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Preface
This 2020 edition of the International Conference on Complex Networks & their
Applications is the ninth of a series that began in 2011. Over the years, this
adventure has made the conference one of the major international events in
network science.
Network science continues to trigger a tremendous interest among the scientic community of various elds such as Finance and Economy, Medicine and
Neuroscience, Biology and Earth Sciences, Sociology and Politics, Computer Science and Physics. The variety of scientic topics ranges from Network Theory,
Network Models, Network Geometry, Community Structure, Network Analysis and Measure, Link Analysis and Ranking, Resilience and Control, Machine
Learning and Networks, Dynamics on/of Networks, Diusion and Epidemics,
Visualization. It is also worth mentioning some recent applications with high
added value for current trend social concerns such as Social and Urban Networks, Human Behavior, Urban Systems - Mobility, or Quantifying Success. The
conference brings together researchers that study the world through the lens of
networks. Catalyzing the eorts of this scientic community, it drives network
science to generate cross-fertilization between fundamental issues and innovative
applications, review the current state of the eld, and promote future research
directions.
Every year, researchers from all over the world gather in our host venue. This
year's edition was initially to be hosted in Spain by Universidad Politécnica de
Madrid. Unfortunately, the COVID-19 global health crisis forced us to organize
the conference as a fully online event.
Undoubtedly, the success of this edition relied on the authors who have produced high quality papers, as well as the impressive list of keynote speakers who
delivered fascinating plenary lectures:



Leman Akoglu (Carnegie Mellon University, USA): Graph-Based Anomaly
Detection: Problems, Algorithms and Applications



Stefano Boccaletti (Florence University, Italy): Synchronization in Complex
Networks, Hypergraphs and Simplicial Complexes



Fosca Giannotti (KDD Lab, Pisa, Italy): Explainable Machine Learning for
Trustworthy AI



János Kertesz (Central European University, Hungary): Possibilities and
Limitations of using mobile phone data in exploring human behavior



Vito Latora (Queen Mary, University of London, UK): Contagion and synchronization in systems with higher-order interactions



Alex `Sandy' Pentland (MIT Media Lab, USA): Human and Optimal Networked Decision Making in Long-Tailed and Non-stationary Environments



Nata²a Prºulj (Barcelona Supercomputing Center, Spain): Untangling biological complexity: From omics network data to new biomedical knowledge
and Data-Integrated Medicine

III

The topics addressed in the keynote talks allowed a broad coverage of the
issues encountered in complex networks and their applications to complex systems.
For the traditional tutorial sessions prior to the conference, our two invited
speakers delivered insightful talks. David Garcia (Complexity Science Hub Vienna, Austria) gave a lecture entitled Analyzing complex social phenomena
through social media data, and Mikko Kivela (Aalto University, Finland) delivered a talk on Multilayer Networks. Each edition of the conference represents
a challenge that cannot be successfully achieved without the deep involvement
of many people, institutions and sponsors.
First of all, we sincerely gratify our advisory board members, Jon Crowcroft
(University of Cambridge), Raissa D'Souza (University of California, Davis,
USA), Eugene Stanley (Boston University, USA) and Ben Y. Zhao (University
of Chicago, USA), for inspiring the essence of the conference.
We record our thanks to our fellow members of the Organizing Committee.
José Fernando Mendes (University of Aveiro, Portugal), Jesús Gomez Gardeñes
(University of Zaragoza, Spain) and Huijuan Wang (TU Delft, Netherlands)
chaired the Lightning sessions. Manuel Marques Pita (Universidade Lusófona,
Portugal), José Javier Ramasco (IFISC, Spain) and Taha Yasseri (University
of Oxford, UK) managed the Poster sessions. Luca Maria Aiello (Nokia-Bell
Labs, UK) and Leto Peel (Université Catholique de Louvain, Belgium) were our
Tutorial chairs. Finally, Sabrina Gaito (University of Milan, Italy) and Javier
Galeano (Universidad Politécnica de Madrid, Spain), were our Satellite chairs.
We extend our thanks to Benjamin Renoust (Osaka University, Japan), Michael
Schaub (MIT, USA), Andreia Soa Teixeira (Indiana University, USA), Xiangjie
Kong (Dalian University of Technology, China), the Publicity chairs for advertising the conference in America, Asia and Europa, hence encouraging the participation.
We would like also to acknowledge Regino Criado (Universidad Rey Juan
Carlos, Spain) as well as Roberto Interdonato (CIRAD - UMR TETIS, Montpellier, France) our Sponsor chairs.
Our deep thanks go to Matteo Zignani (University of Milan, Italy), Publication chair, for the tremendous work he has done at managing the Submission
system and the Proceedings publication process.
Thanks to Stephany Rajeh (University of Burgundy, France), Web chair, in
maintaining the Website.
We would also like to record our appreciation for the work of the Local Committee chair, Juan Carlos Losada (Universidad Politécnica de Madrid, Spain),
and all the Local Committee members, David Camacho (UPM, Spain), Fabio
Revuelta (UPM, Spain), Juan Manuel Pastor (UPM, Spain), Francisco Prieto (UPM, Spain), Leticia Perez Sienes (UPM, Spain), Jacobo Aguirre (CSIC,
Spain), Julia Martinez-Atienza (UPM, Spain), for their work in managing online
sessions. They greatly participated to the success of this edition.

IV

We are also indebted to our partners, Alessandro Fellegara and Alessandro
Egro from Tribe Communication, for their passion and patience in designing the
visual identity of the conference.
We would like to express our gratitude to our partner journals involved in
the sponsoring of keynote talks: Applied Network Science, EPJ Data Science,
Social Network Analysis and Mining, and Entropy.
Generally, we are thankful to all those who have helped us contributing to
the success of this meeting. Sincere thanks to the contributors, the success of
the technical program would not be possible without their creativity.
Finally, we would like to express our most sincere thanks to the Program
Committee members for their huge eorts in producing high-quality reviews in
a very limited time.

Rosa M. Benito
Hocine Cheri
Chantal Cheri
Esteban Moro
Luis Mateus Rocha
Marta Sales-Pardo
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Tutorials

Analyzing complex social phenomena through
social media data

David Garcia

TU Graz, Austria
The wealth of data generated by our digital society, when combined with
computational methods like agent-based modeling and natural language understanding, provides a new window to study human behavior at new scales and
resolutions. This enables the analysis of complex social phenomena in which
temporal dynamics and network structures require the use of large and detailed
data. I will present an overview of complex social phenomena that have been analyzed through social media data, one of the most accessible and powerful data
sources in our digital society. First, I will show how social media data can be used
to analyze collective emotions and their long-term eects in terms of solidarity.
Second, social media data can capture states of multidimensional polarization
that can be explained by cognitive science models. Third, social media data can
capture gender inequality across countries and illustrates the role of positive
externalities, also known as network eects. And fourth, I will show how the
presence of intelligent technologies in online platforms generate the phenomenon
of complex privacy, by which the individual decision to share data with an online
platform is aected by the decisions of others.

David Garcia has been a group leader at the Complexity Science Hub Vienna since September 2017.
The aim is to build a research group funded by
WWTF (Vienna Research Groups for Young Investigators Call). He holds computer science degrees from
Universidad Autonoma de Madrid (Spain) and ETH
Zurich (Switzerland). David did a PhD and Postdoc
at ETH Zurich, working at the chair of systems design.
David's research focuses on computational social
science, designing models and analysing human behaviour through digital traces. His main work revolves around the topics of
emotions, cultures, and political polarization, combining statistical analyses of
large datasets of online interaction with agent-based modeling of individual behaviour. David's work lies at the intersection of various scientic disciplines, combining methods from network science, computer science, and statistical physics
to answer questions from psychology, economics, and political science. His interdisciplinary collaborations span more than 50 co-authors in 12 countries. David
has published more than 20 journal articles, 15 conference papers, and ve book
chapters, and serves as reviewer for prestigious journals and as program committee member of numerous computer science conferences.

Multilayer Networks

Mikko Kivela

Aalto University, Finland
Network science has been very successful in investigations of a wide variety
of applications from biology and the social sciences to physics, technology, and
more. In many situations, it is already insightful to use a simple (and typically
naive) representation as a simple, binary graph in which nodes are entities and
unweighted edges encapsulate the interactions between those entities. This allows
one to use the powerful methods and concepts for example from graph theory,
and numerous advances have been made in this way. However, as network science
has matured and (especially) as ever more complicated data has become available, it has become increasingly important to develop tools to analyse more complicated structures. For example, many systems that were typically initially studied as simple graphs are now often represented as time-dependent networks, networks with multiple types of connections, or interdependent networks. This has
allowed deeper and more realistic analyses of complex networked systems, but it
has simultaneously introduced mathematical constructions, jargon, and methodology that are specic to research in each type of system. The concept of  multilayer networks  was developed in order to unify the aforementioned disparate
language (and disparate notation) and to bring together the dierent generalised
network concepts that included layered graphical structures. In this tutorial talk,
I will introduce multilayer networks and discuss how to study their structure.
Generalisations of the clustering coecient for multiplex networks and graph
isomorphism for general multilayer networks are used as illustrative examples.
I am a network scientist and an assistant professor
at the Aalto University, where I also obtained my
doctoral degree. Before coming back to Aalto I was
a postdoctoral scholar at the Mathematical Institute
at the University of Oxford. My research area is the
relatively new eld of "network science" or "complex
networks". This means that I'm interested in complex
systems with a large number of elements that are interacting with each other in some non-trivial way and
possibly leading to some emergent phenomena. Social systems are a good example: they consist of multiple elements (people) that are interacting with each
other (social relationships) and lead to some very complex emergent behaviour
(social groups, societies, conicts, etc.). Other such complex systems include
transportation systems, gene-regulatory systems in cells, ecological systems and
many more. I see all of these systems as networks that can be studied with the
similar sets of tools and theories.

Invited Speakers

Graph-Based Anomaly Detection : Problems,
Algorithms and Applications

Leman Akoglu

Carnegie Mellon University, USA
Graphs provide a powerful abstraction for representing non-iid data, capturing immediate as well as long-range dependencies between entities. The study
of the structure and dynamics of real-world graphs has been a central theme
of research across various communities. Graph-based anomaly detection focuses
broadly on identifying those constructs that do not t the expected relational
patterns.
This talk involves vignettes from my decade-long research on anomaly detection using graph-based techniques. I will introduce various scenarios in which
graphs can be used in a natural way  both to formalize concrete anomaly detection problems, and to develop algorithmic anomaly detection methods. These
will be motivated by real-world applications of anomaly detection in the wild;
including opinion fraud, accounting anomalies, and host-level intrusion.

Leman Akoglu joined the Heinz College faculty as an
Assistant Professor in Fall 2016. She also holds a courtesy appointment in the Computer Science Department (CSD) and the Machine Learning Department
(MLD) of School of Computer Science (SCS). Akoglu
is the Heinz College Dean's Associate Professor of Information Systems. Prior to joining Heinz College, she
was an Assistant Professor in the Department of Computer Science at Stony Brook University since receiving her Ph.D. from CSD/SCS of Carnegie Mellon University in 2012.
Dr. Akoglu's research interests span a wide range of data mining and machine
learning topics with a focus on algorithmic problems arising in graph mining,
pattern discovery, social and information networks, and especially anomaly mining; outlier, fraud, and event detection. At Heinz, Dr. Akoglu directs the Data
Analytics Techniques Algorithms (DATA) Lab. Dr. Akoglu's research has won 7
publication awards; Best Research Paper at SIAM SDM 2019, Best Student Machine Learning Paper Runner-up at ECML PKDD 2018, Best Paper Runner-up
at SIAM SDM 2016, Best Research Paper at SIAM SDM 2015, Best Paper at
ADC 2014, Best Paper at PAKDD 2010, and Best Knowledge Discovery Paper
at ECML PKDD 2009. She also holds 3 U.S. patents led by IBM T. J. Watson
Research Labs.

Untangling biological complexity: From omics
network data to new biomedical knowledge and
Data-Integrated Medicine

Natasa Przulj

Barcelona Supercomputing Center, Spain
We are faced with a ood of molecular and clinical data. We are measuring
interactions between various bio-molecules in a cell that form large, complex
systems. Patient omics datasets are also increasingly becoming available. These
systems-level network data provide heterogeneous, but complementary information about cells, tissues and diseases. The challenge is how to mine them collectively to answer fundamental biological and medical questions. This is nontrivial, because of computational intractability of many underlying problems
on networks (also called graphs), necessitating the development of approximate
algorithms (heuristic methods) for nding approximate solutions. We develop
methods for extracting new biomedical knowledge from the wiring patterns of
systems-level, heterogeneous biomedical networks. Our methods uncover the patterns in molecular networks and in the multi-scale network organization indicative of biological function, translating the information hidden in the network
topology into domain-specic knowledge. We also introduce a versatile data fusion (integration) framework to address key challenges in precision medicine
from biomedical network data: better stratication of patients, prediction of
driver genes in cancer, and re-purposing of approved drugs to particular patients
and patient groups, including Covid-19 patients. Our new methods stem from
novel network science algorithms coupled with graph-regularized non-negative
matrix tri-factorization, a machine learning technique for dimensionality reduction and co-clustering of heterogeneous datasets. We utilize our new framework
to develop methodologies for performing other related tasks, including disease
re-classication from modern, heterogeneous molecular level data, inferring new
Gene Ontology relationships, aligning multiple molecular networks, and uncovering new cancer mechanisms.

Prof. Przulj initiated extraction of biomedical knowledge from the wiring patterns (topology, structure)
of "Big Data" real-world molecular (omics) and other
networks. That is, she views the wiring patterns of
large and complex omics networks, disease ontologies,
clinical patient data, drug-drug and drug-target interaction networks etc., as a new source of information that complements the genetic sequence data and
needs to be mined and meaningfully integrated to gain
deeper biomedical understanding. Her recent work in-
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cludes designing machine learning methods for integration of heterogeneous
biomedical and molecular data, applied to advancing biological and medical
knowledge. She also applies her methods to economics.
She is a member of the Editorial Boards of Bioinformatics (Oxford Journals), Scientic Reports (Nature Publishing Group) and Frontiers in Genetics
(Frontiers), and an Associate Editor of BMC Bioinformatics (BioMed Central).
Prof. Przulj a member of the Scientic Advisory Board of the Helmholtz Centre
for Infection Research (HZI / Braunschweig, Germany) and GSK. She is a Proceedings / Area Chair of Protein Interactions, Molecular Networks and Network
Biology tracks at the ISMB/ECCB 2015, ISMB 2016 and ISMB/ECCB 2017,
elected Chair of NetBio COSI (ISCB, ISMB) since 2019.

The keynote is sponsored by Entropy

Explainable Machine Learning for Trustworthy AI

Fosca Giannotti

University of Pisa, Italy
Black box AI systems for automated decision making, often based on machine
learning over (big) data, map a user's features into a class or a score without
exposing the reasons why. This is problematic not only for the lack of transparency, but also for possible biases inherited by the algorithms from human
prejudices and collection artifacts hidden in the training data, which may lead
to unfair or wrong decisions. The future of AI lies in enabling people to collaborate with machines to solve complex problems. Like any ecient collaboration,
this requires good communication, trust, clarity and understanding. Explainable
AI addresses such challenges and for years dierent AI communities have studied
such topic, leading to dierent denitions, evaluation protocols, motivations, and
results. This lecture provides a reasoned introduction to the work of Explainable
AI (XAI) to date, and surveys the literature with a focus on machine learning
and symbolic AI related approaches. We motivate the needs of XAI in real-world
and large-scale application, while presenting state-of-the-art techniques and best
practices, as well as discussing the many open challenges.
Fosca Giannotti is a director of research of computer science at the Information Science and Technology Institute
A. Faedo of the National Research Council, Pisa, Italy.
Fosca Giannotti is a pioneering scientist in mobility data
mining, social network analysis and privacy-preserving
data mining. Fosca leads the Pisa KDD Lab  Knowledge
Discovery and Data Mining Laboratory, a joint research
initiative of the University of Pisa and ISTI-CNR, founded
in 1994 as one of the earliest research lab on data mining.
Fosca's research focus is on social mining from big data: smart cities, human dynamics, social and economic networks, ethics and trust, diusion of innovations.
Fosca has coordinated tens of European projects and industrial collaborations. She is currently the coordinator of SoBigData, the European research
infrastructure on Big Data Analytics and Social Mining an ecosystem of ten
cutting edge European research centres providing an open platform for interdisciplinary data science and data-driven innovation. Recently she is the PI of ERC
Advanced Grant entitled XAI  Science and technology for the explanation of AI
decision making. On March 8, 2019 she has been features as one of the 19 Inspiring women in AI, BigData, Data Science, Machine Learning by KDnuggets.com,
the leading site on AI, Data Mining and Machine Learning.

This keynote is jointly sponsored by Applied Network Science, EPJ
Data Science, and Social Network Analysis and Mining

Possibilities and Limitations of using mobile
phone data in exploring human behavior

János Kertesz

Central European University, Hungary
Big Data as provided by modern communication systems provide unprecedented opportunities for research. Mobile phones have become almost like a new
organ in additional to our biological ones and we practically never get rid of
them, hence the analysis of CDR-s (Call Detail Records) are particularly important in gaining information about the whereabouts, contacts and activity
patterns of people. We will review some of the results from such analyses, including large scale structure of the society, mobility patterns, gender and age
dependence of interactions, bursty character of the activity. We will show that
sometimes extremely precise information can be obtained and applied to support
theories of social anthropology e.g., about family relationships. However, CDR
data should be used with care, as bias could occur since information from one
communication channel is considered only. We analyze this aspect and suggest
a general description of such biases.
János Kertész obtained his PhD in Physics 1980 from
Eötvös University. He worked at the Research Institute of Technical Physics of the Hungarian Academy
of sciences, at the Cologne University and at Technical
University Munich. He has been professor since 1992
at the Budapest University of Technology and Economics, and since 2012 at the Department of Network
and Data Science of the Central European University.
He was visiting scientist in Germany, US, France, Italy
and Finland.
János Kertész is interested in statistical physics and its applications, including percolation theory, phase transitions, fractal growth, granular materials and
simulation methods. During the last 15 years his research has focused on multidisciplinary topics, mainly on complex networks as well as on nancial analysis
and modeling. He has published more than 200 scientic papers. He has been on
the editorial boards of Journal of Physics A, Physica A, Fluctuation and Noise
Letters, Fractals, New Journal of Physics. His work has been awarded by several recognitions, including the Hungarian Academy Award, the Szent-Györgyi
Award of the Ministry of Education and Culture, the Széchenyi Prize and the
title of Finland Distinguished Professor.

This keynote is jointly sponsored by Applied Network Science, EPJ
Data Science, and Social Network Analysis and Mining

Simplicial model of social contagion

Vito Latora

Queen Mary, University of London, UK
Complex networks have been successfully used to describe the spread of diseases in populations of interacting individuals. Conversely, pairwise interactions
are often not enough to characterize social contagion processes such as opinion
formation or the adoption of novelties, where complex mechanisms of inuence
and reinforcement are at work. I will rst discuss a higher-order model of social
contagion in which a social system is represented by a simplicial complex and
contagion can occur through interactions in groups of dierent sizes. Numerical
simulations of the model on both empirical and synthetic simplicial complexes
highlight the emergence of novel phenomena such as a discontinuous transition
induced by higher-order interactions. I will show analytically that the transition
is discontinuous and that a bistable region appears where healthy and endemic
states co-exist. This result can help explaining why critical masses are required
to initiate social changes. I will then show how the presence of higher-order interaction can aect the stability of a synchronised state in a simplicial complex
of coupled dynamical systems.

I am Professor of Applied Mathematics, Chair of Complex Systems, and Head of the Complex Systems and
Networks Research Group in the School of Mathematical Sciences of QMUL. I am editor of the Journal
of Complex Networks, Fellow of the Turing Institute,
and External Faculty of the Complexity Hub Vienna.
I study the structure and the dynamics of complex
systems, using my background as theoretical physicist
and some of the methods proper to statistical physics
and non-linear dynamics, to look into biological problems, to model social systems, and to nd new solutions for the design of manmade networks. I have coauthored more than 150 scientic publications, including papers in PRL, PNAS, Nature Comm, Science and Physics Reports. See
the complete list of my publications here or from Google Scholar. My recent
grants include: EU LASAGNE (2012-15), EPSRC GALE (2013-16) and EPSRC
LoBaNet (2016-2019). I currently hold a Research Fellowships from the Leverhulme Trust to work on the network components of creativity and success.

The keynote is sponsored by Entropy

Human and Optimal Networked Decision Making
in Long-Tailed and Non-stationary Environments

Alex 'Sandy' Pentland

MIT Media Lab, USA
Human social networks frequently give rise to long-tailed and non-stationary
information spreading, but most methods of analysis and decision making typically assume stationary, concentrated distributions. Similarly, wisdom of the
crowd phenomena are usually analyzed as a single trial with a xed information sharing network whereas dynamic networks and importance of long-term
repeated-trial performance are major feature of human societies. I will discuss
new theoretical results on optimal tuning of information sharing networks while
accounting for long-tailed distributions. Finally, I will show that these new theoretical results provide a good model for how humans tune their social networks
for better performance in non-stationary and long-tailed environments.
Professor Alex Sandy Pentland directs MIT Connection Science, an MIT-wide initiative, and previously
helped create and direct the MIT Media Lab and the
Media Lab Asia in India. He is one of the most-cited
computational scientists in the world, and Forbes recently declared him one of the 7 most powerful data
scientists in the world along with Google founders
and the Chief Technical Ocer of the United States.
He is on the Board of the UN Foundations' Global
Partnership for Sustainable Development Data, co-led
the World Economic Forum discussion in Davos that led to the EU privacy regulation GDPR, and was central in forging the transparency and accountability
mechanisms in the UN's Sustainable Development Goals. He has received numerous awards and prizes such as the McKinsey Award from Harvard Business
Review, the 40th Anniversary of the Internet from DARPA, and the Brandeis
Award for work in privacy.
He is a member of advisory boards for the UN Secretary General and the
UN Foundation, and the American Bar Association, and previously for Google,
AT&T, and Nissan. He is a serial entrepreneur who has co-founded more than a
dozen companies. He is a member of the U.S. National Academy of Engineering
and leader within the World Economic Forum.
Over the years Sandy has advised more than 70 PhD students. Together
Sandy and his students have pioneered computational social science, organizational engineering, wearable computing (Google Glass), image understanding,
and modern biometrics. His most recent books are Social Physics, published by
Penguin Press, and Honest Signals, published by MIT Press.

Synchronization in Complex Networks,
Hypergraphs and Simplicial Complexes

Stefano Boccaletti

Carnegie Mellon University, USA
All interesting and fascinating collective properties of a complex system arise
from the intricate way in which its components interact. Various systems in
physics, biology, social sciences and engineering have been successfully modelled as networks of coupled dynamical systems, where the graph links stand
for pairwise interactions. This is, however, too strong a limitation, as recent
studies have revealed that higher-order many-body interactions are present in
social groups, ecosystems and in the human brain, and they actually aect the
emergent dynamics of all these systems. I will discuss a general framework that
allows to study coupled dynamical systems accounting for the precise microscopic structure of their interactions at any possible order. Namely, I will conider
an ensemble of identical dynamical systems, organized on the nodes of a simplicial complex, and interacting through synchronization-non-invasive coupling
function. The simplicial complex can be of any dimension, meaning that it can
account, at the same time, for pairwise interactions (networks), three-body interactions and so on. In such a broad context, a recent collaboration of mine has
shown that complete synchronization, a circumstance where all the dynamical
units arrange their evolution in unison, exists as an invariant solution, and has
given the necessary condition for it to be observed as a stable state in terms of a
Master Stability Function. This generalizes the existing results valid for pairwise
interactions (i.e. graphs) to the case of complex systems with the most general
possible architecture. Moreover, we show how the approach can be simplied
for specic, yet frequently occurring, instances, and we verify all our theoretical
predictions in synthetic and real-world systems. Given the completely general
character of the method proposed, our results contribute to the theory of dynamical systems with many-body interactions and can nd applications in an
extremely wide range of practical cases.

Stefano Boccaletti got his PhD in Physics at the University of Florence on 1995. In October 1998 he was
awarded the individual EU grant Marie Curie n.
ERBFMBICT983466. He is Senior Researcher at the
CNR-Institute for Complex Systems, and Honorary
Professor of the Weizmann Institute of Science, the
Tel Aviv University, the University of Bar Ilan, the
University of Navarre, and the Technical University
of Madrid. In 2015, he was awarded the PhD honoris
causa by the University Rey Juan Carlos of Madrid.
Currently, he is the Scientic Attache' at the Italian Embassy in Israel.
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Stefano Boccaletti is Author of publications in Physics Journals, which have
been cited more than 14,000 times, Editor of 4 books, and Author of other 3,
Editor in Chief of the Elsevier Journal Chaos Solitons and Fractals, and member
of the Editorial Board of several other International journals of physics and
applied mathematics. He has been invited to about 85 International Conferences
and Seminars as a plenary lecturer or keynote speaker, and he directly organized
15 Workshops.

Part I

Biological Networks

Multiomics-based inference of cell type-specific
regulatory networks in early human embryos
Gregorio Alanis-Lobato1 , Thomas E. Bartlett2 , and Kathy K. Niakan1
1

1

Human Embryo and Stem Cell Laboratory, The Francis Crick Institute, London, UK
2 Department of Statistical Science, University College, London, UK
Contact: gregorio.alanis@crick.ac.uk

Introduction

Cells respond to environmental changes by activating gene expression programmes that
allow them to maintain cellular homeostasis [1, 2]. In multicellular organisms, these
programmes differ from cell type to cell type and are thus an important component of
a cell’s identity [3]. Therefore, mapping the molecular networks responsible for gene
expression regulation is key to understand cell type specification, as well as homeostatic
maintenance and failure [4].
Although next-generation sequencing has allowed for the development of highthroughput assays to measure genome-wide gene expression, chromatin accessibility
and methylation levels [5], the determination of regulatory interactions with methods
like ChIP-seq or CUT&RUN [6] is restricted to a few transcription factors (TFs) with
good quality antibodies [7]. This has prompted the development of computational methods to infer regulatory relationships between TFs and their target genes based mainly
on gene expression data [8].
As part of the fifth edition of the Dialogue on Reverse Engineering Assessment and
Methods (DREAM) challenge, a comprehensive comparison of more than 30 network
inference methods was performed using in silico and real gene expression datasets [8].
This benchmark showed that even the methods with the best overall performance predict
a considerable number of false positive interactions. Most of these false predictions
originate from indirect associations: a path a → b → c can result in the prediction of
a → c even if there is no direct link between those nodes.
Here, we assessed whether the integration of other types of omics datasets with
transcriptomic-based predictions could help with the removal of indirect TF-gene relationships and produce more reliable regulatory networks. In particular, we used chromatin accessibility data to ensure that there were regions of open chromatin in the vicinity of target genes and that those regions were enriched for motifs that the potential
regulators can bind. We did this using data from early human embryos at the blastocyst
stage (Fig. 1a). This has the advantage of being a biological context with only three
well-defined cell types [9], good quality omics data [9–12], sufficient domain knowledge to evaluate the plausibility of our predictions [9], as well as many open questions
that can be addressed with insights from regulatory network models.
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2

Methods

We integrated single-cell RNA sequencing (scRNA-seq) data from three different studies [9–11] focusing on the three cell types present at the late blastocyst stage (Fig.
1b). Alignment to the reference genome (GRCh38) and calculation of gene counts
were performed on each dataset separately with nf-core/rnaseq v1.4.2 [13]. The resulting gene expression matrices were integrated and normalised using Bioconductor tools
[14]. Chromatin accessibility profiles from the blastocyst stage were obtained with the
LiCAT-seq technique [12]. Alignment to GRCh38, peak calling and annotation were
performed with nf-core/atacseq v1.1.0 [13]. Then, we carried out TF motif enrichment
analysis in the regions of open chromatin using rgt-hint v0.13.0 [15]. Finally, we associated the TFs that exhibited over-represented motifs in these regions with the closest
promoters (Fig. 1c).
For network inference, we employed the best performing strategy in the DREAM5
challenge, GENIE3 [16], which is based on random forests. The putative regulatory
links predicted by this method using the scRNA-seq data were taken as is (GENIE3) or
were subjected to a filtering process in which only TF-gene associations supported by
the chromatin accessibility data were considered in the final network (GENIE3+CA).
We evaluated the performance of each approach using 5-fold cross-validation on each
cell type to quantify the extent to which interactions inferred from a training set coincide
with interactions inferred from a reference test set, using the area under the precisionrecall curve (AUPRC) as our metric. Finally, we applied gene set enrichment analyses
(GSEA) to the target genes from each network using fgsea v1.14.0 [17]. The rationale
was that regulated genes should be significantly associated with the biological processes
known to be active in each blastocyst cell type.

3

Results

Fig. 1d shows that GENIE3+CA outperforms GENIE3 in our in-silico benchmarks.
This indicates that GENIE3 becomes a more robust predictor with the chromatin accessibility refinement, as it consistently prioritises regulatory links that were highly ranked
in the reference test set by using information from the training set only. Moreover,
when we assessed the biological relevance of the regulated genes from each network
via GSEA, we found a better agreement between the GENIE3+CA predictions and
their corresponding cell type. For example, the target genes in the network inferred by
GENIE3+CA for the placental progenitor cells are enriched in biological processes associated with placenta development, whereas the target genes in the GENIE3 network
are enriched in terms that are more indirectly associated with this tissue (Fig. 1e).

4

Conclusion

Our comparative analysis of regulatory network inferences highlights the value of refining expression-based predictions with complementary context-specific omics datasets.
Our goals now are to evaluate the performance of other prediction strategies (e.g. regression or mutual information), study the structure and properties of the inferred regulatory
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Fig. 1. (a) Human embryo at the blastocyst stage. (b) Low-dimensional representation of the
scRNA-seq data. Samples cluster by cell type based on expressed genes. (c) Regions of open
chromatin in the placental progenitor cells at the KRT8/KRT18 locus. Potential regulators of these
placental-associated keratins are highlighted. (d) Performance evaluation of the GENIE3+CA
and GENIE3 predictions with AUPRC. Each point is a fold from a 5-fold cross-validation benchmark. (e) Gene set enrichment analysis of target genes in the top-10,000 TF-gene interactions
by inferred GENIE3+CA and GENIE3 for the placental progenitor cells. Normalised enrichment
scores and p-values are indicated.

networks to identify the interactions with the most prominent roles in each cell type and
experimentally validate our results.
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Introduction

The wiring diagram of the brain changes continually through development, learning,
and recovery from injury. Changes following statistical dependencies in activity between neural components can be modeled as adaptive rewiring. Adaptive rewiring gradually transforms randomly connected networks into structured ones with small-worldness,
modular connectivity, and rich-club organization, akin to brain anatomy networks. Adaptive rewiring studies so far have been focused on undirected networks. While mathematically convenient, such networks are physiologically unrealistic. Directionality of
connections is important for establishing a processing hierarchy at the level of motifs,
circuits, layers, clustered axonal branches, and differentiating functional regions.
We previously presented an adaptive rewiring model, in which network activity
propagation was represented by heat diffusion [1] [2] . During each rewiring iteration, a
connection with low diffusion is cut and used for an unconnected pair of nodes with high
diffusion. Here we use two variants of heat diffusion to model adaptive rewiring in directed networks: advection and consensus. With advection, networks evolve hub nodes
that receive information (convergence), while for consensus the evolved networks contain hubs that propagate information (divergence). Including a proportion of random
rewiring or combining advection and consensus decreases path length between nodes
and increases the number of connected nodes while maintaining a hub structure. These
are characteristics that are pervasive in brain networks.

