3^2+14/3*a^3*b*x__1^4*
x__2+14/3*a^3*b*x__1^4*x__3+6*a^3*b*x__1^3*x__2^2+6*a^3*b*
x__1^3*x__3^2-22/3*a^3*b*x__1^2*x__2^3-22/3*a^3*b*x__1^2*
x__3^3+4/3*a^3*b*x__1*x__2^4+4/3*a^3*b*x__1*x__3^4+4/3*a^3*b*
x__2^4*x__3+8/3*a^3*b*x__2^3*x__3^2+8/3*a^3*b*x__2^2*
x__3^3+4/3*a^3*b*x__2*x__3^4+10*a^3*x__1^3*x__2^2*x__3+10*
a^3*x__1^3*x__2*x__3^2-4*a^3*x__1^2*x__2^3*x__3-14*a^3*
x__1^2*x__2^2*x__3^2-4*a^3*x__1^2*x__2*x__3^3+8*a^3*x__1*
x__2^3*x__3^2+8*a^3*x__1*x__2^2*x__3^3+16/9*a^2*b^4*x__1^2*
x__2+16/9*a^2*b^4*x__1^2*x__3-8/27*a^2*b^4*x__1*x__2^2-8/27*
a^2*b^4*x__1*x__3^2-8/27*a^2*b^4*x__2^2*x__3-8/27*a^2*b^4*
x__2*x__3^2-356/27*a^2*b^3*x__1^3*x__2-356/27*a^2*b^3*x__1^3*
x__3+28/9*a^2*b^3*x__1^2*x__2^2+28/9*a^2*b^3*x__1^2*
x__3^2+230/9*a^2*b^2*x__1^4*x__2+230/9*a^2*b^2*x__1^4*
x__3+82/9*a^2*b^2*x__1^3*x__2^2+82/9*a^2*b^2*x__1^3*x__3^2-8*
a^2*b^2*x__1^2*x__2^3-8*a^2*b^2*x__1^2*x__3^3+2/3*a^2*b^2*
x__1*x__2^4+2/3*a^2*b^2*x__1*x__3^4+2/3*a^2*b^2*x__2^4*
x__3+4/3*a^2*b^2*x__2^3*x__3^2+4/3*a^2*b^2*x__2^2*x__3^3+2/3*
a^2*b^2*x__2*x__3^4-176/9*a^2*b*x__1^5*x__2-176/9*a^2*b*
x__1^5*x__3-248/9*a^2*b*x__1^4*x__2^2-248/9*a^2*b*x__1^4*
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x__3^2+16*a^2*b*x__1^3*x__2^3-20/3*a^2*b*x__1^4*x__3^3+4*a^2*
x__1^5*x__2^2*x__3+4*a^2*x__1^5*x__2*x__3^2-20*a^2*x__1^4*
x__2^2*x__3^2+16*a^2*x__1^3*x__2^3*x__3^2+16*a^2*x__1^3*
x__2^2*x__3^3-3*a^2*x__1^2*x__2^4*x__3^2-6*a^2*x__1^2*x__2^3*
x__3^3-3*a^2*x__1^2*x__2^2*x__3^4-8/27*a*b^5*x__1^3*x__2
-8/27*a*b^5*x__1^3*x__3+140/27*a*b^4*x__1^4*x__2+140/27*a*
b^4*x__1^4*x__3-4/9*a*b^4*x__1^3*x__2^2-4/9*a*b^4*x__1^3*
x__3^2-44/3*a*b^3*x__1^5*x__2-44/3*a*b^3*x__1^5*x__3-50/9*a*
b^3*x__1^4*x__2^2-50/9*a*b^3*x__1^4*x__3^2+4/3*a*b^3*x__1^3*
x__2^3+4/3*a*b^3*x__1^3*x__3^3+140/9*a*b^2*x__1^6*x__2+140/9*
a*b^2*x__1^6*x__3+58/3*a*b^2*x__1^5*x__2^2+58/3*a*b^2*x__1^5*
x__3^2-10/3*a*b^2*x__1^4*x__2^3-10/3*a*b^2*x__1^4*x__3^3
-64/9*a*b*x__1^7*x__2-64/9*a*b*x__1^7*x__3-56/3*a*b*x__1^6*
x__2^2-56/3*a*b*x__1^6*x__3^2+2*a*b*x__1^5*x__2^3+2*a*b*
