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Abstract

Proportional-Integral-Derivative (PID) feedback controllers have been the most widely used controllers in the
industry for almost a century. This is mainly due to their simplicity and intuitive operation. Recently, moti-
vated by their success in various engineering disciplines, PID controllers found their way into molecular biology.
In this paper, we consider the mathematical realization of (nonlinear) PID controllers via biomolecular inter-
actions in both the deterministic and stochastic settings. We propose several simple biomolecular PID control
architectures that take into consideration the biological implementation aspect. We verify the underlying PID
control structures by performing a linear perturbation analysis and examine their effects on the (deterministic
and stochastic) performance and stability. In fact, we demonstrate that different proportional controllers exhibit
different capabilities of enhancing the dynamics and reducing variance (cell-to-cell variability). Furthermore,
we propose a simple derivative controller that is mathematically realized by cascading the antithetic integral
controller with an incoherent feedforward loop without adding any additional species. We demonstrate that
the derivative component is capable of enhancing the transient dynamics at the cost of boosting the variance,
which agrees with the well known vulnerability of the derivative controller to noise. We also show that this can
be mitigated by carefully designing the inhibition pathway of the incoherent feedforward loop. Throughout the
paper, the stochastic analysis is carried out based on a tailored moment-closure technique and is also backed
up by simulations.

1 Introduction

One of the most salient features of biological systems is their ability to adapt to their noisy environments. For
example, cells often regulate gene expression to counteract all sorts of intrinsic and extrinsic noise in order to
maintain a desirable behavior in a precise and timely fashion. This resilience toward undesired disturbances is
often achieved via feedback control that has proved to be ubiquitous in both natural (e.g. [1-3]) and engineered
systems (e.g. [4,5]). In fact, synthetically engineering biomolecular controllers is gaining a wide attention from
biologists and engineers (e.g. [6-14]).

A standard general setup for feedback controllers is depicted as a block diagram (refer to Box 1: A Primer
on Block Diagrams) in Panel A of Figure 1. The “Plant” block represents the process to be controlled. It can
be actuated through its input, denoted here by u, to dynamically manipulate its output of interest, denoted
here by y. The objective of such control systems is to design a feedback controller that automatically actuates
the plant in a smart autonomous fashion and guarantees that the output y meets certain performance goals
despite the presence of disturbances in the plant. These performance goals include (but are not limited to)

e Robust Perfect Adaptation (RPA): This property is the biological analogue of the notion of Robust
Steady-State Tracking (RSST) that is well known in control theory [15]. A controller achieves RPA (or
equivalently RSST) if it drives the steady state of the plant output y to a constant value — prescribed
by the user as a set point or reference (denoted by r in Figure 1)— which does not depend on the initial
conditions and/or plant uncertainties. Furthermore, the steady state of the output has to be immune to
constant disturbances in the plant. If the controller does not possess the RPA feature, a steady-state error
emerges when exogenous disturbances strike the plant (refer to Panel B of Figure 1).

e Stability Enhancement: The plant might be unstable when operating in a certain regime, that is
the output y does not converge to a fixed steady-state value. An example of such instabilities is a
divergent response where y grows unboundedly. Another example is when the output y exhibits a sustained
oscillation and never converges to the desired set point r (refer to Panel B of Figure 1). A typical
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performance objective of the controller is to enhance the stability of the system, that is, shrink the
operating regimes where the dynamics are unstable.

Box 1. A Primer on Block Diagrams

In classical control theory, block diagrams are used to visually represent (deterministic) dynamical sys-
tems with inputs and outputs. In a fairly general setting, a dynamical system M can be written as a
set of differential equations coupled with another set of algebraic equations given by

M {fb—f(w,U); 2(0) = zo

y=g(z,u),

where x is called the state variable with initial condition xg, w is the input, and y is the output. Note
that, for simplicity, z,u and y are all considered to be scalar functions of time (scalar signals); however,
the extension to vector-valued signals is straightforward. One can think of M as a dynamical mapping
that maps the input signal uw to the output signal y. In the rest of this box, we set the initial condition
to zero for simplicity (and without loss of generality). This dynamical system M can be represented as
a block diagram depicted in Panel A. This block takes u as an input indicated by the inward arrow, and
yields y as the output indicated by the outward arrow. Note that inputs to a block are not affected by
the block itself, only outputs are affected. Outputs can serve as inputs to other blocks, and inputs can
be incoming as feedback from the output of other blocks (see Panel A of Figure 1 for example). As a
result, one of the nice features of a block diagram is to decompose the overall dynamics into multiple
modularized sub-dynamical systems, each having a specialized operation.

Block diagrams are especially useful for linear dynamical systems such as the system to the left in Panel
B. In this system, the input-output relationship, in the time domain, is given by a linear differential
(and algebraic) equation, where w, is a constant. This relationship can be equivalently expressed in the
Laplace domain, by taking the Laplace transforms. With slight abuse of notation, let x(s), u(s) and y(s)
denote the Laplace transforms of z(t), u(t) and y(t), respectively, with s being the Laplace variable. Note
that we drop ¢ and s when the considered domain (time/Laplace) is clear. Then it is straightforward
to show that the input-output relationship in the Laplace domain reduces to a multiplication operation
y(s) = M(s)u(s), where M(s) := ;< is called the transfer function of the block. Hence, for linear
dynamical systems, the output of a block in the Laplace domain is simply the product between the
block’s transfer function and its input. This example block operates as a low pass filter that filters out
high frequencies, particularly those higher than the cutoff frequency w. [16, Figure 8.15]. Note that in
the limit, as w. — oo, this block becomes the identity operator: y = w.

Panel C shows other commonly used blocks representing four linear dynamical systems: (1) a summation
junction that sums (and/or subtracts) its inputs, (2) an integral block which integrates the input in time
and is equivalent to dividing by s in the Laplace domain, (3) a proportional block which multiplies its
input by a constant, and (4) a derivative block which differentiates its input in time and is equivalent
to multiplying by s in the Laplace domain. The transfer functions of the integral, proportional and
derivative blocks are thus K;/s, Kp and Kps, respectively, as depicted in Panel C.
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e Desirable Transient Response: Building a controller that achieves RPA is perhaps the most basic and
essential requirement; however, a high performance controller has to fulfill additional requirements that are
equally as important. For example, even though a controller is designed to ensure RPA (and stability), the
transient dynamics might still be very slow to reach the desired (robust) steady state. This undesirable
sluggish response, in some situations, can practically destroy the theoretically guaranteed RPA. Other
examples of undesirable transient dynamical responses include overshoots and damped oscillations (refer
to Panel B of Figure 1). A typical performance objective is to design a controller that yields a smooth
transient response which is fast enough but doesn’t overshoot or oscillate too much.

e Variance Reduction: This is a performance objective that is less common in classical control theory.
When the dynamics are stochastic, it is common to study the time evolution of the output probability
distribution and its moments such as the mean and variance. A natural performance objective is to design
a controller that tightens the probability distribution around the mean, e.g. reduce the variance. This
could be particularly useful in biology for reducing cell-to-cell variability.

Control theory developed a wide set of tools to design feedback controllers that meet certain performance
objectives. For instance, it is well known in control theory (internal model principle [17]) that a controller should
involve an Integral (I) action to be able to achieve RSST (or equivalently RPA). Furthermore, Proportional-
Integral-Derivative (PID) feedback controllers — first rigorously introduced by Nicolas Minorsky [18] around
a hundred years ago — adds a Proportional (P) and Derivative (D) action to the Integrator (I) to be able to
tune the transient dynamics and enhance stability while preserving RPA. Interestingly, after almost a century,
PID controllers are still the most widely used controllers in industrial applications spanning a broad range of
engineering disciplines such as mechanical and electrical engineering ( [19-21]).

Originally, PID feedback controllers were designed to control mechanical (later, electrical) systems such as
automatic ship steering (later, telephone engineering systems) [22]. Such control systems involve controlling
quantities that can take both negative and positive values such as angles, velocities, electric currents, voltages,
etc... Furthermore, traditional PID controllers possess linear dynamics since all three operations of a PID are
linear. Two classes of linear PID controllers, adopted from [16, Chapter 10|, are shown in Panels C and D of
Figure 1. In the first architecture shown in Panel C, the error signal e(t) := r — y(¢) is fed into the three (P, I,
and D) components. The outputs of the three components are summed up to yield the control action u which
serves as the actuation input to the plant as demonstrated in Panel A. In the second architecture shown in Panel
D, the controller has two degrees of freedom since both the error e and the output y are used separately and
simultaneously. Particularly, the error is fed into the integrator, while the output is fed into the proportional
and derivative components. Observe that both architectures require that the integrator operates on the error
(and not the output). This is necessary to achieve RSST and can be easily seen using a very simple argument
explained next. Let u;(t) denote the output of the integrator, that is

wr(t) = Kj/e(r)dr — () = Kre(h). (1)
0

Assuming that the dynamics are stable (that is, converge to a fixed point), then at steady state we have
tlim 4r(t) = 0. This implies that, at steady state (assuming stability), the error e := r — y has to be zero, and
—00

thus tlim y(t) = r, hence achieving the steady-state tracking property. Observe that this argument does not
— 00

depend on the plant, hence achieving the robustness property.

For mechanical and electrical systems, the linearity of the PID controllers is convenient because of the avail-
ability of basic physical parts (e.g. dampers, springs, RLC circuits, op-amps, etc...) that are capable of realizing
these linear dynamics. However, this realization quickly becomes challenging when designing biomolecular con-
trollers. This difficulty arises because (a) biomolecular controllers have to respect the structure of BioChemical
Reaction Networks (BCRN), and (b) the quantities to be controlled (protein copy numbers or concentrations)
cannot be negative (see [23] for positive integral control). Furthermore, the dynamics of biochemical reactions
are inherently nonlinear. To achieve RPA, BCRN realizations of standalone Integral (I) controllers initially
received the widest attention [24-29]. In previous work [26], the Antithetic Integral Feedback (AIF) controller
was introduced to realize integral action that ensures RPA. In fact, more recently, it was shown in [9] that
the antithetic motif is necessary to achieve RPA in arbitrary intracellular networks with noisy dynamics. A
detailed mathematical analysis of the performance tradeoffs that may arise in the AIF controller is presented
in [30,31], and optimal tuning is treated in [32]. Furthermore, practical design aspects, particularly the dilution
effect of controller species, are addressed in [28,29]. Biological implementations of various biomolecular integral
controllers appeared in bacteria in vivo [6,8,9] and in vitro [13], and more recently in mammalian cells [14].

In the pursue of designing high performance controllers while maintaining the RPA property, BCRN re-
alizations of PI and PID controllers started receiving more focused attention [33-38]. Particularly in [33], a
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A General Setup for Feedback Controllers C Linear PID using Error Feedback
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Figure 1: Feedback Controller Design and Performance. (A) The output to be controlled is fed back into the controller via
some sensing mechanism. The controller exploits the set point, that is typically “dialed in” by the user and computes the suitable
control action to be applied to the plant (or process) via some actuation mechanism. The goal of the control action is to steer the
output to the desired set point despite external (or even internal) disturbances. (B) A demonstration of various performance goals
that are typically targeted when designing the controller. (C), (D), and (E) Various PID control architectures. The classical
designs in (C) and (D) involve separate linear P, I and D operations that are added together to yield the control action u. The
difference between (C) and (D) is in the controller input: in (C) the error signal is the only input, while in (D) the error signal is
fed into the I component whereas the output signal is fed intro the P and D components . In this paper, we propose PID control
architectures that fit in the more general class depicted in (E) where the PID components are nonlinear and inseparable. This gives
more design flexibility for biomolecular controllers.

proportional component is separately appended to the antithetic integral motif via a repressing hill-type func-
tion to tune the transient dynamics and reduce the variance. The resulting PI controller follows the concept
of Panel D where error and output feedback are used to build separate (but nonlinear) P and I components.
Several successful attempts were carried out to realize a BCRN capable of approximating derivatives [39-42].
However, the first focused work on BCRN realizations of a full PID controller was done in [35], where the authors
introduce more controller species for the derivative component to follow the concept of Panel C in Figure 1. The
resulting PID controller uses error feedback to build separate nonlinear P, I, and D components and successfully
improves the dynamic performance in the deterministic setting. Using a different approach, [37] and [38] exploit
the dual-rail representation from [24], where additional species are introduced to overcome the non-negativity
challenge of the realized PID controller. The authors demonstrate the resulting improvement of the performance
in the deterministic setting. On a different note, [36] analyzed the effects of separate proportional and derivative
controllers on (bursty) gene expression models in the stochastic setting.

Interestingly, all previous research in this direction have two intimately related aspects in common. Firstly,
the P, I, and D components are realized separately such that they enter the dynamics additively. This aspect
is motivated by traditional PID controllers where the controller dynamics are constrained to be linear, and
thus the three components has to be added up (rather than multiplied for example). However, since feedback
mechanisms in BCRNs are inherently nonlinear, there is no reason to restrict the controller to have linear
dynamics and/or additive components. Secondly, the proposed derivative control designs introduce additional
species to realize the controller, and thus making the biological implementation more difficult. To this end,
we consider in this paper (more general) nonlinear PID controllers that do not have to be explicitly separable


https://doi.org/10.1101/2021.03.21.436342

bioRxiv preprint doi: https://doi.org/10.1101/2021.03.21.436342; this version posted March 22, 2021. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

into their three (P, I and D) components. This allows controllers to involve P, I | and D architectures in one
(inseparable) block as depicted in Panel E of Figure 1 where both, error and output, feedbacks are allowed.
The nonlinearity and inseparability features of the proposed PI and PID controllers provide more flexibility
in the BCRN design and allows simpler architectures that do not require introducing additional species to
the standalone integral controller. Note that, one can convert such inseparable PIDs with output and error
feedbacks to only error feedback by introducing a single additional controller species (similar to [35]). However,
in this paper, we use both error and output feedback to keep the controller designs as simple as possible and to
maintain the two degrees of freedom in the actuation.

The paper is organized as follows. A general framework for biomolecular feedback controllers is introduced in
the subsequent section. Then, in Section 3, several Proportional-Integral (PI) Feedback controllers are proposed
and analyzed in both the deterministic and stochastic settings. Next, a simple Derivative (D) component is
appended to the PI controller in Section 4. Simulations are carried out to assess the performance and is also
validated by a theoretical analysis. Finally, we conclude in Section 5.