2

Methods
Advection : α(t) = eLout t

(1)

Consensus : c(t) = eLin t

(2)

where Lout = Dout – A and Lin = Din – A. Dout is a diagonal matrix with the outdegrees of the nodes in its diagonal entries. Similarly, Din has the in-degrees in its
diagonal entries. A is the adjacency matrix representing a binary digraph, i.e. Aij =1
indicates that (j,i)∈E (edge), while Aij =0 that (j,i)∈E
/ (Fig 1A). Before the onset of the
adaptive rewiring algorithm, the initial network is A = Arandom , a network with N = n
nodes and a predetermined number of nonzero connections randomly assigned to pairs
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of nodes, with the only exception that the node cannot point to itself. Adaptive rewiring
proceeds as follows for in-degree connections (and analogously for out-degrees):
Step 1.Select with uniform probability a node k from the nodes with nonzero, but
not n-1, in- and out-degrees.
Step 2. Delete edge (i2 , k) and add edge (i1 , k) with the same weight as the previously connected edge (i2 , k). With probability prandom select i1 and i2 based on step 2.1
(random rewiring) otherwise select them based on step 2.2 (instructed rewiring).
Step 2.1. i1 is selected randomly from the set (i,k)∈E,
/ i.e. nodes that are not in the
in-degree neighborhood of k. i2 is selected randomly from the set (i,k)∈E, i.e. nodes
that are in the in-degree neighborhood of k.
Step 2.2. Calculate the kernel of the algorithm used, f(t). From the set of nodes
(i,k))∈E,
/ i1 is the one with the highest concentration transfer with k. From the set
(i,k)∈E, i2 is the one with the lowest concentration transfer with k. Mathematically,
this is expressed as follows (f(τ) function represents either α(τ) or c(τ)):
i1 = argmax(i,k)∈E,i6
/ =k f ik (τ)

(3)

i2 = argmin(i,k)∈E,i6=k fik (τ)

(4)

Step 3. Go back to step 1 until r edge rewirings have been reached.
We show results for τ = 1.
A

B

C

D

E

Fig. 1. (A) Schematic representation of the adjacency matrix and how it relates to network structure. The i-th column indicate the out-degrees of the i-th node, and the j-th row the in-degrees
of the j-th node. (B) Evolution of a network using advection on the out-degree neighborhood of
candidate nodes (C) Evolution of a network using consensus on the in-degree neighborhood (D)
Evolution of a network using alternatively consensus and advection (E) Same as (B) but with
probability 0.6 we rewire randomly

3

Results

In the context of neuronal dynamics, both consensus and advection (and diffusion in
the undirected case) act as homeostatic factors aimed at normalizing the differences in
activity between the neurons. Advection, rewiring the out-degree, results in topological
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patterns as in Fig 1B: a small subset of nodes, acting as hubs, receive connections from
all other nodes. Consensus, rewiring the in-degree, results in hubs sending out connections to all other nodes (Fig 1C). Combining advection and consensus in a rewiring
scheme results in a pattern of both receiving and broadcasting hubs (Fig 1D). High
proportions of random rewiring maintain to an extent the overall hub structure (Fig 1E)
We show results using consensus; we get identical results from advection. Introducing to the in-degree an increasing proportion of random rewiring leads to a decrease
in the average path length (Fig 2A) and an increase in the connectivity of the network
(Fig 2B), as with random shortcut connections in structured undirected networks [3].
To quantify this effect, we measured the number of hubs in the rewired network; i.e.
nodes with an above-threshold number of out-degrees. With increasing probability of
random rewiring, the number of hubs reaches a maximum before it declines (Fig 5C).
Ideally, we want networks with small path length that also exhibit the structural
properties effected by consensus and advection. However, as we increase random rewiring
and reduce the path length, we also reduce the number of hubs. To quantify, the effects
of those two opposing forces we devised a structure efficiency metric that takes into
account the path length. It is defined as the ratio of the number of hubs over the path
length. We find that random rewiring increases structure efficiency up to a point and
then it is detrimental (Fig 2D).
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The ability to map causal interactions underlying genetic control and cellular signalling has led to increasingly accurate models of the complex biochemical networks
that regulate cellular function [10, 9, 1]. However, the traditional representation of biochemical networks as static and binary interaction graphs fails to accurately represent
an important dynamical feature of these multivariate systems: some pathways propagate control signals much more effectively than others [5] (see Fig. 1A & B). Such
heterogeneity of dynamical interactions reflects canalization, as the system is robust to
interventions in redundant pathways, but responsive to interventions in effective pathways. The simplest way to model such causal, interdependent nonlinear dynamics is
with multivariate, discrete dynamical systems; for instance, Boolean Networks (BN)
are canonical models of complex systems which exhibit a wide range of dynamical
behaviors [2]. BN provide a convenient modelling framework to explore general properties of complex systems, such as self-organization, criticality, causality, canalization,
robustness and evolvability [10, 8, 6, 11].
To capture the nonlinear logical redundancy present in biochemical network regulation, signalling, and control, we present the effective graph. The effective graph is a
weighted, directed graph that statistically integrates all dynamical redundancy present
in the BN dynamics, thus revealing the most important interactions in determining statetransitions, as well as very redundant pathways. In this talk we present a summary of
key results derived from more than 40 systems biology models analyzed, including that:
i) redundant pathways are prevalent in biological models of biochemical regulation (see
Fig. 1D & E); ii) the effective graph provides a statistical but precise characterization
of multivariate dynamics in a causal graph form (see Fig. 1B & C); and iii) the effective
graph provides an accurate explanation of how perturbation and control signals propagate in biochemical regulation, such as those induced by drug therapies on Cancer. See
Fig. 1C, and note how cancer drugs (purple nodes) lose their pathway to Apoptosis (cell
death; green nodes), a desired control outcome in this ER+ breast cancer model. Overall, our results indicate that the effective graph provides an enriched description of the
structure and dynamics of networked multivariate causal interactions. We demonstrate
that it improves explainability, prediction, and control of complex dynamical systems
in general, and biochemical regulation in particular.
All simulations and code to support the findings are freely available in the CANA
python package [4].
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Fig. 1. A. The interaction graph for the Arabidopsis Thaliana BN [3]. B. The effective graph for
the Arabidopsis Thaliana BN, in which edge thickness denotes effectiveness, with fully canalized
edges shown in dashed red. Node color intensity denotes the node effective out-degree; green
nodes denote cases of null effective out-degree. C. The effective graph for the BN model of
ER+ breast cancer [12], in which edge thickness denotes its effectiveness, thresholded to show
only effectiveness edges ei j > 0.4 for ei j ∈ [0, 1]. D. Ratio of the number of weakly connected
components to network size in relation to the effective edge threshold for a variety of biochemical
BN. The ER+ breast cancer (orange), leukemia (blue), and Arabidopsis thaliana (blue) networks
shown highlighted. E. Edge effectiveness of the 240 incoming edges (interactions) to 40 automata
with degree k = 6 in Cell Collective [7] models (green) compared to a bias-matched sample of
random Boolean automata (pink).
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Networks are a common method to model multivariate interactions in a variety
of complex systems found in nature and society. The interactions captured by networks can include a multitude of complex phenomena occurring at various levels of
observation and intensity, which are difficult to disentangle automatically. For instance,
functionally-relevant gene modules in a network of gene interactions, or disease-related
terminology in networks derived from drug and symptom mentions in social media [2]
typically have overlapping clusters of widely varying size and strength. To address these
and other similar questions, a variety of community structure algorithms have have
been proposed in the literature [1, 7, 3]. However, most modularity algorithms seek an
optimal partition of the network where each node must belong to a module. This hardboundary assumption does not match the fluid phenomena often found in biomedical
complexity. Indeed, many genes are involved in different biochemical pathways depending on their expression levels and which other biochemical species are present.
Hence, the same gene can participate in distinct modules. In these biomedical problems
it is more reasonable to assume that network variables can map to multiple, partially
overlapping functional communities. Thus, for biomedical applications of network science there has been much recent interest in spectral, overlapping clustering methods
[9].
Here we propose a new spectral method to automatically extract overlapping clusters from networks. It is based on two steps: 1) the Singular Value Decomposition
(SVD) of weighted graph adjacency matrices, in a process akin to Principal Component
Analysis (PCA) of gene expression data [10], and 2) automatic extraction of overlapping modules using information theory and a polar coordinate projection of data onto
singular vector (or component) subspaces. In the first step, when the original network is
a bipartite graph relating two distinct sets of variables (e.g. genes vs assays in time, or
disease codes vs social media user timelines), we compute the SVD of the bipartite adjacency matrix. If the network is a weighted graph of a single set of variables (e.g. genes),
we perform the PCA of the (covariance-normalized) adjacency matrix (see [10] for the
difference between SVD and PCA). Fig. 1A depicts the eigenvector variance spectrum
of a Drosophila gene interaction network obtained via PCA, where the first eigenvector
(or component) explains 20% of the variance in the gene co-expression data, and is as-
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sociated with a large module involving most genes and their regular expression patterns
(e.g. cell division, housekeeping and cell cycle).
In functional analysis we are most interested in biochemical processes involving
smaller modules which have specific regulatory functions beyond the regular cell operations captured by the first component [8]. Thus, in the second step of the method, we
target subsets of lower components. Fig. 1B depicts a biplot of all genes in the network
projected as points onto components 2 and 3 of the spectrum. The majority of points
is (randomly) projected at the origin of the biplot, showing that they are not correlated
with the phenomena captured by either component. Therefore, we want to identify those
points (genes) that most protrude and cluster away from the origin, as those are most
correlated with the target components. To do so, we transform the Cartesian coordinates
of every point to polar coordinates (see Fig. 1D), apply a moving window over the range
of radiuses, and compute the Shannon entropy of the distribution of points over angle
bins in each radius window. We use overlapping bins (or fuzzy intervals [5]) for both
radiuses and angles, meaning that a node at a particular polar coordinate can contribute
to more than one angle and radius bin simultaneously (see Fig. 1C & E, respectively).
Computing the Shannon entropy (see red line in Fig. 1D) allows us to track when the
distribution of points in polar angle bins transitions from a random to a more structured
arrangement. Because points near the origin (radius close to zero) are uncorrelated with
the components of interest, the distribution of polar angles tends to be uniformly random, as seen in Fig. 1B,D. As the radius increases, points tend to cluster near specific
angles, leading to lower Shannon entropy of the angle distribution. Thus, the goal of
the second step of the algorithm is to identify the radius where important transitions in
Shannon entropy occur, especially where the distribution of polar angles moves away
from a uniform distribution (see blue lines in Fig. 1B,D). Naturally, several entropy
transitions may occur, as some clusters are more correlated with components of interest
than others—and thus have a higher radius. In other words, identifying the best clusters
becomes a multi-objective optimization problem. Several measures can be used to optimize, but we exemplify the method with the rank-sum of radius and entropy to identify
the radiuses that maximize the number of points selected while simultaneously minimizing the entropy value. Once a radius is selected, we retrieve only the points that lay
beyond the circle it defines. The distinct clusters are then formed by the circle segments
that contain similar polar angles; see red polygon in Fig. 1B with radius ≥ 4 selected
by rank-sum. In our example, the red module corresponds to genes involved in protein
regulation via the proteasome complex, as characterized via gene ontology enrichment
analysis (GOEA) [6]. Finally, it important to stress that the clusters thus identified, contain genes that may overlap with clusters found in other component subspaces. In other
words, the same network nodes can contribute to overlapping modules associated with
distinct phenomena.
In the talk, we will discuss variations of the entropy and multi-objective optimization measures, and apply the method to data from four examples: (i) synthetic networks;
(ii) a gene interaction network from transcriptomic data (RNAseq) from Drosophila intestinal cells (Fig. 1); (iii) a knowledge network of drug and symptom terms extracted
from social media user timelines [2]; and (iv) a workspace social interaction network
collected using radio-frequency identification (RFID) [4].
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Fig. 1. Gene interaction network of insect (Drosophila melanogaster) intestinal cells. A. Spectrum of PCA components of the gene interaction network adjacency matrix, ordered by proportion of explained covariance. B. Projection of genes (network nodes) onto biplot of PCA components 2 and 3. Two network modules are highlighted in red and orange. Blue circles shows the
minimum entropy window selected (also in D). C. Angle bins used in analysis, with width of
rw = 90 and overlap of ro = 45. Bins positioned at varying radiuses for easier visualization. D.
Radius (horizontal) and polar angle (vertical) of same points as in B (subspace of components
2 and 3). Red line and points show the normalized entropy values for each radius window computation (θ w = 30, θ o = 15; rw = 1.0, ro = 0.1). Blue rectangle shows the minimum entropy
window selected (also in B). E. Radius bins used in analysis with width of θ w = 1 and overlap
of θ o = 0.5. F. Gene ontology enrichment analysis (GOEA) of the identified red module (see
B). Top 10 significant GO terms shown. G. Insect gene interaction network with red and orange
modules identified (also in B).
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Introduction

Complex network theory has been extensively used to analyze a wide variety of realworld systems, including biological organisms. Recently, the study of protein-protein
interaction networks (PPINs) has become widespread, since physical interactions between molecules underlie almost every process in a cell. For this reason, understanding
protein-protein interactions is essential for describing cellular physiology, and also for
developing new drugs to accurately modify selected interaction targets. The rapidly
growing knowledge of PPINs for a wide range of organisms developed in the last
decade, including viruses, has allowed the study of the viral infection through networkbased models. Thus, the study of emerging topological and functional properties of the
host-virus PIN leads to the detection of cellular functions that are essential for the viral
cycle completion. However, network approaches to the study of host-virus PINs have
been mostly restricted to characterize superficially the network topology, and the study
of connected nodes and their relative importance in the network have usually been reduced to connectivity analysis [1].
A different widely extended network approach to study the perturbation caused on
the cellular function by the virus is the construction of host gene co-expression networks [2], where the dynamic transcriptional response of host genes across the infection is measured by collecting host transcriptomic data at different infection times. To
interpret the dynamic host transcriptional response, gene transcription profiles are correlated so that highly correlated genes are connected through edges, and constitute a
given subnetwork within the co-expression network. Furthermore, there is evidence
that the connectivity obtained through co-expression network analysis is highly related
to the biological function [3]. However, this methodology has only been applied to host
transcriptional response to infection, and there has not been any previous attempt to
construct a host-virus protein co-expression network (PCN).

2

Results

In this work, we describe the infection of a human cell by Epstein-Barr virus, focusing
on two different network models: PPINs and PCNs. The host-virus PPIN was reconstructed collecting high-confidence direct interaction data from IntAct database, and
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the host-virus PCN was built using the temporal proteome of Epstein-Barr virus and its
host at different infection times, data previously obtained by Ersing et al. [4].
The structural and dynamical features of both networks were compared, and the importance of nodes, i.e. their centrality, was also analyzed through the calculation of node
degree (the number of neighbors of the node) and node eigenvector centrality, which is
defined as the i-th component of the eigenvector u~1 associated with the largest eigenvalue λ1 of the network adjacency matrix A. Our findings confirm that viral proteins are
preferentially attached to high-centrality host nodes in host-virus protein-protein interaction networks, while low-centrality host nodes are unexpectedly targeted in host-virus
protein co-expression networks (Fig. 1 and Table 1).

Fig. 1. Viral nodes in human-EBV protein co-expression network (PCN) interact with functionally enriched modules. A) Graphical representation of the host-virus PCN. The main structural
modules with size above 10 nodes are named after their representative color (arbitrarily assigned).
Viral nodes are highlighted in black, and both viral and human connector nodes display larger
node size. B) Low-centrality host nodes, exhibiting an eigenvector centrality below 10−10 , are
highlighted in blue. Viral nodes (in black) mostly interact with low-centrality host nodes belonging to the purple module represented in A), remarkably less connected to the network core (in
gray).

Our results obtained for host-virus protein-protein interaction networks are in agreement with previous work [5, 6], which proved that given a dynamical system of two
interconnected networks, the most beneficial connecting strategy for the weakest one in
a competition for eigenvector centrality is creating hub-hub interlinks with the stronger
one, while connecting through peripheral-peripheral connections becomes especially
harmful. In contrast, results showing viral attachment to host peripheral nodes in the
reconstructed host-virus protein co-expression network are unexpected. It could be interpreted that viral nodes do not share their expression patterns with host hub proteins;
rather, viral expression patterns would be more related to host peripheral nodes located
in the most peripheral modules and to the so-called inter-modular nodes.
This potential connecting strategy could be justified from a network science perspective if the viral attachment to the boundaries of two connected host modules obstructed any diffusive process occurring between them, a fact that should be assessed in
future research.
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Network
Avg. degree Avg. eig. centrality
HHPIN
6.67
0.0045
HHPIN (connectors)
28.04
0.0244
VVPIN
3.82
0.0897
VVPIN (connectors)
3.40
0.0808
HHCN
95.21
0.0065
HHCN (connectors)
13.31
1.5e-06
VVCN
1.53
0.0489
VVCN (connectors)
1.53
0.0489
Table 1. Comparison of average degree and eigenvector centrality of connector nodes in viral
and host protein interaction networks (VVPIN and HHPIN) and viral and host co-expression networks (VVCN and HHCN). Host connector nodes in HHPIN have a higher average degree and
eigenvector centrality than those of an average node in total HHPIN. In contrast, host connector
nodes in HHCN display the opposite trend having a lower average degree and centrality than
an average node. Regarding viral networks, neither VVPIN connector nodes nor VVCN connector nodes have a significantly different average degree or centrality to an average node of the
corresponding network.

Summary. The host-virus protein-protein interaction network (PPIN) and the protein
co-expression network (PCN) of Epstein-Barr virus and its host cell have been characterized from the perspective of complex network theory. Our findings are pointing
towards a different and unexpected connecting strategy of the viral network to the host
nodes in the host-virus PCN, opening new questions about the biological meaning of
this network model applied to the host-virus system.
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Introduction

An ancient desire of humanity is to understand, slow, or even halt and reverse ageing. In
related studies, it was soon realised that certain biomarkers can rather precisely predict
the functional capability of tissues, organs and even patients. One of the well-known
biomarkers of ageing is provided by DNA methylation, and a prominent example of
methylation-based age estimators is the so-called Horvath’s clock [1], which is based
on 353 CpG dinucleotides, and shows high correlation with chronological age across
multiple tissue types. We studied the network between these CpG positions, obtained
by applying a regularised regression to methylation data, to locate the most important
CpGs (and related genes) that may have a large influence on the rest of the system.
According to our analysis based on the Global Reaching Centrality [2], the structure of
this network is way more hierarchical compared to what we would expect based on the
configuration model. We also studied the control properties of the network using the
concept of control centrality [3], and the results show that top nodes according to the
hierarchy also seem to have higher control centrality values.
Besides the analysis of the network structure, we also examined how would the
perturbation of the methylation levels change the estimated biological age (also called
as the DNAm age). When propagation of the change over the network is also taken
into account, a unit change in the methylation level of the top CpGs according to the
hierarchy tend to have a larger effect on the estimated age compared to the average.
By adjusting the methylation of the most influential single CpG site and following the
propagation of methylation level changes we can reach up to 5.74 years age reduction,
which is significantly larger compared to the results without taking into account the
network effects. A flow chart illustration of our study is given in Fig.1.

2

Results

In Fig.2a we show that the GRC value measured in the methylation network is significantly higher compared to what we would expect in random graphs with the same
degree distribution. According to that, this network is strongly hierarchical. In Fig.2b
we display the 3d scatter plot of the expected change in the estimated age |∆ a| under a

32

DNA METHYLATION

A

METHYLATION DATA

b)

Methyl
Group

G

C

G

C

G

0
110

Patient1 0.153 0.782 0.906 0.221
Patient2 0.073 0.862 0.833 0.054
Patient3 0.279 0.628 0.684 0.135

100

20

30

HORVATH’S
CLOCK

80
70

353 CpGs

G

10

AGE

90

C

C

40
50

60

METHYLATION NETWORK

d)

CpG7

HIERARCHY

e)

DNAm AGE

c)

Gene2
Gene3
Methyl. Gene1
levels CpG1 CpG2 CpG3 CpG4

T

656
Patients

a)

CpG8
CpG4

CpG1

CONTROL

f)

CpG11

CpG5
CpG2

CpG14
CpG12

CpG9
CpG3

CpG6

CpG13

CpG10

PERTURBING THE METHYLATION LEVELS

g)
m5

m5

m2

m5

m2

m2
0

m4

m1

m4

m1

110

m4

m1

100

CpG5
CpG2

m3

CpG2

m6
CpG4

CpG1

CpG5
m3
CpG4

CpG1

CpG2

m6

m3

m6
CpG4

CpG1

10
20

AGE

CpG5
90

30

HORVATH’S
CLOCK

80
70

40
50

60

CpG3

CpG6

CpG3

CpG3

CpG6

CpG6

Fig. 1. Flow chart of our analysis. a) Our study is based on cytosine methylation, a phenomenon
where a methyl group is attached to a CpG dinucleotide in the DNA. b) We focus on the methylation level of the 353 CpG positions appearing in Horvath’s clock, using the data from Ref.[4],
listing altogether 656 patients. c) By plugging in the methylation levels of a given patient into
Horvath’s clock, we obtain the DNAm age, which is in strong correlation with the chronological age, but is also affected by e.g., the health status. d) Using Lasso-regression, we construct a
methylation network between the CpG positions. In order to seek for key influential nodes in the
system we analyse the hierarchical (panel e) and control properties (panel f) of the network. g) In
addition, we also investigate how would the change of the methylation levels affect the estimated
age when the perturbations are transmitted over the methylation network.
a)

b)

Fig. 2. Hierarchy, control and expected age reducement a) The GRC measured for the methylation network at the optimal link weight threshold (red) together with probability density ρ(GRC)
of the corresponding values in a link randomised ensemble. b) Scatter plot of the expected change
in the estimated age |∆ a| as a function of the the node reach r (corresponding to the standing in
the hierarchy) and the control centrality c of the nodes averaged for the network realisations
obtained at different link weight thresholds.

33

small, constant perturbation of the methylation level of the individual nodes as a function of the node reach (determining the node position in the hierarchy) and the control
centrality. Based on the moderate increasing tendency of the point cloud, the nodes with
a larger reach and/or higher control centrality are good candidates for achieving a larger
|∆ a|. In Fig.3. we show a hierarchical layout of the network in which the node size and
node colour indicates the expected age reduction value.

|∆a|
6 yrs

5 yrs

4 yrs

3 yrs

2 yrs

1 yr

0 yr

Fig. 3. Top levels of the hierarchy. The shading of the nodes indicates their age reduction value
|∆ a| (with darker shades corresponding to higher values).
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Introduction

Addiction is a complex brain disease reduced to the study of easily measurable addictionrelated endophenotypes in the laboratory environment [3]. Large number of mechanistic
studies using animal models do not incorporate a critical trait of human addiction, volitional choices between drug use and social interaction. Recent studies on rats suggests
that social interaction can change the activity of specific neuronal circuits that control drug craving and relapse [1,2]. To address influence of psychostimulant on social
interaction networks before and after the administration of psychostimulants we used
Drosophila melanogaster, which has been successfully used as a model organism for
the study of behaviours related to addiction: alcohol, nicotine and cocaine [5]. There are
few studies of the social interaction networks in D. melanogaster due to difficulties in
objective data collection of social interactions. In one recent study authors introduced
a computer vision pipeline for tracking and analysis D. melanogaster to compare social interactions of isolated to controlled population of flies [4]. In our research we use
similar approach: an open space arena and open source software Flytracker to identify
touch events among flies to collect the data. In our study we focused on the analysis of
the psychostimulant-induced group behaviours. To analyse group behaviours of adult
D. melanogaster males, we performed a quantitative analysis of social interaction networks structure on the global and local network level. We constructed two classes of
weighted networks: (i) CTR networks based on the social interactions of the group of
flies raised in group on the regular fly food and (ii) COC networks based on the social
interaction of flies that were raised in group and were orally administrated 0.5 mg/mL
of cocaine for 24 hours before tracking. Nodes are related to flies, links refer to the
touch interactions of two flies and weights denote the number of touch interactions of
each two flies during one experiment.

* This

research was fully supported by the Croatian Science Foundation through the Project
“Influence of redox status on psychostimulant-induced neural plasticity” under Grant IP-201801-2794
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2

Results

In the Table 1 we report network measures for five CTR and five COC networks (some
measures are left out due to the limited space). High modularity score 0, 31 ± 0, 05
in CTRL group is characterised by many links within and few links between groups,
while COC treated group had lower modularity 0, 20 ± 0, 03 with few links within and
many links between groups. Although this feature is not statistically significant (p=
0.08), finding is supported with total number of interactions, which was higher in COC
compare to CTR network (p=0.037). Global network parameters for COC group, characterised by average degree and strength, resulted in an increased overall network interaction density (p=0.002), when compared to CTR flies. Diameter values for COC
and CTR group are not significantly different (p=0.07) indicating that the shortest distance between the two most distant flies in the network are similar, but smaller for
COC group. Flies exposed to the COC had lower path distance walked compared to
CTR (p=0.04), which can be explained by the lower arousal to novelty and anxiety in
the COC treated flies. Values of modularity are on average higher for CTR networks,
which suggests that CTR populations have higher tendency to form communities than
COC populations. Similarly, CTR networks have more disconnected components than
COC networks. The results of the local-level analysis are shown as box plots diagrams
in 1. Average values for the degree and closeness centrality are almost twice as high for
COC networks, while the measures of eigenvector centrality and betweenness across
COC and CTR networks are on average equal.
type
CTR COC
CTR
COC
measure average average CTR1 CTR2 CTR3 CTR4 CTR5 COC1 COC2 COC3 COC4 COC5
N
30.40 27.40 26
26
32
32
36
29
29
29
25
25
K
43
72.20 40
35
42
36
62
82
88
96
40
55
< k > 2.82
5.19
3.08 2.69 2.62 2.25 3.44 5.66 6.07 6.62 3.20 4.40
< s > 4.25
7.83
4.85 4.08 4.19 3.12 5.00 9.03 7.79 10.34 5.20 6.80
d
0.10
0.19
0.12 0.11 0.08 0.07 0.10 0.20 0.22 0.24 0.13 0.18
L
2.63
2.09
2.24 2.29 3.28 3.03 2.32 2.09 1.99 2.00 2.25 2.12
D
6.00
4.20
4.00 5.00 8.00 8.00 5.00 4.00 4.00 4.00 5.00 4.00
Eglob
0.27
0.47
0.31 0.28 0.22 0.22 0.31 0.46 0.51 0.58 0.37 0.43
c
0.21
0.30
0.21 0.16 0.34 0.16 0.15 0.32 0.31 0.31 0.30 0.25
T
0.26
0.41
0.29 0.24 0.40 0.18 0.18 0.45 0.41 0.37 0.39 0.41
dhet
0.85
0.72
0.98 0.74 0.76 0.89 0.87 0.71 0.66 0.60 0.94 0.68
r
-0.12 -0.01 -0.10 -0.16 0.10 -0.34 -0.11 0.11 -0.01 -0.01 -0.25 0.12
NC
8.40
3.40
7.00 8.00 9.00 10.00 8.00 4.00 3.00 1.00 5.00 4.00
GCC
22.6
25
20
19
23
23
28
26
27
29
21
22
Q
0.31
0.20
0.16 0.26 0.40 0.41 0.30 0.28 0.13 0.23 0.20 0.14
Table 1. Global measures in social interaction networks for COC and CTR populations: number
of nodes N, number of links K, avg degree < k >, avg. strength < s >, density d, avg. path
length L, diameter D, global efficiency Eglob , clustering coeff. c, transitivity T , heterogeneity
dhet , asortativity r, number of components NC , size of giant component GCC and modularity Q.
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Fig. 1. Closeness, eigenvector, betweenness and degree centrality measures distributions across
CTR and COC social interaction networks.

Summary. There are several differences between structures of the COC and CTR networks. COC networks have more links than CTR networks because psychostimulant
treatment increased the activities of flies. Consequently, as expected, all global and local network measures related to the number of links differentiate between COC and
CTR networks. Interestingly, the values of modularity are higher in the CTR network
than in the COC networks. This property may indicate that increased activity in COC
networks did not increased interactions within the communities (groups of flies) in population, but on the contrary, the communication is spreading outside the communities.
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Introduction

Network backbones have been widely used to study the core structure and dynamics
of different complex systems, including brain networks [1]. Another key component
of network studies is the concept of shortest path, which plays an important role in
the optimization of communication. Here we present a preliminary study of the metric
backbone – the invariant sub-graph under distance closure that contains all edges that
contribute to any shortest path [2, 3] – in human brain structural connectivity of two
different cohorts: the Human Connectome Project (HCP) [4] and the Nathan Kline Institute study (NKI) [5]. The HCP is a high-quality dataset of healthy young adults and
the NKI provides a community sample with a wide age range, which enables us to track
data trends across the lifespan.
Ours is the first study of the metric backbone of human connectome networks. Our
preliminary results show that it comprises a surprisingly small subgraph of the original
networks, that its size decreases in the earlier decades of human life, and that it accounts
for a significantly outsized proportion of brain connection cost.

2

Methods

To estimate structural connectivity for each subject in each dataset, diffusion magnetic
resonance images were preprocessed, resulting in maps of white matter tract orientation [6]. Probabilistic tractography [7] was performed on these maps, rendering streamline estimates of white matter anatomical architecture. Structural connectivity was measured by counting the streamlines between brain regions, and normalizing for region
volume. Using an atlas with 200 functionally-associated regions [8] resulted in a structural connectivity matrix with 200 nodes.
Following [2, 3], we compute the Metric-Backbone as the invariant subgraph under
distance closure, which is sufficient to compute all shortest paths. It contains all metric
edges of an original distance (or weighted) graph. An edge is metric if it is the shortest
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distance between its two nodes, otherwise it is semi-metric because it breaks the triangle
inequality – there is a shorter distance between the nodes via an indirect path. A simple
e
s parameter allows us to discriminate these edges and is defined as s(ei j ) = p(i,i jj) , where
ei j denotes the (distance) weight of the edge between nodes i and j (the direct distance
between nodes), and p(i, j) is the shortest distance path between the same nodes (the
smallest sum of distance weights on a path between i and j). To obtain p(i, j) for all
edges we compute the all-pairs shortest path (APSP) problem . Edges with s = 1 define
the metric backbone (they are invariant to distance closure [2]) and are sufficient to
compute any shortest path in original graph. Edges with s > 1 are semi-metric and do
not contribute to any shortest path. Moreover, s can vary widely for edges not on the
backbone, and characterizes how much they break the triangle inequality. For example,
the pairs of nodes with si, j > 2 means that at least one indirect path between i and j is
at least half as short as the direct distance between these nodes.
The brain structural connectivity adjacency matrices entries denote a proximity between nodes. To calculate the shortest paths as above we convert proximity to distance
via the nonlinear transformation 1x − 1, after normalizing to the interval [0, 1] as suggested in [2].