x__1^5*x__3^3+28/3*a*x__1^6*x__2^2*x__3+28/3*a*x__1^6*x__2*
x__3^2-4*a*x__1^5*x__2^3*x__3+18*a*x__1^5*x__2^2*x__3^2-4*a*
x__1^5*x__2*x__3^3-10*a*x__1^4*x__2^3*x__3^2-10*a*x__1^4*
x__2^2*x__3^3+16/9*b^5*x__1^3*x__2*x__3-100/9*b^4*x__1^4*
x__2*x__3-8/3*b^4*x__1^3*x__2^2*x__3-8/3*b^4*x__1^3*x__2*
x__3^2+224/9*b^3*x__1^5*x__2*x__3+40/3*b^3*x__1^4*x__2^2*
x__3+40/3*b^3*x__1^4*x__2*x__3^2+4*b^3*x__1^3*x__2^2*x__3^2
-224/9*b^2*x__1^6*x__2*x__3-24*b^2*x__1^5*x__2^2*x__3-24*b^2*
x__1^5*x__2*x__3^2-15*b^2*x__1^4*x__2^2*x__3^2+32/3*b*x__1^7*
x__2*x__3+56/3*b*x__1^6*x__2^2*x__3+56/3*b*x__1^6*x__2*
x__3^2+18*b*x__1^5*x__2^2*x__3^2-16/3*b^2*x__1^7*x__2^2*x__3
-16/3*b^2*x__1^7*x__2*x__3^2-7*b^2*x__1^6*x__2^2*x__3^2+2*b*
x__1^8*x__2^2*x__3+2*b*x__1^8*x__2*x__3^2+8*b*x__1^7*x__2^2*
x__3^2-8/9*a*b^4*x__1^5*x__2-8/9*a*b^4*x__1^5*x__3+28/9*a*
b^3*x__1^6*x__2+28/9*a*b^3*x__1^6*x__3+4/3*a*b^3*x__1^5*
x__2^2+4/3*a*b^3*x__1^5*x__3^2-32/9*a*b^2*x__1^7*x__2-32/9*a*
b^2*x__1^7*x__3-14/3*a*b^2*x__1^6*x__2^2-14/3*a*b^2*x__1^6*
x__3^2+4/3*a*b*x__1^8*x__2+4/3*a*b*x__1^8*x__3+16/3*a*b*
x__1^7*x__2^2+16/3*a*b*x__1^7*x__3^2-14*a*x__1^6*x__2^2*
x__3^2+6*a*x__1^5*x__2^3*x__3^2+6*a*x__1^5*x__2^2*x__3^3
-20/9*b^5*x__1^4*x__2*x__3+88/9*b^4*x__1^5*x__2*x__3+10/3*
b^4*x__1^4*x__2^2*x__3+10/3*b^4*x__1^4*x__2*x__3^2-140/9*b^3*
x__1^6*x__2*x__3-40/3*b^3*x__1^5*x__2^2*x__3-40/3*b^3*x__1^5*
x__2*x__3^2-5*b^3*x__1^4*x__2^2*x__3^2+32/3*b^2*x__1^7*x__2*
x__3+56/3*b^2*x__1^6*x__2^2*x__3+56/3*b^2*x__1^6*x__2*
x__3^2+18*b^2*x__1^5*x__2^2*x__3^2-8/3*b*x__1^8*x__2*x__3
-32/3*b*x__1^7*x__2^2*x__3-32/3*b*x__1^7*x__2*x__3^2-21*b*
x__1^6*x__2^2*x__3^2-16/27*a^2*b^4*x__1^3*x__2-16/27*a^2*b^4*
x__1^3*x__3+154/27*a^2*b^3*x__1^4*x__2+154/27*a^2*b^3*x__1^4*
x__3-8/9*a^2*b^3*x__1^3*x__2^2-8/9*a^2*b^3*x__1^3*x__3^2
-100/9*a^2*b^2*x__1^5*x__2-100/9*a^2*b^2*x__1^5*x__3-37/9*
a^2*b^2*x__1^4*x__2^2-37/9*a^2*b^2*x__1^4*x__3^2+8/3*a^2*b^2*
x__1^3*x__2^3+8/3*a^2*b^2*x__1^3*x__3^3+6*a^2*b*x__1^6*
x__2+6*a^2*b*x__1^6*x__3+14*a^2*b*x__1^5*x__2^2+14*a^2*b*