2 General Framework for Biomolecular Feedback Controllers

The framework for feedback control systems is traditionally described through block diagrams (e.g. Panel A
of Figure 1). In this section, we lay down a general framework for feedback control systems where both the
plant and the controller are represented by Biochemical Reaction Networks (BCRN). With this framework,
the controller can either represent an actual biomolecular circuit or it can be implemented as a mathematical
algorithm in silico [43-45] to regulate a biological circuit (through light for example [46]).

2.1 Open Loop Description: an Arbitrary Plant

Consider a general plant, depicted in Figure 2, comprised of L species X := {X;, X2, -+, Xr} that react
with each other through K reaction channels labeled as R := {R!,R?,--- ,R¥}. Each reaction R* (k =
1,2,---, K) has a stoichiometry vector denoted by ¢, € Z’ and a propensity function A\ : N — Rf. Let
S = [Cl Gy - CK] € ZE*K denote the stoichiometry matrix and let A := [)\1 Ay - )\K]T denote
the (vector-valued) propensity function. Then, the plant constitutes a BCRN that is fully characterized by the
triplet Mo := (X, S, A) which we shall call the “open-loop” system.

Ny = (X, 5, X) Ny =Ny UN. = ({X,Z}, S, M)
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Figure 2: A Framework for Feedback Control of (Bio)chemical Reaction Networks. An arbitrary plant is comprised
of L species {X1, X2, ..., XL} reacting with each other. Species Xp,, by definition, is the output of interest to be controller, while
X1 is assumed to be the only accessible input species that can be “actuated” by the controller network. The closed-loop system,
with stiochiometry matrix S.; and propensity function A.;, denotes the overall feedback interconnection between the plant and
controller networks.
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2.2 Feedback Controller & Closed Loop Description

The goal of this work is to design a controller network, denoted by N, that is connected in feedback with the
plant network N, as illustrated in Figure 2, to meet certain performance objectives such as those mentioned
in the Section 1. To keep the controller simple, the number of controller species is restricted to only two, that
is Z := {Z1, Z2}. We assume that all the plant species are inaccessible by the controller except for species Xy
and Xjy,. Particularly, the controller “senses” the plant output species Xp,, then “processes” the sensed signal
via the controller species Z; and Zs, and finally “actuates” the plant input species X;. The controller species
are allowed to react with each other and with the plant input/output species through K. reaction channels
labeled as R. := {RL,R2,--- ,RE<}. Let S, € Z**Kc and A\, : N§ — (Rj)K
and propensity function of the controller, respectively.

Since the controller reactions R involve the controller species Z and the plant input/output species X1 /Xy,
the stoichiometry matrix S, can be partitioned as

° denote the stoichiometry matrix

Se = St ;

where S; and S € Z'™Xe encrypt the stoichiometry coefficients of the plant input and output species X;
and Xp,, respectively, among the controller reaction channels R.. Furthermore, S. € Z?*%e encrypts the
stoichiometry coefficients of the controller species Z; and Zs. Hence, to design a controller network N, for a
particular plant, it is sufficient to specify S1,Sg, S. and A..

Finally, the closed-loop system constitutes the open-loop network appended by the controller network so
that it includes all the plant and controller species X := {X, Z} and reactions R := {R,R.}. Thus, the
closed loop network, Ny := Ny U N, can be fully represented by the closed-loop stoichiometry matrix S
and propensity function A, shown in Figure 2. We close this section, by noting that although we restrict
the controller to involve only two species communicating with two other species in the plant, this framework
can be easily generalized to more species. The major flavor of this paper is to maintain the simplicity of the
biomolecular controller design which motivates our restriction to only two controller species Z; and Z.

3 Antithetic Proportional-Integral Feedback (APIF) Controllers

Equipped with the BCRN framework for feedback control systems, we are now ready to propose several PI
feedback controllers that are capable of achieving various performance objectives. All of the proposed controllers
involve the antithetic integral motif introduced in [26] to ensure RPA. However, other additional motifs are
appended to the antithetic motif to realize a proportional (P) control action.

3.1 Network Description

Consider the closed-loop network, depicted in Figure 3, where an arbitrary plant is connected in feedback with a
class of controllers that we shall call APIF controllers. Observe that there are three different inhibition actions
color coded as orange, purple and green. Each inhibition action gives rise to a single class of the proposed APIF
controllers. Particularly, when no inhibition is present, we obtain the standalone AIF controller of [26] whose
reactions are summarized in the first table of Figure 3. Whereas, APIF of Class 1 (resp. Class 2) involves the
inhibition of Xy by Xy, (resp. Zs), and APIF of Class 3 involves the inhibition of Z; by Xp. Furthermore,
each APIF class encompasses various types of controllers depending on the inhibition mechanisms that enter the
controller network as actuation reactions. We consider three types of biologically-relevant inhibition mechanisms.

e Additive Inhibition: In this mechanism, the inhibitor species produces the inhibited species separately
at a decreasing hill-type rate. For instance, in the case of APIF Class 1 with additive inhibition (second row
of the orange table in Figure 3), both Z; and Xy, produce X; separately, but Z; acts as an activator while
XL acts as a repressor. This separate inhibition can be captured by modeling the production of X, (that
is the positive actuation reaction R}) with an additive hill-type propensity given by h't(z1,z1) = k21 +
m, where n, « and « denote the hill coefficient, maximal production rate and repression coefficient,

respectively. The first term gives the integral (I) action, and the second term gives the proportional (P)

action. In fact, this APIF is the closest control architecture to [33] and [35], since the P and I components

are additive and separable (see Figure 1, Panels (C) and (D)).

e Multiplicative Inhibition: In this mechanism, the inhibitor competes with an activator over a produc-
tion reaction. For instance, in the case of APIF Class 1 with multiplicative inhibition (third row of the
orange table in Figure 3), Xy, inhibits the production of Xy by Z;. This can be captured by modeling

the production of Xy with a multiplicative hill-type propensity given by h'*(z1,21) = k21 x m
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Observe that in this scenario, the proportional (P) and integral (I) control actions cannot be separated;
instead, this actuation reaction R} encodes both PI actions in one shot.

e Degradation Inhibition: In this mechanism, the inhibitor invokes a negative actuation reaction that
degrades the inhibited species. For instance, in the case of APIF Class 1 with degradation inhibition
(fourth row of the orange table in Figure 3), Z; produces X; (positive actuation reaction R}) and X,
degrades X; (negative actuation reaction R ). For generality, if the degradation is assumed to be n-
cooperative, the dynamics can be captured by using a positive actuation with propensity h*(z1) = k21
and a negative actuation with propensity A~ (z1, 1) = dx127. Hence the overall actuation propensity is

defined as h(z1,21,21) := hT(21) — h™ (21, 2L).

Considering all three APIF classes with the various inhibition mechanisms, Figure 3 proposes eight different
APIF control architectures. Note that, it can be shown that a degradation inhibition in the case of APIF Class
3 would destroy the RPA property and is thus omitted. All of these controllers are compactly represented by
one general closed loop stoichiometry matrix S, and propensity function A, shown in Figure 3. The various
architectures can be easily obtained by properly selecting the functions h := h™ — h™ and g from the tables of
Figure 3. We shall call the function h (resp. g¢) as the actuation (resp. reference) propensity for reasons that
will be apparent in the subsequent section. In fact, the theoretical analysis that is carried out in the rest of the
section applies for any function h that is smooth and monotonically increasing (resp. decreasing) in z; (resp.
z9,x1 and x), and any function g that is smooth and monotonically increasing (resp. decreasing) in p (resp.

.’EL).
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Figure 3: Antithetic Proportional-Integral Feedback (APIF) Controllers. Three different classes of Proportional-

Integral controllers are proposed by appending the standalone antithetic integral feedback (AIF) controller with three (color-
coded) inhibitions. Different biologically-relevant inhibition mechanisms are described in the tables for each class. The inhibition
mechanisms include additive repression, competitive inhibition (multiplicative) and degradation. All eight controllers are compactly
represented by the closed-loop stoichiometry matrix S.; and propensity function A.; by choosing the suitable actuation propensity

function A from the tables.
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3.2 Deterministic Steady-State Analysis: Robust Perfect Adaptation

The deterministic dynamics of the closed loop systems, for all the APIF controllers given in Figure 3 can be
compactly written as a set of Ordinary Differential Equations (ODEs) given by

&= f(z) + h(z1, 22, 21,2L)e€1
2 =g(u,xp) —nz12e (2)
2o = Oz, — nz1 29,

where f(z) := SA(z) and e; :=[1 0 --- O]T € RE. Note that the actuation and reference propensities h
and g take different forms for different APIF control architectures as depicted in Figure 3. The fixed point of
the closed loop dynamics cannot be calculated explicitly for a general plant; however, the output component
(zr) of the fixed point solves the following algebraic equation

Q(Mny) = 957[17 (3)

where over-bars denote steady-state values, that is zy, := tlim 21, (t). Two observations can be made based on
—00

(3). The first observation is that (3) has a unique nonnegative solution since g is a monotonically non-increasing
function in x,. The second observation is that (3) does not depend on the plant. As a result, if the closed loop
system is stable (i.e. the dynamics converge to a fixed point), then the output concentration converges to a
unique set-point that is independent of the plant. This property is valid for any initial condition, and is referred
to as Robust Perfect Adaptation (RPA). Particularly, for the ATF and APIF of Class 1 and 2, the reference
propensity is g(u, ) = p, and thus Ty, = 4. Furthermore, for the APIF of Class 3, Z1, solves a polynomial
equation of degree n + 1 given by

u;azo
(4)

+ K"z — m"% =0.

Additive Inhibition: zht— %EZ + K"Z — K"

Multiplicative Inhibition: EZ“

For example, for a hill coefficient n = 1, the unique non-negative steady state (assuming closed-loop stability)
of the output concentration is given by

b—k+ (/€+%)2+4I€%
2

(%)

Clearly, 1 depends only on controller parameters p, 6, and k, and is thus robust to constant disturbances in
plant parameters. In conclusion, all the proposed APIF controllers maintain the RPA property that is obtained
by the antithetic integral motif (assuming closed-loop stability), while additional control knobs are introduces
to enhance other performance objectives.

Additive Inhibition: T =

(®)

Multiplicative Inhibition: Zp =

I

3.3 Verification of the Control Structure via Linear Perturbation Analysis

In this section, we verify analytically that all the proposed APIF controllers indeed involve Proportional (P)
and Integral (I) control actions. To do that, a linear perturbation analysis is carried out where we examine the

linearized dynamics around the fixed point. Let [QET Z1 ZQ]T denote the perturbation from the fixed point

[iT Z1 ZQ]T of (2). To carry out a linear perturbation analysis we assume that the reference signal p is
allowed to slightly vary in time around a nominal constant reference fi. That is, we have

Tt)=ax(t) -7 Z2i(t) =21(t) — 215 22(t) = 22(t) — z2; () = p(t) — .
The linearized dynamics can thus be written as
= A+ (013 — 0230 — 3% — 04%) €1
le = 05fl — 06T — NZ2Z1 — NZ172
Zy = 0% — nZaZ1 — NZ1 20,

where A = 0f(z), Oh(z1,22,71,Z1) =: [01 —09 —03 —04], and dg(@,zr) =: [05 —06], such that
01,05 > 0 and 09,03,04,06 > 0.
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The underlying control structure is most easily uncovered and visualized by drawing the block diagram of
the linearized dynamics (refer to Box 1: A Primer on Block Diagrams). Taking the Laplace transforms yields

Zr(s) =€l (sI—A)_l e1u(s); where A := A — g3ejel
’LNL(S) = 0151(8) — 0'222(8) — 04@L(8)
- o5i4(s) — ogTr(s) —nNz122(s
Z1(s) = 5/i(s) 6 L(i) nZ1%2(s)

S+ nza
. 0%r(s) —mz221(s
22(8): L() 7772 1( )

s+ nz1

Next, we express Z1(s) and Zo(s) in terms of fi(s), Z1(s) and the error defined as é(s) := fi(s) — (%) Zr(s).
We have

- B N NZ105 . 1
1(6) = oui(s) — ouae) + 17000 L
- - NZ205 . 1
=10 — .
2a(s) = [ (6) = 2000 |
Substituting for Z1(s) and Z3(s) in @(s) and collecting similar terms yield
o . n(o121 +0223) 020+ 0106 _ g5 o
u(s) = {m,ud(s) + - é(s) R zr(s) STt 47 1(8).

This is the controller transfer function that relates the control action @ to the reference signal i, the error signal
€ and the plant output Z; in the Laplace domain. Therefore, equipped with the controller and plant transfer
functions given by

K c -
Controller:  4(s) = [Kp/l(s) + 2Le(s) — KPZLZ'L(S):| Ye Kp &r(s)
s S+ we
Plant: Zr(s) = P(s)a(s);
R ] Kn=oi O
n(Z1 + 22) Z1+ 22 05
where: 090 + 0106 )
Kp, = 22210196 =z + 2 P(s) =T (sI — A)~
P ) 1z + 22), (6 =ep (s1=4) e

we can now draw the block diagram shown in Figure 4 which compactly encompasses all of the proposed APIF
architectures. In particular, for the standalone AIF controller, both proportional gains Kp, and Kp, are set to
zero. For the APIF controller of Class 1 (resp. Class 2 & 3), the proportional gain Kp, (resp. Kp,) is set to
zero. The remaining gains K, Kr, and Kg are obtained by calculating the o;s for the various APIF controllers
(Appendix A), and the results are shown the table of Figure 4. Observe that, for all the proposed architectures,
there is an Integral (I) and a Proportional (P) control action. In fact, since the controller acts on both the error
signal € and the output signal Zj,, then the PI architecture (of the linearized dynamics) resembles the setting
given in Panel D of Figure 1. The main differences are two additional blocks:

e Feedforward Block: This block is a consequence of the positivity of the nonlinear dynamics. The
reference signal f “lifts” the dynamics towards the positive orthant, by adding the feedforward term to
the integrated error.

e Low Pass Filter: This block is a dynamical system that filters fast signals with frequencies higher than
the cutoff frequency w. = 1(z1 + Z2). This block is a consequence of the time dynamics of the nonlinear
sequestration reaction.