3

Preliminary Results and Discussion

We study the characteristics of the metric backbone first in the adult HCP cohort, and
then compare the same network measures across the lifespan, in the NKI cohort. In this
preliminary work we present the results for the fraction of edges in the metric-backbone
and the fraction of the connection cost – here defined as the product of the length of the
streamline and the streamline count [9] – that it covers. In Figure 1 upper left panel
we present the distribution of the fraction of edges in the metric-backbone for the HCP
dataset, while in the upper right panel we present the same measurement across the
lifespan in the NKI data. The analysis reveals that the metric backbone is comprised of
very small subgraph of the original network – around 10 − 13%. In other words, there is
a lot of redundancy in these connectome networks, whereby only 10 − 13% are needed
to compute all shortest paths. Moreover, in the NKI dataset we observe a significant
decline in the size of the backbone before the median – 40 years old – (Spearman
correlation ρ = −0.392 and p − value = 1.923e−10 ). For the remaining lifespan there
is no evidence of any strong trend correlated with age (ρ = −0.064 and p − value =
0.321), that is, the size of the backbone stabilizes after the first decades.
Interestingly, even though the metric-backbone comprises only a small fraction of
edges (≈ 11%), on average, it accounts for about half of the total connection cost. This
suggests that the metric backbone represents a significant “investment” in connecting
streamlines and thus that shortest paths are important for communication in brain networks. Our results are validated by null models constructed from a population of 1000
random connected subgraphs of the same original networks.
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Fig. 1. Characteristics of the metric-backbones regarding the fraction of edges and the fraction
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Introduction

Over the last three decades the study of structural brain connectivity has revealed several
features which are found consistently across species: structural brain connectomes are
modular [1] and small-world [2], with the cross-modular pathways centralised through
a set of densily interconnected hubs, which form a rich-club [3][4]. These conclusions
have been mainly achieved by considering the unweighted – binarised – connectivity
matrices derived from tract-tracing or tractography. However, if the strength of individual interactions were heterogeneous these network properties could be seriously altered.
In practice, the connectivity maps derived from both tract-tracing and tractography assign individual weights to the identified connections. These link weights are largely
heterogeneous with values spanning over orders of magnitude from the strongest to the
weakest; and their weight rapidly decays with the length of the fiber [6].
Taken together, the network properties reported to govern the organization of the
anatomical connectivity and the prominent decay of link weights with fiber length result
paradoxical. On the one hand graph analysis – of binary matrices – indicates that brain
connectivity obeys the small-world property [2]. For that, the long-distance fibers need
to act as shortcuts facilitating that information can travel quickly across distant regions
of the brain. On the other hand, the rapid decay of link weights with fiber length implies
that longer fibers are orders of magnitude weaker than the shorter ones, thus rendering
the shortcuts irrelevant at the eyes of any dynamical process propagating along the
brain.

2

Results

Here, we aim at resolving this paradox. For that, we study whole-brain effective connectivity derived from brain activity at rest via functional MRI in healthy participants.
Effective connectivity has the ability to estimate the strength of interactions between
brain regions from the observed activity, encompasing many unknown parameters that
would be required for a direct evaluation. We compare the properties of both structural (SC), functional (FC) and effective (EC) connectivity matrices, Fig. 1A. In this
case functional connectivity is quantified as the Pearson correlation between the BOLD
signals of two regions of interest (ROIs). Effective connectivity is an estimate of the
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strength and the directionality of the interactions between two brain regions. The estimation is performed fitting empirical data – the BOLD activity of the two ROIs –
by mean of a generative model of the signals. In our case, we assume the multivariate
Ornstein-Uhlenbeck process as the underlying generative dynamics which is a linear
noise propagation model [7].
We find that, in accordance with previous tract-tracing and tractography studies,
the weight of structural links sharply decreases with the (euclidean) distance between
the brain regions connected by the link, Fig. 1B. However, this behaviour is not corresponded in functional or in effective connectivity where the strength of the links turns
to be independent of the distance between the brain regions. For ROIs separated by any
distance, both weak and strong functional or effective links can be found. Further, we
perform a comparative network analysis of the anatomical and effective connectivities
using dynamic communicability [8], a recent method to study complex networks which
naturally incorporates the coupling strength of the connections into the analysis. This
approach employs the spatio-temporal propagation of perturbations over the system
in order to extract topological information of the network. Dynamic communicability
Ci j (t) represents the temporal response of region j after a perturbation is applied on
region i at time t = 0. The total communicability of a network, Fig. 1C, quantifies the
global excitability of a network after all nodes are simultaneously perturbed. We see
that the connectivity based on SC gets larger response than the same process for EC,
however, it reaches its peak later. In this context, the distance di j between two regions
can be defined as the time that region j needs to reach its peak response, given an input
is applied to region i. The resulting pair-wise distance matrix, Figs. 1D and E, resembles for weighted networks, the pair-wise pathlength between nodes in a binary graph.
We find that the average weighted pathlength derived from EC is shorter than that of
SC, evidencing that the loss of shortcuts in SC due to the sharp decay of weights with
fiber length makes the structural network inneficient for the propagation of activity on
the brain, which contradicts the notion of brain connectivity as small-world networks.
Our results evidence that the interpretation of link weights returned by tractography
as the coupling strength of those connections is misleading. In the absence of empirical techniques which could directly and reliably quantify the strength of interactions
between ROIs, for now, we advocate to the use of effective connectivity as our source
for both network analysis and constraining whole-brain models. Even if effective connectivity does not represent the ultimate solution for this problem, since EC estimation
depends on the generative dynamical model of choice, the weights estimated by effective connectivity are closer to the concept of coupling strengths than the weight values
returned by tractography for the links.
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Fig. 1. Comparison of structural, functional and effective link weights and their network
properties. A Population averaged structural (SC), functional (FC) and effective (EC) connectivity matrices. B Dependence of link weights on the euclidean distance between the regions
of interest (ROI) connected. While structural weights derived from probabilistic tractography
sharply decay with distance (or fiber length), the strength of functional or effective connections
is independent of the distance between ROIs. C Total dynamic communicability over time for SC
and EC based connectivities. (Top) Curves represent the sum of all values in the C (t) matrices.
(Bottom) Sample responses of various ROIs to a stimulus applied to primary visual cortex at time
t = 0 shows heterogeneous responses both in amplitude and timing. D and E Dynamic distance
matrices for all ROIs with dynamic communicability is based on structural or effective connectivity respectively. Here, distance di j is characterised as the time a node j takes to reach the peak
response after an initial perturbation is applied on i. F Average “pathlength” for SC and EC based
dynamic communicability. Results are the mean values for the matrices in D and E.
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Introduction

Genes which are expressed similarly under a variety of experimental conditions are
more likely to share biological function than random groups of genes. The corresponding data of gene expression under different conditions are often summarised in a gene
coexpression network. Gene coexpression networks are networks in which nodes represent genes and edges correlation between their expression across different samples.
The construction of such gene coexpression networks is far from unique. Correlations can be assessed for example using Pearson’s correlation, or using signed distance
correlation (Pardo-Diaz et al., 2020). Signed distance correlation is a signed variation
of distance correlation. Distance correlations compares two sets vectors by comparing
their within-set distance matrices. It is constructed to measure the dependence, both
linear and nonlinear, between the two vectors and it is zero if and only if the vectors
are statistically independent. Signed distance correlation is already successfully employed to generate unweighted gene coexpression networks from gene expression data
in Pardo-Diaz et al, 2020. These networks are more robust and capture more biological information than networks obtained using Pearson correlation but the networks are
obtained through thresholding and thus may ignore important information.
Indeed, often correlations are thresholded to obtain a relatively sparse unweighted
network which contain edges only between those pairs of genes whose correlation value
exceeds a chosen threshold. This network construction method ignores detailed information about the strength of the correlation. Complete weighted networks which have
edges connecting all pairs of edges make it difficult to distinguish false positives from
true positives. Here, we present a method to construct weighted and thresholded gene
coexpression networks for which the sparsity can be controlled by assigning weighted
edges only to those pairs of genes with a correlation of their expression higher than a
given threshold. The weights of the edges correspond to the correlation values.
We compare weighted and thresholded gene coexpression networks constructed
from gene expression data using either Pearson correlation or signed distance correlation. We also compare these networks to the corresponding unweighted networks using
the three datasets employed in Pardo-Diaz et al., 2020. For each dataset, we construct
a correlation matrix using signed distance correlation and another one using Pearson
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correlation, as in Pardo-Diaz et al., 2020. We then select the optimal threshold for constructing a weighted and thresholded gene coexpression network from each matrix,
choosing the threshold using a variation from COGENT. COGENT (Bozhilova et al.,
2020) is an algorithmic method that evaluates the self-consistency of methods to construct gene coexpression networks. COGENT iteratively splits the expression data in
possibly overlapping datasets and compares the networks resulting from both sets of
data. The more similar the networks are, the more self-consistent is the method and the
more robust are the networks. We evaluate the networks by comparing their robustness,
assessed with COGENT, and also the amount of biological information they capture,
assessed with STRING (Szklarczyk et al., 2019).

2

Results

For each dataset and correlation matrix, we evaluate how the score retrieved using COGENT changes across different thresholds. This score depends on the similarity of the
networks constructed at each COGENT iteration. The similarity is adjusted using the
overlap expected between each of the networks and random networks with the same
edge weights. Fig. 1 illustrates how the signed distance and Pearson scores change for
different edge weight values in the R. leguminosarum dataset. In all three datasets the
curve shows a similar shape and there is an edge weight value for which the scores reach
their maxima. The thresholds associated with those edge weights are the optimal thresholds which we choose when constructing the networks. In all cases, the highest scores
obtained using signed distance correlation are higher than those for Pearson. Therefore, weighted and thresholded gene coexpression networks based on signed distance
correlation are more self-consistent than those based on the Pearson correlation.

Fig. 1. Self-consistency scores of R. leguminosarum networks for different thresholds. The blue
and red lines show the scores of networks obtained using signed distance and Pearson correlations
respectively. The dashed vertical lines indicate the optimal sums of edge weights.

We assess the amount of biological information contained in the networks by computing the dot product of the edge weights and the scores provided by STRING to each
pair of genes and then dividing by the sum of edge weights to normalise the results.
Here we use three different sets of STRING scores: obtained using all the evidence in
STRING C, obtained using only coexpression information C† , and obtained excluiding
coexpression information C‡ . To compare networks obtained using different correlation
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measurements, we construct two extra networks with sum of edge weights matching
those previously obtained using their optimal threshold. In all the cases and for the
three datasets, the networks obtained using signed distance correlation capture more biological information than their competitors. These results suggest that signed distance
correlation can be used for generating weighted and thresholded networks from gene
expression data, obtaining better results than with Pearson correlation. Table 1 presents
the four R. leguminosarum studied networks (in italics the optimal network for each
correlation), their metrics and their STRING scores.
Table 1. Metrics, COGENT score and STRING scores for the R. leguminosarum optimal
networks for each correlation (italics) and networks with matching sum of edge weights.
Correlation
Signed distance
Pearson
Signed distance
Pearson

Score
0.458
0.429
0.456
0.428

Thr
0.6
0.55
0.57
0.58

Edges Sum edge weights STRING C STRING C† STRING C†
388374
263662
28.66
8.70
25.72
531374
342785
22.39
6.26
20.26
523675
342785
25.78
7.33
23.23
391691
263662
24.43
7.28
22.03

We compare the amount of biological information captured by weighted and thresholded networks, and unweighted networks constructed using signed distance correlation. To this purpose, we use two groups of networks with the same set of edges: optimal set of edges for the weighted and thresholded network and the optimal set for the
unweighted network in Pardo-Diaz et al., 2020. The edges in the unweighted networks
are assigned the mean weight in the corresponding thresholded and weighted network.
The weighted and thresholded networks capture more of the biological information and
therefore should be preferred. The results for the R. leguminosarum networks are shown
in Table 2. The results for the other datasets are similar.
Table 2. STRING scores for the signed distance correlation networks from Table 1 and their
paired unweighted thresholded networks. The networks are paired by number of edges.
Correlation Network type
Signed distance Weighted
Signed distance Unweighted
Signed distance Weighted
Signed distance Unweighted

Edges STRING C* STRING C†* STRING C†*
263662
28.66
8.70
25.72
263662
27.31
7.87
24.57
313348
30.97
9.88
27.70
313348
29.61
9.02
26.55
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Introduction

Microorganisms do not exist in isolation but form complex ecological interaction networks. Such microbial interaction networks derived from a variety of habitats, including
soil [1], marine [2], and freshwater communities [3] have been studied for their structural properties. Specially in marine environments the number of different organisms is
vast and depends on our sampling and sequencing effort [4, 5], letting place for many
interactions to be discovered. Operational taxonomic units (OTUs) can be thought of as
groups of microorganisms that are operationally grouped together as a single species.
A group of OTUs that tend to co-occur may correspond to taxa that share an ecological
niche, or that participate in a symbiotic interaction [6]. Similarly, groups of OTUs that
tend to mutually exclude each other may represent competitive interactions within a
given niche. In addition, a particular co-occurrence pattern among two OTUs may not
necessarily represent a mutualist or competitive interaction, as that pattern can arise in
an indirect way, for example resulting from the response of two taxa to an environmental change or to the interaction with a third taxon.
Here we use OTU abundance data to identify statistically significant pairwise similarities which are interpreted as potential ecological interactions. The set of such pairwise interactions among the sampled OTUs can be understood as a microbial ecological
network. We infer a co-occurrence multilayer network, which the layers correspond to
eukaryote and prokaryote taxa and thus we study both the relations among same type
taxa (intra-layer connectivity) and between different types (inter-layer connectivity).
With this approach we tackle the question of which marine microorganisms tend to
co-occur more than expected by chance and how is this related to which group they belong to (eukaryotes/prokaryotes). Furthermore, we explore two of these networks, one
representing the relations among highly prevalent OTUs, present in at least 80% of the
samples and one for rare OTUs present only in one sample.

2
2.1

Methods
Data

We analyze the Malaspina Deep-Sea Gene Collection dataset [7, 8], which describes the
abundances of 6919 OTUs, including 3017 annotated as eukaryotes (from 18S rDNA
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sequences) and 3902 as prokaryotes (from 16S rDNA sequences) sampled in deep ocean
stations. For each OTU, we consider the D2 taxonomic level as a coarse-graining of
different OTUs into similar families.
2.2

Eukaryote-prokaryote co-occurrence multilayer network inference

The microbial networks were obtained from OTU abundance data, where significantly
associated objects are connected by edges. The network inference process is divided in
preprocessing, initial network computation and assessment of significance. In the first
step, a OTU abundance matrix needs to be normalized. In the next step, a similarity
measure based on the Jensen-Shannon divergence provides an association strength between every pair of OTUs. In particular, the square root of the JSD converts this into a
distance and 1-JSD can be interpreted as similarity measure. The higher is this value,
the more similar are the abundance patterns across samples. Only in the case that two
species are only present in one sample, and that sample is the same one, the interaction
strength will be equal to one. A threshold on the similarity value is selected such that
the initial network contains 100 edges. Significance co-occurrence across the samples
was assessed using permutations of the original abundance matrix. If any pair of OTUs
has a similarity value above the threshold, we call this interaction statistically significant and include it in the interaction network; any correlation below the threshold is
discarded. Last, we coarse-grain this network to the D2 taxonomic level by aggregating
the weights of edges connecting two OTUs that correspond to different D2 taxonomic
classes.

3

Results

We show the eukaryote-prokaryote co-occurrence network for highly prevalent and for
rare taxa at the D2 taxonomic level (Fig. 1). The links are weighted by the number
of times there is a connection between two OTUs in those D2 classes. The size of a
circle segment corresponds to the abundance of a D2 taxonomic class. The most relative abundant OTUs in both networks were generally found to belong to the phyla
with the most co-occurred OTUs in both networks (Alveolata from eukaryotes and
Gamma/Alphaproteobacteria from prokaryotes). The most connected nodes in the network formed by rare OTUs, imply that some of the low abundant but highly connected
OTUs may play a keystone role in network structure. Different OTUs among rare or
highly prevalent ones can share the same phylogenetically informative D2 region of the
rRNA, so we see some of the same OTUs (e.g. alveolata, rhizata, etc.) in both layers of
both networks.

4

Discussion

We are at an incipient stage of applying network analyses to explore the structure of
marine eukaryotes and prokaryotes microbial communities. Our results so far have revealed co-occurring and phylogenetic relationships. The resulting co-occurrence multi-
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Fig. 1. Circos representations of co-occurrences of the prokaryotes and eukaryotes OTUs.
Left: The most prevalent taxa, Right: rare species.

layer network (Fig. 1) permits the visual summary of information about the most significant similarities in abundances at the D2 taxonomic level. In general, dominant phylotypes in eukaryotes (Alveolata and Rhizaria) and Proteobacteria (Gammaproteobacteria
and Alphaproteobacteria) are more likely to occur together. Although the analysis is still
in progress we believe we can identify keystone taxa, both rare and highly prevalent, as
central nodes in the multilayer networks presented here, with possible implications for
microbial ecosystems function and robustness.
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Introduction

Network ecology has improved the description and interpretation of multitrophic ecological communities, especially for mutualistic bipartite networks which depict two interacting guilds [1]. However, most ecological network research has adopted a speciesbased approach, despite the fact that ecological processes take place at individual level
and depend on individual variation [2]. A common limitation of the few empirical examples of ecological individual-based networks is that only individuals of one species
(usually a plant species linked by its pollinators) are considered [3, 4]. Indeed, finding
robust methods to tackle the complexity of integrating individual nodes belonging to
several species remains an open question.
In this work, we use a node-colored multilayer approach [5] to investigate the
patterns of connections between conspecific and heterospecific individuals in 9 wellresolved individual-based plant-pollinator networks. We model the pollen transport
among plants mediated by floral visitors as an ensemble of conspecific pollen circuits
(or layers) that are coupled through insect species. Specifically, each layer contains the
dependence interactions among conspecific plant individuals and their floral visitors’
species [6], whereas interlayer links account for both, the interspecific movements of
insects, and the phenological overlap of coflowering plant species (see Fig. 1). We characterize the overall community structure (i.e. the macroestructure) from a dynamical
flow-based perspective [7], and describe node roles (i.e. the microstructure) by using
their degree, strength and PageRank metrics [8], as well as their specialization indices
[9]. Furthermore, since the mesoscale may be the most relevant level of analysis from a
functional point of view [10], we also inspect the composition of triplets, i.e., three node
motifs. To take into account the different types of links established with conspecifics
and heterospecific plant partners, we introduce here the concept of homospecific and
heterospecific motifs, denoted as HoMs and HeMs, respectively.
Despite its simplicity, this set of metrics allows testing a series of predictions arising from these structures. By relating the topological position of individual plants (i.e.,
their centrality and motifs metrics) to their fitness (i.e., seed production) with linear
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Fig. 1: Example of (a) intralinks and (b) interlinks calculations. (c) Example of multilayer for a plot with 2 plant species and 3 insect species. An example of HoM and HeM
motifs are highlighted (left hand side and central shade areas in (c), respectively).
mixed models (LMMs), we analyzed the following hypotheses: (i) being central may
entail a decrease in fitness if the plants’ main floral visitors act as antagonist (floral robbers) rather than mutualists (pollinators) [4] and viceversa, and (ii) pollen-flows across
species (i.e. layers) induced by the movement of insects increases significantly conspecific pollen loss and heterospecific pollen deposition on stigmas.

2

Results

In 2019 we surveyed the plant abundance, floral visits and seed production in 9 plots of
8.5 × 8.5 m2 within Doñana NP (Spain), that were separated by an average distance of
150 m. Each of the resulting plot multilayer contains on average 75.89 ± 30.46 nodes,
67.00 ± 26.19 intralinks, 6.56 ± 1.74 interlinks, 3.67 ± 1.22 plant species with floral
visitors, 16.11 ± 4.70 species of insect visitors, and 50.89 ± 21.83 focal plants.
Macro-analyses show that there are 13.00 ± 3.77 modules per multilayer on average, and around a third of them spread over various plant species, although a single
plant species predominates. At micro-level, the specialization indices confirm that most
plants and animal vistors are connectors among modules, whereas peripherals and network hubs are scarce. Remarkably, PageRank and in-strength show that there is more
variance within species than among species. Regarding the mesostructure, we see that
HoMs are much more abundant than HeMs. The average number of HoMs among plant
species is significantly different in all the plots, whereas the number of HeMs is not.
To relate the seed production of visited plant species to the direct and indirect interactions between their individuals, we fit a LMM with plot and plant species as random
factors. Our model shows that (i) the more central a focal plant is (i.e., the less conspecific pollen it receives), the smaller its predicted seed set; and (ii) the larger (smaller)
the amount of HoMs (HeMs) triplets of a given individual, the larger (smaller) its seed
production
Finally, to further explore the influence of the type of floral visitor (i.e., mutualist, antagonist or other) on individuals’ fitness, we compare the results for Leontodon
maroccanus (LEMA) and Chamaemelum fuscatum (CHFU), the most abundant plant
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species. Their main visitors are strikingly different: 46.5% of LEMA’s visitors are antagonists, whereas 79.1% of CHFU’s insects are non effective pollinators. We fitted
one model per plant species and type of visitor, in which HoMs and HeMs were the
explanatory variables. Our LMMs show that motifs with non-antagonist visitors increase significantly seed production of both species. In the case of LEMA, such motifs
are mostly HeMs, whereas those of CHFU are HoMs. On the other hand, triplets with
antagonist visitors reduce LEMA seed production, but do not have a statistically significant influence on CHFU. However, in the case of CHFU, HeMs mediated by non
effective pollinators do induce a significant reduction of seed production.
Our results confirm the hypotheses presented in the introduction, and highlight the
crucial role that individual interactions and their variability have for the fitness of plant
individuals. In particular, both direct and indirect interactions, and the identity of the
interacting visitors, are key for understanding plant reproduction success.
Summary. We introduce a framework rooted in multilayer network modeling designed
to depict the conspecific and heterospecific pollen flows mediated by floral visitors. By
applying this analysis to 9 well-resolved individual plant-pollinator networks, we show
that individual-based networks are highly modular, with modules often integrating individuals from different plant species, linked by their animal visitors. Consequently, the
individual node position in the network with respect to its conspecifics or to the overall
network have contrasting effects on individual plant reproduction. However, considering the mesoscale enhances the description of plant reproductive success, as it integrates
all heterospecific and conspecific interactions of a given individual. We provide a simple
but robust set of metrics to scale down network ecology from multitrophic communities to the individual level, where most ecological processes take place, hence moving
forward the description and interpretation of ecological dynamics across scales.
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Introduction

The standard and extensively used method for generating artificial networks is the LFR
graph generator [6]. This model has some scalability limitations and it is challenging to
analyze it theoretically. Moreover, the mixing parameter µ, the main parameter of the
model guiding the strength of the communities, has a non-obvious interpretation and so
can lead to unnaturally-defined networks (see [4] for a detailed discussion).
We provide an alternative random graph model with community structure and powerlaw distribution for both degrees and community sizes, the Artificial Benchmark for
Community Detection (ABCD graph). We show that the new model solves the three
issues identified above and more. Indeed, it is fast, simple, and can be easily tuned to
allow the user to make a smooth transition between the two extremes: pure (independent) communities and random graph with no community structure.
The research was partially financed with the support of financed by the Polish National Agency for Academic Exchange, grant agreement no. PPI/APM/2018/1/00037.

2
2.1

Results
ABCD Models

We briefly discuss the ABCD—full details can be found in [4]. As with LFR, for a
given number of vertices n, we start by generating a power law distribution both for the
degrees and community sizes. Those are governed by the power law exponent parameters (γ, β ). We also provide extra information to the model, again as with LFR, namely,
the average and maximum degree, and the range for the community sizes.
For each community, we generate a random community subgraph using either the
Configuration Model (CM, see [2]) which preserves the exact degree distribution, or
the Chung-Lu model (CL, see [3]) which preserves the expected degree distribution. We
also generate a background random graph with the same degree distribution. The mixing
parameter ξ guides the proportion of edges which are generated via the background
graph. In particular, when ξ = 1, the graph has no community structure while with
ξ = 0 we get disjoint communities. In order to generate simple graphs, we may have
to do some re-sampling or edge re-wiring, which are described in [4]. This two-step
process is similar to the highly scalable BTER model [5].
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With this process, larger communities will get slightly more internal edges due to
the background graph. In order to provide a variant where the expected proportion of
internal edges is the same for every community (as with LFR), we also provide a “local”
version of ABCD where the mixing parameter ξ is adjusted for every community.
2.2

Properties

We compare graphs generated with the LFR and the ABCD benchmarks via some
graph statistics: clustering coefficient (the average vertex transitivity), eigenvector centrality, the global transitivity, and the average shortest paths length (approximated via
sampling). We generated graphs with 100,000 vertices, average degree 25, maximum
degree 500 and power law exponent γ = 2.5; for the community sizes, we used power
law exponent β = 1.5 with sizes between 50 and 2,000. The mixing parameter for LFR
is set to µ = 0.2 and, in order to compare similar graphs, for the ABCD algorithm we
derive the corresponding ξ = 0.202.
The experiments with ABCD and LFR models show high similarity of the generated graphs, in particular, when the configuration model is used. Indeed, some graph
parameters that are sensitive with respect to the degree distribution (such as clustering
coefficient) are not as well preserved for the Chung-Lu variant of the model, which is
natural and should be expected.
2.3

Performance

The computations for LFR were performed using the reference implementation5 and
NetworKit implementation (which is faster). For ABCD, the Julia 1.5 language implementation was used [1] in order to ensure high performance of graph generation, while
keeping the size of the code base small. We tested the ABCD model and we see a
roughly 100-fold speedup with the ABCD models in a sequential processing approach
vs. the reference implementation of LFR and around 10-fold speedup vs. NetworKit
implementation. See [4] for a discussion of theoretical complexity of ABCD and LFR.
Let us now switch to issues of parallelization of ABCD. The model is conveniently
designed in such a way that it is relatively straightforward. In order to create ABCD,
one needs to create community graphs and the background graph. It is important that
community graphs can be generated completely independently so their generation can
be easily done in a distributed fashion. Generation of the background graph is performed
in two stages: a) fully independent phase (as done with community graphs), b) edge
conflict resolution phase between background and community graphs. Fortunately, the
number of conflicts that need to be resolved in phase b) is very low and does not affect
significantly the overall runtime of the algorithm. Finally, before we move to description
of the parallelization algorithm let us note that parallel generation of a single CL or CM
graphs is possible following the procedures described, for example, in Section 6.1 and,
respectively, Section 6.2 of [7].
The cost of generation of a graph (regardless whether community or background)
is generally proportional to the number of edges that are present in this graph. Let us
5 github.com/eXascaleInfolab/LFR-Benchmark
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denote it by ei , where i ∈ [b] (there are b − 1 community graphs and one background
graph). Generation of different graphs is perfectly parallel as noted above, however, if
we want to generate some single graph on k processors in parallel the expected execution time is reduced by a multiplicative factor p(k). Clearly p(1) = 1 and this function
is typically decreasing, but k · p(k) is typically increasing. E.g., on our test machine we
have measured that p(4) ≈ 0.475 and 4p(4) ≈ 1.9.
In general, we use a greedy knapsack algorithm, in which the number of bags is
the count of available processors c, to dynamically allocate processors to computing
tasks. This simple algorithm is known to have a relatively good performance in practice. However, a standard greedy knapsack packing assumes that the items (in our case
generation of m subgraphs) are indivisible. Therefore we implement a modification to
this algorithm that considers splitting one job of size ei into k jobs of size ei · p(k) for
k ∈ [c]. In order to keep the algorithm fast we also perform this splitting greedily. The
procedure maintains a vector ki which keeps track to how many processors the generation of graph i is split into. Initially, all ki = 1. Then, we sequentially pick the most
expensive job ei · p(ki ) from the jobs for which ki < c and consider splitting it into ki + 1
jobs. If this split is beneficial, then we perform it and repeat the process. Otherwise, we
stop the algorithm. The idea behind such a procedure is that splitting small items would
not lead to significant decreases in overall run time anyway. The details of technical
implementation of this procedure depend on the target architecture of graph generation
that is considered (multithreading on a single CPU, distributed computing, GPU computing). However, our initial tests show that using 4 CPUs on a standard laptop gives
us at least 2-fold speedup over a sequential algorithm (with a worst case being a graph
consisting only of a background graph).
Summary. We propose a new method for generating graphs with communities that is
not only faster but also has a more natural interpretation than the current state of the art.
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Introduction

A remarkable approach for modelling the statistical properties of real networks is provided by hyperbolic network models, centred around the idea of placing nodes in a low
dimensional hyperbolic space and introducing random connections according to probabilities that depend on the hyperbolic distance between the nodes. The random graphs
generated by e.g. the popularity-similarity optimisation (PSO) model [1] and the S1 /H2
model [2, 3] are known to be small-world, highly clustered and scale-free at the same
time, reproducing the most important universal features often seen in real systems. In
the present work, we find that the hyperbolic networks obtained from the above models also contain communities for a rather wide range of the model parameters, which
comes as a surprise as the appearance of communities was certainly not an intention at
the construction of these models. Nevertheless, since communities usually provide very
important units at an intermediate level of the structural organisation of real systems as
well, these results make the hyperbolic approach even more suitable for modelling real
networks than thought before.
We generated hyperbolic random graphs with both the PSO model and the S1 /H2
model, working in the native disk representation of the hyperbolic plane. In the PSO
model, the N number of nodes are introduced one by one with logarithmically increasing radial coordinates and uniformly random angular coordinates, and a newly appearing node (indexed by i) connects to previous ones (indexed by j) with a probability
i−1
h
ζ
depending on the hyperbolic distance xi j as p(xi j ) = 1 + e 2T (xi j −Ri )
, where ζ is
√
given by the hyperbolic curvature K = −1 as ζ = −K, the temperature T is a model
parameter controlling the clustering coefficient, and the cutoff distance Ri is so adjusted
that the expected number of connections of the new node i is equal to m, providing a
further model parameter (that is equal to the half of the expected average degree hki).
Roughly speaking, the degree of the nodes is determined by their radial coordinate, and
the first appearing nodes close to the centre of the disk (being the most popular) eventually become hubs. However, an important feature of the model is that at the arrival
of any node i, the radial coordinate of each previously (at time j < i) appeared node
j = 1, 2, ..., i − 1 is increased according to r ji = β r j j + (1 − β )rii , in order to simulate
popularity fading. With the help of the parameter β controlling the popularity fading
we can set the decay exponent γ of the scale-free degree distribution as γ = 1 + 1/β .
In the S1 model the N number of nodes are placed on a circle at random angular coordinates and to each node we also associate a hidden variable κ drawn from
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ρ(κ) ∝ κ −γ . Node pairs are connected with a probability depending on both the angular
h

α i−1
N·∆ θ
distance ∆ θ and the hidden variables formulated as pi j = 1 + 2π·µ·κii·κj j
, where

α
the constant µ is given by the model parameters γ, α and hki as µ = 2πhki · sin απ . In

the equivalent H2 model the κ parameter associated to the nodes is converted into a
hyperbolic radial coordinate in the native disk, with which the connection probability
becomes similar to the linking probability seen in the PSO model.
The random graphs generated with the PSO model and the S1 /H2 model were
used as inputs for three very well-grounded community finding methods, namely the
asynchronous label propagation [4], the Louvain [5] and the Infomap [6] algorithms.
1
·
The quality of the communities was measured by the weighted modularity Q = 2M
N N 
si s j 
· ∑ ∑ wi j − 2M δci ,c j , where the link weights are defined following the practice sugi=1 j=1

gested in Ref. [7] as wi j =
N

1
1+xi j ,

the node strength si is simply si = ∑N`=1 wi` and

N

M = 12 · ∑ ∑ wi j stands for the total sum of the link weights.
i=1 j=1

2

Results

We generated random graphs with sizes varying between N = 100 and N = 10, 000 for a
wide range of parameter settings and found quite robust community structures with high
Q values for the majority of the cases. As an illustration, in Fig. 1. we show an example
for the communities in an S1 /H2 network. In Fig. 2., we plot Q as a function of T and
β in the PSO-model for N = 10, 000 and hki = 10, displaying convincing high values
in a relatively large region of the parameter plane. Based on similar plots obtained for
the S1 /H2 model, we can state that the examined hyperbolic network models yield an
inherent community structure for a wide range of their parameters, despite the absence
of any intentional community formation mechanisms built into the model construction.
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Fig. 1. Example for communities found by the Louvain algorithm in a network generated
by the S1 /H2 model. The model parameters were N = 1000, hki = 10, γ = 2.43 and α = 5.0.
The modularity of the found community partition reached Q = 0.738. a) Layout in the native
representation of the hyperbolic plane of curvature K = −1, using the hyperbolic coordinates
given by the model. b) Force-directed layout in the Euclidean plane.
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Fig. 2. The modularity as a function of the model parameters in the case of the PSO
model. Q was averaged over 100 samples of networks with N = 10, 000 and hki = 10 at
β = 0.1, 0.2, ..., 0.9, 1.0 and T = 0.0, 0.1, ..., 0.8, 0.9. The panels correspond to the results obtained with asynchronous label propagation (a), Louvain (b), Infomap (c), and when the best
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Introduction

Network science provides effective tools to model and analyze complex systems. However, the increasing size of real-world networks becomes a major obstacle in order to
understand their structure and topological features. Therefore, reducing its size while
preserving its topological features is an important issue. Extracting the so-called backbone of a network is generally solved either by coarse-graining or filter-based methods.
Coarse-graining methods reduce the network size by grouping similar nodes, while
filter-based methods map the network by discarding nodes or edges based on a statistical property. In this work [1], we propose and investigate a filter-based method
exploiting the community structure [2, 3] in weighted networks. In the so-called “overlapping nodes ego backbone”, the backbone is formed with the set of nodes shared by
communities called the overlapping nodes [4] and their neighbors. It is inspired from
a previous study [7] showing that overlapping nodes and hubs are generally neighbors
in real-world networks. Once the sub network made of the overlapping nodes and their
neighbors is extracted, links with low weights are removed as long as the biggest connected component is preserved.
Experimental evaluation has been performed with real-world weighted networks
originating from various domains (social, co-appearance, collaboration, biological, and
technological). Comparisons with the popular disparity filter method [5] demonstrate
the greater ability of the proposed method to uncover the most relevant parts of the
network.