x__1^5*x__3^2-20/3*a^2*b*x__1^4*x__2^3+8/9*b^5*x__1^5*x__2*
x__3-28/9*b^4*x__1^6*x__2*x__3-4/3*b^4*x__1^5*x__2^2*x__3
-4/3*b^4*x__1^5*x__2*x__3^2+32/9*b^3*x__1^7*x__2*x__3+14/3*
b^3*x__1^6*x__2^2*x__3+14/3*b^3*x__1^6*x__2*x__3^2+2*b^3*
x__1^5*x__2^2*x__3^2-4/3*b^2*x__1^8*x__2*x__3-20/3*a*b^2*
x__1^3*x__3+140/27*a*b*x__1^4*x__2+140/27*a*b*x__1^4*x__3
-44/27*a^3*b*x__1*x__2-44/27*a^3*b*x__1*x__3+16/27*a^3*b*
x__2*x__3+16/27*a^3*x__1*x__2*x__3-16/9*a^2*x__1^2*x__2*x__3
-8/27*a*b*x__1^3*x__2-8/27*a*b*x__1^3*x__3+16/27*a*x__1^3*
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x__2*x__3+190/9*a*b^2*x__1^4*x__2+190/9*a*b^2*x__1^4*x__3
-44/3*a*b*x__1^5*x__2-44/3*a*b*x__1^5*x__3+58/9*a^2*b^2*
x__1^2*x__2+58/9*a^2*b^2*x__1^2*x__3-356/27*a^2*b*x__1^3*x__2
-356/27*a^2*b*x__1^3*x__3+28/9*a^2*b*x__1^2*x__2^2+28/9*a^2*
b*x__1^2*x__3^2+160/27*a^2*x__1^3*x__2*x__3-20/3*a*b^2*
x__1^3*x__2-4/9*b^3*x__1^2*x__2*x__3-7/3*b^3*x__1^6+8/9*b^2*
x__1^7+2*b^3*x__1^5-7/9*b^2*x__1^6+2/3*a^2*x__1^5-5/9*b^3*
x__1^4+2/9*b^2*x__1^5+4/9*a^3*x__1^3-6*a^2*b*x__1*x__2^2*
x__3^2-4*a^2*b*x__1*x__2*x__3^3-16/3*a*b^3*x__1^2*x__2*
x__3+14/9*a*b^3*x__1*x__2^2*x__3+14/9*a*b^3*x__1*x__2*
x__3^2+592/27*a*b^2*x__1^3*x__2*x__3-2*a*b^2*x__1^2*x__2^2*
x__3-2*a*b^2*x__1^2*x__2*x__3^2-4/3*a*b^2*x__1*x__2^3*x__3-2*
a*b^2*x__1*x__2^2*x__3^2-4/3*a*b^2*x__1*x__2*x__3^3-760/27*a*
b*x__1^4*x__2*x__3-4*a*b*x__1^3*x__2^2*x__3-4*a*b*x__1^3*
x__2*x__3^2+4*a*b*x__1^2*x__2^3*x__3+6*a*b*x__1^2*x__2^2*
x__3^2+4*a*b*x__1^2*x__2*x__3^3-56/9*a^3*b*x__1*x__2*x__3
-20/9*a^2*b^2*x__1*x__2*x__3+76/27*a^2*b*x__1*x__2^2*
x__3+76/27*a^2*b*x__1*x__2*x__3^2+256/27*a*b*x__1^3*x__2*
x__3+14*a^2*b*x__1^2*x__2^3*x__3+9*a^2*b*x__1^2*x__2^2*
x__3^2+14*a^2*b*x__1^2*x__2*x__3^3-8/3*a^2*b*x__1*x__2^4*
x__3+8/3*a^2*b*x__1*x__2^3*x__3^2+8/3*a^2*b*x__1*x__2^2*
x__3^3-8/3*a^2*b*x__1*x__2*x__3^4+8/27*a*b^5*x__1*x__2*x__3
-32/9*a*b^4*x__1^2*x__2*x__3+4/9*a*b^4*x__1*x__2^2*x__3+4/9*
a*b^4*x__1*x__2*x__3^2+592/27*a*b^3*x__1^3*x__2*x__3-2*a*b^3*