As demonstrated in Figure 4, for the APIF controllers of Class 1 (Kp, > 0, Kp, = 0), the Proportional control
action Kp, 2, is instantaneous since it is fed back to the plant as is and without any filtering (that involves time
dynamics). In contrast, for the APIF controllers of Class 2 and 3 (Kp, = 0, Kp, > 0), the Proportional control
action K p,Zy, is not instantaneous since it is passed through a low pass filter before it is fed back to the plant.
This low pass filtering step arises because the output species does not actuate the input species immediately like
the APIF controllers of Class 1; instead, the output actuates the input via an intermediate controller species:
Z, (for Class 2) and Z; (for Class 3). This low pass filter typically delays the Proportional control action, and
as a result — depending on the performance objective and particular plant at hand — it can have a negative or
positive effect on the closed loop dynamics.
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Figure 4: Block Diagram of the APIF controllers. This block diagram compactly represents the dynamics (in the
Laplace domain) of the linearized closed-loop systems obtained by all the APIF controllers proposed in Figure 3 . Particularly,
APIF controllers of Class 1 (resp. 2 and 3) give rise to the proportional gain Kp, (resp. Kp,). The low pass filter in between
demonstrates the instantaneous (resp. filtered) proportional control action of the APIF controllers of Class 1 (resp. 2 and 3). The
table shows the PI gains as a function of the various biological parameters.

Note that, if the sequestration reaction is fast enough (7 is large), the effects of the feedforward block and
low pass filter become negligible. This can be observed by examining the asymptotic limit, as n — oo, that
yields
We

S+ we

lim Kp =0 and lim
n—00 n—00

Consequently, as n — oo, the PI architecture of the linearized dynamics becomes exactly the same as that given
in Panel D of Figure 1.

Lastly, observe in the table of Figure 4 that the various PID gains may depend mutually on the same controller
parameters. As an example, for Class 1 with multiplicative inhibition, the controller parameter x can tune both
the proportional gain Kp, and the integral gain K; simultaneously. This is a consequence of the inseparability
of the original nonlinear PID architecture. In contrast, for Class 1 with additive inhibition, the controller
parameter o can tune the proportional gain Kp, only. We will show next, that this simultaneous tuning of the
PID gains, with a single controller parameter, may yield better stability properties and performance.

3.4 Deterministic Stability Analysis & Performance Assessment

To compare the stability properties of the various proposed APIF controllers, we consider a particular plant,
depicted in Panel A of Figure 5, that is comprised of two species X3 and X (that is, L = 2). This plant may
represent a gene expression network where X; is the mRNA that is translated to a protein Xg at a rate k.
The degradation rates of X; and Xs are denoted by 7; and ~o, respectively. The closed-loop stoichiometry
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matrix and propensity function are also shown in Panel A. Using the Routh-Hurwitz stability criterion, one
can establish the exact conditions of (linear) stability of the fixed point (Equation (13) in Appendix A) for the
various proposed APIF controllers. These conditions, once satisfied, guarantee that the dynamics converge to
the fixed point when the trajectory is in the basin of attraction.

For the remainder of this section, we consider fast sequestration reactions, that is n is large. Under this
assumption, one can obtain simpler stability conditions that are calculated in Appendix A, and tabulated in
Panel B of Figure 5. The stability conditions are given as inequalities that has to be satisfied by the various
parameters of the closed-loop systems. A particularly significant lumped parameter is p := % that
depends only on the plant and standalone AIF controller parameters.

To study the stabilizing effect of the appended proportional (P) component, we fix all the parameters related
to the plant and standalone AIF controller (hence p is fixed), and investigate the effect of the other controller
parameters related to the appended proportional component. By examining the table in Panel B, one can see
that, compared to the standalone AIF, the APIF controller of Class 1 with multiplicative (resp. degradation)
inhibition enhances stability regardless of the exact values of k (resp. §) and n. This gives rise to a structural
stability property: adding these types of proportional components guarantees better stability without having
to fine-tune parameters.

In contrast, although the APIF controller of Class 1 with additive inhibition may enhance stability, special
care has to be taken when tuning a. In fact, if @ is tuned to be larger than a threshold given by 2227 [1 + (r/k)"],
then stability is lost. Panel C of Figure 5 elaborates more on this type of APIF controller. Three cases arise
here. Firstly, if p < 1, that is the standalone AIF already stabilizes the closed-loop dynamics, then the («, x)-
parameter space is split into a stable and unstable region. In the latter (« is larger than the threshold), zo
grows to infinity, and the output zo never reaches the desired set point r = u/0. Secondly, if 1 < p < 2
that is the standalone AIF is unstable, then the (o, k)-parameter space is split into three regions: (1) a stable
region, (2) an unstable region with divergent response similar to the previous scenario where p < 1, and (3)
another unstable region where persistent oscillations emerge as depicted in the bottom plot of Panel C. Note
that the closer p is to 2, the narrower the stability region is. Thirdly, for p > 2, the stable region disappears and
thus this APIF controller has no hope of stabilizing the dynamics without re-tuning the parameters related to
the standalone AIF controller (e.g. k and/or ). Clearly, multiplicative and degradation inhibitions outperform
additive inhibition if stability is a critical objective. To this end, Panel D of Figure 5 shows how the settling time
and overshoot can be tuned by the controller parameters «, k, and § for additive, multiplicative, and degradation
inhibitions, respectively. It is shown that with multiplicative and degradation inhibition, one can simultaneously
suppress oscillations (settling time) and remove overshoots. In contrast, a proportional component with additive
inhibition can suppress oscillations but is not capable of removing overshoots as illustrated in the simulations of
Panel D to the right. Furthermore, one can lose stability if « is increased above a threshold as mentioned earlier.
Nevertheless, for multiplicative and degradation inhibitions, increasing the controller parameters (k~1,§) too
much can make the response slower but can never destroy stability.

The other two classes (2 and 3) are shown to be undesirable in enhancing stability. Observe that for Class 2,
the stability conditions are the same as the standalone AIF controller (in the limit as  — co) with an exception
in the case of additive inhibition when o > 7,2—?27". Note that, in the latter, the inequality is structurally very
different from all other stability conditions. In fact, in this case, the actuation via Zs dominates Z;, and hence
Z5 becomes responsible of the Integral (I) action. The detailed analysis of this network is not within the scope
of this paper, and is left for future work. Finally, APIF controllers of Class 3 deteriorates the stability margin,
since the right hand side of the inequalities are strictly less than one. However, this class of controllers can be
useful for slow plants if the objective is to speed up the response.

3.5 Stochastic Analysis: RPA & Stationary Variance

We now investigate the effect of the APIF controllers on the stationary (steady-state) behavior of the output
species Xy, in the stochastic setting. Particularly, we examine the stationary expectation E, [X ] and variance
Var, [X1]. The evolution of the expectations of the various species in the closed-loop network of Figure 3
are simply given by the differential equation %E [Xea] = E[SauMa (X)) By substituting for the closed-loop
stoichiometry matrix S.; and propensity function A, given in Figure 3, we obtain the following set of differential
equations that describe the evolution of the expectations for an arbitraty plant

%E [X]=E[SAX)] +E[h(z1, 22,21, 21)]
S E(21) = Blo(n, X2)] — E (2,23 @
d

ZE(Z2] = 0E[X,] —E(212,).

11


https://doi.org/10.1101/2021.03.21.436342

bioRxiv preprint doi: https://doi.org/10.1101/2021.03.21.436342; this version posted March 22, 2021. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

A R Re
—_——
R R? R® R, R, R, RS Ry
0 -1 0 o 0 0 1 -1 X,
,,,,,,,,,,,,,,, X
1 0 -1 o 0 0 0 0 X,
Scl =
0o 0 0 o-1 1 0 0 Z, 7
1 0 0 1 -1 0 0 O Z,
R R,
R R R® R, R, R, R} R .
/\nl(-’lﬁ,f’:) = [ kiry mrr Yaxe O0xy nzize g(p.xe) hT(z1,20,22) h™ (29,21, 22) }
9 Actuation Propensity: h(z, 22,21, 22) := h' (21, 22, 22) — h™ (22, 21, 22)
B Stability Conditions for large 7 C| APIF Class 1 (Additive)
. 1
o kkf 10° n
P = et
Class | Inhibition Stability Conditions (large 7) 104
=
< None p<l1 T
k =1l s 102
p<1l+ 10 _n(r/)" 3
Additive 7726 [1 + (r/k)"] Unstable
S
- a< %T 1+ (r/6)" 100l & é tifblfe
2
n
E @ | Multiplicative p<l+4(n+1)(r/c)" T2y
o 2 025 ‘
Degradation p<1l+drm [%} 102 100 . 10°
: T2
p<l1 if a< k—lr 106
Additive ik ok i
L e Tzn( 1 _1) e
g & 6 N+ nyar ky 10
n
T % | Multiplicative p<l1
<0
Degradation p<l1 3 10°
L) Additive p< W
= % < [L(r/ )2 10°
<= o e g 1
O | Multiplicative p < 7“{%{1‘&351;
1072
107

D APIF Class 1, Deterministic Performance
400 0.25 e 0.5 . 0
=:A?f|iti|m|l:;anve —— Settling Time — Standalone AIF
. -Dengdation ~ = Overshoot 8L — Additive |
o 3000, s 13 — Multiplicative
B = p —— Degradation
g g 6 /\
=4 2@ = /\ VA
E Unstable 8 3 A v \/ \/ |
b= o
“ 11
2 4
T-e T 0 0 . . . .
90 0 10 20 t 30 40 50
0 0.3 0 0.6
E APIF Class 1, Stochastic Performance
0 2 k1 A 5
T T T T 10 T T T T T T T
12| |MEAddiive act . a>ary ] — Standalone AIF
s S o  pndakne AF)
101 = | 1 — Multiplicative
‘ — — Degradation
= 6 s " J
=
=
< 4 1
-
2 4
2t Unstable g
0 Il 0 I I I I I I I
0 100 X apy = 210 350 0 10 20 30 40 50 60 70 80

. - . . t

B 5 -

Figure 5:  See caption next page.

12


https://doi.org/10.1101/2021.03.21.436342

bioRxiv preprint doi: https://doi.org/10.1101/2021.03.21.436342; this version posted March 22, 2021. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

Figure 5: Performance of APIF Controllers. (A) Gene Expression Network Controlled by APIF Controllers. (B)
Inequalities that need to be respected by the various controllers (when 7 is large enough) to guarantee closed-loop stability in
the deterministic setting. Multiplicative and degradation inhibition mechanisms exhibit superior stability properties. (C) APIF
controllers of class 1 with an additive inhibition mechanism, exhibit different stability properties for different ranges of the parameter
group p (that depends solely on the plant and the standalone AIF controller). In particular, for p < 2, proportional action can
stabilize the dynamics, while for p > 2, the proportional action cannot stabilize the dynamics without re-tuning the integral
action. (D) Settling time and overshoot for the output (X2) response as a function of controller parameters that are relevant
to the appended proportional components. Multiplicative and degradation inhibition mechanisms are capable of ameliorating the
performance without risking instability as opposed to the additive inhibition mechanism. (E) The degradation mechanism exhibits
superior stationary variance reduction. This is illustrated theoretically (see Table 1) and via simulations.

At stationarity, assuming that the closed-loop network is ergodic, the time derivatives are set to zero. Particu-

larly, we have

C B2 -E ) =0 = B loln X0)] = 0B, [Xs].

To achieve RPA at the population level (i.e. expectations), the stationary expectation E; [X] of the output
species should not depend on the plant parameters. Clearly, this depends on the function g. In fact, if g is
nonlinear in Xy, then there is no guarantee that RPA is achieved because the nonlinearity couples higher order
moments (that may depend on the plant parameters) with E; [X1]. As a result, RPA is not guaranteed for
the APIF controllers of Class 3 in the stochastic setting, although it is guaranteed in the deterministic setting.
Nonetheless if g is affine in X, then RPA is guaranteed (once again, assuming ergodicity). In particular, for
the APIF controllers of Class 1 and 2, we have g(u, X1,) = p and as a result E; [X] = p/6. Clearly, for these
class of controllers, E, [X] depends only on the control parameters p and 6 (like the deterministic setting),
and thus RPA is ensured as long as the closed-loop network is ergodic.

Next, we examine the variance of the output species Xy,. Unfortunately, a general analysis for an arbitrary
plant cannot be done. As a case study, we consider again the particular plant given in Panel A of Figure 5
in feedback with the APIF controller of Class 1. Even for this particular plant, one cannot derive an exact
expression for Var, [X5]. This is a consequence of the moment closure problem that stems from the inherent
nonlinear nature of the antithetic motif (quadratic propensity: 7z;22), and the proportional actuation (fractional
propensity: h(z1,z2,21,22)). However, a tailored moment closure technique was proposed in [33] to give an
approximate expression for Var, [Xs] in the case of the APIF controller of Class 1 with additive inhibition
and n = k = 1. This approximate technique exploits the fact that E, [Z1Z3] = p/n ~ 0 for large n; and as
a result assumes that Z5 remains close to zero. Furthermore, a linearized approximation of the function h is
also exploited to circumvent the moment closure problem (see Appendix C for more details). Applying this
approximate technique to our more general controllers allows us to give a general (approximate) expression for
Var, [X2] that encompasses all three types of inhibitions with an arbitrary hill coefficient n > 1. The results
are summarized in Table 1, where a general formula is given for any choice of h. Recall that

h(z1, @1, 22) := h™ (21, ®2) — h™ (21,21, 22), Oh(z1,z1,22) =: [o1  —o03 —04], o1 >0, 03,042>0.

Furthermore, recall from (6) that Kp, = o4 and K; = 05%. Since in the limit of large 7, Z2 ~ 0 (refer

to Appendix C), and for Class 1 APIF controllers we have that o5 = 1, then K; ~ o1 (for large 7).

Stationary Variance Var, [X,] ~ r | {22 ?%Tﬁl%)ﬁiﬁfyjﬂ? fézjf)ljfrﬁll'g“w
Controller ht(z1,x2) h=(z1,22) | o1 =K1 | 03 o4 =Kp,
ATF kz1 0 k 0 0
APIF Class 1 (Additive Inhibition) k2 + T 0 k 0 ﬂ%
APIF Class 1 (Multiplicative Inhibition) H@ﬁ% 0 W 0 | 4= %
APIF Class 1 (Degradation Inhibition) kz dxyay k or™ n%r”

Table 1: Output Variance for the gene expression network regulated by the APIF controllers of Class 1.