2

Methods

The algorithm used to extract the backbone is detailed below:
Step 1: Form the overlapping nodes ego sub-network by removing all nodes that do
not belong to the set of overlapping nodes or the set of their first neighbors.
Step 2: Remove the edges with low weights from the overlapping ego sub-network.
To do so, edges are sorted in decreasing order according to their weights. Low weights
are removed as long as the sub-network largest component do not split into two components.
Step 3: Tune the size of the overlapping ego backbone with a parameter s. To this
end, all the nodes of the overlapping nodes ego backbone are sorted in decreasing order
according to the weighted degree centrality [6]. Nodes with low degrees are removed
from the network until the prescribed size is reached.
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Table 1. N is the network size. An represents the estimated values the proportion of common
nodes of two backbones. < β > is the average node betweenness. < w > is the average link
weight. OE stands for the overlapping nodes ego backbone, while DF stands for the disparity
filter backbone.
Network

N

Zachary’s karate club
Intra-organisational
Freeman’s EIES
Train bombing
Les Miserables
Game of thrones
C.elegans Neural
Facebook-like Forum
Facebook-like Social
US Power Grid
Scientific Collaboration

34
46
48
62
77
107
306
899
1899
4941
16726

(a)

An (%)
OE-DF
68
84.61
80
94.73
85.11
68.75
64.04
61.71
75.04
61.03
57.83

<β >
OE
DF
0.088 0.079
0.028 0.013
0.014 0.011
0.077 0.047
0.057 0.035
0.053 0.034
0.012 0.009
0.005 0.004
0.003 0.002
0.008 0.005
0.008 0.006

<w>
OE
DF
3.31
3.15
2.31
2.18
2.53
2.14
1.38
1.23
4.89
3.74
16.58
14.98
5.32
4.91
6.99
5.61
356.19 313.51
53.59
49.55
49.97
48.52

(b)

Fig. 1. The backbone extraction of different methods for Les Miserables network. (a) overlapping
nodes ego backbone, (b) disparity filter backbone. Nodes with the same color belong to the same
community and those in gray are the overlapping nodes. The size of the nodes is proportional to
their weighted degree, while the size of links is proportional to their weights.

3

Results

A set of experiments is performed to compare the overlapping nodes ego backbone with
the disparity filter which is recognized as one of the most effective alternative method.
Parameters values of the backbone extractor are tuned in order to compare backbone of
the same size (30% of the size of the original network). The SLPA algorithm is used to
uncover the overlapping community structure of the networks. At first, the proportion
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of common nodes extracted by the two methods is computed. It is defined as the fraction of the size of the intersection between the two sets divided by their size. Table 1
reports the proportion of common nodes computed between the proposed backbone and
the disparity filter. Overall, the overlap is more or less pronounced. Les Miserables network reported in Figure 1 is a good illustration that the proposed approach preserves
almost all high-connectivity nodes and essential connections. Indeed, one can notice
that the disparity filter backbone misses some very important nodes such as “Marius”
and “Cosette” that are among the main characters in the Victor Hugo’s novel.
Second, the performance is compared by measuring the average betweenness and
the average link weight of both backbone extractors. Table 1 reports the results for all
networks under test. The average betweenness indicates how much information can
pass through the nodes of the backbone. The values of the average betweenness of the
proposed backbone are higher than the ones computed in the disparity filter backbone.
This implies that the nodes extracted by the overlapping nodes ego backbone act as
a better information gateway of the original network as compared to the disparity filter backbone. Experimental results show that the backbones extracted by the proposed
method have a higher average link weight as compared to the disparity filter backbones.
A higher value of the average link weight demonstrates that the picked links are quite
relevant.Thus, some very relevant connections are missed in the disparity filter backbone. All these experiments confirm the ability of the overlapping nodes ego backbone
to preserve nodes playing a major role in the network.
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Introduction

Many real networks have a multifaceted community organization that supports the
trade-off between functional segregation and integration [1], which is a crucial feature
of complex systems. Connections between a known community and other nodes in the
rest of the network are pivotal bridges that might suggest integration with other functional modules. Here, we introduce a novel challenge in network science: the
node2community (node2com) prediction. Given only a network topology and the
metadata of one or more annotated communities, the problem is to predict whether
there are nodes not connected to a certain community that might be candidates for a
significant pairing. The pairing prediction can quantify the statistical significance of a
potential structural or functional interaction, which does not necessarily imply the
prediction of node membership to the community. To address such problem, we propose an algorithm for node-community pairing (NCP) that exploits an ensemble of
link predictors and that provides a level of statistical significance for each nodecommunity pair that does not have a direct connection.

2

Results

NCP has several possible variants that have been evaluated on both real and synthetic
networks. The results from our analysis confirm that the Cannistraci-Hebb (CH) models [2] are robust predictors across different network topologies, and the adoption of
models based on paths of length three (L3) seems more reliable than paths of length
two (L2) on most network structural organizations. Finally, as proof of real application in systems biomedicine, we run NCP on the human protein interactome [3] in
order to predict unknown associations with the COPD disease module [4], [5], which
are then experimentally validated by co-immunoprecipitation and gene silencing.
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Fig. 1. MCC evaluation on real networks. The figure reports the results on 2 representative real networks
out of the 5 that have been evaluated: (a) Football, a social network without overlapping communities and
(b) S. Cerevisiae PPI, a biological network with overlapping communities. Number of nodes N, edges E
and communities C are reported in brackets. For each community in the network, we define the “removable” nodes, which are the nodes with at least one link internal and one link external to the community
members. All the pairs composed of a community and a removable node represent the positive set. For each
node-community pair in the positive set, we define a related “negative” pair, which is given by the same
node and the community whose members have the highest average shortest path to the node (only considering the communities of which the node is not member and does not have a direct link). All such pairs represent the negative set. For each node-community pair in the positive set, we remove the internal links between the removable node and the community members, and we run the NCP prediction algorithm in order
to obtain a p-value for both the communities associated to the node in the positive and negative set pairs.
By applying a significance threshold of 0.05 to the p-values, we obtain the positive and negative predictions
to the node-community pairs in the positive and negative sets. Then, we evaluate the performance computing the Matthews correlation coefficient (MCC) using the true and predicted labels. The NCP algorithm
can be performed adopting several link prediction variants, which are all reported in the barplots, ranked by
decreasing MCC. The random predictor is also shown. The results for the other 3 real networks are not
reported due to lack of space, however they highlight analogous trends.
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Fig. 2. MCC evaluation on synthetic nPSO networks. We generated synthetic networks using the nPSO
model [6] with parameters N = 1000 (nodes), γ = [2, 3] (exponent of the power-law degree distribution), m
= [4, 8] (half of the average node degree), T = [0.1, 0.3, 0.5, 0.7] (temperature, inversely related to the
clustering) and C = [10, 20] (number of communities). For each network, we have considered all the nodecommunity pairs such that the node is a “candidate” node for the community (it is not a member of the
community or a neighbor of the members of the community). For each node-community pair we have
assigned a hyperbolic distance equal to the minimum hyperbolic distance between the candidate node and
the members of the community. Finally, the positive set is represented by the 5% of the node-community
pairs having the lowest hyperbolic distance, whereas the negative set by the 5% of the node-community
pairs having the largest hyperbolic distance. For each node-community pair in the positive and negative sets
we run the NCP algorithm in order to obtain the associated p-values. By applying a significance threshold
of 0.05 to the p-values, we obtain the positive and negative predictions. Finally, we can evaluate the prediction using the MCC. The barplots report the results of the NCP variants over different parameter combinations of the nPSO model. In particular: (a) m = 4 and C = 10, (b) m = 8 and C = 10; the results for different
temperature values are shown over the x-axis; the results for different gamma values are reported with
white versus colored bars. The results for C = 20 are not reported due to lack of space, however they highlight analogous trends.
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Introduction & theoretic background
The COVID-19 pandemic has shown how vulnerable our globalized world is to the
threat of infectious diseases. To reduce the number of new infections many countries
have implemented forms of social distancing. However, not only external interventions
alter network structure. Avoidant health behavior, such as avoiding coworkers with
symptoms or avoiding sexual contact because a partner has an STD, is known to affect pathways of infection [4]. Further, we know that health behavior is affected by
individual risk perceptions making different people behave differently in similar situations [1], while people like to mix with others who behave similarly [5]. Additionally,
Coleman describes a dense network as primary source for social capital [3], while Burt
describes the benefits of bridging structural holes in the network [2], two mechanisms to
explain why our social networks are small-worlds with high clustering and low average
path length [7].
These considerations ultimately result in homophilous clusters of heterogeneous
health behavior in which agents deliberately distance themselves from a disease. The
effect of these social dynamics in small-worlds on the disease dynamics, however, remain unclear. We therefore ask: How does health behavior homophily shape epidemics
in dynamic small-world networks?

Model & methods
For the current study we build on a previously developed model that integrates theories
from sociology (network formation), health psychology (risk perception), and epidemiology (compartmental models) [6]. This ego-centered, utility-based model describes
social networking in the context of infectious diseases as a trade-off between the benefits, efforts, and potential health damage a social tie creates. Thus, risk avoiding agents
may break ties to infected peers, while risk seeking agents may not. Further, infections
can travel between agents along social ties.
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To control network clustering, we added benefits for the proportion of closed triads
an agent is part of (α). To control homophily, we added a probability that 2 agents similar in risk perception have contact (ω). Consequently, for high α and high ω networks
with homophilous interconnected clusters emerge, while low α and low ω result in randomly mixed networks with a single large cluster. Further, the optimum number of ties
per agent is constant to reduce the influence of degree on disease dynamics.
An agent-based simulation served to study the theoretic model. A single simulation run consists of three parts: First, agents form ties until a pairwise stable network
emerges (no agent benefits from breaking ties; no pair of agents benefits from creating a
tie). Second, after a randomly selected agent (index case) is infected, disease dynamics
are simulated without network dynamics (static networks). Third, disease states are reset, the index case is reinfected, and disease dynamics are simulated including network
dynamics (dynamic networks). That is, agents modify ties depending on benefits, risk
perception, disease severity, and transmission probability. To understand the effect of
model parameters on the number of infected agents (attack rate), the duration of the
epidemic, and the maximum number of simultaneously infected agents (peak size) we
analyzed 80, 305 simulation runs with randomized parameter settings.

Results, discussion, & conclusion
The results show that the presence of homophilous clusters (see table rows ”Clustering”,
”Homophily”), reduce attack rate, duration, and peak size of epidemics in dynamic networks. That is because clusters of agents collectively perceiving high risks of infections
are hard to be invaded by a disease for two reasons. First, there are only few bridges,
thus reducing the probability for infections to enter the cluster. Second, bridging agents
in the risk avoiding cluster perceive health risks to be more severe, thus cutting ties
quicker than agents in risk seeking clusters. Although clusters of risk seeking agents
may become fully infected, the epidemic remains limited to parts of the network.

Dynamic networks
Static Networks
Attack rate Duration Peak size Attack rate Duration Peak size
# of network changes
Clustering
Path length
Homophily
Av. degree
Av. risk perception
Disease severity
Pr. dis. transm./contact
R2

Adjusted
# of observations

+
−−
−−
−
−
−
+ + ++
0.88
80,305

+
−−
++
−
−
−
−
−

+++
−−
−
−−−
−
−
−
+

+

−−−

+

−−

+

0.72
80,305

0.73
80,305

0.76
80,305

0.03
80,305

0.85
80,305

−

+
+++

−
−
−
+

Note: table shows summary and comparison of main effects regression models;
all variables are standardized; all effects shown are significant at p < 0.001;
+)
effect sizes (+: 0-20%, . . . , + + + + +: 80-100%) are shown in relation to largest effect (+
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Fig. 1. Epidemics in dynamic and static networks.

Further, we see opposing effects for clustering on duration in dynamic and static
networks. In static networks, the disease needs time to travel across bridges to reach
other clusters. In contrast, few changes in dynamic networks can isolate infected clusters quickly resulting in lower attack rates and consequently in less time for the disease
to disappear from the network.
In line with previous studies, epidemics in dynamic networks have on average lower
attack rates, shorter duration, and lower epidemic peaks (Fig. 1). However, when the effect of attack rate is attenuated (attack rates ≥ 90%), we see longer duration in dynamic
networks. That is, although agents get infected at some point, they delay their infection
by distancing themselves from the disease in the early stages of the epidemic.
A finding we cannot confirm, however, is that increases in average path length ought
to reduce attack rate [7] (see table row ”Path length”). That is because agents in long
path length networks need only a few changes to distance themselves from the disease,
making it likely for the disease to have no more pathways to travel along.
In conclusion, we see that homophilous clusters of agents similar in risk perception
significantly affect disease dynamics in dynamic small-world networks, affecting attack
rate, duration, and peak size of epidemics. Additional findings (opposing or missing
effects in dynamic and static networks) further illustrate the importance of considering
theoretically sound network dynamics for network models in epidemiology.
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1

Introduction

A good understanding of how pathogens spread is important to mitigate their effect on
individuals in terms of diseases and, as a consequence, on society. The recent case of
the COVID-19 pandemic illustrates this fact in many ways. The SARS-CoV-2 virus,
which causes the COVID-19 disease, can be found in many locations, some of which
are unexpected; and mitigation efforts are successful to varying degrees in different
places [8, 9]. The explanations given to such observations often refer to the geographical
context, which incorporates besides space also cultures, mundane habits, travel behaviour,
and many more aspects. While space is of obvious importance for the transmission of a
pathogen, it is also one of the most important aspects of the people’s travel behaviour, an
aspect that is relatively easy to control in case of a pandemic. This short paper raises the
question in which ways the structure of space influences the spread of such a pathogen.
Theoretical considerations often focus on the basic reproduction number R0 , i.e., the
average number of previously uninfected individuals becoming infected by an infectious
person. In case of an exponential growth of infections, this number is constant over
time [1]. In practice however, it varies in different contexts and over time, resulting in an
effective reproduction number R. When modelling the spread of infections, individuals
can be understood as the nodes of a network and their social relations, each of which can
lead to the infection of another individual, as edges. In the following, we will examine
how the spatial structure of such a network affects the effective reproduction number.

2

Results and Discussion

The effective reproduction number can easily be computed in a spatial network setting,
which assumes individuals only to infect others in their spatial vicinity. This property
translates to neighbouring nodes in the network to be in the same spatial vicinity, in case
of which the network inherits spatial characteristics [2, 7]. Previous epidemiological
studies often assume spatial grids [10, 11], in contrast to which this study uses instances
of the Mocnik model1 , an example of a non-regular spatial network model [4, 5, 7]. In
two-dimensions, each node has S = ρ 2 neighbours in average, where ρ is a parameter of
the model [4, 5]. This number S will be referred to as the number of social contacts in
the following. When choosing S similar to R0 , the spread is prototypically influenced by
spatial distance – individuals spread infections only in their direct vicinity.
1 Other spatial networks yield very similar results. The Mocnik model has been chosen here to
blend over between a spatial and a complete network, as is discussed later.
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Figure 1: Simulation of infection spread in an instance of the Mocnik model with
100,000 nodes. A Spatial case (R0 = S = 6; yellow) compared to the theoretical prediction of Equation 1 (black). B Spatial case (R0 = S = 6; yellow) compared with less
spatial cases (R0 = 6, S = 12, 30, 60, 163, 443; orange to red).
The effective reproduction number R changes during an outbreak in a spatial network.
Starting with one node only, more and more nodes get infected over time. As an already
infected neighbour of an infected node cannot be infected anew, infections often follow
a sub-exponential growth. More specifically, the Polynomial Volume Law claims in case
of the two-dimensional Mocnik model that 1 + n2 nodes have statistically been infected
until simulation step n if every neighbouring node of an infected one gets infected itself
if not yet being infected [4, 5, 7]. Accordingly, n2 − (n − 1)2 nodes get infected in step
n − 1. These nodes are infectious in step n and infect (n + 1)2 − n2 additional nodes. The
statistical average of the effective reproduction number is, in case of this model, thus
given by
2
(n + 1)2 − n2
= 1+
.
(1)
2
2
n − (n − 1)
2n − 1

A comparison to a simulation2 (R0 = S = 6) confirms this consideration (Figure 1A).
The topologies of real social networks are, despite being spatially influenced, more
complex in nature – they borrow characteristics from both spatial and complete networks.
As the latter can be considered a special case of a Mocnik model with S approaching
the number of nodes, the simulation was run with several values of S for blending over
between both types of networks. The simulations show that the effective reproduction
factor R increases for larger S but converges to 1 in all cases considered (Figure 1B).
Indeed, the circumference of the disk of infected nodes grows only slowly and the ratio
of the number of nodes infected in the last step and the ones to infect in the next step
converges to 1. At closer inspection, there is little to no influence of S on R after some
simulation steps (Figure 2). This suggests that the structure of space has a relevant impact
on the spread of infections in a network, also beyond the most prototypical cases.
2 In the simulation, each node infected in step n is assumed to infect R randomly chosen
0
neighbouring nodes in step n + 1, or less nodes if the node had less neighbours only.
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Figure 2: Influence of the number of social contacts on the effective repr. number

3

Conclusion

The study at hand demonstrates that the spread of diseases in a spatial context tends
to yield effective reproduction numbers near to 1. The study is, however, limited by
the fact that the network topologies of real networks can be more diverse than the one
considered here. Hubs [3] and shortcuts in the network have not yet been considered.
Both limitations could be addressed by assuming hierarchical Mocnik models [5]. After
having addressed these limitations, more realistic scenarios might be considered [6] to
understand the (existing or non-existing) impact of closing country borders or motivating
people not to travel, which potentially leads to more spatially structured networks. This
study is, however, a first indication that the effect of spatial networks on the spread of
infections is robust, even in cases where this structure is less dominant.
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1

Introduction

When recovering from a disease grants temporary immunity against it, it can happen
that an epidemic dies out locally, but survives elsewhere, returning at a later point in
time. Immunity being only temporary has been observed for various types of viruses,
see [2] and references therein, and the first re-infections of COVID-19 have been determined [7]. As a result we may observe a “second peak”, which can also happen when
interventions (that may affect traveling behavior) are effectively applied to slow down
the spread of a disease locally, but are then lifted. The most popular models for epidemic
curve modeling are standard compartmental models, see e.g. [4,8], assuming a perfectly
mixed a-geometric and continuum population. Compartmental models can often be described by partial differential equations, making them analytically tractable and suitable
for parameter estimation. However, the absence of an underlying geometry makes intuitive modeling of epidemics under interventions in compartmental models harder, if not
infeasible. Interventions (e.g. travel restrictions) make the population even less-mixed
than under normal circumstances, hence making geometry more important.
We present results from a recent paper [3] where we analyze a spreading model
with temporary immunity on geometric inhomogeneous random graphs, a state-of-theart spatial network model [1]. The spatial embedding of the network allows for intuitive
modeling of intervention strategies, such as social distancing, traveling restrictions, and
limiting the number of social contacts. We conduct a simulation study to compare the
spatio-temporal behavior of epidemics with temporary immunity under these strategies.
The simulation results may serve as a qualitative indication of possible outcomes of
epidemic spread and intervention strategies for infectious diseases, such as the COVID19 pandemic.

2

Spreading model with temporary immunity on a network

We describe a random spatial network model to model human contact networks. In
this network every node u is equipped with a location xu ∈ R2 . We think of nodes in
the network as individuals and of their location as place of living. The neighbors of a
node u in the network G are nodes with a direct connection (also called edge) to u. A
connection corresponds to a (recurring) contact event.
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Definition 1 (Geometric Inhomogeneous Random Graph (GIRG) [1]). Fix N ≥ 1
the number of nodes. Assign to each
√ node u ∈ {1, 2, . . . , N} a fitness wu > 0, and a
uniformly chosen location xu ∈ [0, N]2 independently of the rest. Fix α > 0. For any
pair of nodes u, v with fixed wu , wv , xu , xv , connect them by an edge with probability
Prob(u is connected to v | xu , xv , wu , wv )  min



wu wv
kxu − xv k22

α 
,1 .

(1)

Examining (1), two nodes that are close to each other are more likely to be connected,
leading to strong clustering [1]. Smaller α makes long connections more likely. By prescribing a power-law fitness to every node that describes their willingness to make contacts, the degree distribution in the large-network limit decays as a power law with the
same exponent τ [1]. Similar statistics have been shown for human contact and activity
networks [5, 6]. Contrary to models that assume a lighter tail in the degree distribution or that are non-geometric, the number of nodes N(u, r) within graph distance r of a
typical node u grows in GIRGs (depending on (τ, α)) either polynomially, stretched exponentially, or doubly exponentially in r. This ball growth heavily influences the shape
of the epidemic curves [3].
Spreading model. We define the simplest spreading process with temporary immunity in discrete time t, a time step corresponding to a day. At any given time a node can
be in one of three possible states: susceptible (S), infected (I) or temporarily immune
(T). The dynamics of the nodes between the three states are described as follows.
Infecting. Each infected node infects each of its neighbors with probability β at every
time-step. Infections to its neighbors happen independently.
Healing. When infectious, each node heals with probability γ at every time-step, independently of other nodes. Upon healing, the node becomes temporarily immune.
Losing immunity. Each temporarily immune node loses its immunity with probability
η at every time-step, independently of other nodes, after which it becomes susceptible
again. Hence, the average immune period of a node is 1/η time steps.
Results. We observe three phases for this S-I-T-S epidemic spread on networks,
phase 1 being determined by only β /γ and G. The second or third phases are determined
by η, separated by a critical immunity rate ηc = ηc (G, β , γ).
1) Immediate extinction (β /γ small). The epidemic goes extinct almost immediately.
2) Extinction after a single peak (β /γ large, η < ηc ). The epidemic has a single peak,
after which it immediately goes extinct. Heuristically, after the first epidemic peak,
nodes stay immune long-enough to provide barriers in the network that the infection
cannot pass. This phase is absent in the analogue continuum compartmental model [3].
3) Long-time survival of the epidemic (β /γ large, η > ηc ). There is a first major outbreak, followed by smaller peaks that decrease in magnitude, and eventually a (metastable) stationary proportion of the population remains infected.

3

Comparison of intervention strategies

We model several intervention strategies by removing edges from the original contact
network, and run the spreading model on the remaining network. The parameters for
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these strategies are chosen such that the remaining network has comparable average
degree, allowing to compare the effectiveness of the strategies. We model
A) Keeping physical distance. Randomly remove connections from the network.
B) Travel restrictions. Keep an edge (u, v) with a probability that decreases exponentially in its length kxu − xv k whenever it is at least some L > 0.
C) Limiting the maximal number of contacts per person up to M. Randomly remove
connections for each node u with degree higher than M until M connections remain.
The height of the first peak drops for all interventions. Intervention B is most
effective, meaning that the shape of the curve changes from superexponential to linear,
elongating the duration and reducing the height of the first peak.
Critical mean immune duration decreases under each intervention for fixed β
and γ: even a shorter immune duration leads to extinction after the first peak. In this
respect, interventions B and C perform best, intervention A performs poorly.
Higher second peak. For a network with τ ∈ (2, 3), the epidemic reaches its metastable density of infected nodes immediately after the first peak, which is unaffected
under intervention A. However, interventions B and C introduce a second peak and further oscillations. For networks with τ > 3, second and further peaks are present already
without interventions, but their height is increased significantly under intervention C.
A possible explanation for the increased height of second peak is coming from the
presence of superspreaders (hubs). Once infected, hubs quickly infect a large proportion of their neighbors. Moreover, hubs are much closer to each other (in terms of graph
distance) than the average distance in the network, allowing the infection to quickly
travel between them. To summarize, hubs synchronize the system. Increasing τ as well
as interventions B and C remove hubs from the network and hence oscillations appear/increase.
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1

Abstract

Contact tracing based on patient overlaps is widely used in hospital epidemiology to
analyse outbreaks of healthcare-associated infections. However, missing data and indirect contacts can pose challenges to this methodology resulting in misleading conclusions. We propose a method that mitigates these problems by defining a similarity between network-constrained temporal trajectories of patients, and analysing the ensuing
patient trajectory similarity graph. We showcase our methodology through two datasets
of trajectories: (i) patients colonised with drug-resistant bacteria, and (ii) patients who
acquired covid-19 over their hospital visit. Using graph-based semi-supervised learning, we show that the trajectory similarity graph constructed with our method reveals
missing patient interactions that improve the characterisation of disease transmission.

2

Introduction

Healthcare-associated infections (HAIs) acquired during stays in hospitals constitute
a tremendous burden to national health systems. To combat HAIs tools such as hygiene measures and, importantly, contact tracing are used. Contact tracing is akin to the
analysis of ‘social interaction networks’ constructed from the overlaps of movement of
infected individuals. The effectiveness of contact tracing is, however, highly dependent
on data quality and suffers from missing data, e.g., due to incomplete screening or false
negatives. In addition, the movement of healthcare workers (nurses, doctors, cleaners),
as well as contaminated environments where HAIs can persist and later be picked up
by patients, can all contribute to misleading conclusions.
To tackle these issues, we present a methodology that takes into account the full patient trajectory as a possible source of contacts between infected patients. Since movement is a key vector for disease spread [1], we hypothesise that even when patient
movement histories do not overlap exactly in ward and time, the likelihood of linked
cases can be determined by measuring the similarity between time-stamped trajectories
across a background network compiling the movement of all hospital inpatients across
wards. This network-time notion naturally captures the time-varying characteristics of
contacts, an important mechanism in temporal interaction data [2].
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Below we briefly outline our methodology and present its initial results on two
anonymised data sets of patients from a large NHS Trust in London: (i) 110 hospital patients colonised with drug-resistant bacteria (DRB) of which 70 patients had infections
sent for whole-genome sequencing enabling semi-supervised learning; (ii) 90 patients
who acquired covid-19 during their hospital stay between March and April 2020.

Methods

We consider a set of N patient trajectories T = T1 , T2 , T3 , ..., TN . Each trajectory
con
sists of a sequence of ward-time events Tn = l1 , l2 , l3 , ..., lkn with li = vi ,ti , where
ti denotes the day on which patient n was at ward vi . We then introduce a similarity
between space-time locations inspired by the network-constrained clustering algorithm
ST-TOPOSCAN [3], but generalising it to incorporate both network and temporal distances simultaneously. Specifically, we propose a kernel κ(li , l j ) that measures the similarity between any two ward-time events by measuring the propagation across a background graph G = (V, E) with hospital wards as vertices V = {vi } and edges E = wi j
weighted by the overall average patient flow between wards i and j. The similarity
between two trajectories Tn and Tm is then obtained by summing over the pairwise distances between all ward-time events:
S (Tn , Tm ) =

∑ ∑

κ(li , l j ).

(1)

li ∈Tn l j ∈Tm

The trajectory similarities, Eq. (1), are compiled into a patient-to-patient (N × N) matrix
S with elements Snm = S (Tn , Tm ). This similarity matrix can be thought of as a fully
c by thresholding edges with
connected weighted graph, which we then sparsify to S
weights Snm < h, where h is a parameter. We optimise the parameters in our graph construction by maximising classification accuracy of graph-based semi-supervised learning [4] against ground truth labels of known infection strains collected independently
via whole-genome sequencing of DRB plasmids.

Results
cfor the 110 patients colonised
Figure 1a shows the sparsified trajectory similarity graph S
with DRB. The graph links 79 (out of a possible 110) patients and consists of 113 edges,
50 of which correspond to exact overlaps, with the remaining 63 edges reflecting indirect contacts mediated through the background patient flows. Without these additional
indirect edges, the graph of exact overlaps would consist of only 35 patients, so that 44
patients would have been assigned to separate outbreaks or missed as isolated cases by
standard contact tracing methodologies. Our methodology connects cases containing
the same plasmid (19/24 connections between nodes with the same label), suggesting
that our edges indeed identify missed direct/indirect transmission.
Figure 1b shows the sparsified trajectory similarity graph for the 90 patients who acquired covid-19 during their hospital stay in March-April 2020, with hyperparameters
as for the DRB dataset. We found an additional 142 edges (out of a total of 274) that do
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Fig. 1: Sparsified patient trajectory similarity graphs for our two data sets. Each node
corresponds to a patient who acquired an infection during their hospital stay. Solid edges
are exact trajectory overlaps, and dotted edges are plausible transmissions uncovered by
measuring the network-mediated similarity between trajectories.

not correspond to exact overlaps. If only exact overlaps are used, cluster 1 would appear
as 3 mostly disjoint clusters (1a-1b-1c), and cluster 2 appears as three isolated transmission clusters (2a-2b-2c). Such clusters would thus be analysed in isolation curtailing the
extent of the outbreak.