x__1^2*x__2^2*x__3-2*a*b^3*x__1^2*x__2*x__3^2-4/3*a*b^3*x__1*
x__2^3*x__3-2*a*b^3*x__1*x__2^2*x__3^2-4/3*a*b^3*x__1*x__2*
x__3^3-400/9*a*b^2*x__1^4*x__2*x__3-64/9*a*b^2*x__1^3*x__2^2*
x__3-64/9*a*b^2*x__1^3*x__2*x__3^2+8*a*b^2*x__1^2*x__2^3*
x__3+6*a*b^2*x__1^2*x__2^2*x__3^2+8*a*b^2*x__1^2*x__2*
x__3^3+2*a*b^2*x__1*x__2^3*x__3^2+2*a*b^2*x__1*x__2^2*
x__3^3+32*a*b*x__1^5*x__2*x__3+70/3*a*b*x__1^4*x__2^2*
x__3+70/3*a*b*x__1^4*x__2*x__3^2-40/3*a*b*x__1^3*x__2^3*x__3
-4*a*b*x__1^3*x__2^2*x__3^2-40/3*a*b*x__1^3*x__2*x__3^3-6*a*
b*x__1^2*x__2^3*x__3^2-6*a*b*x__1^2*x__2^2*x__3^3-4*a^4*b*
x__1*x__2*x__3-56/9*a^3*b^2*x__1*x__2*x__3+104/9*a^3*b*
x__1^2*x__2*x__3+50/9*a^3*b*x__1*x__2^2*x__3+50/9*a^3*b*x__1*
x__2*x__3^2-20/9*a^2*b^3*x__1*x__2*x__3+2/9*a^2*b^2*x__1^2*
x__2*x__3+76/9*a^2*b^2*x__1*x__2^2*x__3+76/9*a^2*b^2*x__1*
x__2*x__3^2+32/9*a^2*b*x__1^3*x__2*x__3-26/3*a^2*b*x__1^2*
x__2^2*x__3-26/3*a^2*b*x__1^2*x__2*x__3^2-4*a^2*b*x__1*
x__2^3*x__3-4/3*a*b^4*x__1^2*x__2^2*x__3-4/3*a*b^4*x__1^2*
x__2*x__3^2-760/27*a*b^3*x__1^4*x__2*x__3-4*a*b^3*x__1^3*
x__2^2*x__3-4*a*b^3*x__1^3*x__2*x__3^2+4*a*b^3*x__1^2*x__2^3*
x__3+6*a*b^3*x__1^2*x__2^2*x__3^2+4*a*b^3*x__1^2*x__2*
x__3^3+32*a*b^2*x__1^5*x__2*x__3+70/3*a*b^2*x__1^4*x__2^2*
x__3+70/3*a*b^2*x__1^4*x__2*x__3^2-40/3*a*b^2*x__1^3*x__2^3*
x__3-4*a*b^2*x__1^3*x__2^2*x__3^2-40/3*a*b^2*x__1^3*x__2*
x__3^3-6*a*b^2*x__1^2*x__2^3*x__3^2-6*a*b^2*x__1^2*x__2^2*
x__3^3-112/9*a*b*x__1^6*x__2*x__3-82/3*a*b*x__1^5*x__2^2*x__3
-82/3*a*b*x__1^5*x__2*x__3^2+40/3*a*b*x__1^4*x__2^3*x__3-20*
a*b*x__1^4*x__2^2*x__3^2+40/3*a*b*x__1^4*x__2*x__3^3+16*a*b*
x__1^3*x__2^3*x__3^2+16*a*b*x__1^3*x__2^2*x__3^3+16/27*a^3*
b^3*x__1*x__2*x__3+64/9*a^3*b^2*x__1^2*x__2*x__3-8/9*a^3*b^2*
x__1*x__2^2*x__3-8/9*a^3*b^2*x__1*x__2*x__3^2-40/3*a^3*b*
x__1^3*x__2*x__3+2*a^3*b*x__1^2*x__2^2*x__3+2*a^3*b*x__1^2*
x__2*x__3^2-8/3*a^3*b*x__1*x__2^3*x__3-4*a^3*b*x__1*x__2^2*
x__3^2-8/3*a^3*b*x__1*x__2*x__3^3+8/9*a^2*b^4*x__1*x__2*x__3
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(4.15)(4.15)