Observe that the denominator of the variance expression is positive when the deterministic setting is stable
(see (14)). Hence this expression is only valid when the deterministic setting is stable; otherwise, this approxi-
mation is meaningless. One can easily see from the general expression in Table 1 that Var, [X5] is monotonically
increasing in o7 ~ K and monotonically decreasing in o4 = Kp,. Therefore, this approximate formula for the
variance suggests that increasing the integral gain K; (resp. proportional gain Kp) increases (resp. decreases)
the stationary variance of the output species Xa. This conclusion extends the results in [33] to more general
proportional actuations involving different mechanisms of inhibitions with cooperativity (n > 1).
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Particularly, for the case of additive inhibition (which is similar to the previous works in [33] and [35] with
k =n = 1), a tunes the proportional gain only. In fact increasing « increases o4 = Kp, and thus decreases the
stationary variance as illustrated in Panel E of Figure 5 through both stochastic simulations and the approximate
formula. However, this inhibition mechanism has the disadvantage that «, similar to the deterministic setting,
cannot exceed a threshold where ergodicity is lost. Additionally, the accuracy of the approximate formula
deteriorates, as illustrated in Panel E, when a gets closer to the verge of losing stability. As a result, « has to
be tuned carefully. In contrast, for the case of multiplicative inhibition, tuning s automatically tunes both the
proportional and integral gain in a beneficial manner. More precisely, decreasing x enough (k < r), increases
the proportional gain Kp, = o4 and decreases the integral gain K; ~ o1, simultaneously. This has the effect
of decreasing the variance without risking loss of stability as illustrated in Panel E. Similarly, for the case of
degradation inhibition, increasing § automatically increases the proportional gain and the degradation rate of the
input species X (through o3). This also has the effect of decreasing the variance without risking loss of stability
as illustrated in Panel E. In fact, multiplicative and degradation inhibitions provide a structural property of
decreasing the stationary variance of the output species Xo. That is, the relevant controller parameters (k and
0) doesn’t have to be fine tuned to decrease the variance and not risk loss of stability. Furthermore, it is clear
from Table 1 that increasing the hill coefficient n will boost the proportional gains o4 = Kp and thus ameliorate
the effectiveness of proportional component in decreasing the stationary variance.

4 Antithetic Proportional-Integral-Derivative Feedback Controllers

In this section, we append a Derivative (D) control action to the APIF (Class 1) controller of Figure 3. The
proposed motif, depicted in Panel A of Figure 6, yields a PID architecture whose P, I and D components are
inseparable as described in Panel E of Figure 1. The main advantage of the proposed APIDF controller is
its simplicity. Observe that, compared to the APIF (Class 1), no additional controller species are added, and
only one additional reaction is required to produce Z; catalytically from Xj, at a rate 8 < 6. Intuitively,
the proposed motif involves an antithetic integral action cascaded with an incoherent feedforward loop. More
precisely, the output species Xy, directly inhibits X; and simultaneously produces it via the intermediate species
Z,. This incoherent feedforward loop gives rise to a Proportional (P) and Derivative (D) action simultaneously
in an inseparable fashion as will be shown next. The closed loop network with the stoichiometry matrix and
propensity function are all shown in Figure 6.
The deterministic dynamics of the closed loop system are given by

&= f(z) + h(z1,21,2L)e1
1= p+ Brr —nzz (8)
Zg = Oz, — n2122,
where f(x) = SA(z). Similar to the APIF controllers, the actuation propensity h can take different forms as
illustrated in the table of Figure 6, Panel A. The output component of the fixed point can be easily calculated
to be "
T = — 9
=93 9)
Note that Z, is positive and well defined under the imposed condition 5 < #. This means that RPA is achieved,

and the parameters pu, 6 and 5 serve as knobs for tuning the set point.
To analytically verify that the proposed architecture indeed involves a PID control action, we carry out a

linear perturbation analysis similar to that carried out for the APIF controllers. Once again, let [ﬁfrT Z1 Zg]T

denote the perturbation from the fixed point [:TT Z1 EQ]T of (8). We also assume that the reference signal u
is allowed to slightly vary in time around a nominal reference . That is, we have

I(t) = z(t) — z21(t) = a(t) — 21 Z(t) = 22(t) — Z2; At) = p(t) — p.
The linearized dynamics can thus be written as

T = AQ~3+ (0'121 — Ugi’l — O'4£EL) €1
Z1 =+ BT —nZaZ1 — NZ122

Zo = 0%, — NZaZ1 — NZ122,

where A := 0f(Z), Oh(z1,%1,%) =: [o1  —03 —oy4] such that oy > 0 and 03,04 > 0.
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Figure 6: Antithetic Proportional-Integral-Derivative Feedback (APIDF) Controllers. (A) APIDF Control Net-
work. An additional production reaction (marked in blue) is appended to the APIF controller of class 1 (see Figure 3) to obtain an
additional derivative action. Intuitively, this additional reaction introduces an incoherent feedforward pathway from Xy, to X1 that
is cascaded with the standalone AIF controller. Similar to the previously introduced APIF controllers, three different biologically-
relevant inhibition mechanisms are considered. (B) APIDF Controller Block Diagram. Similar to the block diagram of the
APIF controllers depicted in Figure 4, this block diagram represents the dynamics of the linearized closed-loop system obtained by
the proposed APIDF controller with all three inhibition mechanisms. The table shows the PID gains as a function of the various
biological parameters.
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Taking the Laplace transforms yields
~ _ T AT . T
Ir(s) =ep (sI —A)  eyu(s); where A:= A — o3eqe]

u(s) = 0121(8) — 042 L(8)

51 (s) = P+ BEL(s) — 21 a(s)

S+ Nz
- 95][,(5) — 7’]2251(8)
%a(s) = s+ Nz .

Next, we express Z1(s) and Z5(s) in terms of [i(s), Z1(s) and the error é(s) := fi(s) — (60 — B) Z(s) as

N T o B S
Z1(s) = [N(5)+5xL(s)+ 5 )} s+n(Z1 + 22)

5a(s) = [em(s) - 7’?5(5)} m

The feedback control action u(s) can thus be written as

1
S+77(21+22)

no12z1 -

“(5) + 01510

o171 €(s) — 048TL(s) — (0an(z1 + 22) — 1) i’L(s)}

u(s) = |:(71,L~11(S) + — 04ZL(8)

1
s+n(zZ1+22)°

= [01/1(5) +

This is the controller transfer function that relates the control action @ to the reference signal fi, the error signal
¢ and the plant output Z;, in the Laplace domain. Therefore, equipped with the controller and plant transfer
functions given by

~ ~ K ~ 7 We
Controller:  4(s) = |:KFM(S) + ?16(3) - (KP + KDS) xL(S)] 5+ we
Plant: Z(s) = P(s)a(s);
; (10)
KF:%, Klzal%v Ks=0-p, KP:CM*LB*’
where: 77(z10—|— Z2) Z1+ 22 ) n(z1 +22)
Kp=—t " wo=n(2 +2), P(s)=eL (sI—A) e,
D 1(Z1 + 22) n(z1 2) (s) L( ) 1

we can now draw the block diagram shown in Panel B of Figure 6 which compactly encompasses the proposed
APIDF architectures with three different inhibition mechanisms. Note that for the proposed controller archi-
tecture to properly function as a PID controller, 8 has to be strictly positive. If 3 = 0, it can be shown that the
low pass filter annihilates the effect of the derivative component. Observe that the various controller parameters
(n,0,8,...) appear mutually in the various PID gains and cutoff frequency. This is the consequence of having an
inseparable PID controller. Recall that for the previously proposed APIF controllers, the sequestration reaction
is assumed to strong (7 is large). In contrast, for the proposed two-species APIDF, n cannot be large because
the derivative gain Kp := m becomes negligible. As a result, to obtain a complete PID architecture, n
should play the role of a tuning parameter that is small enough to control the derivative gain Kp.

Next, we investigate the generality of the proposed PID controllers. That is, we aim at answering the follow-
ing question: Are there enough degrees of freedom in the controller to freely tune the PID gains (Kp, K1, Kp)
and cutoff frequency w.? To answer this question, we consider a particular plant in feedback with the proposed
APIDF controller depicted in Figure 7. It is proved in Appendix B that the achievable PID gains and cutoff
frequency are restricted to the following sets

Additive Inhibition: Sa= {(KP,KI,KD,wC) : Kp < Kpw. < %(Kp + 7')}
n
Multiplicative Inhibition: S, = { (Kp,K;,Kp,w.) : Kp < Kpw. < min{nt, Kp + T}} (11)

Degradation Inhibition: Sp = {(KP,KI,KD,wC) : Kp < Kpw, < Ll(Kp + 7')} ,
n_

where 7 := “’,1;2 is a rate constant that depends solely on the plant. Appendix B also provides exact formulas that
show how to tune the controller parameters p, 6,7, k, @, 3,6, ... to achieve a given set of PID gains (Kp, K;, Kp)
and cutoff frequency w.. Several remarks are worth noting here. Firstly, observe that S4 C Sy € Sp. This
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means that more possible values of the PID gains and the cutoff frequency are achievable with degradation than
with multiplicative and additive inhibitions. In fact, for n = 1, Sp becomes independent of the plant and Kpw,
has to respect a lower bound only. This is as opposed to Sy; and S4 where the plant rate constant 7 imposes
an upper bound on Kpw,.. Secondly, it is clear that not all PID gains and cutoff frequencies are achievable.
This is the price that we pay to keep the PID controller simple, that is, involve only two species Z1 and Zs.
However, although these sets limit the achievable gains and cutoff frequency, there is still enough room that
allows us to leverage the benefits of the proposed PID controller and achieve various performance objectives as
will be demonstrated in the subsequent sections.

4.1 Derivative Control Action Stabilizes the Dynamics but Boosts the Variance

To study the effects of the (inseparable) Derivative control action with different inhibition mechanisms, we
consider the closed loop network of Figure 7 Panel A. The plant is the same as the one in Figure 5, however
the controller is different. The Proportional and Integral gains are fixed to be Kp = 0.25 and K; = 1.2. The
cutoff frequency is also fixed to be w. = 10. We only vary the Derivative gain Kp to asses its influence on the
transient response and the stationary variance. The plant parameters are set to k1 = v1 = 2,72 = 1 except
for the case of additive inhibition where 5 = 2 to make the dynamics more stable and circumvent the possible
instabilities that might emerge as shown previously in Figure 5, Panel C. The values of the various controller
network parameters can be calculated from the gains and cutoff frequency using the formulas in Appendix B,
where § = 2, n = 1 and k = 1 (for the additive inhibition) are fixed. The deterministic simulation results,
depicted in Panel B of Figure 7, clearly shows that the Derivative gain Kp has a stabilizing effect and is capable
of suppressing oscillations. Interestingly, compared to the APIF controller in Panel D of Figure 5, the derivative
component adds an additional knob to improve the transient response. Particularly, recall that with additive
inhibition, the APIF controller was capable to suppress the oscillations but could not get rid of the overshoot.
The APIDF controller, however, is capable of removing the overshoot. Furthermore, with multiplicative and
degradation inhibition, the APIF controller suppresses the oscillations at a price of slowing down the transient
response. The APIDF controller, however, can do the opposite. That is, it suppresses the oscillations while
keeping the initial transient response fast. Therefore, with this additional (Derivative) knob, one has an extra
degree of freedom to optimize the transient response.

In the stochastic setting, the derivative component boosts the variance of the output species Var [Xa] when
the inhibition mechanism is additive or multiplicative as depicted in Panel C of Figure 7. Intuitively, this is a
consequence of the fact that the derivative operation is vulnerable to noise. In fact, it is well known in control
theory that the D component hinders the PID controller’s resilience to noise [16, 10.5], and, consequently, it is
either set to zero or low-pass filtered in many industrial applications. This seems to also apply to BCRNs as well.
Nonetheless, with degradation inhibition, increasing Kp reduces the stationary variance. At first, this might
seem to contradict our previous observation. However, we will show next that with degradation inhibition,
there is a “hidden” proportional component inside the plant of Figure 6 Panel B. This hidden proportional
component has a gain K/ that is proportional to the derivative gain Kp as depicted in Panel D of Figure 7.
As a result, if Kp is increased, K is also increased and thus it counteracts the variance-boosting effect of the
derivative component while maintaining its benefits on the transient response.

To show this hidden proportional control action, recall that the transfer function of the plant is given by

Zr(s) = P(s)u(s), with P(s) =eF(sT — A)7ley, A=A—o3erel.
This input-output relationship of the plant can be equivalently rewritten in the time domain as
T=AZ 4 (0 —o3F1)e;,  ip=eli,

where @ := 01%; — 04%7 and #; = el 2. By keeping the term 03%; separated, one can write the input-state
relationship as #(s) = (sI — A)~le; (@ — 03%;). Therefore we have that

[if((jﬂ = [Eﬂ (sI = A)"ex (ﬂ(s) - K}:ﬁsl(s)), with K} = o3.

This equation is exactly equivalent to the block diagram in Panel D of Figure 7. Finally to show that K is

nézir"

proportional to Kp, recall that o3 := —0,,h(21,Z1,Z1) = dr"™ and Kp = n(21+22)1 from the table of Figure 6

Panel B. Hence, since w, := 1(Z1 + Z2), we have that K} = %KD‘

Next, we present a theoretical analysis that supports the variance-boosting effect of the derivative component.
Recall that the approximate formulas derived for the stationary variance Var, [X3] in the case of the APIF
controllers are valid when 7 is large. This requirement is essential to apply the approximate moment closure
technique in Appendix C. However, for the proposed APIDF controllers, 7 is required to be small; otherwise,

Kp =~ 0 and the controller operates effectively as a PI controller only. Consequently, it is difficult to derive an
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Figure 7: Performance of APIDF Controllers. (A) Gene Expression Network Controlled by APIDF Controllers. (B) and
(C) The PI gains and cutoff frequency Kp, K1 and we, respectively, are fixed while the derivative gain Kp is increased to asses the
effect of the derivative control action on the deterministic and stochastic performances. The derivative control action appears to have
a stabilizing effect on the (deterministic) transient dynamics by suppressing oscillations. For the stochastic dynamics, increasing the
derivative gain seems to boost the stationary variance of the output species in the cases of additive and multiplicative inhibitions.
However, with degradation inhibition, increasing the derivative gain has an opposite effect on the variance. The reason is explained
in Panel (E) which demonstrates that the degradation inhibition gives rise to an additional (hidden) proportional control action
with gain K, that is proportional to the derivative gain Kp. This additional (hidden) proportional component is capable of
counteracting the variance-boosting effect of the derivative component while simultaneously exploiting its stabilization benefits.
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approximate formula for the stationary variance Var, [X5] in the case of the proposed APIDF controllers (with
7 small).

To this end, we construct, instead, a linear “fictitious” reaction network that has a linear PID control
structure (similar to Figure 1, Panel C) and analyze it. The linearity of the fictitious network is essential to
circumvent the moment closure problem and, thus, obtain an exact formula for the variance. We call it a
fictitious reaction network because the state variables and propensities are theoretically allowed to go negative.
However, this fictitious network can be thought of as zeroth order kinetics, or a linearization of a real nonlinear
reaction network whose state variables and propensities are always non-negative.