Conclusion
We have presented a novel methodology to uncover plausible patient contacts in outbreaks of HAIs by using a similarity measure between network-constrained patient trajectories, where the network captures the overall background flow of patients in the
hospital. This approah mitigates problems related to missing or inaccurate data. Our
initial analysis of two data sets of patients with bacterial/viral infections suggests that
we capture aspects of indirect or missed direct transmission amongst HAIs. Given the
differences in epidemiology of bacteria and viruses, we are next exploring validation
steps through further sequencing data, as well as applications to additional HAIs.
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Animal trades between farms and other livestock holdings form a complex network
which is known as an ‘animal trade network’. The movement of animals play a key role
in the spread of infectious diseases among farms. The existence of large disease outbreak among animal farms in different countries in the past leads to irreparable impacts
on the global economy and public health [1]. Examples of these outbreaks are that of
foot and mouth disease in the UK in 2001 [2], the swine fever epidemics in Netherlands
and Germany in the 1990s and in 2003 [3] and the recent African swine fever (ASF)
outbreak in Eastern Europe [4] and China in 2018 and 2019 [5]. Therefore studies of
spreading dynamics are highly necessary for both health and economic reasons.
We propose a temporal network model for the generation of synthetic animal trade
data with realistic structure and dynamics which can be used for Monte Carlo simulations in the field of the livestock trade system. Our random animal trade transmission
network model considers a set N of nodes representing hypothetical farms and traders
with different characteristics. It then generates a hypothetical sequence of animal transmissions (t, i, j, x) that may happen between the nodes within some time interval [0, T ].
Here, x is the number of animals transported from node i to node j at time point t.
Figure 1 shows the logic of our model for the application case of the German pig trade
network.
Our experimental results show that the model can well reproduce several relevant
properties of real trade networks such as the distributions of two novel centrality-like
metrics that we specifically designed to indicate nodes that appear promising to test for
epidemic outbreaks.
Outlook: Testing strategies for epidemic detection. Authorities need to detect potential
disease outbreaks as early as possible in order to implement useful countermeasures [6–
8]. For this reason they regularly test a random number of farms for infected animals.
Given a fixed budget for tests per year [6], farms and time points for testing should
thus be selected to minimize the expected number of animals already infected when an
outbreak gets detected. Simulations on synthetic but realistic trade networks can help
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finding optimal test strategies that make these choices in terms of suitable networkrelated node properties such as certain centrality-like metrics.

Fig. 1. Logic of the random animal trade transmission network model, here for the simple model
of German pig trade. Each box shows a farm/node which specialize in one of pig growing
stage(breeding, fattening or slaughter) and also some nodes act as trader between different farms
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Introduction

Network diffusion models have been in the spotlight of research in the past two decades.
Kempe et al. (2003) in their seminal paper formulate the influence maximization problem (IMP) as follows: Given a diffusion model D, a network G and a positive integer
k, find the k most influential nodes in G. That is, the nodes whose activation would result in the largest spread in the network. The IMP has been studied for various reasons,
including the spreading of viruses, innovation and rumours.
Unfortunately, IMP is NP-hard (Kempe et al., 2003). The literature is divided on
how to approach this issue. One stream of literature focuses on finding simulation-based
heuristics that guarantee good results. However, running simulations on large-scale networks is computationally expensive. Another approach is to use network centralities.
The advantage of these so called proxy-based influence maximization algorithms, or
proxies, in short, is a lower computational complexity.
The standard way to compare these algorithms is to take a real-life social network,
compute the top k choices of the proxies, then check which set fares better in a diffusion
simulation. The problem with this approach is that in real life, the highest ranked agents
of the network are not always available for various reasons: Some of them are riskaverse unwilling to try the product, some may belong to a group that actively opposes
the product for ideological reasons (e.g. anti-vaxxers, religious groups, groups affiliated
with a political party), or - and this is the simplest, most common reason - the company
does not have access to these agents (they didn’t provide contact or give consent to be
included).
In reality, the company might have a number of willing individuals at its disposal.
The question is which among these should be chosen in a campaign? There is no guarantee that a proxy that is better at predicting the performance of the most popular agents
will be equally successful for an arbitrary group of individuals. This calls for a systematic test. Here, we outline one with the help of a novel statistical method, the Sum of
Ranking Differences (SRD or Héberger-test). SRD ranks competing solutions based on
a reference point (Héberger, 2010; Sziklai and Héberger, 2020). The framework we
propose here is somewhat similar to polling. When a survey agency wants to predict
the outcome of an election it takes a random, representative sample from the population
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rather than asking the influencers. Statistical testing and sampling is necessary if we
want to uncover the real ranking of influence maximization proxies.

2

Methods and results

The proposed framework takes the following steps:
1.
2.
3.
4.

We determine the centralities and IM proxies for each node of the network.
We take n samples of size k from the node set.
For each set we calculate its average centrality according to each measure.
We run a Monte Carlo simulation with diffusion model D for each of the sample
sets and observe their performance (i.e. their average spread) in the simulation.
5. We rank the sets by centrality for each solution and by avg. spread for the simulation. The latter will serve as a reference ranking.
6. SRD values are obtained by computing the Manhattan distances between the rankings of the solutions and the reference ranking.

SRD scores serve as test statistics in the so-called permutation test which shows
whether the rankings are comparable with a ranking taken at random. SRD values follow a discrete distribution that depends on the number of objects (here these are the
sample sets). By convention, we accept those solutions that are below 0.05, that is, below the 5% significance threshold. Between 5-95% solutions are not distinguishable
from random ranking, while above 95% the solution seems to rank the objects in a
reverse order (with 5% significance).
To demonstrate our method we used a sample from a real-life social network, iWiW
with 271 913 nodes and 5 425 174 directed edges. We took 21 samples (n) from the
node set chosen uniform at random each containing 500 nodes (k). We ran a Monte
Carlo simulation with the Linear Threshold model (D) for each of the sample sets and
observed their performance. We ran 5000 simulations for the SRD calculation. Some
sets contained more potent agents and generated a larger spread on average than others
- this induced a reference ranking among the samples. Next we determined the centralities and influence maximization proxies for each node of the network. We included
seven measures in our analysis: degree, Harmonic-centrality, PageRank (with damping
factor 0.8), LeaderRank (Lü et al., 2011), Generalised Degree Discount (GDD, with
spreading factor 0.05) (Chen et al., 2009), k-shell (Kitsak et al., 2010), Linear Threshold centrality (LTC, with parameter 0.7) (Riquelme et al., 2018). We computed the
average centralities for each of the sample sets. Again that induced a ranking of the
sample sets for each centrality measure.
The results are shown in Table 1. Although all of the methods fall outside the 5%
threshold (equivalently nSRD≤ 0.5113), that is, they rank the sample sets more or less
correctly, there are notable differences. LeaderRank and Degree centrality tie for the
first place. They are closely followed by Linear Threshold centrality and PageRank.
Generalized Degree Discount, Harmonic centrality and k-shell perform considerably
worse. It shouldn’t be surprising that LTC performs well under the Linear Threshold
model. Also, we shouldn’t hold the relatively high SRD score against the Generalised
Degree Discount algorithm, as it was primarily designed for the Independent Cascade
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model. The take-home message is that despite its simplicity, Degree has still a very
good predictive power. On the other hand, k-shell and Harmonic Centrality seem to be
the least adequate proxies for this particular environment (running the Linear Threshold
model on a social network).
Table 1. Simulation results nSRD stands for normalized SRD score, α denotes the methods
parameter.
PageRank
Harmonic- GDD
LTC
k-shell LeaderRank
Degree
(α = 0.8)
centrality (α = 0.05) (α = 0.7)
nSRD
0.10
0.38
0.05
0.33
0.31
0.09
0.05
Ranking by SRD
4
7
1
6
5
3
1
Ranking by top nodes
5
7
3
6
1
4
2

We carried out an external validation step and compared how the top 500 nodes of
each measure perform on a diffusion simulation (last row of Table 1) There is a substantial difference between the ranking induced by the performance of the top choices
and the ranking resulting from the SRD analysis. GDD, which was among the poor performers, becomes the very best. On the other hand, LeaderRank which shared the first
place with Degree, is now on the 3rd place. The discrepancy between the two rankings
suggests that SRD should be a necessary, if not the primary, test for evaluating influence
maximisation proxies.
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On the World Health Organization’s ranking of causes of disability, headache disorders are among the ten most disabling conditions for both genders combined and among
the five most disabling for women. Headaches can be a sign of stress or emotional distress [1], or they can result from a medical disorder, such as migraine or high blood
pressure [2], anxiety [3], or depression [4–6], or changes in the environment [7, 8]. Previous epidemiological literature has found a link between headaches and environmental
factors such as weather and air pollution [9–12]. In the United States annual healthcare
costs attributable to migraines have been estimated to approximate $17 billion [9]. In
the EU, the total annual cost of headaches was calculated at 173 billion euros [13].
Despite the topic’s importance, there are to our knowledge no official data streams to
measure headache problems in nearly real time. The best stream of official data is represented only by data on headache-related visits to the emergency room. In this study
we leverage the wealth of user-generated data available through social media and air
pollution data to estimate the possibility of measuring and tracking headaches in near
real time. The motivations of nowcasting headaches from air quality and digital traces
are, first, high air pollution episodes have been a major public health problem in many
cities around the world, they will come back after the COVID-19 pandemic and further restrictions will be needed in major metropolitan areas worldwide, second, there is
only one epidemiological study [12] that makes usage of only air quality (fine particle)
to explain headaches, however, chemical compounds, like NO2, need further research,
and third, digital traces have been proven to be cost-effective data sources with which
to build health proxies, as it has been seen on recent literature on how social media can
be used to alert and nowcast public health problems such as epidemics [14] or health
emergencies [15].
For this purpose we use the Primary Care Clinical Database from the Spanish health
system [16] (BDCAP in Spanish) which contains 110 millions records of codified health
problems from 5.515.535 individuals who visited Primary Care (PC) or Emergency
Room (ER) centers and who live in 302 basic health units. These data span from January
1st, 2013 to December 31st, 2015. The BDCAP database is updated once a year and is
not public: an official research application to the Spanish Ministry of Health is required.
In order to validate our hypothesis we propose the following data processing pipeline
with the following stages. First, we search for related ’migraines’ and ’headaches’ keywords in tweets. We classify those tweets as first person headache related mentions
using a convolutional neural network sentence classifier which is trained with a sample
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of 3.704 manually tagged tweets (1.820 negative cases and 1.884 true cases). The classifier achieves a test accuracy of 92%, similar to previous studies [17]. The data points
of this stage sum up 3.312.011 first person geolocated headache tweets. Secondly, we
extract patients who were diagnosed with a ’headache’ or ’migraine’ from the BDCAP
data, summing up to 206.506 individuals. Third, we build daily and city level time series of first person headache related mentions from Twitter and the BDCAP data. Fifth,
we join our headache related time series with air quality data (levels of NO2, NOX, NO,
CO, PM10, PM2.5, SO2) from AEMET (Spanish Agency of Meteorology) [18]. Sixth,
we generate lags up to 14 days from independent variables. We have two groups of variables, first person headache related mentions from social media and air quality groups.
Finally we model daily incidence of headaches at the city level using linear models. To
account for potential nation-wide, seasonal or weekly effects we include fixed effects
by city, day of the week and week of the year.
The results of our methodology are as follows. We see modest correlations between daily headaches and average NO2 levels, 0.26 (see Figure 1.A.1) and moderately
strong correlations, 0.67 (see Figure 1.A.2), between daily headaches captured with our
ground-truth measure and first person headache related mentions from social media.
Beyond simple correlations, our linear regression models show that daily average NO2
levels and headaches mentions had strong statistical significance to explain and nowcast the headache prevalence in a certain day and in a certain city based on headache
related mentions from social media and air quality conditions. As we see in Figure 1.C,
we explain 16.44% of headaches incidence variability using only environmental factors
without fixed effects as seen in previous studies [9–11], 49.34% using only headache
related mentions in social media without fixed effects, 52.71% with environmental factors and social media mentions without fixed effects, and finally, we achieve a R2ad j of
72.25% for headache incidence using air quality, social media and temporal and geographical fixed effects at daily and city level.
Our initial results show that is possible to build operational models to nowcast
headaches using social traces that capture individuals’ subjective online expressions.
This approach can help health public decision makers to measure and understand one
of the most common and important health symptoms (headaches), but also the impact
of air pollution on headaches in near real time. We have also built the first and biggest
epidemiological study of headaches using public health data from the Spanish health
system. The results of our study could be of interest to public health decision makers,
enabling them to implement a scalable and cost effective epidemiological system to
track and monitor in near real time headache incidence. Such a tool may enable policymakers to design behavioural interventions when air pollution levels are high and
mobility restrictions are needed in order to reduce pollution levels, alerting of the number of people in a city suffering of headaches due to air pollution. Such data-driven
epidemiological systems could also make publicly available an almost real-time data
source for developers to build and test new digital health services.
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Fig. 1. A.1) Daily headaches against average daily NO2 levels. A.2) Probability of headache
against days since high levels of NO2. B) Bars correspond to the probability of change (coefficients) from the model and line to accumulated probability of change. B.1) Probability change
of headache against days since pollution episode. B.2) Probability change of headache against
days since headache twitter mentions. As we can see, daily twitter mentions are strong predictors
of headaches reported in the primary care and emergency room visits. C) R2ad j results for Air
pollution, Twitter and both group variables with and without fixed effects.
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Twitter: a good place to detect health conditions. PloS one, 9(1):e86191, 2014.
16. Ministerio de Sanidad de España. Base de datos clı́nicos de atención primaria.
17. Shoko Wakamiya, Mizuki Morita, Yoshinobu Kano, Tomoko Ohkuma, and Eiji Aramaki.
Tweet classification toward twitter-based disease surveillance: new data, methods, and evaluations. Journal of medical Internet research, 21(2):e12783, 2019.
18. Alimentación y Medio Ambiente Ministerio de Agricultura y Pesca. Air quality data.

Susceptible-infected-spreading-based network
embedding in static and temporal networks
Xiu-Xiu Zhan1 , Ziyu Li1 Naoki Masuda2 , Petter Holme3 , and Huijuan Wang1 *
1

Faculty of Electrical Engineering, Mathematics, and Computer Science, Delft University of
Technology, Mekelweg 4, 2628 CD, Delft, The Netherlands
2 Department of Mathematics, University at Buffalo, State University of New York, Buffalo,
NY 14260-2900, New York, USA
3 Tokyo Tech World Research Hub Initiative (WRHI), Institute of Innovative Research, Tokyo
Institute of Technology, Yokohama 226-8503, Japan

1

Introduction

Classic network embedding algorithms are random-walk-based. They sample trajectory
paths via random walks and generate node pairs from the trajectory paths. The node pair
set is further used as the input for a Skip-Gram model which embeds nodes into vectors. In this paper, we propose to replace random walk by a spreading process, namely
the susceptible-infected (SI) model, to sample paths. Specifically, we propose two SIspreading-based algorithms, i.e., Susceptible-Infected Network Embedding (SINE) on
static networks and Temporal Susceptible-Infected Network Embedding (TSINE) on
temporal networks. The performance of our algorithms is evaluated by the missing link
prediction task in comparison with state-of-the-art network embedding algorithms. We
show that SINE and TSINE outperform the baselines across all six empirical datasets.
We further find that the performance of SINE is mostly better than TSINE, suggesting
that temporal information does not necessarily improve the embedding for missing link
prediction. Moreover, we study the effect of the sampling size, quantified as the total
length of the trajectory paths, on the performance of the embedding algorithms. The
better performance of SINE and TSINE requires a smaller sampling size in comparison
with the baseline algorithms.

2

Method

We name static SI-spreading-based network embedding algorithm that uses Skip-Gram
model as SINE. We illustrate how to apply SI model on a static network to sample the
trajectory paths in the following. TSINE can be derived similarly on temporal networks.
The SI spreading process on a static network is defined as follows: each node is
in one of the two states at any time step, i.e., susceptible (S) or infected (I); initially,
one seed node is infected; an infected node independently infects each of its susceptible neighbors with an infection probability β at each time step; the process stops
when no node can be infected further. To derive the node pair set as the input for SkipGram, we carry out the following steps: In each iteration or realization of the SI spreading process, a node i is selected uniformly at random as the seed. We perform the SI

88

spreading process from seed node i. The spreading trajectory Ti (β ) is the union of
all the nodes that finally get infected supplied with all the links that have transmitted
infection between node pairs. Hence, edge (i, j) will be included into the spreading
trajectories. The spreading trajectories are exactly trees under this assumption. From
each of the spreading trajectory Ti (β ), we construct mi trajectory paths, each of which
is the path between the root node i and a randomly selected leaf node in Ti (β ). The
number minof trajectory pathsoto be extracted from Ti (β ) is assumed to be given by
mi = max 1, ∑ K (i)
mmax , where mmax is a control parameter and K (i) is the
j∈N K ( j)
degree of the root node i in the static network.
From each iteration of the SI spreading process that starts from a randomly chosen
seed node i, we can generate a spreading trajectory Ti (β ) and mi trajectory paths from
Ti (β ). We stop such iteration to generate new trajectory paths once the total length of
the trajectory paths collected reaches the sampling size B = NX, where X is a control
parameter, N is the number of nodes in the network. We compare different algorithms
using the same B for fair comparison to understand the influence of the sampling size.

3

Results

We summarize the overall performance of the algorithms on missing link prediction
in Table 1. For each algorithm, we tune the parameters and show the optimal average AUC. First of all, tNodeEmbed with its advanced design like RNN in the learning
model performs worse than the algorithms we proposed in 3 out of the 6 networks. This
illustrates the importance of exploring the design of the sampling process in embedding
algorithms, not only of the learning model. From now on, we will focus on embedding
algorithms based on Skip-Gram, to investigate the influence of the sampling process on
the performance of the embedding algorithms. Among the static network embedding
algorithms, SINE significantly outperforms DeepWalk and Node2Vec. CTDNE, TSINE1
and TSINE2 are for temporal networks. TSINE1 and TSINE2 also show better performance than random-walk-based one (CTDNE). Additionally, TSINE2 is slightly better
than TSINE1 on all data sets. Therefore, we will focus on TSINE2 in the following
analysis. In fact, SINE shows better performance than temporal network embedding
methods including TSINE2 on all data sets except for HT2009. It has been shown that
temporal information is important for learning embeddings [1]. However, up to our
numerical efforts, SINE outperforms the temporal network algorithms although SINE
deliberately neglects temporal information. We study the effect of the sampling size,
B = NX, on the performance of each algorithm. We evaluate SINE and TSINE2, and
CTDNE, because CTDNE performs mostly the best among all random-walk-based algorithms. The result is shown in Figure 1. For each X, we tune the other parameters
to show the optimal AUC in the figure. Both SINE and TSINE2 perform better than
CTDNE and are relatively insensitive to the sampling size. This means that they achieve
a good performance even when the sampling size is small, even with X = 1. This is because the node pair set sampled remains relatively the same when X varies. CTDNE,
however, requires a relatively large sampling size to achieve a comparable performance
with SINE and TSINE2.
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Table 1. AUC scores for link prediction. All the results shown are the average over 50 realizations.
Bold indicates the optimal AUC among the embedding algorithms.
Dataset DeepWalk Node2Vec CTDNE tNodeEmbed TSINE1 TSINE2 SINE
HT2009
0.5209
0.5572 0.6038
0.5358
0.6740 0.6819 0.6726
ME
0.6439
0.6619 0.6575
0.7281
0.7329 0.7462 0.7744
Haggle
0.3823
0.7807 0.7796
0.8702
0.8051 0.8151 0.8267
Fb-forum
0.5392
0.6882 0.6942
0.6013
0.7104 0.7195 0.7302
DNC
0.5822
0.5933 0.7274
0.9105
0.7539 0.7529 0.7642
CollegeMsg 0.5356
0.5454 0.7872
0.8724
0.8257 0.8321 0.8368
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Fig. 1. Influence of the sampling size B = NX on AUC score.

Summary. The key point of an embedding algorithm is how to design a strategy to
sample trajectories to obtain embedding vectors for nodes. We used the SI model to
this end [2]. The algorithms that we proposed are SINE and TSINE, which use static
and temporal networks, respectively. SINE gains much more improvement than stateof-the-art random-walk-based network embedding algorithms across all the data sets.
TSINE1 and TSINE2 show better performance than the temporal random-walk-based
algorithm. For the future study, it is interesting to explore further the performance of
the SI-spreading-based algorithms in other tasks such as classification and visualization.
Moreover, the SI-spreading-based sampling strategies can also be generalized to other
types of networks, e.g., directed networks, signed networks, etc.
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The Republic of Ireland and Northern Ireland have been severely impacted by
the recent history of the spreading of the Severe Acute Respiratory Syndrome CoronaVirus 2 (SARS-CoV-2), commonly known as the coronavirus, which causes the disease COVID-19. While many efforts in both parts of the island have helped to mitigate
the impact of the pandemic, policy, regulations and case numbers on each side of the
border have direct implications for the other.
We present results on an all-Ireland network modelling approach to simulate the
emergence of COVID-19 across the island of Ireland[1]. Our work contributes to the
goal of an island with zero community transmissions and careful monitoring of routes
of importation. In the model, nodes correspond to locations or communities that are
connected by links indicating travel and commuting between different locations. While
this proposed modelling framework can be applied on all levels of spatial granularity
and different countries, we consider Ireland as a case study. The network comprises
3440 electoral divisions (EDs) of the Republic of Ireland and 890 superoutput areas
(SOAs) for Northern Ireland, which corresponds to local administrative units below
the NUTS 3 regions. The local dynamics within each node follows a phenomenological SIRX compartmental model including classes of Susceptibles, Infected, Recovered
and Quarantined (X) inspired from [2]. For better comparison to empirical data, we
extended that model by a class of Deaths.
We consider various scenarios including the 5-phase roadmap for Ireland [3], where
the parameters are chosen to match the current number of reported deaths. See Fig. 1.
After relaxation of the control measures (shaded regions), the number of infected rise
again in a second wave (cf. Fig. 1 for a spatial distribution of the infected at the two
peaks of Fig. 1), until the pool of susceptibles is sufficiently depleted.
In addition, we investigate the effect of dynamic interventions that aim to keep the
number of infected below a given threshold. This is achieved by dynamically adjusting containment measures on a national scale, which could also be implemented at
a regional (county) or local (ED/SOA) level. As a simple measure, we define some
threshold Ith as the maximum number of infected that can be present before we go back
into lock-down and go through earlier phases again. See Fig. 3 for Ith = 104 . We find
that – in principle – dynamic interventions are capable to limit the impact of future
waves of outbreaks, but on the downside, such a strategy can last several years until
herd immunity will be reached.
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Fig. 1: Number of individuals (aggregated over the entire population/network) belonging to each compartment as stated in the legend over time with a log scale on the y-axis.
Each successive lock-down phase is indicated by the differently colored shaded regions
on the plot. After the initial lock-down (violet), phases 1 – 5 last 3 weeks each.

(a)

(b)

Fig. 2: The spatial distribution of infected individuals per km2 around the two distinct
peaks shown in Fig. 1 at (a) Day 50 (b) Day 320.
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Fig. 3: The number of individuals belonging to each compartment over time under a
dynamic lock-down strategy taking Ith = 104 . The dashed lines are the equivalent model
without the dynamic lock-down strategy.
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The on-going SARS-CoV-2 spread is showing how human behaviors can dramatically
impact the diffusion of pathogens transmitted by contacts. In particular, the reduction of
human mobility1 due to different severity-level lockdowns has appeared to be the most
immediate and practical solution to slow down the diffusion of the epidemic. In this
study we start from this strengthened assumption of interplay between human mobility
and epidemic processes[2] to evaluate the mobility flow networks of a set of cities
all over the world. Specifically, the epidemic process acts as a proxy to evaluate the
footprint of each city and to assess the similarity between two cities in terms of similar
epidemic curves. We applied the above methodology on urban mobility data gathered
from Foursquare and found a pattern in the epidemic curve common to most of cities
taken into account. Indeed, we observed a typical period of about 40 days in which the
epidemic reaches the peak and similar percentages of infected people during the peak,
telling us that the urban mobility networks of these cities are quite similar.
Data Even if in the last decade we have witnessed an increasing interest in the understanding of the human mobility within urban contexts, a certain difficulty in getting
highly detailed, comparable and public urban mobility data still persists. In this context,
the mobility dataset gathered from Foursquare [4] is quite an exception, since it collects
global-scale mobility data from April,2012 to January, 2014. The dataset contains the
temporal-annotated sequences of check-ins of more than 100,000 users placed all over
the world. Moreover, the GPS position, the venue category2 and country code are associated to each check-in/venues.
Since our goal focuses on urban mobility network, we aggregated the users’ movements
into mobility flows among the venues, obtaining a mobility directed network capturing
the average people’s flow between two venues over 2013 data. Then, to better capture
the daily dynamics of the movements [4], we decomposed the daily flows into three
periods: morning, afternoon and evening/night. This way, each link of the mobility networks is defined by three values. Finally, we limited our analysis to a subset of venues
located in the different cities - London, New York, Tokyo, Los Angeles, Singapore,
Paris - that during the first wave of the pandemic experienced different trends in the
number of infected.
1 https://www.google.com/covid19/mobility/
2 Foursquare venues are organized into a well-defined hierarchy
https://developer.foursquare.com/docs/build-with-foursquare/categories/
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Methods Since urban mobility networks describe the mobility through spatial interacting subpopulations, we adopted a metapopulation model in modeling the diffusion
process[3]. Specifically, each patch or subpopulation corresponds to a 250m X 250m
square and the connections among them are proportional to the aggregated flows between the venues located in each square. As for the modeling of the epidemic process
within the subpopulation, we adopt a SIR model with the infection and recovery rates
reported in [1], scaled to take into account the three periods of the day. The stratification of the daily flows impacts also on the definition of the transport operator term
in the equation of the variation of the compartments; indeed, in the multinomial process leading the movements among the subpopulations the total number of trials varies
according to the period of the day.
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Fig. 1. Epidemic curves of the portion of infected over the population of London, New York, Los
Angeles, Singapore, Paris, Tokyo, and their confidence intervals.

Results We compute the epidemic curves by running 50 instances of the aforementioned epidemic model for each city, so to get a confidence interval for the portion of
infected. The resulting curves have been reported in Fig. 1, where the lines represent
the average portion of infected, and the underlying regions are the 95% confidence intervals. In general, we observe that the ”epidemic footprints” of most of the cities are
quite similar in terms of shape and position of the peak of infected. In fact, on average,
the epidemic reaches the maximum portion of infected within 40 days. The peak is preceded by a rapid increase in the number of infected and a slightly slower decrease which
mostly depends on the recovery rate of the disease. In the common trend we notice subtle differences, indeed in Paris the peak occurs before the other cities (38 days), while
London and New York experience the peak a week later. Los Angeles and Singapore
have trends close to the average one. In this context, Tokyo epidemic curve shows a
different behavior, in fact the portion of infected is considerably lower than in the other
cities as well as the increase/decrease of the infected is less pronounced. At first glance,
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the urban mobility network in Tokyo is different from the other cities. In general, we
show how epidemic models based on mobility flows may be a tool to assess similarities of mobility behavior across different cities. As a further work, we would apply this
tool to investigate the similarity of the different types of flows since Foursquare data
allows us to decompose the flows according to the venue category hierarchy. In fact, the
epidemic footprint based on check-in data has also the edge to provide forecasts of the
trend of the epidemic in response to targeted containment actions such as containment
by neighborhoods, time of day or semantic with respect to functional areas of the city.
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2. Balcan, D., Colizza, V., Gonçalves, B., Hu, H., Ramasco, J.J., Vespignani, A.: Multiscale
mobility networks and the spatial spreading of infectious diseases. Proceedings of the National
Academy of Sciences 106(51), 21484–21489 (2009)
3. Tizzoni, M., Bajardi, P., Decuyper, A., Kon Kam King, G., Schneider, C.M., Blondel, V.,
Smoreda, Z., Gonzalez, M.C., Colizza, V.: On the use of human mobility proxies for modeling
epidemics. PLOS Computational Biology 10, 1–15 (07 2014)
4. Yang, D., Qu, B., Yang, J., Cudre-Mauroux, P.: Revisiting user mobility and social relationships in lbsns: a hypergraph embedding approach. In: The World Wide Web Conference. pp.
2147–2157 (2019)

A Systematic Framework of Modelling Epidemics on
Temporal Networks
Rory Humphries, Kieran Mulchrone and Philipp Hövel
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This work is based on a submitted and accepted paper which is to appear in the
Applied Network Science journal. We present a general modelling framework for the
spreading of epidemics on temporal networks from which both individual-based [7]
and pair-based [5] [1] models can be obtained. The proposed pair-based model that is
systematically derived from this framework offers an improvement over existing pairbased models by moving away from edge centric descriptions while keeping the description concise and relatively simple. Our pair-based model continues the work of [1]
by extending it to the temporal setting and greatly simplifying the description without
sacrificing accuracy by using a particular choice for moment closure. This closure is
what is often referred to as the Kirkwood closure and allows us to write higher-order
moments in terms of lower orders under an assumption of conditional independence.
For the contagion process, we consider the Susceptible-Infected-Recovered (SIR)
model, which is realized on a temporal network with time-varying edges. We show
that the shift in perspective from individual-based to pair-based quantities enables exact modelling of Markovian epidemic processes on temporal networks which contain
no time respecting non-backtracking cycles. This is equivalent to a tree network when
viewed in a static embedding of a supra-adjacency representation. On arbitrary networks, the proposed pair-based model provides a substantial increase in accuracy at a
low computational and conceptual cost compared to the individual-based model. We
also show under what conditions our pair-based model is equivalent to existing models
such as the edge centric contact-based model [4]. In order to investigate the conditions
under which the pair based model is justified on arbitrary networks and by how much it
fails, we look at how and when echo chambers [6] appear and their effect on the prediction of our pair-based model. This is done by measuring the density of non-backtracing
[3] cycles that appear in all time-respecting paths.
From the pair-based model, we analytically find the condition necessary for an epidemic to occur in the SIR process, otherwise known as the epidemic threshold. Because
the SIR model has only one stable fixed point, which is the global disease-free state, we
identify an epidemic by looking at the initial stability of the model. We derive this stability condition by linearising the pair-based model near the disease-free state and finding
a temporal linear operator related to the supra-adjacency matrix which propagates the
system forward in time, we then look at the spectral properties of this operator which
gives rise to the critical condition for stability of the system.
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In order to test our findings, we use several artificial and empirical networks which
display varied topological and temporal properties. The first network we look at is a
static tree network, this lets us test our finding that the pair-based model is exact on
static tree networks (more generally temporal networks with no time respecting nonbacktracking cycles). We compare the model to the ground truth which is the average
of a large number of Monte-Carlo (MC) realisations of the underlying stochastic process that is being described. As expected we find a perfect agreement between the MC
average and pair-based model for such a network.

There are two empirical networks in particular we look at. The first network is a
years worth of cattle trade data from 2017 between 111513 herds in the Republic of
Ireland with a temporal resolution of one day. The second network [2] is the face-toface interactions of 405 participants at the SFHH conference held in Nice, France 2009.
Each snapshot of the network represents the aggregated contacts in windows of 20 seconds. Both of these networks contain non-backtracking cycles but at different degrees
so they are good candidates for testing the pair-based model on arbitrary networks.
Again we run many MC realisations on both networks and compare the average to the
pair-based model, interestingly, we find excellent agreement on the cattle trade network
but a large deviation between the MC average and pair-based model on the face-to-face
network. This is explained by the different structure in either network, the face-to-face
network is a physical social interaction network where individuals congregate in groups
where most or all in the group interact with one another leading to large clusters that
give rise to many non-backtracking cycles. However, because the cattle trade network is
a production network there exist very few non-backtracking cycles making the network
structure highly tree-like in its supra-adjacency embedding, thus the pair-based model is
nearly exact when compared to the MC average. This leads us to the conclusion that the
pair-based model works extremely well on such production networks where the existence of cycles is inefficient and cost-prohibitive. From this we propose a new measure
for the temporal-cyclicity of a network from which we can deduce whether or not the
use of a pair-based model on a given network is justified. This measure is based upon
the idea of temporal non-backtracking matrices with a memory parameter.