(2.3)(2.3)

(6.15)(6.15)

> > 

(4.25)(4.25)

(4.33)(4.33)
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(4.8)(4.8)

(4.2)(4.2)

(4.20)(4.20)

(4.26)(4.26)

(7.1.5)(7.1.5)

(6.6)(6.6)

(4.3)(4.3)

> > 

> > 

-4/3*a^2*b^3*x__1^2*x__2*x__3+76/27*a^2*b^3*x__1*x__2^2*
x__3+76/27*a^2*b^3*x__1*x__2*x__3^2+32/9*a^2*b^2*x__1^3*x__2*
x__3-26/3*a^2*b^2*x__1^2*x__2^2*x__3-26/3*a^2*b^2*x__1^2*
x__2*x__3^2-4*a^2*b^2*x__1*x__2^3*x__3-6*a^2*b^2*x__1*x__2^2*
x__3^2-4*a^2*b^2*x__1*x__2*x__3^3+16/9*a^2*b*x__1^3*x__2^2*
x__3+16/9*a^2*b*x__1^3*x__2*x__3^2-8/3*a*b^3*x__1^3*x__2^3*
x__3-4*a*b^3*x__1^3*x__2^2*x__3^2-8/3*a*b^3*x__1^3*x__2*
x__3^3-56/9*a*b^2*x__1^6*x__2*x__3-44/3*a*b^2*x__1^5*x__2^2*
x__3-44/3*a*b^2*x__1^5*x__2*x__3^2+20/3*a*b^2*x__1^4*x__2^3*
x__3+20/3*a*b^2*x__1^4*x__2*x__3^3+4*a*b^2*x__1^3*x__2^3*
x__3^2+4*a*b^2*x__1^3*x__2^2*x__3^3+28/3*a*b*x__1^6*x__2^2*
x__3+28/3*a*b*x__1^6*x__2*x__3^2-4*a*b*x__1^5*x__2^3*x__3+18*
a*b*x__1^5*x__2^2*x__3^2-4*a*b*x__1^5*x__2*x__3^3-10*a*b*
x__1^4*x__2^3*x__3^2-10*a*b*x__1^4*x__2^2*x__3^3-16/9*a^2*
b^4*x__1^2*x__2*x__3+16/27*a^2*b^4*x__1*x__2^2*x__3+16/27*
a^2*b^4*x__1*x__2*x__3^2+160/27*a^2*b^3*x__1^3*x__2*x__3
-32/9*a^2*b^3*x__1^2*x__2^2*x__3-32/9*a^2*b^3*x__1^2*x__2*
x__3^2-40/9*a^2*b^2*x__1^3*x__2^2*x__3-40/9*a^2*b^2*x__1^3*
x__2*x__3^2+8*a^2*b^2*x__1^2*x__2^3*x__3+12*a^2*b^2*x__1^2*
x__2^2*x__3^2+8*a^2*b^2*x__1^2*x__2*x__3^3-4/3*a^2*b^2*x__1*
x__2^4*x__3-8/3*a^2*b^2*x__1*x__2^3*x__3^2-8/3*a^2*b^2*x__1*
x__2^2*x__3^3-4/3*a^2*b^2*x__1*x__2*x__3^4-16/3*a^2*b*x__1^5*
x__2*x__3+20/3*a^2*b*x__1^4*x__2^2*x__3+20/3*a^2*b*x__1^4*
x__2*x__3^2-32/3*a^2*b*x__1^3*x__2^3*x__3-32/3*a^2*b*x__1^3*
x__2*x__3^3+2*a^2*b*x__1^2*x__2^4*x__3-8*a^2*b*x__1^2*x__2^3*
x__3^2-8*a^2*b*x__1^2*x__2^2*x__3^3+2*a^2*b*x__1^2*x__2*
x__3^4+2*a^2*b*x__1*x__2^4*x__3^2+4*a^2*b*x__1*x__2^3*
x__3^3+2*a^2*b*x__1*x__2^2*x__3^4-8/9*a*b^5*x__1^2*x__2*
x__3+256/27*a*b^4*x__1^3*x__2*x__3+16/27*a*b^5*x__1^3*x__2*
x__3-160/27*a*b^4*x__1^4*x__2*x__3+8/9*a*b^4*x__1^3*x__2^2*
x__3+8/9*a*b^4*x__1^3*x__2*x__3^2+104/9*a*b^3*x__1^5*x__2*
x__3+40/9*a*b^3*x__1^4*x__2^2*x__3+40/9*a*b^3*x__1^4*x__2*
x__3^2-4/3*a^2*b*x__1^2*x__2*x__3+8/9*a^2*b*x__1*x__2*x__3
-32/9*a*b^2*x__1^2*x__2*x__3+4/9*a*b^2*x__1*x__2^2*x__3+4/9*
a*b^2*x__1*x__2*x__3^2-4/3*a*b*x__1^2*x__2^2*x__3-4/3*a*b*
x__1^2*x__2*x__3^2+8/27*a*b^2*x__1*x__2*x__3-8/9*a*b*x__1^2*