Reaction Fictitious Propensity
R | X— ¢ yx
Ri gb S Z1 r
R:|\Zy— ¢ T
’Rg ¢ — 2y wer
Ri|\Zy— ¢ we(ze + )
RE ¢ — X (KP—FKD(UC)T—FK[Zl
RS | X — ¢ | (Kp + Kpwe)x + Kpwezo
Proportional
Kp < x Re
¥ R R R R RRS R

[Control Action

K € f \.
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Figure 8: A Fictitious (non-biochemical) linear PID controller. A fictitious reaction network is designed (upper table)
that realizes the linear dynamics of the standard PID controller with filtered derivative control. This fictitious reaction network
can be though of as a linearization of a realistic (nonlinear) reaction network, or a network with zeroth-order kinetics. In fact, any
nonlinear PID controller will have a linearization possessing a similar architecture. Since the dynamics are linear, a formula for the
stationary variance is derived and depicted in the lower table. The integral (resp. proportional) control induces an increase (resp.
decrease) in the stationary variance. Furthermore, the derivative control induces a boost in the stationary variance if the cutoff
frequency wc is large enough (mimicking a pure unfiltered derivative controller). These theoretical conclusions are consistent with
the proposed nonlinear APIDF controllers.

The fictitious network is depicted in Figure 8, where we consider a plant describing a birth-death process
for simplicity. More general unimolecular (linear) plants can also be considered (refer to Appendix D). Observe
that the controller has the basic PID structure where the species X is measured, and compared to the reference
r by computing the error e := r — . Then the Proportional, Integral, and Derivative terms of the error are
computed and summed up to obtain the control action u that is fed back to the plant as the production rate
of the species X. Note that the derivative term is passed through a low pass filter with a cutoff frequency w,,
and thus the PID has a filtered derivative component which becomes a pure derivative in the limit as w. — oo.
The goal is to realize the closed-loop system as a fictitious reaction network and derive an exact formula for the
stationary variance Var, [X].
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From the block diagram in Figure 8, one can immediately write down the transfer function of the controller
(in the Laplace domain) as

S+ Wwe
To rewrite this controller relationship in the time domain, we introduce two state variables z; and zo defined as

as) = ) g 2 (1 - “’C) e(s) =: e(s) — za(s).

S S+ we S+ we

u(s) = (i’ + Kp + Kps—= >e(s),

The first differential equation in z; can be easily written as 2; = r — x. The second differential equation in zy
can be written as zo = —w.2s + w.r — w.x. Therefore, the control action u in the time domain can be written
in terms of z; and 29 as

u=(Kp+ Kpw.)r — (Kp + Kpw.)x + K121 — Kpw,zo
ZL=r—=x
Z9 = —WeZ9 + Wel — Welk.

These linear equations can be realized as a set of fictitious reactions listed in the Table of Figure 8. With
the list of reactions at hand, one can construct the stoichiometry matrix and propensity function that are also
depicted in Figure 8. Observe that the propensity function is affine in the state variables, and as a result
there is no moment closure problem, and one can derive exact expressions for the stationary expectations and
variances. In fact, it is shown in Appendix D that, assuming ergodicity of the closed loop system, the stationary
expectation is E; [X] = r, regardless of what the plant is. This is a consequence of the integral control action
that ensures RPA. Furthermore, an exact formula for the stationary variance Var, [X2] is derived and shown in
the lower table of Figure 8. By setting either (Kp, Kp) = 0 or Kp = 0, we obtain the stationary variance for
the Integral (I) and Proportional-Integral (PI) controllers, respectively. Clearly, the integral gain K increases
the stationary variance; whereas, the proportional gain Kp decreases it. This agrees with the simulations and
theoretical analysis of our proposed APIF controllers and the previous work in [33].

The expression for the stationary variance in the case of full PID control is slightly more complicated, but
two conclusions can be drawn from it. Firstly, recall that to obtain a pure (non-filtered) Derivative control, we
increase the cutoff frequency w, to infinity. Observe that for large w., the stationary variance behaves like

KDOJC
~Nr———

Kp+7v
which is monotonically increasing in Kp. This means that for a pure derivative control action (asymptotic limit

as we. — 00), the stationary variance blows up to infinity. Even for a finite cutoff frequency w,, it is shown
in Appendix D that for w, > \/%ﬂ, the stationary variance is a monotonically increasing function of Kp.

Var, [X] (for large w.),

Otherwise, for w, < %, the stationary variance decreases in Kp as long as K p is less than a threshold K ;:F,h
that is calculated in Appendix D. However, above this threshold, the stationary variance increases in Kp again.
This analysis implies that the derivative control action, if not low-pass filtered intensively (low cutoff frequency),
boosts the stationary variance. Indeed for a pure derivative the variance blows up to infinity. This conclusion
is in agreement with the simulation results of the APIDF controller in Figure 7. Secondly, observe that the
stationary variance can not be less than the set point » no matter what the PID gains are. We conjecture
that this is a consequence of the linearity for this PID controller. Interestingly, the proposed nonlinear APIF
controllers are capable of reducing the stationary variance to values lower than the set point as illustrated in
both the appoximate analytical formulas given in Table 1 and the simulations results of Figure 5. It seems that
the nonlinearity of the APIF controllers is beneficial in reducing the variance to small values.

We close this section with a final remark. Although this controller describes a fictitious network, one can
still use it in silico by artificially forcing all fictitious propensities to remain non-negative. For example, one
can replace the fictitious propensity of reaction R® by max{(Kp + Kpw.)r + Kpw.22,0}.

5 Conclusion

This paper proposes a set of (nonlinear) PID controllers that can be realized by biochemical reaction networks.
The main goal of this paper is to keep the PID designs as simple as possible in order to make them amenable for
biological implementations. A general framework for biomolecular feedback controllers is introduced that can
be used to pave the way for other possible controllers in the future. The various PID designs are verified and
assessed using theoretical tools and (deterministic and stochastic) simulations. It is shown that the details of
the PID realizations (particularly, the inhibition mechanisms) have a critical effect on the targeted performance
objectives such as stability, transient dynamics, and variance. We believe that research along this direction
helps building high performance controllers that are capable of reliably manipulating genetic circuits for various
applications.
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APPENDIX
A Derivation of the Stability Conditions of the APIF Controllers

Consider the closed-loop network in Figure 5 Panel A where the APIF controller is in feedback with a particular
plant comprised of two species X3 and Xa. We now exploit the Routh-Hurwitz Criterion to derive a necessary
and sufficient condition of stability for all of the proposed APIF controllers. Using the closed loop stoichiometry
matrix and propensity function, shown in Figure 5, one can write the deterministic closed-loop dynamics as

&y = h(21, 22,01, %2) — 121
To = k121 — 7272

21 = g(p, x2) — 2122

,7;’2 = 01’2 — Nz122.

(12)

Hence, the Jacobian J, evaluated at the fixed point [El To Z1 EQ]T, of the right hand side is calculated to
be

—(n+o3) —os oy —02

S Ky vy 0 0
0 —0g —MNZ2 —NZ1
0 0 —nz22 -nzZ

where 0h(z1,22,%1,Z2) =: [01 —09 —03 —04], and 9g(u,T2) =: [05 —06]. Note that o; > 0. The
characteristic polynomial p(s) := det(sI — J) is thus calculated to be

p(s) ="+ (z + ) s + (1271 +72) 8° + 292 + k1 (002 + 0106)] s + 1k1 (0 + 06) (0121 + 0272)
where Z = 214—227 ’71 =M +’YQ+O'37 and ’72 = (")/1 +03)’}/2+k10'4.

Using the characteristic polynomial we construct the Routh-Hurwitz table:

1 nzZy1 + Yo nk1(0 + 06) (0121 + 02Z2)
____"Etm NzY2 + k1(6oa + 0106) 0
s? = (nz+vl)+;§12~7:klwoﬁal%) nk1(6 + 06)(0121 + 0222) 0
1 175”7)/24-]411(90'2-5-0'10'6)
s ki (0+06)(01Z1+0252) (E471)> 0 0
N1 2(nZ+71)+¥152—k1(0o2+0106)
s0 77]4;1(9—}-0’6)(0'12’1 —|—0'25’2) 0 0

The Routh-Hurwitz criterion states that the necessary and sufficient condition of local stability of the fixed
point is obtained by forcing all the entries of the first column to be positive. Therefore the exact necessary and
sufficient conditions of stability of the fixed point are

nk1(0 + 06) (0121 + 0222)(nZ + 71)?
MMEMNZ + 1) + 7192 — ki (002 + ”“(’163,)'
This condition of stability is cumbersome and not easy to compare for different APIF controllers (that is,
different ¢;’s and z). However, one can obtain a simpler but approximate condition of stability for the case of
strong sequestration (asymptotic limit as n — o0). In fact, the first condition in (13) is always satisfied when
n — oo assuming that 01,09 and og are finite (which can be easily checked to be a valid assumption for the
proposed APIF controllers). To simplify the second condition in (13), we first examine the asymptotic behavior
of z; and Zy as n — co. For any 1 > 0, we have that z1zs = 0Z5/n. Thus, as long as Tq is finite, we have that
Z1Z2 = 0 in the limit as » — oco. This means that we have two possibilities in the asymptotic limit as n — oco:
if Z; > 0 then zo = 0, and if Zo > 0 then z; = 0. As a result, as 7 — oo, the first condition of stability is always
satisfied. The second condition of stability in the limit as n — oo takes one of the two forms

Nz (NZ+71) +1Y2 > ki1(0o2+0106) and  nzys + ki (0o +0106) >

01k1(9+0'6) < Y172 and (21 >
O'Qk‘1(9+0'6) < Y192 and (21 =

This can be rewritten as

o1k1(0 4+ 06) < (v1 +y2 +03)(7172 + 0372 + kios) and (21 >0,Zp =
0'21431(9 + 0'6) < ("}/1 + vo + 0'3)("}/1"}/2 + 0372 + k10'4) and (21 =0,z >
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Equations (14) provide the approximate stability conditions compactly for all the proposed APIF controllers.
To this end, the stability conditions for each APIF controller are obtained by simply computing o;’s, z1, and
Zo for each particular controller architecture, and then take the limit as 7 — oo. The calculation results are
tabulated below, where r is the desired set point and is equal to 1/6 for APIF controllers of Class 1 and 2, but
is given by (4) and (5) for the APIF controller of Class 3.

Class | Inhibition 0;’s zZ1(n — o0) Za(n — 00)
& oy =k, =
2 None o 7 jﬁi_r 0

Based on the table and (14), one can write the stability conditions for each APIF controller. The various
stability conditions are tabulated in Figure 5 Panel B.
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B Span of the APIDF controller in the PID parameter space

Lemma 1. Consider the closed loop network given in Figure 7 Panel A whose plant is comprised of two
species and is in feedback with the proposed APIDF controller with additive inhibition and hill coefficient n. Let
T = % be a rate constant that depends solely on the plant. Then any given set of PID gains (Kp, Kr, Kp)
and cutoff frequency w. satisfying the following constraint

n
K K — (K 15
p < ch<n+1( p+T), (15)
can be obtained by setting the controller parameters as
(K™ +17m)?
a = Kchinrnfllin
B Krwe/r
I T TR K pw
e ) [ [ e 16)
20 ol T K

QG(KDLUC - Kp)

b
+
1+, /1— K8
we (-2 Kpwe)

where 1 is the desired set point, and r and 0% are free parameters that respect the following conditions

Bt =

(1 — = Kpwe)

nrm

ro< i R K T iy, 1< MR
< i (TWKM)’ if 1>M

Proof. For the closed loop system under consideration, the actuation propensity is given by h(z1,z2) = kz1 +
Wj/ﬁ)"’ and the closed loop dynamics are given by
1 =kz1 + SR — 71T
1+ (xzo/Kk)"
T = k171 — Y212
Z1 = p+ Bra — N2z

?;“2 = GIQ — Nz122.
The fixed point is thus given by

2T

— —_ — -1 _ 1 _ a kér 1
[.’L‘l Ty 21 2’2} = |:k1 T p (TT 71+(r/m)")

n T e ]

where r := ﬁ and 7 := "’}CY"‘. Furthermore, the partial derivatives of h are given by

B B3 = ke R N S L
g1 .= leh(zl,xg) = k‘, 04 = 81-2}?,(2’1,332) = , [1 n (T/H)n]z.

By substituting the expressions of Zs, Z1, Z2, 01 and o4 in (10), we obtain the following set of nonlinear algebraic
equations

a n(r/k)"

o4 = Kpuw, — — - = Kpuw,
o r /e
«
o1nz1 = Kjw, — n (Tr — 1—|—(’I“/H)”> = Krw, (17)
(21 + 22) . 7 ( « ) N kOr
z Z9) = w —|7Tr — = We
5e 2 ¢ k 1+ (r/k) " — 71“55)”
0'16 = (KDUJC — Kp)wc —— ]{?5 = (KDWC — Kp)wc.
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The goal is to solve for the controller parameters «, 3,7, 0, u, k, k, and n given the PID gains (Kp, K7, Kp), the
cutoff frequency we, the set point r, and plant time constant 7. The equations in (17) can be solved to obtain

n ny)2

o = Kpuw, T

nrt=ign

_ Krwe/r

! T K pw
. o K’”"’:”K . 4K 0
A et -0 8 PRV ia

20 We (’7’ - Kch)
Bi: QH(KDUJC—KP)

)
(T B H'm"f KDWC) |:1 + \/1 o wc(‘r—ﬁz_:n]ﬂ' KDWC):|

where 6, k, and n are free parameters that should satisfy certain conditions to ensure that the controller param-
eters are positive real numbers. First, we require that n > 0. This imposes a condition on the free parameter s
and restricts the allowed values of Kp and w,. as follows.

T_wKch>O = /{<7”7</T_1 with Kpw. < nr. (18)
nrm KDWC

Next, we require that k* to be a real number. This imposes a condition on the free parameter 6.