The next result we test is the analytical finding which gives us the theoretical epidemic threshold. This tells us for what combination of parameters an epidemic will
occur as local outbreaks no longer die out and propagate through the network. For both
of the empirical networks, we run the pair-based model for different combinations of
parameters both less than and greater than the critical values required for an epidemic
according to the epidemic threshold and record the final outbreak size, which is the total
number of recovered once the disease has died out. In both cases, we can see a definite
qualitative change in behaviour once the epidemic threshold is surpassed thus showing
agreement with the analytical finding, however, the accuracy of the epidemic threshold
when compared with MC realisations is dependent on how well the pair-based model
performs on the given network.
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Fig. 1. Panel (a) shows the density of the non-backtracking (NBT) paths in all total paths for the
cattle trade data and panel (b) shows the distribution of the final outbreak sizes for a number of
simulations on the cattle trade data.
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2. Génois, M., Barrat, A.: Can co-location be used as a proxy for
face-to-face
contacts?
EPJ
Data
Science
7(1),
11
(Dec
2018),
https://epjdatascience.springeropen.com/articles/10.1140/epjds/s13688-018-0140-1
3. Hashimoto, K.i.: Zeta functions of finite graphs and representations of p-adic groups. In: Automorphic Forms and Geometry of Arithmetic Varieties. pp. 211–280. Mathematical Society
of Japan, Tokyo, Japan (1989), https://doi.org/10.2969/aspm/01510211
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Introduction

Online searches have been used to study different health-related behaviours including identifying disease outbreaks. However, as several reasons can motivate individuals
to seek online information, particularly during a pandemic, current models, blind to
whether such activity is related to an actual disease or not, are of limited interest. Here
we propose a methodology to disentangle search behaviours linked to general information seeking (media driven) reflecting, for example, curiosity or fear, from searchers
looking for treatment information (disease driven). The difficulty in making this separation leads to the disregard of pandemic periods for disease surveillance. However,
from previous studies, we know that information seeking become less common as the
pandemic progresses [1, 2], so we argue that selecting the search terms during the worst
possible moment, with highest media hype, can help to understand which are the ones
more associated with the disease and the ones that were prompted by media exposure.
As a case study, we apply our methodology to two respiratory infectious diseases able
to cause a pandemic, 2009-H1N1 and COVID-19.

2

Methods

Online behaviours have proven to be very relevant tools, as health-seeking is a prevalent habit of online users. In fact this methodology has been applied to predict other
epidemics, such as Dengue [3], Avian Influenza [4] and for Zika virus surveillance
[5]. Online-based surveillance models harness the collective online search activity of
flu-infected individuals to provide real-time monitoring. However, 2009 Influenza pandemic has been mainly described as a period when both classical and novel epidemiological tracking methods failed, as it lead to unordinary viral and human activity [6].
Current models cannot distinguish whether online activity is related with flu infection
or not, rendering them useless, at least in pandemic settings. We present a methodology
that enables this separation and for that we have collected large datasets of flu-related
data from both online (such as search trends and social networks) and offline (such as
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media coverage and actual flu cases) sources, both in pandemic and seasonal settings.
We expanded our analysis by applying the same principles to COVID-19 pandemic.
Data from United States was considered for flu pandemic and data from Spain was used
to study COVID-19 pandemic since is one of the few countries that exhibit a clear second wave of number of cases. Using Google search trends (GT), we selected 49 search
terms related with the flu pandemic and 63 with COVID-19 pandemic. To those search
terms, we applied hierarchical clustering to understand if different clusters reflected different online behaviours. This step was only applied to search terms extracted during the
pandemic period, i.e. from March 2009 to August 2010 for 2009 H1N1 Pandemic and
from January 2020 (since the first case in Spain) until August 2020 for COVID-19 pandemic. We obtained, for flu pandemic, 3 clusters: C1 with higher correlation with cases,
C2 highly correlated with media and C3, a more noisy one included mainly symptoms.
Within each cluster, we selected the top 5 and top 10 search terms more correlated with
flu cases during the pandemic period. The chosen search terms were then used to train a
model using Random Forest algorithm to predict seasonal influenza from 2005 to 2019
using either all 45 search terms or just these subsets. The model was fed with a data
set containing independently extracted search terms volume for each year, having each
search term a maximum value of 100 within each year. The model was trained with at
least 4 flu seasons and tested with the 5th, in a k-fold process. Regarding COVID-19
pandemic, 3 clusters were also identified with the same online behaviours: one cluster
more correlated with cases, a second one strongly correlated with media, and a third
one with a less clear pattern. Even though we only had six months of collected data
for coronavirus disease, we used the same methodology described above to predict the
second wave of cases that started around June in Spain.

3

Results

Our findings indicate that separating online search trends, selected during a pandemic
period, that are more sensitive to media activity from search trends related to flu activity
increases model performance. It allows us to separate the signal from the noise and aim
for more accurate predictions over time. For both flu and COVId-19 pandemics, we
obtained better predictions using only search terms included in the cluster that better
correlated with cases versus using all data. Our results reveal that our sampling criterion
is more often than not better than using all search terms, especially on the long run.
Summary. We were able to show that our methodology can reduce the impact of
searches not related with the disease itself, leading to better and more robust predictions over time. Additionally, despite the common intuition that more information is
always better, we prove that intentional sampling can help the model performance. This
can not only advance disease detection but also pave the way to improve personalized
interventions. In practical terms, our system is flexible and general enough to be applied
to other diseases, or different phases of the disease like seasonal events, and human activities that spread on networks (real or online). This is particularly timely, helping not
only as it brings together new challenges in disease monitoring and a novel way of
tackling it.
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Fig. 1. Media activity versus flu activity (max-scaled) in the United States for flu pandemic 2009
(A) and Media activity versus flu activity (max-scaled) in Spain for Covid-19 pandemic (B). This
shows a quick increase in media activity in both situations that precedes the number of cases of
infection. As we can see in both pandemics, some google searches have a very similar trend to
the media activity. C shows USA CDC ILI model with a fit of R2=0.82 on average and standard
deviation of 0.12 (Cluster 1 Top 5) versus R2=0.71 and standard deviation of 0.17 when using all
data (not shown). In D we can find the results obtained for Spain with a R2=0.91 using the cluster
more correlated with cases (orange) versus a R2=0.43 using all data (not shown).
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Optimal Pool Size of the Tests

It has been pointed out a long time ago [1] that when dealing with a population of N
individuals with a prevalence α of the infection (fraction of individuals infected over
the whole population) one can diminish the amounts of tests necessary to detect all
infected by dividing the population into groups of size n and pooling the samples. For
each group, if none of the group members are infected, we need 1 test to make the
assertion. If any of the individuals are infected, the pool test will return positive, and we
will need instead n+1 tests, including the pool test. The optimal number of the pool size
to get the maximum reduction in the number of tests has been considered empirically
and numerically by many authors [2, 3] and it clearly depends on the prevalence α, and
is obtained by minimizing the necessary number of tests K1 (n, α) = N(1+ n1 −(1−α)n )
with respect to n, to find an noptimal . The result obtained is
noptimal =

2
1p
W0 (−
− ln(1 − α)),
ln(1 − α)
2

(1)

1

where Wo is the Lambert Function and α < 1 − e− e ≈ 0.30779 because otherwise
K1 (noptimal , α) > N and the pooling offers no advantage at higher prevalences.
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Fig. 1. Number of necessary tests to identify all the infected over the size of the population for
different values of the prevalence

Figure1 exhibits the number of necessary tests as a fraction of the size of the population, as a function of the size of the pool, at different levels of prevalence. It clearly
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Fig. 2. Left: Optimal size of pool as a function of the prevalence. Right:Number of necessary tests
using optimal pooling as a function of the prevalence. The insets in both cases shows the values
for very small α

shows that only in the case of small prevalence the advantage of pool testing is considerable. Figure 2a shows the optimal value of the size of the pool which is obtained
minimizing the data displayed in Figure 1, while Figure 2b indicates the fraction of
necessary tests at the level of optimal size of pools, clearly indicating that for small
prevalence the savings achieved by pool testing can be significant, but they diminish
drastically with the increase of the prevalence.
One can generalize these calculations in a similar fashion to analyze the effect of
implementing more than one level of pooling (which present further savings in the
number of tests. (Those results will be presented elsewhere).

2

False results and pooling schemes to reduce them

Run cheap tests 𝑛𝑝 times for
each pool

Healthy (1 − 𝛼)
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Positivity confidence
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Fig. 3. Left: The total population of individuals. ν and π are the fraction of false positives and
false negatives, which are independent of the prevalence of the disease; Right:Workflow of the
scheme. n p (ni ) are the number of tests we perform on a sample at the pool (individual) level;
k p (ki ) are the number of positive results among them
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The problem of false positives or false negatives is one of the great challenges when
testing populations. In particular the false negatives, by being misidentified and not
being isolated, have an important effect in the propagation of the disease, and need
to be minimized. A simple scheme of pool testing might aggravate this problem since
when testing a population with Nα individuals infected, testing individually all the
population will result in Nαν false negatives as in Figure 3. But it can be shown that one
level of test pooling increases this problem, since at the pool level the number of false
negatives is Nαν (the same result that one would obtain if applying the test individually
to the whole population) and subsequently during the re-testing of the positive samples
Nαν(1 − ν) more individuals will be mislabeled, almost doubling the total rate.
For that reason pool testing is used when reliable tests with small values of ν are
available, which are expensive and slow; on the contrary, we present here a scheme of
combining a much more inexpensive and fast, although inaccurate, test for the pooling
level, followed by a retest of positive samples with the more reliable test; this scheme
can simultaneously reduce the number of tests (and its cost and speed) and yield very
high reliability, by diminishing the rate of false negatives, and it is based on using
repetitive testing of the fast inexpensive test at the pool level. The scheme is illustrated
in Figure 3 (right)
It is a simple probabilistic problem to calculate the probability (for given values
of the parameters α, ν and π) that a sample that yields nk positive results out of nT
attempted tests is infected. That allows us to consider different scenarios in which we
change the number of repeated tests at the individual and pool level, and the number
of positive results required for a sample to be considered positive, and explore numerically the consequences. We present below a table which illustrates some of the many
simulations we performed for samples of 100,000 individuals, for different values of
the parameters and the scheme performed. We considered at the pool level a fast and
quite unreliable test with high level of false negatives [4] , and a much more precise
one for the retests. The parameters of the experiments are presented in Table 1, and the
corresponding results in Table 2. Each entry reports the average over 100 independent
simulations.
Let us take as an example of the use of the tables by describing experiment number
7: a population of 100,000 individuals out of which 4992 are infected (a prevalence of
5%) ; the pooling size for this prevalence is 10; The pool test has a relatively high level
of false negatives ( 20%). We perform three tests for each pool sample, and we label it
as infected if at least one of the tests results positive. Samples that are reported negative
the three times are considered uninfected and their individuals marked as healthy. Then
we proceed to retest all the individuals in the samples marked as infected with the more
expensive and accurate test (which has a false negative rate of just 3%), and we test
those individuals only once. This scheme resulted in 90 individual mislabeled as false
negatives, which gives an effective false negative rate of 90/4992 = 1.8% (below the
3% rate that would have been expected from the accurate test) The total number of tests
performed per capita adding the ones performed at both stages is 0.6 + 0.29 = 0.89.
Moreover, only 29% of the slow and expensive tests were performed (as compared to
testing the whole populations with that test).

105

Pool
Population
Size
exp1
100000 10
exp2
100000 10
exp3
100000 10
exp4
100000 10
exp5
100000 10
exp6
100000 10
exp7
100000 10
exp8
100000 10
exp9
100000 10
exp10 99996
6

Infected Ind
(Target Prevalence)
5003.00 ± 55.6 (5%)
4995.48 ± 69.9 (5%)
4998.45 ± 64.9 (5%)
5001.47 ± 68.8 (5%)
5000.80 ± 65.1 (5%)
4992.07 ± 62.7 (5%)
4992.07 ± 62.7 (5%)
4992.07 ± 62.7 (5%)
5002.00 ± 72.8 (5%)
29996.62 ± 52.2 (3%)

Minimal k
Number of to be marked
Repeted Tests positive
Pool Ind Pool Ind
1
1
1
1
2
1
1
1
3
1
1
1
1
1
1
1
2
1
1
1
2
2
1
1
3
1
1
1
3
2
1
1
3
2
2
1
1
1
1
1

False Positive
Rate (π) (%)
Pool Ind
3%
3%
3%
3%
3%
3%
3%
3%
3%
3%
3%
3%
3%
3%
3%
3%
3%
3%
0.2% 0.1%

False Negative
Rate (ν) (%)
Pool
Ind
30%
3%
30%
3%
30%
3%
20%
3%
20%
3%
20%
3%
20%
3%
20%
3%
20%
3%
3% 0.2%

Table 1. parameters of the experiments

Infected Ind
Population
(Target Prevalence)
exp1 100000 5003.00 ± 55.6 (5%)
exp2 100000 4995.48 ± 69.9 (5%)
exp3 100000 4998.45 ± 64.9 (5%)
exp4 100000 4998.45 ± 64.9 (5%)
exp5 100000 5000.80 ± 65.1 (5%)
exp6 100000 4994.03 ± 66.0 (5%)
exp7 100000 4992.07 ± 62.7 (5%)
exp8 100000 5005.01 ± 67.8 (5%)
exp9 100000 5002.00 ± 72.8 (5%)
exp10 99996 29996.62 ± 52.2 (3%)

Effective False
Effective False
Actual
False Negatives Negative Rate (%) Positive Rate (%)
1605.8 ± 40.3
32.10 ± 0.7
0.30 ± 0.07
586.08 ± 24.3
11.73 ± 0.4
0.41 ± 0.09
183.97 ± 14.5
3.68 ± 0.3
0.48 ± 0.08
1038.07 ± 36.7
20.75 ± 0.6
0.32 ± 0.07
248.8 ± 16.3
4.98 ± 0.3
0.44 ± 0.09
201.3 ± 16.6
4.03 ± 0.2
0.85 ± 0.15
90.4 ± 9.3
1.81 ± 0.2
0.50 ± 0.10
40.6 ± 7.3
0.81 ± 0.1
0.97 ± 0.13
519.3 ± 27.8
10.83 ± 0.5
0.64 ± 0.13
118.2 ± 11.4
3.94 ± 0.4
0.45 ± 0.12

Table 2. results of the experiments

Required Test
Per Capita
Pool
Ind
0.20 0.18 ± 0.002
0.40 0.25 ± 0.003
0.60 0.29 ± 0.003
0.4 0.26 ± 0.002
0.2 0.22 ± 0.002
0.4 0.53 ± 0.006
0.6 0.29 ± 0.003
0.6 0.58 ± 0.007
0.6 0.41 ± 0.006
0.17 0.16 ± 0.003

The different experiments illustrate different possible schemes, and among them
some which, without increasing the overall cost of the testing procedure, can achieve
levels of false negativity remarkably smaller than the best test available. All the values of false negativity measured agree quite well with the theoretical predictions of
probability theory which for the case of n pool tests and m individual tests gives:
n
n )ν m
rate of false negatives = ν pool
+ (1 − ν pool
individual
In summary these schemes open to possibility of getting the advantage of testing
large populations mostly with inexpensive tests of low reliabilty without increasing
prohibitively the rate of false negative results than normally are associated with them.
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Abstract. This work is dedicated to the study of information measures and synchronization in complete dynamical networks of discontinuous piecewise linear maps with
different slopes. It stands out that the networks topologies are characterized by circulant matrices and the conditional Lyapunov exponents are explicitly determined. Some
monotony properties related to the amplitude of the network synchronization interval
are established, depending on the network order and on the local dynamics. Properties
of the mutual information rate and the Kolmogorov-Sinai entropy, depending on the
synchronization interval, are discussed. Furthermore, various types of computer simulations show the experimental applications of these results and techniques.

1

Introduction: preliminary notions and local dynamics

The mathematical information theory studies the quantification, storage and communication of information, highlighting the quantities that are known as information measures, their properties and applications. In addition its clear importance in the area of
telecommunications, information theory has several applications in other scientific and
technological areas such as: biology (computational neuroscience), physics (quantum
computing), chemistry (intercellular communication) and mathematics (statistical inference, cryptography, network theory and graph theory). Motivated by the theoretical
and practical connection between the information measures and the synchronization
phenomenon, our purpose in this work is to analyze the relations between the mutual
information rate, the Kolmogorov-Sinai entropy and the synchronization of complete
networks of order N, see [1]. The discontinuous local dynamics considered at each
node establishes the topological, metrical and chaotic complexity of the network that
is being studied. Discontinuous dynamical systems are recurrently found in physical
systems and your study in synchronization phenomena has also attracted the attention
of several researchers, see [2], [3] and references therein.
In this work we consider complete networks of order N ∈ N \ {1} with size N(N−1)
2
and discontinuous local dynamics, which are denoted by KN . The complete network
of N identical chaotic dynamical systems or units is described by a maximal simple
unoriented graph G. The dynamics of these N coupled dynamical systems can be written
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in the discretized form as,
xi (k + 1) = f (xi (k)) + σ

N

∑ li j f (x j (k)),

(1)

j=1

where f is a scalar-valued map describing the dynamics of the nodes, L = [li j ] represents the laplacian matrix of the complete graph G, σ > 0 is the coupling strength
or parameter and i = 1, 2, ..., N. This equation is also known as a complex dynamical
network of maps or network of discrete time systems, see, for example, [4].
The local dynamics in each node is defined by a discontinuous piecewise linear onedimensional map, f : I = [b1 , b2 ] ⊂ R → I, with |I| = 1 represents the amplitude of the
compact interval I, such that there exist points b1 = d1 < d2 < . . . < dn < dn+1 = b2 ,
where f has slope |si | > 1 in each subinterval Ii =]di , di+1 [, with i = 1, . . . , n. Generally,
the discontinuous piecewise linear map f is defined by,
f (x) = |si | x + ai (mod 1), ∀x ∈ Ii and ai ∈ R.
So, we consider the following parameters space,

Σ ± = (N, si , σ ) ∈ Rn+2 : N ∈ N \ {1} , |si | > 1, σ > 0, with i = 1, . . . , n .

(2)

(3)

Thus, in general we will carry out our study in the (KN , Σ ± ) space, see [2] and [3].

2

Synchronization interval and information measures

Since each complete dynamical network KN has identical chaotic nodes and the eigenvalues of L are |µ1 | = 0 and |µ2 | = |µN | = N, then the synchronization interval is
nonempty, for all |si | > 1. Let p̄ = (p1 , . . . , pm ) a probability vector, m ≥ n be the number of states in the Markov partition and µ̄ be an invariant probability measure, [3].
Corollary 1. Consider the (KN , Σ ± ) space of complete dynamical networks, given by
Eq.(1). Let f be the local dynamics, given by Eq.(2). Then, the complete dynamical
networks KN synchronize if the coupling parameter σ verifies,
σ1 =

1 + e−χµ̄ ( f )
1 − e−χµ̄ ( f )
<σ <
= σ2 ,
N
N

(4)

where the Lyapunov exponent χµ̄ ( f ) = ∑m
i=1 pi ln (|si |).

Notice that, the jacobian matrix J has the eigenvalues ν1 = |si | and ν2 = |si | (1 −
Nσ ), with multiplicity N − 1. Thus, the parallel Lyapunov exponent is given by,
λk =

Z

I

m

ln |ν1 | d µ̄ = ∑ pi ln (|si |) ,

(5)

i=1

where |I| = b2 − b1 = 1 and p̄ = (p1 , . . . , pm ) is the probability vector. On the other
hand, the transversal Lyapunov exponent is given by,
λ⊥ =

Z

I

m

ln |ν2 | d µ̄ = ∑ pi ln (|si (1 − Nσ )|) .
i=1

(6)
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In the following result we prove that to stabilize the synchronized states of KN , it
suffices to require that the transversal Lyapunov exponent to be negative.
Proposition 1. Consider the (KN , Σ ± ) space of complete dynamical networks, given by
Eq.(1). Let f be the local dynamics, given by Eq.(2), Iσ be the synchronization interval,
given by Eq.(4), and Iλ − be the interval where λ⊥ < 0, with λ⊥ given by Eq.(6). It is
⊥
verified that:
(i) σ ∈ Iσ if and only if σ ∈ Iλ − ;
⊥
(ii) there exists σ > 0 such that the synchronized states of Eq.(1) stabilize exponentially,
i.e., xi (k) − x j (k) → 0 as k → ∞, for all i 6= j with 1 ≤ i, j ≤ N, and xi (k) → e(k),
where e(k) is a solution of an isolated node (equilibrium point, periodic orbit or
chaotic attractor), satisfying ė(k) = f (e(k)).
Attending to Eqs.(5) and (6), the mutual information rate and the Kolmogorov-Sinai
entropy are explicitly written by the following expressions:
 

1


if λ⊥ > 0
ln |1−Nσ | ,
IC =
(7)


∑m p ln (|s |) , if λ ≤ 0
i=1 i

and

HKS =

i

⊥



m
2

∑i=1 pi ln si |1 − Nσ | , if λ⊥ > 0

 m
∑i=1 pi ln (|si |) ,

.

(8)

if λ⊥ ≤ 0

The next proposition establishes some properties of the mutual information rate and
the Kolmogorov-Sinai entropy, depending on the synchronization interval Iσ .
Proposition 2. Consider the (KN , Σ ± ) space of complete dynamical networks, given by
Eq.(1). Let f be the local dynamics, given by Eq.(2), Iσ be the synchronization interval,
given by Eq.(4), and Iλ − be the interval where λ⊥ < 0, with λ⊥ given by Eq.(6). It is
⊥
verified that:
(i) if σ ∈ Iσ , then IC = HKS ;
(ii) if σ ∈
/ Iσ and σ < σ1 , then IC increases and HKS decreases;
(iii) if σ ∈
/ Iσ and σ > σ2 , then IC decreases and HKS increases.
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Introduction

With the advent of social media for cooking recipes, considerable attention has recently
been devoted to food science and computing [4]. From the perspective of complex network science, ingredient pairings in recipes were analyzed [1, 4]. Recently, Benson et
al [2] provided a framework for analyzing a dataset recording time-stamped interactions among a set of elements as a temporal higher-order network in terms of simplicial
closure, which is a distinctive phenomenon of higher-order structure and cannot be captured by traditional network analysis like triadic closure. Using real data, they demonstrated that higher-order network evolution is fundamentally different from dyadic network evolution. According to their definition, only one interaction among a set of n
nodes causes a (higher-order) n-link. However, it should be unsuitable for a trend analysis of ingredient combinations in recipes on social media since their observation can
often contain anomalous noise events. In this paper, aiming to reveal statistically significant properties of their temporal changes, we introduce a novel concept of significant (higher-order) n-link. Using recipe datasets from social media, we investigate the
characteristics of significant higher-order ingredient networks as compared with conventional ones from the viewpoints of temporal stability and simplicial closure.
Let V be a set of all ingredients to be considered, where each element of V is treated
as a node. First, we define significant 2-link. A subset {v1 , v2 } of V is referred to as a
significant 2-link when p(v1 | v2 ) > p(v1 ). Here, for any v ∈ V and S ⊂ V , p(v) denotes
the probability that ingredient v appears in a recipe, and p(v | S) denotes the conditional
probability that v appears in a recipe containing S. Note that p(v1 | v2 ) > p(v1 ) if and
only if p(v2 | v1 ) > p(v2 ). The existence of significant 2-link {v1 , v2 } means that the cooccurrence of ingredients v1 and v2 in a recipe is a significant fact. We straightforwardly
extend the concept of significant link to higher-order one as follows: For ∀n ≥ 3, a
subset σ = {v1 , . . . , vn } of V is referred to as a significant (higher-order) n-link when
its boundary σ \ {v j } is a significant (n − 1)-link for 1 ≤ ∀ j ≤ n and there exists some
vi ∈ σ such that p(vi | σ \ {vi }) > p(vi ).
We focus on the simplest case of higher-order interaction (i.e., n = 3) according to
[2], and split each dataset into training and test sets along time-axis on year granularity
* This

work was supported in part by JSPS KAKENHI Grant Number JP17K00433 and Research Support Program of Ryukoku University. The Cookpad dataset we used in this paper was
provided by Cookpad Inc. and National Institute of Informatics.
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Fig. 1: Results for stability evaluation.

to explore the annual changes of such higher-order links among ingredients. We first
provide a comparative analysis of the significant and the conventional networks in terms
of stability by employing computational homology theory [3] as well. For a triple σ =
{v1 , v2 , v3 } ⊂ V , we say that σ is open when its boundary σ \ {v j } forms a 2-link for
any j and σ is not a 3-link. We also say that σ is closed when it forms a 3-link. Benson
et al [2] defined that a simplicial closure event occurs when an open triple in the training
set becomes a closed one in the test set. We systematically compare the significant and
the conventional networks in terms of simplicial closure events.

2

Results

We employed real data from Japanese recipe-sharing site “Cookpad”, and explored all
recipes posted for its Dessert and Vegetable-Side-Dish categories during 2011-2013.
We constructed four datasets D1, D2, D3 and D4 by using two consecutive years for
each category, where the former and the latter years correspond to the training and the
test sets, respectively. For every dataset, we focused on such ingredients that appeared
in five or more recipes within each year. Here, |V | was 178, 205, 255 and 309 for D1,
D2, D3 and D4, respectively. We empirically estimated all the probabilities involved.
For the four datasets, we first compared the significant and the conventional higherorder ingredient networks from the perspective of stability (see Fig. 1). Figures 1a and
1b indicate the fractions of such n-links in the training set that continue to be n-links in
the test set for n = 2 and n = 3, respectively. We find that the significant closed triples
are more stable than the conventional ones although the reverse is true for the 2-links.
This remarkable result suggests that the triples of ingredients forming significant 3-links
can be important combinations for recipes. Moreover, to quantify the annual change in
the global structure of each 3rd-order ingredient network, we investigated the homology
groups [3] of the simplicial complex derived from all the closed triples for each of the
training and the test sets. We observed that the homology groups are torsion free, and
the 0th Betti number is always one, meaning that the polyhedron determined by the
simplicial complex is connected. Thus, we examined the rate of change in the 1st and
the 2nd Betti numbers (see Fig. 1c). We see that the significant and the conventional 3rdorder networks have a almost similar stability property in terms of this global measure.

Simplicial Closure in Significant Higher-Order Network
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Fig. 2: Prediction performance of sim- Fig. 3: Analysis results for triples detected by
simplicial closure events.
plicial closure events in triples.

Next, we investigated simplicial closure events in triples for both the significant
and the conventional ingredient networks (see Figs. 2 and 3). Figure 2 shows the results for their prediction by basic four models based on projected graph (i.e., a pairwise
weighted graph derived from co-occurrences of ingredients) in terms of the area under
the precision-recall curve (AUC-PR) metric according to [2], where the AUC-PR values
relative to the random baseline are displayed. We observe similar results between the
significant and the conventional networks, indicating that a suitable use of local features
can be more important than the use of global features for these 3-link prediction problems, which is different from traditional 2-link prediction (see [2]). As for Fig. 3, A3
and B3 denote the sets of triples detected by going through simplicial closure events for
the significant and the conventional networks, respectively. From Fig. 3a, we see that
|A3 | was much smaller than |B3 |, and A3 was almost covered by B3 , indicating that the
simplicial closure events for the significant network were almost explained by those for
the conventional network. However, in Cookpad, people can post their “Thank-You”
messages, called “Cooksnap”, to a recipe if they tried and liked it. Thus, for every triple
belonging to A3 ∪ B3 , we examined the number of Cooksnaps received by recipes including it. From Fig. 3b, we find that triples belonging to A3 \ (A3 ∩ B3 ) (i.e., triples
being proper to simplicial closure events for a significant network) tend to obtain more
Cooksnaps than other triples in A3 ∪ B3 , suggesting that such triples of ingredients can
play an important role on the popularity of a recipe. These results imply the effectiveness of significant higher-order network.
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Introduction

Forest fires are phenomena that represent a great danger to the population and bring
severe environmental consequences. The greatest efforts of direct confrontation to the
flames require expensive costs in terms of money and human resources every year.
This is partly due to the unpredictability of fire behaviour, whether at the flame development, at a local scale level, whether at its spreading process at a wider scale. This
unpredictability is sustained by heterogeneous orography and forest fuel distribution.
Factors such as the wind speed and direction, terrain slope, soil humidity and vegetation type are preponderant in the fire development along the forest landscape. To deal
more efficiently with this unpredictability, the main goal of our work is to establish an
optimal fire break structure in a region that is recurrently affected by the occurrence
of ignitions, which develop until wildfires at a rate that is frequently uncontrollable
and along a path difficult to monitor. The function of a fire break structure is to block
fire propagation through the natural landscape. Selective thinning of vegetation creates
strips of bare land that interrupt the density of vegetation typical of that region. Forests,
scrubs, but also grass lands are examples of areas susceptible to burn and, because of
that, should be divided by such a structure, as a preventative measure to the occurrence of a fire event. Fire breaks must be efficient in the sense that its maintenance cost
must allow its permanence and successfulness in stopping propagation of any forest
fire. Firebreaks so extensive that their maintenance is too expensive for their continuity
easily disappear due to the natural growth of the surrounding vegetation, hence opening a connection between two susceptible forest areas, previously separated by a space
devoid of fuel. This preventative approach acts as complement to direct confrontation
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forces and contributes to reduce material, economic and human losses. For the establishment of an efficient fire break structure, it is necessary to model fire behaviour in
a heterogeneous orography and using environmental parameters such as wind direction and speed, fuel type (forests, scrubs, woods, dead fuel matter, etc.), soil humidity,
among others. This is a task that requires itself to different acting scales. For the effect,
we resort to graph theory and complex networks, in particular, the multilayer network
model. Within this model, we aim the construction of a network of networks that allows
us to simulate fire spreading at a local scale and at a more global scale, the landscape.
In this model, a network is a graph, where each node represents an area susceptible to
burn and each edge represents a connection between adjacent areas. Each node is associated to a polygon (every area defined by a closed line – we can see illustrated in
fig. 1), which represents different fuel types and, inherently, a different fire propagation
velocity – these velocities are tabulated for different fuel models. Parameters such as
terrain slope, soil humidity and wind direction and speed contribute to this fire spreading rate. Thus, depending on environmental conditions, orography and fuel distribution,
each node is going to burn at different time instants. This time differentiation may allow
direct fire combat forces to give priority to certain areas in detriment of others whose
risk to population or environment may be not as high.