x__2*x__3-320/27*a*b^3*x__1^4+98/9*a*b^2*x__1^5-28/9*a*b*
x__1^6+28/9*a*x__1^6*x__2+28/9*a*x__1^6*x__3+40/3*a^2*b^2*
x__1^3-199/27*a^2*b*x__1^4+154/27*a^2*x__1^4*x__2+154/27*a^2*
x__1^4*x__3-8/9*a^2*x__1^3*x__2^2-8/9*a^2*x__1^3*
x__3^2+116/27*a*b^3*x__1^3-100/27*a*b^2*x__1^4+8/9*a*b*x__1^5
-8/9*a*x__1^5*x__2-8/9*a*x__1^5*x__3-62/27*a^3*b*
x__1^2+16/27*a^3*b*x__2^2+16/27*a^3*b*x__3^2+44/27*a^3*
x__1^2*x__2+44/27*a^3*x__1^2*x__3-16/27*a^3*x__1*x__2^2
-16/27*a^3*x__1*x__3^2-16/27*a^3*x__2^2*x__3-16/27*a^3*x__2*
x__3^2-4/3*a^2*b^2*x__1^2+16/27*a^2*b*x__1^3-16/27*a^2*
x__1^3*x__2-16/27*a^2*x__1^3*x__3-2/9*a*b^3*x__1^2+4/27*a*
b^2*x__1^3-8/9*a^2*b^2*x__1*x__2+16/9*a^2*b*x__1^2*x__2-8/27*
a^2*b*x__1*x__2^2-4/27*a*b^3*x__1*x__2+4/9*a*b^2*x__1^2*
x__2+16/9*a^2*b*x__1^2*x__3-8/27*a^2*b*x__1*x__3^2-4/27*a*
b^3*x__1*x__3+4/9*a*b^2*x__1^2*x__3-8/9*a^2*b^2*x__1*x__3
-8/27*a^2*b*x__2^2*x__3-8/27*a^2*b*x__2*x__3^2+4/27*a^2*b^2*
x__2*x__3-8/3*b^2*x__1^3*x__2*x__3^2+88/9*b*x__1^5*x__2*
x__3+10/3*b*x__1^4*x__2^2*x__3+10/3*b*x__1^4*x__2*
x__3^2+20/9*a^4*b*x__1*x__2+20/9*a^4*b*x__1*x__3-10/9*a^4*b*
x__2*x__3-4*a^4*x__1*x__2*x__3+38/27*a^3*b^2*x__1*x__2+38/27*
a^3*b^2*x__1*x__3-4/27*a^3*b^2*x__2*x__3+38/9*a^3*b*x__1^2*
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x__2+38/9*a^3*b*x__1^2*x__3-22/9*a^3*b*x__1*x__2^2-22/9*a^3*
b*x__1*x__3^2+8/9*a^3*b*x__2^2*x__3+8/9*a^3*b*x__2*
x__3^2+64/9*a^3*x__1^2*x__2*x__3-8/9*a^3*x__1*x__2^2*x__3
-8/9*a^3*x__1*x__2*x__3^2+2/27*a^2*b^3*x__2*x__3-16/9*a^2*
b^2*x__1*x__2^2-16/9*a^2*b^2*x__1*x__3^2-2/9*a^2*b^2*x__2^2*
x__3-2/9*a^2*b^2*x__2*x__3^2-32/9*a^2*x__1^2*x__2^2*x__3
-32/9*a^2*x__1^2*x__2*x__3^2-2/27*a*b^4*x__1*x__2-2/27*a*b^4*
x__1*x__3+22/9*a*b^3*x__1^2*x__2+22/9*a*b^3*x__1^2*x__3-2/9*
a*b^3*x__1*x__2^2-2/9*a*b^3*x__1*x__3^2+2/3*a*b^2*x__1^2*
x__2^2+2/3*a*b^2*x__1^2*x__3^2-4/9*a*b*x__1^3*x__2^2-4/9*a*b*
x__1^3*x__3^2-160/27*a*x__1^4*x__2*x__3+8/9*a*x__1^3*x__2^2*
x__3+8/9*a*x__1^3*x__2*x__3^2+16/9*b^2*x__1^3*x__2*x__3-20/9*
b*x__1^4*x__2*x__3+16/27*a^2*x__1*x__2^2*x__3+16/27*a^2*x__1*
x__2*x__3^2-1/3*b^4*x__1^2*x__2^2-1/3*b^4*x__1^2*x__3^2+40/9*
b^3*x__1^4*x__2+40/9*b^3*x__1^4*x__3+4/3*b^3*x__1^3*
x__2^2+4/3*b^3*x__1^3*x__3^2-40/9*b^2*x__1^5*x__2-40/9*b^2*
x__1^5*x__3-5/3*b^2*x__1^4*x__2^2-5/3*b^2*x__1^4*x__3^2+14/9*
b*x__1^6*x__2+14/9*b*x__1^6*x__3+2/3*b*x__1^5*x__2^2+2/3*b*