4K 10 We K™+ r™
<1 S 0 < ———Kpuw. | .
we (1 = 2TEE Kpw) 4K, (T nrn Dw') 19)

Furthermore, we require that ¥ > 0. This restricts the allowed values of Kp, Kp and w, as follows.
Kpw.— Kp >0 - Kpw. > Kp. (20)
Finally, we require that the output z; = # > 0, or equivalently A+ < #. We have

QQ(KDUJC — Kp)

<0
o B R {1 - \/1 — EL9) ]
( nr D ) Wc(T* n;r" Kch) (21)
o K — K 4K
HEpwe —Kp) _qy - o :
T — Hm": KDCU(; We (7_ - Hm”r KDWC)

Observe that if %%_KKP)
imposes an additional condition on the free parameter x and restricts the allowed values of Kp,w. and Kp as
follows.
Q(KD(.OC — KP)
P
nrm

> 2, then there is no 6 > 0 that satisfies the condition above (for both 4¥). This

T

DWc

n . n
<2 = n<r7\l/K [t — (Kpw. — Kp)]—1 with Kch<n+1(7'—|—Kp).

T — Kpw, DWc

(22)
Tt is easy to see that the upper bounds on x and Kpw,. given in (22) dominate the previously obtained upper
bounds in (18) since Kp < Kpw. < n7. Under conditions (22), we seek for § > 0 that satisfies (21). Two cases
arise here.

First, if 1 < % < 2, then 5~ is rejected, and the condition becomes
— K pwe

Q(KDOJC—KP) <14 1— 4K[9+
We (7’

T e
T— 2 K pw, ! v — S K pwe) (23)
We — P We
— 0t < |1— Dnc—n Kpw. — Kp).
[ T — S Kpw. KI( pwe ~ Kp)

Q(KDQ)C—KP) 2
AT g S

Second, if W < 1, then both 3% > 0 are possible. In fact, under this condition, only (19) is
= Tarm D c

It is also easy to see that condition (23) dominates condition (19) when 1 <

nr’

enough to satisfy 8T < 0. However, for 57, we have

2(Kch—Kp) <1-— 1— 4K[0_
wc(T—

= SR Kpw, SEE K pw.) 20
_ KDUJC — KP We
{ — AT K pwe | K (Kpwe = Kp)
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Note that (19) and (24) provide an upper and lower bounds for § when % < 1. O
Lemma 2. Consider the closed loop network given in Figure 7 Panel A whose plant is comprised of two species
and is in feedback with the proposed APIDF controller with multiplicative inhibition and hill coefficient n. Let
T = % be a plant rate constant. Then any given set of PID gains (Kp,K;, Kp) and cutoff frequency w.
satisfying the following constraint

Kp < Kpw, < min{nt, Kp + 7} (25)

can be obtained by setting the controller parameters as

o= nrt _
B Kch
Klwc
77 =
Tr
c 4K 0 26
= e 144/1- =1 (26)
20 (1 — =2=) Twe

29(KDWC - Kp)

T[li,/l——“ﬁ" ’

where r is the desired set point, and 6 is a free parameter that respects the following condition

B* =

0+ < We (KDWC_KP)(T—FKP—KDWC) ’Lf KDUJC >Z+KP
K]T 9

TW T
0+ < if Kpw. -+ K
< 1K, if Kpw. <2+ P
0~ &(KDWC—KP)(T—FKP—KDWC) if Kpwe <Z—|—KP.
K[’T 2

Proof. For the closed loop system under consideration, the actuation propensity is given by h(z1, z3) = H(ﬁ%,

and the closed loop dynamics are given by

k’Zl
L+ (z2/R)"
&g = k1w1 — 7222

T = — 7121

21 = p+ Bra —nz122
22 = (91‘2 — Nz1%2.

The fixed point is thus given by
w5 ow]= (B RO )
where r := ﬁ and 7 := % Furthermore, the partial derivatives of h are given by

k n(r/k)"

e N E S e T

By substituting the expressions of Zs, Z1, 22,01 and o4 in (10), we obtain

nTt

o4 = Kpuw, == K=17p —1 with Kpw.<nt
KD(UC
K
o1nz1 = Kjwe = p= =1
"
TWe 4K 0 TWe (27)
Z1+ Z2) = we = kr=———C _14+4/1— ith 0 <
Nz +2z2) =w 20 (1 = Koy o, ] wi ik,
20(Kpw. — K )
018 = (Kpw. — Kp)w. = ﬂi = (Kpw r) with Kpw. > Kp.
r[1e/1- &L
Finally, we require that the output zy = ﬁ > 0, or equivalently A+ < #. We have
20(Kpw. — K Kpw. — K 1 4K;0
(Kpwe—Ke) _,  _,  Kpwe—Kp 1), /;_ 2K06) (28)
- [1 + /1 — AK8 T 2 TWe
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Observe that if Kpw. — Kp > 7, then there is no 6 > 0 that can satisfy (28). This imposes the condition that
needs to be satisfied: Kpw. < Kp + 7. Under the latter condition we seek for 6 > 0 that satisfies (28). Two
cases arise here.

First, if % < M < 1, then 8~ is rejected and condition (28) becomes

KDwC—Kp 1

< 4K 0+
2

TWe

144/1

] — ot < We (KD(.UC—KP)(T—FKP—KDWC),

T Kt

which dominates the condition 0+ < 17> when % < M < 1.

Second, if M < %, then both 8% > 0 are possible. In fact, under this condition, only 8 < Z}’g is
enough to satisfy ST < 6T. However, for 5=, we have

Kpw. — K 1 4K ;0 c
SDYe TP 11— L 0= > 2 (Kpw. — Kp)(r+ Kp — Kpw,) .
T 2 TWe Kt
Therefore, under the condition M < %, there is a lower and upper bounds on 6~. O

Lemma 3. Consider the closed loop network given in Figure 7 Panel A whose plant is comprised of two species
and is in feedback with the proposed APIDF controller with degradation inhibition. Let T := % be a plant
rate constant. Then any given set of PID gains (Kp, K1, Kp) and cutoff frequency w. satisfying the following
constraint

Kp < Kpw, < %(Kp +7) (29)
can be obtained by setting the controller parameters as
5= KD(,UC
nrrt
- K]OJC
T T 6]
K C
ki:M 14 ,/1— 4K10 (30)
20 Twe [L+ (6/7)r"]
ﬁi _ 29(KDWC — Kp)

(r 4 Hoee) [1+ V1 e

where r is the desired set point, and 6 is a free parameter that respects the following condition

e[+ (0/7)r"] Kpw. — Kp . n
oF e | 1- Kpw. — K Kpw. 2K
< K (T + LQ:LWC) T+ LL;WC (Ko p) i Kpw - 2n —1 (T + r)
+ TWe n . n
0% < 1K, [1+(6/71)r"] if Kpw. < 2n—1(T+2Kp)
- Twe [1+ (0/71)r"] Kpw. — Kp ‘ n
0 1-— Kpw. — K Kpw. < 2Kp).
KI (T + KE:LUJC) T + K%wc ( Dw P) Zf Dw 2” — 1 (T + P)

Proof. For the closed loop system under consideration, the actuation propensity is given by h(z1,z2) = kz1 —
dx1xh, and the closed loop dynamics are given by

i’l = kZl — (51’1.%727' — Y11
Tg = kw1 — Y2x2
Z1=p+ Bra —nz122

22 = 9$2 — Nz122.

The fixed point is thus given by
(71 %y 721 Z) = [%T ro T+ (/)] W )
)

where r := 75 and 7 := 2. Furthermore, the partial derivatives of h are given by
1

o1 = 0,,h(21,72) = k; 04 := =03, h(Z1,T2) = nT(5/71)r".
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By substituting the expressions of Zs, Z1, Z2, 01 and o4 in (10), we obtain the following set of nonlinear algebraic
equations

Kpw,
o4 = Kpuw, = 0= DQ:L n
nrr
B Krw,
o11Z1 TWe =5 [L+ (8/v1)r™]
we (T + m) 4K10
21+ %) = w, = b= et (11
n(Z1 + 22) 26 \/ TWe [1+(5/’Yl)7"”]]

QQ(KDWC — Kp)

(r+ £2e) {1 + \/1 - Twc[lil(((;/e’yl)rn}J

where 6 < 7= [1+ (6/71)r"] has to be satisfied to guarantee that k¥ is a real number.
Finally, we require that the output zs = # > 0, or equivalently A+ < #. We have

4K 16
1+ \/1 W, 1+ (5/71)7”‘}] ’

(32)
Observe that if Kpw.—Kp > 7+ %, then there is no 6 > 0 that can satisfy (32). This imposes the condition
that needs to be satisfied: Kpw. < -“5(Kp + 7). Under the latter condition we seek for § > 0 that satisfies
(32). Two cases arise here.

First, if § < % < 1, then 8~ is rejected and condition (32) becomes
T

018 =(Kpw. — Kp)w. = gt = with Kpw. > Kp,

(31)

20(Kpwe — Kp) <o -  Bpwe—Kp
K w( 5.0 Kpwe
(T + E;L [1 + \/1 mc[1+(51/71)7"]J T "

1
2

Kpw. — Kp 1 4K 0+
L Epw <5 |PHy1-
T 4 SDe 2 Twe [1 4 (6/71)r™]
Twe [1+ (6/71)r"] Kpw. — Kp
fofr s (e ) (oK)
which dominates the previous condition 6 < 3= [1 + (6/71)r"] when % < 71(1‘”1%% < 1.

KDwC 29

Second, if £pwe=Ke L1 then both 5i > 0 are possible. In fact, under this condition, only 6% <
T

1 L+ (0/7)rm] is enough to satisfy 3T < 0+. However, for 37, we have

Kch — Kp 1 4K19 _ We
1+ Kpw, — Kp — Kpuw,
T 2 TWe Kt (Kpwe =7) (7 + Kp puwe)
1+ (6 " Kpw, — K
— 0 > hd [ + ( Iéq/lw)r } 1-— DY Kow L (KDCUC - KP)
e
Therefore, under the condition % < =, there is a lower and upper bounds on 6. O

C Stationary Variance Approximation for the APIF Controllers

Consider the closed loop network depicted in Panel A of Figure 5 where a gene expression plant is connected in
feedback with a class of APIF controllers. The goal of this section is to derive an approximate formula for the
stationary variance of the output species Xo. We only consider APIF controllers of Class 1. First, we consider
a general plant to write down the evolution equations of the variance. Then, we derive a closed formula for the
output stationary variance in the case of the particular gene expression plant given in Panel A of Figure 5.

C.1 Evolution of the Covariances for a General Plant

Let X = denote the closed loop state variable encrypting the copy numbers of the plant and controller

X
Z
species X and Z, respectively. Define the instantaneous covariance of the closed loop state variable as

Cov [Xa(0)] = B | (Xa(t) - E[Xa(0] ) (Xa(0) - ELXa(0)]) |
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whose evolution is described by the following differential equation (we drop the time variable for notational
convenience)

d
%COV [Xcl] = Sch(E [)\cl (Xcl)} )Sg; + SchOV [Acl(Xcl)a Xcl] + Cov [Xcl7 )\cl(Xcl)] 557 (33)

where S.; and A\, depicted in Figure 3, denote the closed loop stoichiometry matrix and propensity function,
respectively. Note that D is the diagonal operator such that for any vector x, D(z) is a diagonal matrix whose
diagonal entries are x. Define the matrices and vector

000 1 -1 Oz,
Do _ nz1z2
e 7 SC::? _} (1) 8 8 A(z,2) = u ,
S h*(z1,21)
0000 0f,. h™(x1,21)
o . . . . S Sm
so that the closed loop stoichiometry matrix and propensity function can be written as S, = 0 S and

Ax)

Aci(z,2) = [ e z)} , respectively. Note that h™ and h™ are functions that can take the forms given in Figure 3.

By substituting the plant and controller components of X, Se;, and Ay in (33), we proceed as follows

d [ Cov[X] Cov[X,Z] S Sy [P(ENX)]) 0 ST 0
dt [Cov [Z,X] Cov[Z] } - [o S, ] [ 0 D(E [A\e(X, Z)])} {SZ,; SCT}
Cov [M(X), X] Cov [A\(X), Z]
{ :||:COV 7Z), X] COV[)\C(X,Z)7Z]:|
{Cov[ X)) Cov[ ,)\C(X,Z)]} [ST 0]
Cov[Z,A(X)] Cov[Z,A(X,2)]] | S, S&
Thus we have
%Cov[ ] = SDENX)])ST + SmD(E[Ae(X, Z2)])SE + SCov [MX), X] + S Cov [Ae(X, Z), X]
+ Cov [X, M(X)] ST 4 Cov [X, \o(X, Z)] ST,
%COV (X, Z] = S D(E [A\e(X, 2)])SE + SCov [A(X), Z] + SpmCov [Ae(X, Z), Z] + Cov [X, A\(X, Z)] ST
%COV[ ] = S.D(E[A(X, 2)])ST + S.Cov[A(X, Z), Z] + Cov [Z,\.(X, Z)] ST

Next, by substituting for S,,,S. and A.(X, Z) and doing some algebraic calculations, we obtain

%cov (X] = SD(ENX)])ST +E[h(Z1, X1, X))] erel + SCov [N(X), X] + e1Cov [k (Z1, X1, X1) , X]
+ Cov [X,\(X)] ST 4 Cov [X,h (Z1, X1, X1)] €T

%COV [X, Z1] = SCov [M(X), Z1] + Cov [h(Z1, X1,X1), Z1] e1 — nCov [ X, Z1 Z5]
%COV [X, Z5] = SCov [M(X), Z3] + Cov [h(Z1, X1, X 1), Z2] er — nCov [X, Z1Z5] + 6Cov [ X, X1

d
%Var [Zl} =M + T]E [Zl ZQ] — QnCOV [Zl, Z1Z2]

%Var [ZQ} =0k [XL} + UE [Zl Zg] - 27’]COV [Zg, Zl ZQ] + 20Cov [XL7 ZQ}

d
%COV [Zl, Zg] = ’IﬂE [Z1Z2] — 7’]COV [Zl + ZQ, Z1Z2] + HCOV [XL7 Zl] 5

(34)
where, as in Figure 3, the actuation propensity function is defined as h(z1,z1,2r) := ht(21,21) — h™ (21, 21),
and e; is a vector whose entries are all zeros except the i*" entry is one. Note that h does not depend on 2z in this
section because only APIF controllers of Class 1 are considered. The set of differential equations in (34) describe
the evolution of the various covariances in the closed loop network. Observe that it does not involve first and
second order moments only (expectations and covariances), but also third order moments like Cov [X, Z; Z5]
and Cov [Zy + Za, Z1 Z5] that have there own differential equations. This, in addition to the nonlinearity of A
and h (in general), give rise to the moment closure problem.
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C.2 Steady-State (Stationary) Analysis

Let E, [], Var, [], and Cov, [-, -] denote the the stationary expectation, variance and covariance, respectively.
Assuming that the closed loop system is ergodic, the various time derivatives in (7) and (34) are set to zero at
stationarity. Particularly, we have the following relationships that hold regardless of what the plant is

d 1
o ] Bl ) =0 = E. [Xe] = §
d W
—E.[Z] = E:|Z145) = =
g o [Z1]=0 = VAVA) "
d W
dtVarﬂ [Z1]=0 = Covy [Z1,2:175] = P (35)
% (Var, [Z1]) + Varg [Z3] — 2Covy [Z1,22]) =0 =  Cov, [X,Z1 — Zs) = %
d 0 =X, Z
—Var, [Z3]=0 = Covy [Z2, Z125) = o+ 6Covn (X, 2].

dt n

These relationships will be useful in what follows, particularly in the asymptotic limit as n — oco.