2

Results

The method in the development of this study consists of performing computational
simulations that allow to test fire spreading at the national scale. These fire simulations
start with an ignition point and the spreading process develops according to the input
parameters. We use several examples of fires occurred in Portugal in previous years,
which provide the area and perimeter of the burnt area, to calibrate our simulations.
Once accomplished that calibration, we intend to study properties of this network of
networks, such as the connectivity and robustness, among others. Finally, the goal, to
perform tests to the establishment of the fire-break structure, sequentially eliminating
several combinations of edges and evaluating the effect of that elimination in the neutralization of the fire spreading process. This stage of simulations is still in progress
and we to obtain results within the present year. Our computational tools are: ArcGIS, a
Geographic Information Systems (GIS) software for the construction and visualization
of maps with the areas of interest to the study; Python 3, a programming language that
is the basis of the ArcGIS software and that serves us for data processing, simulations
and graph construction.
This is one of the subprojects within the project CILIFO (Forest Fires Fight and Investigation Center), supported by the international European fund Interreg, which acts in
three POCTEP euroregions, Alentejo, Algarve and Andaluzia.
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1

Introduction

In recent years, complex networks have had an important improve in their characterization and their applications to real networks [1, 7, 8]. Good examples of this fact are
the social networks, internet, and the biological networks [9–11]. Parameters such as
the connectivity of a node, ki , the betweenness centrality or the clustering coefficient
are useful tools to find communities and correlations in networks [2, 3, 5–9]. Studies
of complex networks using seismic data sets have grown in the last time [2–4, 6, 13],
showing that this is a very good track to study seismicity. Time based complex networks
have shown to be scale-free and the critical exponent γ for the probability distribution
of connectivity has shown a particular behavior in the proximity of a large earthquake,
showing a change in the value of this critical exponent before and after a large earthquake [12]. Telesca et al. have found a relationship between the magnitude frequency of
earthquakes and the degree of nodes in a Visibility Graph [16]. Following these ideas,
we have analyzed the dynamical behavior of γ using a moving window for a time before, during and after the large earthquake Mw 8.2 occurred on April 1, 2014, in the city
of Iquique, in Chile. We are looking for a relation between the change in the topology
of the network reflected in a change in the value of γ and the occurrence of a large
earthquake.

2

Data and network

The data set used in this study was measured in the northern Chile. This catalogue
was compiled by the Integrated Plate boundary Observatory Chile (IPOC) [14, 15], in
the area between 19.0◦ S and 23.5◦ S Latitude and between 69.0◦ W and 71.5◦ W
Longitude, with depth less than 250 km, and from January 01, 2007 until December 31,
2014 and contains the Mw = 8.2 earthquake of April 01, 2014. This data set contains
101 602 seismic events.
The seismic data set was measured in the format date, hypocenter, and magnitude.
The hypocenter of a seismic event is characterized by (Latitude, Longitude, Depth). To
make the complex network analysis, the epicenter (Latitude, Longitude) is converted to
kilometers, measured from the positive lower value of Latitude (θ ) and Longitude (φ ).
The i−th hypocenter of a seismic event is diNS = R(θi − θ0 ), diEW = R(φi − φ0 ) cos(θav )
and diz = zi . Where zi is the depth in km, θav is the average of the Latitude, θ0 is the
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minimum value of the Latitude, φ0 is the minimum value of the Longitude and R is the
radius of the Earth (6370 km [12]).
The space is divided in cells with side size ∆ , each cell is a potential node, if a
seismic event occurs into a cell, so this cell is called node. The nodes are connected
between them temporarily, i.e., if the first seismic event occurs in the node 10 and the
second seismic event occurs in the node 450, there is a link from node 10 to node 450.
We have used a cubic cell with size 10km×10km×10km based in previous results [2,
3, 12, 13], but the size of the cubic cell needs a further analysis in future works.

Fig. 1. Map of the zone studied in the northern Chile.

3

Results

The completeness magnitude is Mw 2.1, it means we have 91 548 seismic events that
satisfy the Gutenberg-Richter’s law.
We develop a dynamical analysis on the probability distribution of connectivity in
a directed network. For this purpose, we have used a moving window over the seismic
data. Each window contains 10 000 seismic events overlapping 8 000 data. So, we build
a directed complex network in each window and we compute the value of the critical
exponent γ each time. The result is shown in Fig. 2.
Fig. 2 shows a change along the time in the value of γ. There is a valley between
windows 6 and 8, in those windows occurred another earthquake in Tocopilla city with
magnitude Mw 7.7. The large earthquake of Mw 8.2 occurred between windows 38 an
42, where we appreciated an increase in the value of γ. The tectonic origin of these
two large earthquakes are not the same, while the Tocopilla earthquake was intraplate
(inside of the South American plate), the Iquique earthquake was interplate (in the shock
of Nazca and South America plates). It seems that the effect of a large earthquake in
the complex network is not the same. We are studying how the occurrence of a large
earthquake can change the topology of a complex network and 2 suggests a relationship
between the occurrence of a large earthquake and a change in the value of the exponent
γ.
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Fig. 2. Evolution of the critical exponent γ along time from year 2007 to 2014 in the northern
zone of Chile, in the vicinity of a large earthquake Mw 8.2.

Summary. We have performed a dynamical analysis on the behavior of the critical
exponent γ for the probability distribution of connectivity in a directed complex network
based on seismic data set. The complex network has been built with seismic data events
measured in the time/space vicinity of the large earthquake of magnitude Mw 8.2 on
April 1, 2014, in the city of Iquique in Chile. We have found a change in the value of
the critical exponent γ, which may be due to the accumulation of stress in that region
before a main seismic event. Further analysis must be done in the future to verify these
results.
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Complex network architectures and dynamical processes taking place on them play
a central role in current research. Since the 1960s, mathematical studies of networks
were focused on model systems such as the Erdős-Rényi (ER) network [1], which exhibits a Poisson degree distribution of the form π(k|c) = e−c ck /k!, where c is the mean
degree. In fact, ER networks form a maximum entropy ensemble under the constraint
that the mean degree is fixed [2]. In the 1990s, the growing availability of data on
large biological, social and technological networks revolutionized the field. Motivated
by the observation that the World Wide Web [3] and scientific citation networks exhibit
power-law degree distributions, Barabási and Albert (BA) introduced a simple model
that captures the essential growth dynamics of such networks [4]. A key feature of the
BA model is the preferential attachment mechanism, namely, the tendency of new nodes
to attach preferentially to high degree nodes. More specifically, each new node is connected to m existing nodes with a probability that is proportional to the number of links
that the existing nodes already have. Using mean-field equations and computer simulations it was shown that the combination of growth and preferential attachment leads
to the emergence of scale-free networks with power-law degree distributions [4]. It was
subsequently found that a large variety of empirical networks exhibit such scale-free
structures, which are radically different from ER networks [5].
In many of these networks the growth phase is not likely to proceed indefinitely.
Moreover, networks may be exposed to node deletion processes due to node failures,
attacks and epidemics, which may eventually halt the expansion phase and induce the
contraction and eventual collapse of the network. Since network growth is a kinetic
nonequilibrium processes, it is generically not a reversible process, and indeed the contraction process is not the same as the growth process when played backwards in time.
Three generic scenarios of network contraction exist: the scenario of random node deletion that describes the random, inadvertent failure of nodes, the scenario of preferential
node deletion that describes intentional attacks that are more likely to focus on highly
connected nodes and the scenario of propagating node deletion that describes viral and
infectious processes that spread like epidemics (e.g., the closely related random bond
percolation process maps into the Susceptible-Infected-Recovered (SIR) dynamics). It
was found that scale-free networks are resilient to attacks targeting random nodes, but
are vulnerable to attacks that target high degree nodes or hubs. Using the framework of
percolation theory, it was shown that when the number of deleted nodes exceeds some
threshold, the network breaks down into disconnected components [6]. However, the
evolution of the network structure throughout the contraction phase was not addressed.
In this work we analyzed the structural evolution of networks during the contraction process [7]. To this end we derived a master equation for the time dependence

120

of the degree distribution during network contraction via the random deletion, preferential deletion and the propagating deletion scenarios. Using the relative entropy and
the degree-degree correlation function we showed that the ER graph structure, which
exhibits a Poisson degree distribution and lacking any correlations, is an asymptotic
structure for these network collapse scenarios, in analogy to the way in which the scalefree structure is an asymptotic solution for the preferential attachment growth scenario.
In a more recent publication [8] we provide a rigorous proof that the ER structure is an
attractive solution for the three contraction processes, leading to the conclusion that the
ER structure is a universal asymptotic structure for contracting networks.
In Fig. 1 we present the structure of a BA network with m = 3 during growth at an
intermediate size of N = 150 (left) and at the final size of N = 200 (middle). At this
point the network starts to contract via preferential node deletion. The structure of the
network during the contraction process is presented (right), when its size is down to
N = 150. To emphasize the variation in the degrees of different nodes, each node is
represented by a circle whose area is proportional to the degree of the node.

Fig. 1. A graphical demonstration of the network structure, starting with a BA (Barabási-Albert)
network (left) that grows via preferential attachment (middle), and then contracts via preferential
deletion recovering its original size (right). There is a striking difference between the structures
of the growing networks that exhibit large hubs and the contracting network that shows little
variation between the degrees of different nodes.

In Fig. 2 we present the degree distributions P(k) (solid lines) of a BA network with
m = 50, obtained from numerical integration of the master equation that describes the
growth process during growth at an intermediate size of N = 1, 300 (left) and at the
final size of N = 10, 000 (middle). The resulting degree distributions, presented in a
log-log scale, follow a straight line that corresponds to P(k) ∼ k−γ , with γ = 3. They
coincide with the degree distributions obtained from computer simulations of the BA
growth process (circles). The corresponding Poisson distributions with the same value
of the mean degrees, namely c = hKi, are also shown (dashed lines). They form narrow
and nearly symmetric distributions whose peaks are close to c. Clearly, the power-law
distribution (solid line) and the Poisson distribution (dashed line) are essentially as different from each other as any two distributions with the same mean degree could be.
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Starting from N = 10, 000 the network contracts via the preferential node deletion scenario. The degree distribution of the contracted network when its size is reduced back
to N = 1, 300 is shown (right). The results obtained from numerical integration of our
master equation (solid line) and from simulations (circles) are found to be in excellent
agreement with a Poisson distribution with the same mean degree (dashed line).
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Fig. 2. The evolution of the degree distributions P(k) through a growth phase from N = 1, 300
(left) to the final size of N = 10, 000 (middle), and back to size N = 1, 300 (right) via a contraction
phase. It becomes clear that while the growing structure exhibits a scale-free degree distribution,
upon contraction it converges to a Poisson distribution.

In summary, complex networks encountered in biology, ecology, sociology and
technology often contract due to node failures, infections or attacks. The ultimate failure, taking place when the network fragments into disconnected components was studied extensively using percolation theory. We show that long before reaching fragmentation, contracting networks lose their distinctive features. In particular, we identify
that a very large class of network structures, which experience a broad class of node
deletion processes, exhibit a stable flow towards a universal fixed point, representing a
maximum-entropy ensemble, called the Erdős-Rényi ensemble. This is in sharp contrast
to network expansion processes, which lead to diverse families of complex networks,
whose structure is highly sensitive to details of the growth mechanism. These results
imply that contracting networks in the late stages of node failure cascades, attacks and
epidemics reach a common structure, providing a unifying framework for their analysis.
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Introduction

A feedback loop between the network topology and dynamical processes that occur between nodes is common in real-world networks [1, 2]. The topology impacts
the evolution of node states, which in turn influence the way the structure itself
is modified. This feedback is a signature of networks that are called adaptive or
coevolutionary [1]. Adaptive networks are especially relevant for social systems,
where they can model phenomena such as the emergence of consensus and polarization, opinion formation, group fragmentation, or language diversity [3–5].
These coevolutionary models rely on two basic mechanisms. One accounts for
the changes in the node states, whereas the other for the link rewiring. Both of
them may be implemented in various ways. The competition between these two
mechanisms in adaptive networks leads frequently to a fragmentation transition,
where the network splits into smaller components.
The voter model, as a minimalist model of opinion formation process [7, 6],
provides the basis for the evolution of state variables in many adaptive networks
that represent social interactions. Being analytically tractable, it has played a
fundamental role in understanding the process of network fragmentation. This
work extends the study in this area by the analysis of one of the nonlinear
extensions of the coevolving voter model.
Most of the link rewiring mechanisms in adaptive systems reflect the effect
known in sociology as homophily, the tendency of individuals to bond with others
who are similar to themselves [3]. Under this paradigm, nodes may remove their
links to disagreeing neighbors and form new ones to randomly chosen nodes
in the same states. The coevolving nonlinear voter model analyzed in Ref. [8]
implements this rewire-to-same mechanism. However, another popular approach
to the rewiring dynamics is to form new links to randomly chosen nodes in any
state [4]. In this regard, the analysis of the nonlinear version of the coevolving
voter model with the rewire-to-random mechanism seems to be interesting not
only for comparative but also cognitive reasons since it may potentially reveal
some new phenomena related to the network fragmentation. In this work, we
carry out such an analysis.
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2

Model description

We consider an undirected network of voters. Each node can be in one of two possible states, j ∈ {−1, 1}. Let ρi denote the concentration of disagreeing neighbors
with a randomly selected node labeled i. With probability ρqi , the interactions
between the node i and its neighbors cause a change in the system; with complementary probability 1 − ρqi , nothing happens. In case of the change, two events
are possible. With probability p, one randomly picked active link (i.e., a link
that connects disagreeing voters) of the node i is rewired to another node picked
at random from all the nodes in the network. Otherwise, with probability 1 − p,
the node i changes its opinion to the opposite. The only difference between this
model and the model analyzed in Ref. [8] is that the model from the reference
adopts the rewire-to-same mechanism instead of the rewire-to-random mechanism adopted in our study.

3

Results

We analyzed the coevolving nonlinear voter model with the rewire-to-random
mechanism by the use of the pair approximation in which the distinction between
the average degrees of nodes in different states is made. This approach allowed
us to identify two dynamically active phases – the well-known symmetric phase
and the asymmetric one, which can arise from spontaneously broken symmetry.
The symmetric active phase is characterized by the same numbers of nodes in
the opposite states, so none of the states is preferred in the network; see Fig. 1.
In the asymmetric active phase, on the other hand, there is a predominance of
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Fig. 1. Stability diagrams for the coevolving nonlinear voter model with (a) rewireto-same and (b) rewire-to-random mechanism for q ∗ ≤ q < 1. In the figures, c is the
concentration of voters with j = 1, whereas ρ is the concentration of active links. The
solid and dashed lines correspond to the stable and unstable states, respectively. The
blue line refers to the symmetric active phase (since c = 0.5), whereas the red line refers
to the asymmetric active phase (since c 6= 0.5).
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nodes in one state, so the majority opinion can be distinguished; see Fig. 1. Only
in the symmetric active phase, the average degrees of nodes in different states
are equal to the average node degree of the network.
In the pair approximation, for 0 < q < q̄, where q̄ depends on the average node
degree of the network, the coevolving nonlinear voter model with the rewireto-random mechanism exhibits only continuous phase transitions between the
symmetric active and the absorbing phases. Similar behavior is shared by the coevolving nonlinear voter model with the rewire-to-same mechanism for 0 < q ≤ 1
[8] (see Fig. 1). However, for q̄ < q < 1, the pair approximation predicts much
richer phase diagram for the model with the rewire-to-random mechanism than
for its rewire-to-same counterpart. In this range of the parameter,
the asym√
metric active phase emerges. For q̄ < q < q ∗ , where q ∗ = 16 ( 13 + 1) ≈ 0.7676,
discontinuous phase transitions are possible, and a hysteresis loop may be observed as a result of system bistablity. The discontinuous phase transitions may
occur between the symmetric active and the absorbing phase or directly between
both active phases. On the other hand, for q ∗ ≤ q < 1, two continuous phase transitions are predicted. The first transition occurs between the symmetric and the
asymmetric active phase. At the transition point to the asymmetric active phase,
the symmetry is spontaneously broken, and the majority opinion arises in the
network (see Fig. 1). Interestingly, there are different critical exponents on both
sides of this transition for q = q ∗ . As p increases further, a continuous phase
transition to the absorbing phase takes place. Our Monte Carlo simulations conducted on initially random networks confirm the appearance of the asymmetric
active phase in the model with the rewire-to-random mechanism.
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1

Introduction

Often in the setting of human-based interactions, the existence of a temporal hierarchy
of information plays an important role in diffusion and opinion dynamics within communities [1]. For example at the individual agent level, more recently acquired information may exert greater influence during decision-making processes [2]. To facilitate
further exploration of this effect, we introduce an efficient method for modelling temporally asynchronous opinion updates, where the timing of updates depends on the timing
of incoming opinion states received from neighbours. The framework enables the introduction of information arrival-time lag by means of lag-vectors. These are used to
weight the relevance of information received by agents, based on the delay between
its receipt and the subsequent opinion update. The temporal dynamics (i.e. the times
at which information is transmitted) are governed by an underlying algebraic structure
called max-plus algebra ([3], [4]). We investigate the resulting continuous opinion dynamics under the max-plus regime using a modified Hegselmann-Krause model [5],
replacing the conventional confidence-interval based on the distance between opinions
with one based instead on the recency of information received by agents.
Our model works as follows: at time-step k = 0, each agent (represented by a node
in a network) is assigned an initial opinion from the interval [0, 1] uniformly at random
and transmits this value to all neighbours in the network. If an edge from agent i to j
exists, the information leaving agent i arrives at j after A ji time units (e.g. minutes),
where A is the max-plus adjacency matrix (which is nothing more than the transpose
of the conventional adjacency matrix). After sending their current opinion, each agent
enters a dormant period where it waits to receive all incoming opinion values. Once
received, agents update their opinions before immediately re-sending their new values
to all neighbours (possibly at different times), and this process continues for a desired
duration.
The event-times (the times at which opinion updates occur) can be conveniently mod(n×1)
denote the
elled using the max-plus algebra which we denote R∞ . Let ~x(k) ∈ R∞
vector of the (k + 1)st time agents communicate their opinions. Then ~xi (k) is the time
of the (k + 1)st transmission of agent i and is defined, in line with the above description,
by:
~xi (k) = max{~x j (k − 1) + Ai j : j = 1, . . . n}, for all k ≥ 1.
(1)
In the notation of the max-plus algebra this becomes,

~x(k) = A ⊗~x(k − 1), for all k ≥ 1.

(2)
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We also conveniently model the number of time units agent i has been sitting on the
opinion value received from agent j before its next update:
~ξ (k, i) =~xi (k)~I −~x(k − 1) − AT
i

(3)

where ~I is the (n × 1) unit column vector and ATi is the transposed ith row of A. We refer
to the vector above as the lag-vector for opinions arriving at agent i, having been sent
neighbours at time-step (k − 1).
To simulate the resulting opinion dynamics, we modify the Hegselmann-Krause model
[5] (which from here, we refer to just as the HK model) to incorporate the lag-vectors.
At each time-step (k + 1), every agent i updates their opinion according the following
update-rule:
 −1
(4)
oi (k + 1) = N i, k
∑  o j (k),
j∈N i,k

where N (i, k) = {1 ≤ j ≤ n 0 ≤ ~ξ j (i, k) ≤ ε}, i.e. the set of i0 s neighbours whose
opinion values are sat on by i for at most ε time units. Note the standard,
unmodi
fied HK model update-rule is given by replacing N (i, k) with M i, k = {1 ≤ j ≤
n |oi (k) − o j (k)| ≤ ε}.
To summarize the entire process for each time-step: each agent waits until it has received all incoming information (modelled by equation 2). On receipt of the final incoming opinion value for the current time-step, agents update their opinion using the
modified HK update-rule (equation 4) and send this to all neighbours.

2

Results

We show via extensive computational simulations that the updated HK model (using
the temporally bounded confidence-interval in equation 4) supports multi-opinion consensus clusters despite the absence of the conventional confidence-interval based on the
distance between neighbouring opinions (Fig 1). This is significant because it demonstrates that opinion fragmentation is possible even with seemingly innocent sorting of
content based only on recency considerations. Simulations are carried out on random
weighted strongly-connected and directed Barabási–Albert, Erdős–Rényi and WattsStrogatz graphs consisting in each case of 100 nodes. Furthermore, we examine typical
behaviours emerging from varying the threshold beyond which agents fail to take opinions from their neighbours into account, i.e. from varying ε, while keeping all other
initial conditions fixed. Two noticeably distinct regimes emerge. The first is a gradual
transition from multiple consensus clusters to a single global consensus. As epsilon is
increased, the number of consensus clusters grows slowly, until ε becomes large enough
for a single global consensus to form. The second regime is of a more abrupt and discrete change. The number of consensus clusters remains fixed before a sudden transition
occurs beyond some critical value of ε < 1, where multiple opinion clusters suddenly
collapse into global consensus.
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Fig. 1. Multi-opinion consensus clusters emerging using the modified HK
update-rule with ε = 1. The simulation was carried on a random
weighted strongly-connected directed
Barabási–Albert graph with 100 nodes,
Barabási–Albert parameter of 2, and
edge-weights drawn uniformly at random from {1, ..., 20}.

Fig. 2. Oscillatory behaviour of opinions emerging using the modified HK
update-rule with ε = 1. The simulation was carried on a random
weighted strongly-connected directed
Barabási–Albert graph with 100 nodes,
Barabási–Albert parameter of 2, and
edge-weights drawn uniformly at random from {1, ..., 20}.

We also uncover a new phenomenon arising from the dynamics using the modified HK update-rule (equation 4), whereby multi-opinion consensus clusters emerge
alongside groups of agents exhibiting opinion values which oscillate in time with a
regular period (Fig 2). This type of behaviour is not supported by the standard HK
model under any circumstance. Using a max-plus periodicity result, we explain this
phenomenon analytically by showing that lag-vectors are in fact periodic, with the period being dependent on circuits within the network. Namely, we prove the following:
if A is a strongly-connected max-plus adjacency matrix, there exist positive constants
kc and C such that ~ξ (k + C, i) = ~ξ (k, i) for all kc ≤ k and agents i. This provides analytical insight to characterise neighbourhood structures within the network which are
susceptible to experiencing periodicity of opinion states.
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Introduction

Though there have been several methods proposed for the analysis of temporal networks (see i.e. [2] for an overview), when it comes to social media-based networks
(i.e. retweet/follower/friendship networks derived from data from Twitter, Facebook or
other platforms) widely used analytic approaches mostly disregard the dynamic nature of such networks. They either discard the temporal aspect altogether collapsing the
whole network into a single snapshot [1, 4] or divide the network into several time-based
snapshots with fixed start and end dates [5]. While the approach that relies on several
temporal snapshots allows authors to trace certain dynamic developments in the network, these developments are only traced within the pre-specified time periods that are
chosen somewhat arbitrarily and thus might not cover important developments within
the network. In this abstract we propose an approach to the analysis of large dynamic
networks that relies on continuous calculation and update of edge strength using what
we call edge strength depreciation. We suggest that this approach can be particularly
useful for the analysis of large social media-based datasets. To illustrate the potential
advantages of the proposed method, we apply it to a social media-based dataset that was
analyzed using the snapshot approach[5], and compare the results. The dataset we rely
on deals with the data from Telegram. Each Telegram channel and/or group is treated
as a node in the network, and each reference (i.e. a mention or a repost) from one channel/group to another is treated as an edge. The details on the data structures and data
collection are outlined in the original paper [5].

2

Results

When the analysis is performed on the temporal network snapshots of pre-specified
length, the value of any edge in the network is equal within that snapshot. Within a
given snapshot, an edge created at the beginning of the time period is treated equally to
an edge created at the end of that period. In the case of social media networks such approximation is problematic as it disregards the changing importance of a given message
and/or formed or dissolved edge. For instance, in the case of Telegram the importance
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Fig. 1. Change in the number of views overtime for an example message on Telegram.

(by the number of views received) of a given channel mention/repost decreases over
time as the attention to this message decreases (see Fig.1).
To account for this decrease in edge value, we suggest to depreciate the value of
an edge created on day x by a standard factor. With decreasing values for edges in
the past, two nodes only maintain a strong edge by continuous interaction between
them. In social media, this means that two channels are in constant interaction and
share content, which is what a community should represent. If two channels had very
intense interaction a long time ago but then drifted apart, this tie should not be valued
as much as more recent ties between two nodes. Self-loops are not taken into account.
The edge depreciation is calculated using the following formula:
at = at−1 ∗ d + et
Where a is the total edge strength between two nodes at times t and t-1, e is the
number of new edges created at time t and d is the depreciation factor (in this case 0.9).
To illustrate the difference in the results obtained on the same network with edge
depreciation and without it, we report the authority scores calculated using both approaches for the top channels of the second-largest community in the original network
reported in [5] that is largely dominated (in terms of authority scores) by Donald Trumprelated channels. We calculated authority scores using both approaches for the top (by
static authority) Trump-related channels in this community: realdonaldtrump bytwitter,
realdonaldtrump and trump (see Fig.2). The calculation was performed using HITS algorithm [3]. In Fig.2 the authority scores are shown over the period from February
2019 to February 2020. As described in the original paper [5], from May to July new
channels entered the network of the far-right on Telegram. Many of these actors were
US-based channels promoting Trump-related content. During these months the dynamic
authority (blue line) of these channels was higher than than the static authority (orange
line) would indicate. The peaks in dynamic authority show the relative importance of
those channels over time. Before the migration, in March, the most used source of these
three channels was realdonaldtrump bytwitter. In later stages, this channel’s authority
decreased and the channel trump became the main source of Trump-related content,
with some citing realdonaldtrump (name identical to Trump’s Twitter handle). These
developments that are crucial to the understanding of network evolution are obscured
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Fig. 2. Channel authority calculated on a network collapsed into a single snapshot vs based on
the edge depreciation dynamic calculation

when the snapshot approach is used. Monthly snapshots might combine periods of low
authority and periods of high authority that result in averaged authority scores. Using
the proposed approach makes evident, which channels have elevated levels of authority
in the network at which time without running the risk of not seeing developments due
to poorly placed snapshot boundaries. Our approach also shows how different channels
interact and replace each other for specific functions in the network. This adds insight
to the dynamics of network formation allowing researchers to better understand network evolution while taking into account the changes in the importance of each edge
overtime which is particularly important in the context of social media.
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1

Introduction

Cluster synchronization (a type of synchronization where different groups of oscillators in the system follow distinct synchronized trajectories) on networks is a broadly
analyzed phenomenon including an important set of behaviors with wide areas of applicability from neuroscience to consensus dynamics [1]. It can be used to understand
phenomena such as remote synchronization and chimera states [2]. Ideas from graph
and equivariant dynamical systems theory can be applied to deduce admissible patterns
of synchronization and simplify their stability analysis. However, higher order interactions may be required to describe many social, biological, and ecological systems
[3], making it necessary to go beyond the pairwise interaction analysis to study certain
phenomena such as consensus dynamics, epidemic spreading, and metabolic reactions.
While complete synchronization and its stability have been analyzed very recently for
such systems [4–6], and examples from consensus dynamics, where the system settles
on a fixed point, were addressed in Ref. [7], general cluster synchronization has not
been considered. To address that, we formulate conditions for cluster synchronization
based on the hypergraph structure from equitable partition and symmetry perspective.
Then, we show how to reduce the dimensionality of stability calculation based on the
hypergraph structure for any specific pattern of cluster synchronization. Our results are
an extension of existing cluster synchronization literature to higher order systems and
could be of interest for a larger audience.

2

Results

We define a general dynamics of coupled oscillators on a hypergraph using notation
similar to Ref. [4]:
ẋi = Fi (xi ) +

∑

e j ∈Ei

G j (xi , x{e j } ).

(1)

The state of each node of the system is contained in xi ∈ Rn . The nonlinear function
Fi (xi ) describes the evolution of uncoupled nodes. Ei is the set of edges coming into the
node i, and e j = j1 , ..., jm is a specific hyperedge of degree m. The function G j (x{e j } ) is
a coupling function corresponding to the jth hyperedge of the network. While our formalism is applicable to a variety of interaction types (adjacency, non-invasive, directed,
etc.), we focus on undirected Laplacian-like coupling (G j (xi , x{e j } ) = G( ∑ (x j − xi )))
k∈e j

in our example.
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We consider homogeneous systems where the node types and coupling types are
homogeneous (or consist of several homogeneous blocks). In that case, it is useful to
additionally consider the interaction topology, contained in the system’s incidence matrix I (or, equivalently, adjacency tensor A) [3].
Cluster synchronization in networked dynamical systems arises from balanced relations on the coupling graph, resulting in equitable and external equitable partitions
with partition cells corresponding to fully synchronized nodes. Further analysis of the
quotient network can reveal more intricate patterns of synchronization [8]. Equitable
partitions divide the network into cells, where the input from each node in Ci to a node
in C j (where i 6= j) is uniquely determined by the indexes i and j. Each cell of the
network defines a cluster of nodes that could be synchronized.
The same idea is applicable to hypergraphs, where we need to consider input from
node i to j from interactions of all orders. To illustrate it, we consider the hypergraph
structure of Fig.1(a) (similar to Fig.1 or Ref. [9], added hyperedges) with incidence
matrices shown in Fig.1(d). The effective dyadic and triadic interactions that define the
structure of cluster synchronization manifold are encoded in quotient (hyper)networks,
shown in Fig.1(b-c). We note that symmetries are a subset of balanced equivalence relations, so orbital partitions of nodes with respect to all orders of interaction lead to
cluster synchronization patterns in hypergraphs with symmetries. Additionally, we note
that for some coupling types, it is helpful to study the projected adjacency matrix [4] to
find the admissible cluster synchronization patterns, so methods developed for dyadic
interactions (e.g., Ref.[10]) are applicable with a caveat that some patterns obtained on
the projected network are not admissible for the original hypergraph. However, Laplacian and noninvasive coupling require explicit considerations of triadic interactions to
obtain a full range of admissible cluster synchronization states.
Determining the stability of cluster states is an important step to reveal the conditions under which they can be observed in experiments or natural systems. To simplify
the stability calculations for networks with dyadic interactions, one can block diagonalize the system’s Jacobian by simultaneously block diagonalizing the set of cluster
indicator matrices, together with the Laplacian/adjacency matrix (shown on Fig.1(e))
[1, 9]. We show that a larger set of matrices needs to be block diagonalized to simplify
the analysis for higher order systems, since matrices corresponding to a specific cluster synchronization patterns on hyperedges (e.g., violet-yellow-teal on Fig.1(a)) have
to be additionally considered (Fig.1(f)) to obtain the Jacobian block diagonalization
(Fig.1(g)). These additional matrices (effective cluster synchronization Laplacians) can
be calculated by using the columns of the incidence matrix corresponding to edges with
a specific pattern of synchronization.
Summary. We demonstrate how to deduce admissible synchronization patterns of systems with higher order interactions from the hypergraph structure and the type of interaction dynamics, how this structure manifests itself in stability analysis, and how it
can be used to reduce the dimensionality of stability calculations. This extends both
the studies of full synchronization on higher order systems and the analysis of cluster
synchronization on systems with dyadic interactions. Our next steps will include using
this framework to show how higher order interactions stabilize/destabilize cluster states
in specific systems with various coupling topologies.
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Fig. 1. (a): example cluster synchronization pattern, (b): quotient graph, (c): quotient hypergraph,
(d): incidence matrices for dyadic and triadic interactions, (e-f): matrices to simultaneously block
diagonalize, (g): block diagonal Jacobian structure.
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1

Introduction

Woodlands and forest remnants in cities consist of unique assemblages of species that range from native
species that have survived urbanization, to exotics and ‘escapes’ from cultivation, to invasives that
often dominate urban ecosystems. Contemporary literature in ecology even refers to these urban
ecosystem as ‘novel ecosystems’ in that they represent unique formations not fully understood by
ecosystem ecologists and pose challenges to general principles of community ecology (Hobbs et al.,
2009, Aronson et al, 2015). Invasive species are globally considered as major challenge for
conservation of biodiversity because they outcompete native species leading to local declines in native
species populations. And yet over 60-80% of the urban flora could consist of non-native species. There
is increasing evidence that urban nature plays a significant role in modulating the microclimate, and
enhancing the quality of life in the cities (Gaston, 2010). These urban woodlands and forests provide
significant ecosystem services to urban society and understanding the species composition and
unraveling patterns of associations is of considerable importance, for their conservation and
management. In this study, we investigate the patterns species associations using a network approach
using vegetation data on South Delhi Ridge fragments, with a view to identify communities.
The city of Delhi is constructed over 1100 square kilometers of erstwhile ‘Dry Thorn Scrub Aravali
Vegetation’, and agricultural lands and wetlands of the Yamuna river (Champion & Seth 1968;
Maheshwari, 1961). Historically, Delhi has been built and rebuilt several times with substantial
modification of the landscape during Mughal and British periods. Among these changes were general
beautification efforts and creation of public parks and avenues. However, the Delhi Ridge Forest which is now broadly grouped as the Northern, Central and the South Delhi Ridge - are fragments of
the erstwhile Aravali vegetation that survived these transformations. In the last fifty years, the Ridge
forest in known to have been overrun by invasive species such as Prosopis juliflora and Lantana
camara, and much of the vegetation now consists of a combination of invasive species, exotics or
agricultural escapes, and native Aravali species. The actual relationship between these species however,
is less known. Do invasive species decimate native vegetation? If so, whether present forest patches
consist of singular stands of invasives? How do native species respond to the propagule pressure of
invasive species? In short, what kind of species associations form with a combined impact of
urbanization, biological invasions and active use by local communities.
We look at the primary vegetation survey data collected from a standardised ecological survey of six
forest fragments in South Delhi region, using the Line Transect Method (Krebs, 1989; Chauhan 2013).
In all, the data includes presence/absence and abundance information of 92 species, based on their
representation in a total of 73 transects of 200 metres each.
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2

Results

2.1

Study Area Networks

We identified over 6000 associations among 92 native, introduced and invasive plant species
spread across six study sites in the urban forests of New Delhi, as depicted in the map on
Figure 1. Each study site represented a distinct ecological community as established by a
rarefaction test, resulting in six individual ecological networks. Species presence-absence
matrices were converted to structured information file (SIF) files using our in-house
webserver NEXCADE (Yadav & Babu, 2012). The SIF edgelists were exported for
visualisation in Cytoscape version 3.6 (Shannon et al., 2003). Any two species found on a
given transect were considered ‘associated’ in the bipartite species association network, to
retain both transect and species identity.