x__1^5*x__3^2-28/9*x__1^6*x__2*x__3-4/3*x__1^5*x__2^2*x__3
-4/3*x__1^5*x__2*x__3^2+2*a^4*b^2*x__1-61/9*a^4*b*x__1^2
-10/9*a^4*b*x__2^2-10/9*a^4*b*x__3^2+2*a^4*x__2^2*x__3+2*a^4*
x__2*x__3^2+2*a^3*b^3*x__1-322/27*a^3*b^2*x__1^2-4/27*a^3*
b^2*x__2^2-4/27*a^3*b^2*x__3^2+44/3*a^3*b*x__1^3-64/9*a^3*
x__1^3*x__2-64/9*a^3*x__1^3*x__3+10/3*a^3*x__1^2*x__2^2+10/3*
a^3*x__1^2*x__3^2+2/3*a^2*b^4*x__1-62/9*a^2*b^3*x__1^2+2/27*
a^2*b^3*x__2^2+2/27*a^2*b^3*x__3^2+2/27*a*b^5*x__1-14/9*a*
b^4*x__1^2+2/9*b^4*x__1^2*x__2+2/9*b^4*x__1^2*x__3-8/9*b^3*
x__1^3*x__2-8/9*b^3*x__1^3*x__3+8/9*x__1^5*x__2*x__3+2*a^4*b*
x__1-8/9*a^4*x__1*x__2-8/9*a^4*x__1*x__3+4/9*a^4*x__2*x__3+2*
a^3*b^2*x__1+2/3*a^2*b^3*x__1+4/27*a^2*b^2*x__2^2+4/27*a^2*
b^2*x__3^2+2/27*a*b^4*x__1+40/9*b^4*x__1^4*x__3+4/3*b^4*
x__1^3*x__2^2+4/3*b^4*x__1^3*x__3^2-8*b^3*x__1^5*x__2-8*b^3*
x__1^5*x__3-5*b^3*x__1^4*x__2^2-5*b^3*x__1^4*x__3^2+56/9*b^2*
x__1^6*x__2+56/9*b^2*x__1^6*x__3+6*b^2*x__1^5*x__2^2+6*b^2*
x__1^5*x__3^2-16/9*b*x__1^7*x__2-16/9*b*x__1^7*x__3-7/3*b*
x__1^6*x__2^2-7/3*b*x__1^6*x__3^2+32/9*x__1^7*x__2*x__3+14/3*
x__1^6*x__2^2*x__3+14/3*x__1^6*x__2*x__3^2+2*x__1^5*x__2^2*
x__3^2-8/9*a^4*b^2*x__1^2+4/9*a^4*b^2*x__2^2+4/9*a^4*b^2*
x__3^2+4*a^4*b*x__1^3+4*a^4*x__1^3*x__2+4*a^4*x__1^3*x__3-6*
a^4*x__1^2*x__2^2-6*a^4*x__1^2*x__3^2+4*a^4*x__1*x__2^3+4*
a^4*x__1*x__3^3-2*a^4*x__2^3*x__3-3*a^4*x__2^2*x__3^2-2*a^4*
x__2*x__3^3-62/27*a^3*b^3*x__1^2+16/27*a^3*b^3*x__2^2+16/27*
a^3*b^3*x__3^2+44/3*a^3*b^2*x__1^3-188/9*a^3*b*x__1^4-4/3*
a^3*b*x__2^4-4/3*a^3*b*x__3^4+14/3*a^3*x__1^4*x__2+14/3*a^3*
x__1^4*x__3+6*a^3*x__1^3*x__2^2+6*a^3*x__1^3*x__3^2-22/3*a^3*
x__1^2*x__2^3-22/3*a^3*x__1^2*x__3^3+4/3*a^3*x__1*x__2^4+4/3*
a^3*x__1*x__3^4+4/3*a^3*x__2^4*x__3+8/3*a^3*x__2^3*
x__3^2+8/3*a^3*x__2^2*x__3^3+4/3*a^3*x__2*x__3^4-4/3*a^2*b^4*
x__1^2+4/27*a^2*b^4*x__2^2+4/27*a^2*b^4*x__3^2+40/3*a^2*b^3*
x__1^3-731/27*a^2*b^2*x__1^4-1/3*a^2*b^2*x__2^4-1/3*a^2*b^2*
x__3^4+154/9*a^2*b*x__1^5-100/9*a^2*x__1^5*x__2-100/9*a^2*
x__1^5*x__3-37/9*a^2*x__1^4*x__2^2-37/9*a^2*x__1^4*
x__3^2+8/3*a^2*x__1^3*x__2^3+8/3*a^2*x__1^3*x__3^3-2/9*a*b^5*
x__1^2+116/27*a*b^4*x__1^3+4/3*a*x__1^5*x__2^2+4/3*a*x__1^5*
x__3^2+2/9*b^5*x__1^2*x__2+2/9*b^5*x__1^2*x__3-16/9*b^4*
x__1^3*x__2-16/9*b^4*x__1^3*x__3+a^6-a^2*x__1^8+2/9*b^5*
x__1^5-7/9*b^4*x__1^6+8/9*b^3*x__1^7-1/3*b^2*x__1^8-4*a^3*
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(4.8)(4.8)