C.3 Application to Gene Expression

Consider the case where the plant is simple gene expression described in Panel A of Figure 5. The plant
stoichiometry matrix and propensity vector are given by

k1$1

0 -1 0
S:[l 0 _J and AMz) = |z
Y22

Then, by substituting S and A in (7) and (34), we obtain the the following set of differential equations for the
expectations and covariances

%]E [X1] = E[h(Z1, X1, Xa)] — nE[X1]
%]E [Xo] = BiE[X1] — 12E [Xy]

d

%E [Z1] = p — nE [Z1 2]

d

%E [ZQ] = QE [XQ] — ’IﬂE [Z1Z2] 5

d
&Var [Xﬂ = ’ylE [Xl} + E [h(Zl, Xl, XQ)] — 271Var [Xl] -+ 2Cov [Xl, h(Zl, Xl, XQ)]
d
&Var [XQ} = "}/QE [XQ} -+ klE [Xl] — nyQVar [XQ} -+ 2leov [Xl, X2]
d
ﬁCov [Xl, X2} = k1Var [Xl] — ("}/1 + "}/2) Cov [Xl, XQ} + Cov [XQ, h(Zl, Xl, Xz)]
d
ﬁCov [Xl, Zl} = 7"}/1COV [Xl, Zl] + COV [h(Zl, Xl, XQ), Zl] — ’I]COV [Xl, Z1Z2}
d
ﬁCov [Xl, ZQ} = 7"}/1COV [Xl, Zg] + COV [h(Zl, Xl, XQ), ZQ] — ’I]COV [Xl, Z1Z2} + GCOV [Xl, XQ]
d
£COV [XQ, Zl} = —")/QCOV [XQ, Zl] + k1COV [Xl, Zl] — ﬂCOV [XQ, leg]
d
£COV [XQ, ZQ} = —")/QCOV [XQ, ZQ] + k1COV [Xl, ZQ] — ﬂCOV [XQ, lez] + OVar [XQ]
4
dt
d
%Var [ZQ} =0k [XQ] + ﬂE [Z1Z2} - 2nCOV [leQ, ZQ] + 20Cov [XQ, ZQ]

Var [Zﬂ = u + ’I]E [lez] - QUCOV [lez, Zﬂ

d
ﬁCov [Zl, ZQ} = ﬂE [21Z2} - T]COV [ZlZQ, Z1 + ZQ] + 0Cov [XQ, Zl]

Steady-State (Stationary) Analysis: Assuming that the closed loop system is ergodic, the time derivatives
at stationarity are set to zero. We have

B Gl =Gr  EcG]=00 Ed(Z, X0, X0)] = DRG0 El(ziz] =
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To compute the steady-state variance Var, [Xs], we use the following set of algebraic equations

d k
ZVar [Xo] =0 = Var, [Xa] = % + écov,, (X1, X
d
L Cove [X1, Xo] =0 = Covy [X1, Xs] = Vary [X1] + Covy [Xo, h(Zy, X1, X
7 Covr [X1, Xo] v [ X1, Xo] P [X1] 71+72V[2(112)]
d
ZVar, [Xi] =0 = Var, [X1] = ZQ ’; + Cove [X1, h(Z1, X1, Xo)
1
d K
L Covp [Xo, 2y — Zo) =0 = Cova [X1,Z1 — Zo] = 22 4+ T var, [X,],
dt k10 ki

(36)
where the last equality follows by exploiting the fact that Cov, [Xs, Z7 — Z5] = u/6 from (35). Observe that
these algebraic equations cannot be solved exactly for Var, [X5] because of the moment closure problem. How-
ever, to proceed, we give an approximation for the covariance terms Cov, [X;, h(Z1, X1, X2)] for i = 1,2. The
approximation essentially (1) exploits a second order Taylor expansion of the function h around the stationary
expected values , and (2) exploits the fact that for large n, Ex [Z1Z5] = £ ~ 0 and Z; is assumed to be close to
zero unlike Z; which takes positive values actuating the plant. In fact, these approximations are summarized
below.

]Eﬂ- [Z1Z2] ~ O, COVﬂ- [Xl, ZQ] ~ O, COVﬂ— [XQ, ZQ] ~0

- - | Z1 - Ex [Z)]
h(Zl,XhXQ)%B—f—[@zlh &Elh 812]1} Xl— [Xl]
Xy — Ex [X]
T —Er (2] [ 024k 0.,00,h  0.,05,h] [ 71 — Ex [Z1]
+5 X1 —E, [Xi] Op 0, D2 h O, a_jl X, - E, [X4]]|,
Xo—Ep[Xs]| |00,0: 0 00,0,k gh Xo — By [Xo)

where  := h(IEW [Z1] ,Ex [X1], Ex [Xg]). Using Appendix F (with X = [Z, X; X»]", F(X) = X, and

G(X) = h(Z1, X1, X2)), we can approximate Cov, [X1,h(Z1, X1, X2)] up to first order (or second order if the
stationary distribution is close to a normal distribution) as

Varw [Zl] COVﬂ— [Zl, Xl] COVﬂ— [Zl, XQ] 3,21}:1
COVTr [)(17 h(Zl,Xl,Xg)] ~ [0 1 O] COVﬂ- [Xl, Zl] VaI‘ﬂ- [Xl] COV-,.- [Xl,XQ] ﬁzli_z
COVﬂ— [XQ, Zl] COVﬂ— [XQ,Xl] Varﬂ [XQ] 8 h

~ 01Cov, [ X1, Z1] — o3Var, [X1] — 04Cov, [ X1, X9,
where
o1 := 0, ME, [Z1] ,Er [X1] ,Er [X2]) >0
= 78% h(ETF [Zl] B [Xl} JEx [XQ]) >0
04 = =0, h(Er [Z1) ,Er [X1] , Ex [X2]) > 0.
Similarly, we can approximate Cov, [Xa, h(Z1, X1, X2)] as
Var, [Z1] Cov, [Z1,X1] Covy [Z1, X2]

0
COVTr [X27 h(Zl,Xl,XQ)] ~ [O 0 1] COVﬂ- [Xl, Zl] VaI‘ﬂ- [Xl] COVﬂ- [Xl,XQ] 8,
COV,T [XQ, Zl] COV,T [XQ,Xl] VaI'ﬂ- [XQ] 0,

~ 01Covy [X2, Z1] — 03Cov, [ X2, X1] — 04 Var, [X2].

Invoking the approximations Cov, [X1, Z3] = Cov, [X2, Z2] =~ 0 and the last equation in (36), we obtain
0
Covy [X1, Z1] ~ Covy [X1, Z1 — Zs) = 22 1+ T Var, [X]
k10 Kk
COVﬂ— [XQ, Zl] ~ COVﬂ- [XQ, Zl — ZQ] = %
Then we have
Y2 0
COVW [Xl, h(Zl, Xl,XQ)} ~ 01— k 5 + g15— ]{; Var,r [XQ] - UgVar,r [Xl] — 04COV7r [Xl,XQ]
1
COVTr [X27 h(Zl,Xl,XQ)] ~ 0'1% — UgCOV.,r [Xl,XQ] — O’4VaI‘ﬂ- [Xz] .
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Finally, by substituting for Cov, [X1, h(Z1, X1, X3)] and Cov, [Xa, h(Z1, X1, X2)] in (36), we obtain the follow-
ing set of algebraic (approximate) equations

k
Var, [X2] ~ o + —ICOVTr [X7, X2
0 7
Cov, [X1, Xa] = il Var, [X1] + (alﬁ — 04Var, [X3] — o5Cov [Xl,Xg])
M F 2 MmAe N0
1 0
Var, [Xl] ~ %?% + % (O’lzj/g + alk—l\/arﬂ [XQ] — ogVar, [Xl] — O’4COV7r [Xl,X2}> .

This can be written in matrix form as

o o1 0 o o1
142 —of o Var, [X)] (1+2) g4
0 1 - Var, [X5] = i
—k o4y +ye+os] [Covr[X1, Xo oy b

Finally, solving for Var, [X3], we arrive at

Var, [ Xs] =~ =
Xz 0 (71 + 72+ 03) (V172 + 7203 + k104) — 01k10

p [ (1 +72 +03) (7172 + 7203 + 01k1) + kiya (v + 04)]

This is a general formula that encompasses the standalone AIF controller and the three APIF controllers of
Class 1, that are addressed as a special case next.

ATF: For this controller, the propensities of the actuation reactions are given by
h+(21,l’2) = kzl and hi(l'l, 132) = O,

which implies that h(z1,2z1,22) = kz1. Then 07 = k and 03 = 04 = 0.

APIF of Class 1 with Additive Inhibition: The propensities of the actuation reactions are given by

o
h+(2171'2) = kZl + W and h_(xl, (EQ) = 0,
which implies that h(z1,z1,22) = kz1 + m Then we have

o1 =k, o3 =0, and U4=g%.
r L+ (r/k)"]

APITF of Class 1 with Multiplicative Inhibition: The propensities of the actuation reactions are given
by
]{321
ht(z, @) = ————— and h™(x1,22) =0,
(21,72) T (o))" (z1,22)

which implies that h(z1,z1,22) = H_(iﬁ Then we have

k kE, [Z "
= — o3 =0, and o4 = 2] nlr/x) 5-
1+ (r/r)" T [+ (r/R)™)]
We are left with approximating E. [Z1]. This can be done by recalling that Ex [2(Z1, X1, X2)] = 124§ and
using a first order Taylor series expansion of h around stationarity. That is

01

E, {h(Eﬁ [Z1], B [X1] , Ex [XQ]H ~ 7;?27«

KE [Z4] 72
14+ (r/k)" ky

Er (2]~ Jor L+ (r/m)").

Finally, substituting for E, [Z;] in o4 yields

~ my2 n(r/e)"
k14 (r/k")’

04
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APIF of Class 1 with Degradation Inhibition: The propensities of the actuation reactions are given by
ht(z1,12) = k2 and h™(z1,22) = dx127,
which implies that h(z1,z1,z2) = kz1 — dz125. Then we have

0
o1 =k, o3 = or", and o4 = n%r”.
1

The results are summarized in Table 1.

D Stochastic Analysis of the Fictitious PID Controller

Consider the closed loop network depicted in Figure 8 but with a general (linear) unimolecular plant that
constitutes L species denote by X := {X;y, X2, Xy, }. First we write down the evolution equations of the
covaraince for the general linear plant. Then we derive a closed formula for the stationary variance of the
output species Xy, when L = 1.

D.1 Evolution of the Expectations and Covariances for a General Unimolecular
Plant

Let X = [)Z(} denote the closed loop state variable encrypting the copy numbers of the plant and controller

species X and Z, respectively. Let S, and A, denote the closed loop stoichiometry matrix and propensity
function, respectively. By exploiting the structure of the controller in Figure 8, we can write the closed loop
stoichiometry matrix and propensity function as

00 001 -1

s S, . B 0 0 1 1 0 0 0 O
00000 0],.
w0 ]
)\cl (xcl) = Wcll'cl + Wei; WCl = |:Wcl W02:| e |:1:)Uc ;
0 0 0 o _
eT 0 0 0
0 0 0 WeT
WCl T wcef 7 WC2 10 We P We 0 ’
0 K; 0 (Kp + Kpwe)r
(KP+KDWC)6€ 6xL 0 KDUJC 0 n

where A(z) = Wx 4 w is the affine propensity function the general unimolecular plant.

D.1.1 Evolution of Expectations

The evolution of the first moment is described by the following differential equation

d
ZE[Xa(t)] = SaE [Acl (X(t), Z(t))} = S (WaE [Xu] + we) = AE [Xu] + b,
where
_ T _
L[S S [W 0] [SWS W SuWe] W (KPfeTKD““)eleL Kffl K%“’Cel
“lo s ||w., w.,|=| sw, SW., | = L,
—wcer, 0 —We

r
WeT

b — S Syl [w] _ [Sw+ Spw.| Sw+ (Kp + Kpw)re;
B 0 SC We B Scwc -

Therefore, the evolution of the expectations is governed by the following set of differential equations
d

%E[X] = SWE[X] +Sw+E[U]81; U .= 7(KP+KDCL)C)XL + KiZ1 — Kpw.Zs + (KP+KD(.¢)C)T
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D.1.2 Evolution of the Covariances

Define the covariance of the closed loop state variable as
T
Cov [Xu(t)] :=E {(Xcl(t) CE[Xa(t)] ) (Xcl(t) CE[Xa(t)] ) } .

The evolution of the covariances is described by the following differential equation (we drop the time variable
for notational convenience)

d
%COV [Xcl] = SClD(E [)\cl (Xcl)] )Sg; + S, Cov [)\cl(Xcl), Xcl] + Cov [Xcl; )\cl(Xcl)] Sg;

= SClD(WCl]E [Xcl] + wcl)Sg; + Sy W Cov [Xcl] + Cov [Xcl] Wgsg;

Note that D is the diagonal operator such that for any vector z, D(z) is a diagonal matrix whose diagonal
entries are x. Therefore, the dynamics of the covariance can be rewritten, in matrix form, as a differential
Lyapunov equation

iCOV [X.] = ACov [X 4] + Cov [X.4] AT + Q,

dt
[SW — (Kp —&—Kch)elef Krey —Kpuweeq
where A= —eT 0 0
i —wceg 0 —We
[ SD(WEI[X(t)] +w)ST +E[V(t)] erel ‘ 0
Qt) == 0 E[XL(t)] +r 0

0 we(E[ XL ()] +E[Z2()] + 1)

V(t) = (KP + Kch)(XL(t) + 7“) + K[Zl(t) + KchZQ(t).

Particularly, we the following differential equations for Var [Z;], Var [Z3] and Cov [Z1, Zs], regardless of what
the plant is:

d

£Var [Z1] =E[XL] +r —2Cov XL, Z1]

d

ﬁ\/ar [Zg] = We (T + E [XL] + E [Zg] — 2Cov [XL, Z2] — 2Var [ZQ])
d
%COV [Zl, Zz] = —Cov [XL, ZQ] - wCCOV [Zl, XL] — wcCov [Zl, ZQ] .

D.2 Stationary Analysis for a General Unimolecular Plant

Let E; [-], Vars -], and Covy [-,-] denote the the stationary expectation, variance and covariance. Assuming
ergodicity of the closed loop system, the various time derivatives are set to zero at stationarity. We have the
following relationships, regardless of what the plant is

%]E,r (Z1]=0 = E,[Xz]=r
%]E,r [Zo]=0 = E,[Zs] =0
%V&ur,r [Z1]=0 = Covy [ X1, Z1] =7
%Var,r (Zs) =0 = Covyl|Zo, X+ Zo] =7
%COVTr [Z1,Z5]=0 = Covg[Z2, XL +wcZ1] = —wer.
Stationary Expectations: Define X = [Xl XL,l]T so that X = [XT XL]T. Furthermore, par-
tition the matrix W := [Wy W] where Wy is a column vector. At stationary, we have E. [X.] = r and
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E, [Z2] = 0 and thus

S(WEW [X] +’LU) +K[Eﬂ— [Zﬂel =0

— S ([Wl WL] Er [X} +U)> + K/E, [Zﬂel =0
T
— S (WllEﬂ [X} S W+ w) YK, [Z]er =0
= SWE, {X] + KiE, [Z1] e1 = —S(Wpr + w)
- [SW1 K[el] Ex [X} = *S(WLTJFIU).
E, [Z]

The last equation is a system of linear equations that can be solved for E [X 1} and E, [Z1].

Stationary Covariances: The stationary covariance satisfies the following algebraic Lyapunov equation
ACov, [Xo] + Covy [Xa] AT + Qus =0,

where

SD (WEx [X] +w) ST + (2r(Kp + Kpw.) + K(Ex [Z1]) exe] | 0
st = 0 2r 0
0 2wer

D.3 Application to a Plant with One Species

Consider the case where the plant is comprised of only one species given in Figure 8. The plant stoichiometry
matrix and propensity vector are given by

S=-1 and AMz) = vya.
That is, W =+ and w = 0 and the index L = 1 is suppressed. Then we have

_7(KP+KD0JC+’Y) K; —Kpw,.

A= —1 0 0
i —We 0 —We
[VE (X)) +E[V() 0 0
Q(t) := 0 E[X(t)] +r 0
0 0 we(E[X] +E[Z] + 1)

V(1) = (Kp + Kpwo) (X(0) +7) + K1 Z2(8) + Kpw.Za(t)

(Kp + Kpwe)r
b:= r

wWer

Deterministic Stability: The differential equation describing the deterministic dynamics (or equivalently
the expectation dynamics) is given by
T = Az + 0.

The characteristic polynomial is given by
p(s) :=det(sI — A) = s34+ (Kp + Kpwe +we +7) s? 4+ (K1 4+ weKp +wey) s+ we K.

To determine the stability conditions, we construct the Routh table.

1 K+ w.Kp +wey
52 (Kp + Kpwe +we +7) we K7
sl W (Kp+7)+(Kp+Kpwe+7) (K1tweKp+wey) 0
Kp+Kpwetwe+y
50 w Ky 0

Clearly the deterministic dynamics (and first moment dynamics) are unconditionally stable for all
wcaKviP»KDa’V > 0.
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Expectation and Covariance Evolution: The evolution of the expectations are governed by the following
set of differential equations

d

E]E[Xl] = —’yE[X} +E[U], U:= (KP+KDWC)(’I’—X) +K]Zl _KDOJCZQ
d

iE[Zﬂ =r—E[X]

d

TE[Z2] = —wcE 2] +we (r — E[X]).

and the evolution of the covariances are governed by the following differential Lyapunov equation

%COV [Xa] = ACov [X4] + Cov [X 4] AT + Q,

__(KP + Kch + ’Y) KI _KDUJC
where A= -1 0 0
L —We 0 —We
[E [X]+E[V] 0 0
Q= 0 E[X]+r 0
0 0 w(E[X]+E[Zs)] +7)

V= (Kp + Kch)(XQ + 7”) + K171 + Kpw.Z>.

Steady-State (Stationary) Analysis: Assuming that the closed loop system is ergodic, the time derivatives
of the stationary variances and covariances are set to zero. We have
E.[X]=r; E.[Z]=0; E.[Z]=-Lr
K
To calculate the steady-state variance Var, [X], we solve the algebraic Lyapunov equation
2(v+Kp+ Kpwe)r+ 0 0
ACov, [Xo] + Covy [Xa] AT + Q. = 0;  with Qg := 0 2r 0
0 0 2w.r

Finally, we obtain

K (K Kpw, 2(K; + Kpw,) + K2w3 + K2
Var,r[X]:r(1+w 1(Kp + Kpwe +7) +wa (K7 + Kpw.) + Kpw;, + I)

(Kp + Kpwe +7)(K1 +we(Kp +7)) + w2(Kp +7)

The derivative component in the controller is filtered with a cutoff frequency w.. The larger w,. is, the more
the filtered derivative resembles a pure derivative controller. In fact, in the asymptotic limit as w. — oo, the
stationary variance grows like Ilggi’f/ to infinity. This also shows that for large w,, the stationary variance
increases with the derivative gain.

Let us study the effect of Kp on the stationary variance for finite values of the cutoff frequency w.. For
simplicity, let Kp := Kp + . We have

d CQK%+2C1KD+CO
dKDVar,r [X]zr( T2

Co = wf (KI —|—ch'p)

1 = wiKp (w2 +w.Kp+ Kj)
Co = We (wf -‘rUJCKp +K]) (WSKP — K?)
T:= (KP +KDWC)(K] +WCKP) +(.¢)3Kp

The derivative of the stationary variance with respect to Kp can be zero for the following two values of Kp

2
Kt —c1 £/ — cacp
D= .
C2

Clearly K, is either negative or imaginary. On the other hand, K '5 is either negative or imaginary when ¢y > 0.
This means that for ¢y > 0, the derivative is positive for all Kp > 0. But when ¢y < 0, one can show that
KJ,E > 0 for all parameters w., Kp, and Kp. This follows because

— — 2 — — —
c% — CoCg :wSKI% [warcherKl] fwi [KI +chp} (wf+wCKP+KI) (wSKprIQ)
= UJ? [W? +WCRP +K[] [wc[_(%[wc—i—wcl_(p +K]] — [K[ +WCKP][W?KP — K%H
:w? [wf—l—wCK’p—i—K[] {(K?—WSKP> (K] —l—ch'p) —‘r-wCKI%(K[-I-UJCKp—‘rwg)] R
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which shows that ¢? — caco > 0 when K? — w?Kp > 0 (i.e. ¢o < 0). This calculation verifies that K, is a real
number. Finally, it is straight forward to see that it is also positive when ¢y < 0. The conclusion that can be
drawn here is that when w. > K;/y/Kp + 7, the stationary variance Var, [X] increases with Kp. But when

we < K1/v/Kp + 7, the stationary variance Var, [X] first decreases with Kp until Kp = KA := w
after which the stationary variance starts to increase. The results are summarized in the table of Flgure 8.

)

E Useful Covariance Identities

X

Let X,Y and Z be two vector-valued random variables of possibly different dimensions. Let X := [ X
2

} and

Y = {?] , where X1, X5,Y7 and Y5 are all vector-valued random variables. Let A and B be two deterministic
2

matrices with suitable dimensions. Furthermore, let b be a deterministic vector. We have the following identities.
1. Cov[X,Y]:=E (X ~E[X])(Y ~E[v])"| =E [XY7] ~E[X]E [y7]
2. Cov[X,Y] = Cov]y,X]"
3. Cov[b,X]=0
4. Cov[AX,BY] = ACov[X,Y]BT.

5. Cov[X,Y] = [Cov[X,Yi] Cov[X,Ya]] = {Cov [X1,Y]} _ [Cov [X1,Y1] Cov|[X;,Y5]

Cov [Xa,Y] Cov [X2,Y1] Cov[Xs,Y3]
6. Cov [Xl + X0, Y1 + Yg] = Cov [Xl, Yl] + Cov [Xl, YQ} + Cov [XQ, Yl] + Cov [Xg, YQ]
7. Cov [bTX, XTAX] = Z bkAijCOV [Xk,Xin]
gk
8. Cov [XTAX,XTBX} = Z AijBk’lCOV [XZX],Xle]
ikl

The proofs of 1 through 6 are straight forward. The proofs of 7 and 8 are given below.

Proof of 7.
Cov [b" X, XTAX] =E p"XXTAX] -Eb" X|E [XTAX]
=E Y beXe ) AyXiX;| —E [Z kak] E Y A;XiX;
k i,j k 2
= 3 bedis (E[Xe X, X;) - E[Xi] E[X.X;] )
4,5,k
= Z bkAijCOV [Xk, Xin]
1,5,k
O
Proof of 8.
Cov [XTAX,X"BX] =E [X"TAXX"BX]| —-E [XTAX|E [X"BX]
=E ZAwX X ZBlele —E ZAUX X; | E Z BuXiX;
4,J %7 k,l
= > ABu(E[X:X; X Xi] - E[X: X, E[X,X)] )
i,5,k,l
= Y Ai;jBuCov [X;X;, X; X|]
i,5,k,l
O

39


https://doi.org/10.1101/2021.03.21.436342

bioRxiv preprint doi: https://doi.org/10.1101/2021.03.21.436342; this version posted March 22, 2021. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

F Useful Expectation and Covariance Approximations

Let F,G : R" — R and X € R™. We have the following approximations
1. E[F(X)] ~ F(E[X]) + str {0*F(E[X])Cov [X]}
2. Cov[F(X),G(X)] = 0F(E[X])Cov [X]0G(E [X])T

3. If X follows a multivariate normal distribution, we have
1
Cov [F(X),G(X)] = OF(E[X])Cov [X]0G(E[X])T + Str {0*F(E [X])Cov [X] 0*G(E [X])Cov [X]} .

Note that (1) and (3) are second order approximations while (2) is a first order approximation.

Proof of 1. A second order approximation of F' around the expected value of X, denoted here as X for conve-
nience, can be written as

F(X)=~ F(X)+0F(X)(X - X) + ;(X X)To?F(X)(X - X),

where OF(X) (resp. 0*°F(X)) is a row vector (resp. square matrix) whose dimension is n (resp. n x n) that
represents the directional derivative of F' (respectively Hessian), evaluated at X. Taking the expectation of
F(X) yields

- 1
E[F(X)]~ F(X) + E [(X = X)TO*F(X)(X - X)]
_ 1 _
~ F(X)+ Ftr {0*F(X)Cov [X]},
where the first approximate equality follows from the fact that E [X -X ] = 0, and the second approximate
equality follows from the circular property of the trace operator. O

Proof of 2. Using a first order Taylor expansion for F' and G around the expectation of X, denoted here by X
for convenience, we proceed as follows

Cov [F(X),G(X)] = Cov [F(X) + 0F(X)(X — X), G(X) + 0G(X)(X — X)]

which follows by exploiting identity 4 in Appendix E. The proof is complete since Cov [X — X| = Cov[X]. O

Proof of 5. Using a second order Taylor expansion for F' and G around the expectation of X, denoted here by
X, we proceed as follows

Cov [F
Ncov[ )+ OF(X)(X - X) + (X X)T?F(X)(X - X),G(X) +0G(X)(X — X) + 2(X X\To*q(X)(X — X)}
~ Cov |OP(X)(X = X) + (X = X)TOF(X)(X - X).06(X)(X - X) + (X - X)TPG()(X - X)|
~ OF(X)Cov [X — X] 0G(X)" +16F(X)Cov (X - X, (X - X)T9°G(X)(X — X)]
+%Cov (X —X)TPF(X)(X — X),X — X]0G(X)"
+iC0V (X = X)TPF(X)(X — X),(X - X)T0*G(X)(X — X)]

Define the following deterministic vectors a := 0F(X)T and b := 0G(X)T and define the following symmetric

matrices A := 0?F(X) and B := 92G(X). Then we have
Cov[F(X),G(X)] ~ a" Cov [X — X] b+ %Cov [a"(X - X), (X - X)"B(X — X)]
+%®ﬂﬂa;Xym—XﬁmX—Xﬂ

+ 1Cov [(X — X)TA(X — X), (X ~ X)TB(X - X)].
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Now, let’s calculate each term separately. First we have that Cov [X — X] = Cov [X]. The second term is
calculated next using property 7.

Cov [a" (X = X), (X = X)"B(X = X)] = > axB; ;Cov [ X} — X, (Xi — X;)(X; — X;)] =0,
N

because the odd central moments of a multivariate normal distribution are all zeros. The second term is also
zero for the same reason. We are left with the last term which we calculate using property 8.

Cov [(X = X)TAX - X),(X - X)"B(X = X)] = Y AyBuE [(X; - X;)(X; — X;)(X) — Xx)(X; — X))]
ik

— Y AyBRE[(Xi — Xi)(X; — X;)] B [(X), — Xi)(X;, — X))
i3,k
Using the fourth and second order moments of the multivariate normal distribution, we can write the right hand
side as
3" AijBu (cov [X;, X;] Cov [ Xy, Xi] + Cov [X;, X;] Cov [X;, Xi] + Cov [X;, X] Cov [X,, X;] — Cov [X;, X;] Cov [ Xy, X|] )
i3k,

— " 4By (Cov [X;, X;] Cov [X;, X3 + Cov [X;, X] Cov [Xl,Xj])
i3,k
=2 Y AijBuCov[X;, Xi| Cov [X;, Xy,
i3kl
where the last equality follows because A is symmetric. Now let’s write the sum in matrix form by exploiting

the symmetry of A and B.

> Ay;BrCov [X;, X)) Cov [X;, Xi] = Y A;iCov[X;, Xi] BiCov [ X, X;]
i,7,k,1 i,7,k,1

=> (Z A;;Cov [Xi,Xl}> <Z By.Cov [ X, Xﬂ)
k

4,0 i
= A;Cov[X, X;] B,Cov [X, X;]
7l
=>4 (Z Cov [X, X} Bl> Cov [X, X]
j l

= A;Cov[X] BCov [X, X;]
J

= Z el ACov [X] BCov [X]e; = tr { ACov [X] BCov [X]}.

Therefore, we have

Cov [F(X),G(X)] ~ 0F(X)Cov [X]0G(X)T + %tr {0*F(X)Cov [X] 0*°G(X)Cov [X]}.
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