(4.2)(4.2)

(4.20)(4.20)

(4.26)(4.26)

(7.1.5)(7.1.5)
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(4.3)(4.3)

> > 

> > 

x__1^6+8/3*a^2*x__1^7-5/9*b^5*x__1^4+2*b^4*x__1^5-4*a^4*
x__1^4-a^4*x__2^4-a^4*x__3^4+22/3*a^3*x__1^5-7/3*a^2*
x__1^6+4/9*b^5*x__1^3-5/3*b^4*x__1^4+4*a^4*x__1^3-34/9*a^3*
x__1^4-1/9*b^5*x__1^2+4/9*b^4*x__1^3-2/3*a^4*b^2-8/9*a^4*
x__1^2+4/9*a^4*x__2^2+4/9*a^4*x__3^2-8/27*a^3*b^3-1/27*a^2*
b^4;
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(2.3)(2.3)

(6.15)(6.15)

> > 

(4.25)(4.25)

(4.33)(4.33)

> > 

(4.8)(4.8)

(4.2)(4.2)

(4.20)(4.20)

(4.26)(4.26)

(7.1.5)(7.1.5)

(6.6)(6.6)

(4.3)(4.3)

> > 

> > 



(4.12)(4.12)

(4.18)(4.18)

> > 

(4.11)(4.11)

(4.15)(4.15)

(2.3)(2.3)

(6.15)(6.15)

> > 

(4.25)(4.25)

(4.33)(4.33)

> > 

(4.8)(4.8)

(4.2)(4.2)

(4.20)(4.20)

(4.26)(4.26)

(7.1.5)(7.1.5)

(6.6)(6.6)

(4.3)(4.3)

> > 

> > 



(4.12)(4.12)

(4.18)(4.18)

> > 

(4.11)(4.11)

(4.15)(4.15)

(2.3)(2.3)

(6.15)(6.15)

> > 

(4.25)(4.25)

(4.33)(4.33)

> > 

(4.8)(4.8)

(4.2)(4.2)

(4.20)(4.20)

(4.26)(4.26)

(7.1.5)(7.1.5)

(6.6)(6.6)

(4.3)(4.3)

> > 

> > 



(4.12)(4.12)

> > 

> > 

(7.10)(7.10)

(7.9)(7.9)

(2.3)(2.3)

(7.8)(7.8)

(4.25)(4.25)

(4.33)(4.33)

(4.8)(4.8)

(4.20)(4.20)

(4.26)(4.26)

(7.1.5)(7.1.5)

> > 

(4.3)(4.3)

> > 

> > 

> > 

> > 

(4.18)(4.18)

> > 

(7.6)(7.6)

(4.11)(4.11)

(4.15)(4.15)

> > 

(6.15)(6.15)

> > 

(7.5)(7.5)

> > 

(4.2)(4.2)

(6.6)(6.6)

(7.4)(7.4)

> > 

(7.7)(7.7)

After eliminating x4 we have one branch with 4 polynomials.

[g1, x1-x2, a],  [g2, a, x1-x3],  [g3, g5],  [g5]

indets(g__1);

No x3 in the first polynomial! Bad.

indets(g__2);

g2 and x1-x3 will disappear from the list in the next level.

indets(g__3);

indets(g__4);

indets(g__5);

These too. So we get the following for the next step after eliminating x3.

One branch with three polynomials.

[g1, x1-x2, a],  [g1, x1-x2, a],  [g1, x1-x2, a]

We get a new branch adding to the queue which has one polynomial 

[g1]

The algorithm is still in the former branch it computes

res(g1, x1-x2, x2) we get g7

g__6 := -2/3*x__1*b+x__1^2+a+1/3*b-2/3*x__1;

resultant(g__1, x__1-x__2, x__2);



(4.12)(4.12)

(4.18)(4.18)

> > 

(4.11)(4.11)

(4.15)(4.15)

(7.10)(7.10)

(2.3)(2.3)

(6.15)(6.15)

> > 

(4.25)(4.25)

(4.33)(4.33)

> > 

(4.8)(4.8)

(4.2)(4.2)

(4.20)(4.20)

(4.26)(4.26)

(7.1.5)(7.1.5)

(6.6)(6.6)

(4.3)(4.3)

> > 

> > 

As we said.

And it sends down  ' a '.

x1-x2 and g1 gives g7 again. Then it adds a new branch at the end of the queue.

[x1-x2]

It sends down a. Same thing and another new branch at the end of the queue.

[a]

Same things happen again. And it finishes this old branch. And goes to the added branches, the first 
one is

[g1]

This polynomial has x2, so we hit line 11 of Algorithm 1 in the paper, this is why we received [0].

Using ResChainBranching does not help us to not hit line 11 as we still encounter a branch as [g1] 
in level of x2.

End of the file.