Fig 1: Map of New Delhi indicating the study area represented by the urban forest fragments in
South Delhi labelled as: HK - Hauz Khas, JCF - Jahanpanah City Forest, MED - Mehrauli Forest,
TUQ - Tughlaquabad Forest, SV- Sanjay Van and JNU - Jawaharlal Nehru University Ridge

2.2

Distinct Native-Invasive Communities

Community detection was performed by parsing each study area network through the
MCODE algorithm that identifies densely connected regions using topological
parameters (Bader & Hogue 2003). In all, we found 11 species-specific communities
across the six urban forest sites. Interestingly, no communities could be detected in the
Hauz khas village forest, despite maximum species density, possibly due to the HK
network being highly connected. Species membership of clusters is listed in Table 1.
The two most highly invasive species Lantana camara and Prosopis juliflora are
members of several communities, but they do not show co-occurrence in the same
cliques. Instead, each invasive appears to have evolved a distinct community of native
congeners around itself, as evident from species association networks. The largest of
these communities were mapped onto the study area networks as depicted in Figure 2.
As can be seen in Figure 2, each study area network has a distinct topology and the
largest communities have four to five most connected plants, comprising various
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combinations of invasive, native and introduced species. It would be interesting to study
the significance of choice of native congeners, for each invasive. This work is currently
underway in our group, in terms of species specific networks of invasives in each study
area. We are also working towards resolving the differences found here by means of
additional layers of information, such as abundance data, and abiotic features of each
study site.

Table 1: Distinct communities within urban forests show Invasive species (marked in bold) in
cliques with sets of distinct native species. Study area codes same as in Fig 1.

Fig. 2: Study area networks for all six study area sites; Green nodes represent plant species
while mint nodes represent location of transects. The largest communities in each study area are
highlighted (yellow nodes/ red edges). Study area codes same as in Figure 1.
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3

Conclusion

Using a network approach, we identify distinct communities of plants in each of the six
urban localities investigated, despite overlaps in overall species composition. There is
evidence in the study that indicates formation of native-invasive and native-native
associations by major invasive species such as Lantana camara and Prosopis juliflora
in distinct urban forest patches. The associations formed by these invasives are
mutually exclusive, in the sense that these two major invaders do not form associations
with each other. As such, these invasive-native and invasive-invasive associations seem
consistent across different forests, indicating formation of new stable associations in
Delhi’s woodlands. This is in line with patterns reported urban plant assemblages in
other studies, using conventional multivariate vegetation analysis (Aronson et al. 2015,
Cilliers and Siebert, 2011). This work indicates that community identification
algorithms can find applications in pattern analysis in vegetation ecology and may pave
an altogether new way of investigating species associations using networks. Further,
this approach may provide an alternate way of visualizing species associations and
functional characterization of species based on node attributes such as degree and
centrality measures.
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1

Introduction

Landscapes are complex and heterogeneous mosaics constantly transformed by biotic and abiotic factors, disturbances, and human activities such as agriculture, urbanization, and forestry, etc. This transformation is reflected in land use and land cover
(LULC) maps at different spatial and temporal scales. These maps are essential inputs
to study land use land cover change (LULCC) [1] in pattern identification [2,3], trajectories measures [4], and its relationships [5,6].
In South America, the major LULCC is from primary forest to agricultural land.
This forest loss (deforestation) causes landscape fragmentation, isolated patches, habitat and ecosystem services loss, etc. According to the Food and Agriculture Organization of the United Nations [7], Ecuador has maintained the highest deforestation rates
of South America with annual rates of 1.5% and 1.8% for 1990 to 2000 and 2000 to
2010 periods, respectively.
Complex networks of dynamical systems have proved their great interest in various
studies such as dynamics of forest fragmentation and forest ecosystems [8,9], urban
connectivity [10], fish gills analysis [11], etc. Here, we use this complex network
framework for studying the connections of cumulative deforested patches identified
from LULC maps in Sumaco biosphere reserve based on the Local Connected Fractal
Dimension (LCFD) frequency distribution. Based on this approach we performed a
complementary spatio-temporal characterization of deforestation expansion in Ecuador.
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2

Results

Fig. 1 shows LCFD of the cumulative deforestation images for three time-intervals:
1990 to 2000, 1990 to 2008, and 1990 to 2016. The concept of LCFD was used to
construct a color-coded dimensional image. Using LCFD values we highlight and
discriminate all deforested patches. Green pixels indicate 1,83 ≤ LCFD ≤ 1,88, blue
pixels indicate 1,88 < LCFD < 1,93, and red pixels indicate 1,93 ≤ LCFD < 2,00.
These LCFD values range across the time intervals suggest an increasing of the complexity in deforested patches and connections between them.
Fig. 2, shows the LCFD distribution of three-time intervals. This confirms an increment of patch network complexity in time. The LCFD of deforested patches distribution increases and exhibit major density in time shifting from 1,83 until 2008 to
1,96 for all period until 2016.
The complexity increasing can be influenced by (1) the growth of pre-existing
patches without fusion with the adjacent patches. (i.e., the deforested area grew without increasing the number of patches), (2) the growth and fusion of pre-existing
patches (i.e., the pre-existing deforested patches grew until they merged with the adjacent patches, decreasing the number of patches and increasing the area), (3) the
appearance of new deforested patches (i.e., due to the fragmentation of pre-existing
patches through natural or induced reforestation processes or due to new deforestation). Applying the LCFD provides a spatio-temporal characterization approach to
study shape complexity of deforestation process as a complement for landscape ecology metrics.

Fig 1. Deforestation network from Local Connection Fractal Distribution (LCFD)
in Sumaco biosphere reserve in Ecuador for the three times intervals (1990-2000,
1990-2008 and 1990-2016).

141

Fig 2. Local connection Fractal Distribution (LCFD) for the three times intervals in
Sumaco biosphere reserve in Ecuador.
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Introduction

Mutualism is a vital element that comprises natural and social systems. As evidenced in
plant-pollinator relations and designer-contractor partnerships, the actors typically exhibit an ordered pattern of collective interactions. The interspecific relation can be represented by a bipartite network of multiple species (plant and animal guilds for example).
Such networks consistently express highly modular and nested structures, compared
with their randomized counterparts [1, 2]. Whether and how the two structural properties of mutualistic networks can emerge out of a unified mechanism however remains
unclear [3, 4]. Here, we elucidate a unified principle that explains how high-level mutualistic network patterns can emerge from interactions that adapt based on the niches of
individual actors. Key dynamical properties are revealed at different time scales, ranging from network stability to environmental impacts [6, 5].We further demonstrate that
such adaptiveness is crucial for preserving the network structure under invasions.

2

Dynamic Niche Model

We consider the co-adaptation of species niche relations and the demographic distribution of population under a single incentive of maximizing individual fitnesses. We
extend Hutchinson’s conception of niche adaptation to a network of cooperative species
[7]. Multiple species in two distinct guilds are involved simultaneously in mutualistic
interactions with selected partner species in the opposite guild and subject to competition with all rival species within their own guild (Fig. 1a). Each species possesses two
fundamental characteristics: its niche and abundance. The niche profile is formulated
by a Gaussian function Hi (s), representing the niche distribution on a niche axis. If two
species interact, their coupling strength is proportional to their niche overlap Hi j [7].
(
1,
i= j
mutualistic: γik = Ωm · θik · Hik ;
competitive: βi j =
Ωc · Hi j , i 6= j
where the niche overlap is the joint
probability of occupying the same position of two
R
species on the niche axis Hi j = Hi (s)H j (s)ds. The species abundances follow the generalized Lotka-Volterra dynamics with mutualistic functional response. At fixed time
intervals, a randomly chosen species attempts to rewire to a different mutualistic partner in the opposite guild γik −→ γik0 to maximize its own abundance (Fig. 1b) [4].
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Fig. 1. Dynamic niche model. a Adaptation of niche relation. b Rewiring in one time interval. c
Modular and nested interaction pattern in evolved network shown in adjacency matrices.

3

Results

With these premises, we demonstrate that nestedness NODF and modularity Q can
emerge concurrently from an initial random structure (exemplified in Fig. 1c). As shown
in Fig. 2a, the dyadic measures (NODF, Q) of an ensemble of 300 generated networks
(red) show a significant overlap with those of the 144 empirical networks (blue) from
the Web of Life Dataset and exhibit a similar negative correlation (dashed lines). The
degree distribution evolves into a typical truncated power law when the overall interaction intensity are high (Fig. 2b). Heuristically, the modular and nested structure is
formed through a positive feedback of local advantages in the structural and demographic distributions. This process contrasts with the existing models that handle them
with separate mechanisms. This type of dynamics belongs to a broad class of localized
preferential attachment processes, whereby ‘the rich get richer’ under the constraints
on the potential linkage.
We then delve into the dynamical properties of the network at different time scales.
At the ecological scale, we show the decisive role of within-guild competition intensity.
An evolved mutualistic network is more or less stable than the randomized counterpart
when the overall competition intensity is higher or lower than a transition point (Fig. 2c
and 2d), despite the intensity of mutualistic interactions. We further illustrate that the
interspecific linking pattern may exhibit a strong history-dependency in response to environmental changes, as shown by the hysteretical trajectory of the structural measures
(NODF and Q) with the changing mutualistic interaction intensity (Fig. 2e and 2f). The
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Fig. 2. Structural and dynamical properties. a Comparison of dyadic measures (NODF, Q) of
generated and empirical networks. b Power law degree distribution. c, d Role of competition
intensity on stability. e Structural measures under invasions. f Relative probabilities of survival,
extinction and coextinction.

structural alteration may be irreversible even if the original environmental condition is
recovered. At the evolutionary timescale, we show that a nontrivial nested and modular
architecture persists in the presence of repeated invasions and extinctions, by playing
out whether the mutant survives, goes extinct, replaces or coexists with the resident.
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Introduction

Centrality measures are among the most important tools of the network analysis. Many
of them, e.g., Closeness centrality, Betweenness centrality [2], or Decay centrality [3],
are based on distances and shortest paths in the graph. It stems from a simplifying
assumption that the information in the network always travels through the fastest routes.
However, multiple real-life situations clearly violate such assumption. In fact, whether
one is modeling the spread of gossip through a social group, the propagation of viruses
through a computer network, or the way users surf the Internet, such processes tend to
spread more chaotically in practice, e.g., through somewhat random paths as opposed
to shortest paths [1].
To better model such scenarios, a number of centrality measures based on the random walks have been proposed in the literature. Arguably, the most famous such a measure is PageRank [4]. To see how the PageRank works, consider the following model,
which is a modification of the standard Random Surfer model [4]. Imagine a surfer that
starts traversing the network in a random node, w(0). Then, in each step, with probability a, she randomly chooses one of the outgoing edges of the node she currently
occupies and follows it to the next node. At the same time, with probability 1 − a, the
surfer stops the walk all together. The PageRank of a node is the expected number of
times the surfer visits this node in her walk, i.e., PRv (G) = ∑t≥0 PG (w(t) = v) where
w(t) is the node visited by the surfer at moment t.
In this paper, we propose a novel centrality measure called Random Walk Decay
centrality (RWD), which is defined not as the expected number of visits, but as the
probability that the node is visited at all, i.e., RWDv (G) = PG ({s : w(s) = v} 6= 0).
/ The
advantage of such a definition is that the centrality of a node does not depends on its outgoing edges—a property that can be interpreted as a resistance to manipulation. In order
to further understand PageRank and RWD, we create an axiomatic characterization of
both measures. Specifically, we show that PageRank is the unique centrality measure
satisfying six simple properties (axioms): Locality, Sink Merging, Directed Leaf Proportionality, One-Node Graph, Random Walk Property and Edge Swap. In turn, the first
five axioms and Lack of Self-Impact instead of Edge Swap uniquely characterize RWD.
Our analysis highlights the similarities between both measures and their key differences
in an easy to grasp and comprehensive way.
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2

Results

Let us begin by introducing the axioms that are satisfied by both PageRank and RWD:
Locality (LOC): For two disjoint graphs G = (V, E) and G0 = (V 0 , E 0 ), the
centrality of every v ∈ V in the union of G and G0 is the same as in G.

Sink Merging (SM): For every graph G = (V, E) merging two sinks u, v ∈ V
without common predecessors does not affect the centralities of the remaining
nodes in the graph; moreover the centrality of the merged node is the sum of
the centralities of nodes u and v in graph G.
Directed Leaf Proportionality (DLP): There exists a∈(0, 1) such that for every
G = (V, E), sink u and isolated node v, the centrality of v in G with edge (u, v)
added is equal to the centrality of v in G plus a times the centrality of u in G.
One-Node Graph (1NG): In a graph that consists of one node and no edges,
the centrality of the node is equal to its node weight.
Random Walk Property (RWP): For two graphs G = (V, E) and G0 = (V 0 , E 0 )
and node v ∈ V ∩ V 0 if for every t ≥ 0 and k ≥ 1 the probability that the random walk visits v in moment t for the k-th time is equal in G and G0 , then the
centrality of v in G and G0 is also equal.

To uniquely characterize RWD we need an additional axiom, Lack of Self-Impact,
stating that the outgoing edges of a node does not have an impact on its centrality.
Lack of Self-Impact (LSI): For every graph G = (V, E) and edge (u, v) ∈ E
removing edge (u, v) does not affect the centrality of u.
Theorem 1. Random Walk Decay centrality is a unique centrality measure that satisfies LOC, SM, DLP, 1NG, RWP, and LSI.
Now, if we replace Lack of Self-Impact with Edge Swap stating that edges coming
from nodes with the same centrality and number of outgoing edges are interchangeable,
we obtain the unique characterization of PageRank.
Edge Swap (ES): For every graph G = (V, E) and edges (u, u0 ), (v, v0 ) ∈ E if
nodes u, v have equal centralities and equal number of outgoing edges, then
replacing edges (u, u0 ) and (v, v0 ) with (u, v0 ) and (v, u0 ) does not affect the
centrality of any node in the graph.
Theorem 2. PageRank is a unique centrality measure that satisfies LOC, SM, DLP,
1NG, RWP, and ES.
In the remainder, we focus on the two axioms that distinguish RWD and PageRank.
Consider Lack of Self-Impact that is satisfied by RWD, but not by PageRank. If
we assume that nodes decide upon their outgoing edges (e.g., Twitter users decide who
to follow), then the axiom states that the centrality is not affected by the choices of
the node. In other words, it assures strategyproofness of a centrality measure. As an
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Fig. 1. Four graphs highlighting the differences between PageRank and RWD.

example, consider graph G1 in Fig. 1. There, for a = 0.8 node u is ranked as the fifth
both by PageRank and RWD. Now, in G2 , an artificial edge from u to v is added. RWD
of u is the same in both graphs and in fact node u is still ranked as fifth. On the contrary,
PageRank yields much greater centrality of u in G2 and ranks it now as the second.
Consider Edge Swap that is satisfied by PageRank, but not by RWD. It states that
if two nodes, u, v, have the same centrality and out-degree, then for the centrality of
another node it does not matter if it receives an edge from u or v. Hence, other aspects
such as graph structure or diversity of the predecessors do not play a role. Consider
graph G3 from Fig. 1. There are three communities connected by three nodes: u0 , v0 ,
and w. According to both PageRank and RWD, w is the most important node and u0 and
v0 are ranked as the second. Moreover, both measures give the same centrality to u and
v, which also have the same number of outgoing edges. Hence, based on Edge Swap
we know that in graph G4 PageRank of every node is the same as in G3 . Node w is still
the most important. However, RWD does not satisfy Edge Swap and the centrality of u0
and v0 is higher in G4 than in G3 , because their sets of predecessors are more diverse.
As a result, according to RWD, u0 and v0 are more central than w in G4 .
The comparison of Random Walk Decay centrality to standard Decay centrality [3]
and more details can be found in the full version of the paper [5].
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Trends in the creation and use of software are increasing the macroscopic complexity of open source software ecosystems. Software is increasingly modular: developers
write smaller libraries that carry out specialized functions. These compact libraries interact and depend on one another. The resulting ecosystem of libraries is efficient: a
developer with an new idea for a new car doesn’t have to reinvent the wheel. It also
offers an explosion of possibilities for the recombination of code [1].
Like in many networked systems such as the financial system [2] or supply chains [3],
failure of a single element in OSS ecosystems can lead to a cascade of failures within
the network - presenting a systemic risk. Recent events such as the leftpad incident, the
Heartbleed vulnerability in OpenSSL, and the EventStream hack show how issues in
single libraries can propagate through much of the network [1]. Failures also frequently
occur when library owners stop maintaining their code - a concept known as Lehman’s
Law in computer science [4].
In this work we examine the network of dependencies of libraries in the Rust programming language ecosystem. We simulate the spread of failures in this system to
quantify systemic risk. Using data from Cargo (crates.io), the Rust package manager,
we create the dependency networks between Rust libraries at different points in time.
In these networks, a library is connected by a directed edge to the packages it depends
on (qualified as upstream). Specifically, we observe the system on June 30th annually
from 2015 to 2020. Rust is a particularly well-suited for our study. As a quite young
language (created 2010), the history of almost all of its libraries is available.
Previous work in software engineering has noted that the number of direct dependencies (a library’s in-degree in the network) and transitive dependencies (two-step
in-degree) are growing over time in several major ecosystems [5,6]. These measures
are good first order approximations of the relative importance of individual libraries
and can capture broad changes in system connectivity over time. But as we know from
studies of interbank networks, supply chains, and powergrids - the complexity of these
networks can often obscure their most vulnerable points [7].
To better measure the contribution of individual libraries to systemic risk, we adopt
a simulation approach. For each library in a snapshot we simulate its failure 100 times.
Failures spread from the library to each direct downstream dependency with fixed probability p, which we set to .1 (our results are robust to a variety of probabilities). Each
failure of a library induces the same check at each downstream library. Repeating this
simulation for each node in the system, we obtain library-level distributions for failure
cascade lengths. We can aggregate these distributions to the system level and observe
changes in the global distribution over time.
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Fig. 1. Complementary cumulative distribution functions of various connectivity statistics of libraries in the Rust ecosystem. A) the direct dependencies (in-degrees) of libraries. B) the transitive (two-step in-degrees) of libraries. C) the lengths of simulated failure cascades starting from
each library. Complex connectivity and systemic risk is growing over time.
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serde
serde derive
rand
lazy static
serde json
rand core
log
cfg-if
quote
rustversion
trybuild
serde test
syn
serde stacker
regex
sval
libc
proc-macro2
serde bytes
tokio

Direct Deps. Trans. Deps. Cascade Length
7146
3732
3881
3301
5412
144
4919
377
1817
55
149
117
1799
4
2388
3
3160
1375
118
1995

12486
12189
13036
13147
10903
4310
9446
9350
8744
9456
9594
6997
7376
5418
9146
4919
8074
8956
6070
5990

1737
1358
1036
962
962
895
871
820
810
810
799
763
726
688
644
642
637
616
607
601

Table 1: Top 20 packages in the Rust ecosystem, June 2020, by characteristic cascade length.
In Figure 1 we plot the CCDFs of various connectivity measures for the Rust ecosystem observed annually. The system is growing and the number of direct dependencies
seems to scale with the size of the system. The number of transitive dependencies is
also growing, but the distribution is getting more skewed. Finally, the distribution of
simulated failure cascades suggests that systemic risk is increasing over time.
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As expected, the number of direct dependencies, transitive dependencies, and the
characteristic lengths of cascades3 originating from specific libraries are significantly
correlated (Spearman rank correlations between .5 and .9).
In Table 1 we list the top 20 libraries by characteristic cascade length for the most
recent snapshot of the Rust ecosystem. We also report the number of direct and transitive dependencies, noting that there are systemically important libraries with few direct
dependencies. This suggests that there are some less visible libraries of systemic importance in the ecosystem.
In future work we propose to widen our analysis by considering more ecosystems,
and to go into greater depth by studying social aspects of ecosystem stability. In particular, future work should consider the population of library maintainers, the use of the
libraries (measured by downloads), and their visibility (measured by watches or stars
on GitHub, volume of Google search, mentions on Stack Overflow).
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1

Introduction

Identifying influential nodes in complex networks allows to uncover key spreaders for
marketing campaigns, finding essential proteins, detecting financial risks, inhibiting diseases, and many more. Centrality measures are one of the main ways of assessing a
node’s importance. These measures are mainly based on the connections of the nodes
and the dynamics of the network [1]. Another way of assessing a node’s importance
is through hierarchy. Hierarchical structure is pervasive and natural among real-world
networks [3]. The hierarchical decomposition of networks using hierarchy measures results in nodes that exist at the core of the network. Even though several studies have
investigated the relationship between centrality measures [4] [5], to our knowledge,
the interplay between hierarchy and centrality is unexplored. In order to fill this gap,
an extensive investigation has been conducted in order to gain a better understanding
about the relationships between hierarchy and centrality measures together with basic
topological properties of networks [6]. Centrality measures under test incorporate information from the neighborhood (Degree and Local), from the flow of resources (Betweenness and Current-flow Closeness), and from an iterative refinement process of the
network structure (Katz and PageRank). Note that Local centrality is Degree centrality
extended to the second order neighborhood of the direct nodes. Hierarchy measures are
based on nestedness of the network (k-core and k-truss), flow of resources (LRC [3]),
and a mix between nestedness and flow (Triangle participation ratio). Experiments are
performed on 28 real-world networks spanning a broad spectrum of real-world applications. Three main questions are investigated:
1) Do hierarchy and centrality measures convey the same information?
2) What is the influence of the macroscopic topological properties on their relationship?
3) Which are the most orthogonal centrality and hierarchy measures?

2

Results

To answer the first question, correlation measures (Pearson, Spearman, and KendallTau) are calculated among the 4 hierarchy αi and 6 centrality β j measures for each
network. Similarity measures are also considered (Jaccard and Rank-biased Overlap).
Results show that there is a high variability of both correlation and similarity measures
between hierarchy and centrality for the various real-world networks under test. Nevertheless, analyzing the results of the 28 networks under test 6 main categories emerge.
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Fig. 1. Heatmaps of the Spearman’s correlation for the various combinations of hierarchy αi and
centrality β j measures of 6 real-world networks. The hierarchy measures are αc = k-core, αt =
k-truss, αl = LRC, and αt p = triangle participation. The centrality measures are βd = Degree, βl
= Local, βb = Betweenness, βc = Current-flow Closeness, βk = Katz, and β p = PageRank.

They range from low correlation to high correlation between hierarchy and centrality
measures. Additionally, k-truss and to a lesser extent k-core appear to be less correlated
with centrality measures as compared to other hierarchy measures. Figure 1 reports the
Spearman’s correlation results of 6 real-world networks exhibiting these behaviors.
To answer the second question two experiments are performed. First of all the correlation and similarity measures are binarized using thresholding (µ >0.7) to distinguish
between meaningful and non-meaningful values. A value of µ >0.7 is chosen because
it is considered as a high value for meaningful similarity and correlation. Networks are
then ranked based on the ratio of meaningful values. Table 1 shows three categories of
networks ranked according to their meaningful proportion of correlation. Their main
topological characteristics (density, transitivity, and assortativity) are also reported. A
clear association between hierarchy, centrality, and network topology can be seen after
the reduction of the 6 categories from the first experiment into 3 categories. The first
category (high fraction of meaningful correlation) is characterized by high density and
transitivity, alongside negative assortativity. The second category (medium fraction of
meaningful correlation) exhibit low density, high transitivity, and positive assortativity.
The third category (low fraction of meaningful correlation) is made of networks with
low density and transitivity with negative assortativity. The second experiment allows
to check the consistency of the results. Networks are clustered based on their correlation/similarity feature sets using the k-means algorithm with three clusters. Results
show similar clusters of the networks as compared to the network categories obtained
after thresholding. Hence, density and transitivity, and to a lesser extent assortativity,
play a major role in the redundancy of information among hierarchy and centrality

155

Table 1. Real-world networks grouped according to their meaningful correlation proportion. The
basic topological characteristics are: ν is the density, ζ is the transitivity, and knn (k) is the assortativity. Two states can be given to the density and transitivity, either high denoted as H or low
denoted as L. Two states can be given for assortativity, either positive denoted as P or negative
denoted as N.
Network Categories
Category 1: Adjective Noun, Zachary Karate, Les Misérables, World Metal Trade,
U.S. Airports, Madrid Train Bombings, Birds, and Mammals
Category 2: Physicians, Facebook Politician Pages, Facebook Ego, Insects,
U.S. States, AstroPh, GrQc, Adolescent Health, Reptiles, and PGP
Category 3: Retweets Copenhagen, Internet A. Systems, NetSci, Human Protein,
E. coli Transcription, Mouse Visual Cortex, Yeast Protein, U.S. Power Grids,
EuroRoads, and CS Ph.D.

ν
H

ζ
H

knn (k)
N

L

H

P

L

L

N

measures. High density and high transitivity induce high correlation among hierarchy
and similarity. On the other hand, the information extracted by hierarchy and centrality
is less redundant in low density and/or low transitivity networks.
Finally, to answer the third question, the Schulze voting method is used to rank the
couples of hierarchy and centrality measures from most orthogonal to least orthogonal. The networks are the voters and the various (hierarchy, centrality) couples are the
candidates. The winner is the couple (k-core, betweenness) followed by (k-truss, betweenness). These results suggest that one can take advantage of the complementary
information carried by nested hierarchy measures and betweenness centrality to design
effective measures of influence. Future work will investigate the relations between classical and community-aware centrality measures [7–9].
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Introduction

The medical referral between primary care physicians (PCP) and specialists
(SP) represents the formal mechanism in the health system to address the need
of patients for specialty care. It may affect many aspects of patient care, such
as quality of care, patient satisfaction, health care costs, etc. [2]. The existing
literature typically leveraged the patient consultation history extracted from insurance claims data to construct the patient sharing network between physicians
based on the shared patients [2]. The patient sharing network essentially operationalizes an informal information-sharing network in which physicians provide
care to shared patients. However, this network does not necessarily conform to
the formal organizational structure that physicians are affiliated with, and thus
may provide valuable insights in explaining the referral mechanism.
In this paper, we hypothesize that medical doctors’ informal social networks
can influence the referral process. In other words, doctors’ referral decisions may
be limited to their social contacts and do not always benefit patient-centered
care. This implies that network structure metrics derived from the doctors’ social
network can serve as informative features to boost the predictive performance
of a model for referral recommendations [1]. As such, we create two networks: 1)
the referral network connecting PCP to SP if a patient consults a PCP and then
an SP within a month, and 2) the social network of all doctors according to their
similar profiles. Then, we learn the representation of the referral network using a
Graph Neural Network (GNN) [4]. The main objective of the study is to uncover
hidden mechanisms in the primary-specialty referrals using features extracted
from informal social network of doctors, which may help health organizations to
improve the referral process through recommendations [5].

2

Data and Network Constructions

We analyze a large-scale patient consultation data from a European private
healthcare provider with over 12 million consultations between 1.4 million patients and 3,632 physicians (389 PCP and 1,313 SP and 1,390 with unknown
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specialty) in 7 hospitals from 2012 to 2017, to understand the primary-specialty
referral mechanism. Besides, we obtain additional physician registration data
from the Human Resources department of the provider, including demographics,
such as gender, age, education, and professional information, such as internship
institution, specialty, working hospital. As such, we develop a weighted bipartite
network where 294 PCP are connected with 839 SP through 34,249 edges. The
edge weight on the referral network represents the number of patients that PCP
refers to the SP. Importantly, many physicians do not link to the referral network, which raises potential inefficiency concerns for their lack of involvement
in the referral process. We also create a complementary social network of the
doctors (for both PCP and SP), where an edge connects two doctors if they
shared similar profiles such as they receive the medical degree from the same
institution, they perform the residency internship in the same hospital.
We calculated summary network metrics for the resulting referral and social
networks, respectively. For example, the degree of nodes in the referral network
follows the power-law distribution. This means that: (1) there are few physicians
that receive a huge amount of referrals (if the node is an SP) or that refer to a lot
of specialty doctors (if the node is a PCP) (2) the vast majority of the SP only
receive referrals from few PCP or PCP only refer to a few SP. Such observations
are subject to several possible explanations. The SP with high in-degree can be
those with high popularity, while PCP will low out-degree may have relatively
limited social contacts. Meanwhile, we obtained the average clustering coefficient
for the referral network (0.149) to measure the fraction of the number of observed
squares to the total number of possible squares in the network. This represents
an essential precondition for the referral network to exhibit small-world structure
and suggests that physicians in the referral network have a higher tendency to
cluster together.

3

Referral Prediction using Graph Embeddings

Node embeddings learned from graph-structured data provide low-dimensional
vector representations for each node using its graph neighborhood [3]. It has
showed to be very useful for numerous machine learning applications, such as
node classification, clustering, and link prediction. We adopt the GraphSAGE
model to generate graph embeddings for the referral network, because the model
can leverage node attributes to jointly learn the structure of each node’s neighborhood together with the distribution of node features in the neighborhood
[4].
From the social network of doctors, we computed three centrality measures
for each node: betweenness, node, and degree centrality, and added them as
features to GraphSAGE to accomplish the link prediction task, based on the
referral network. Firstly, we learned an unsupervised graph representation of
the referral network. The GNN was trained with 1,134 nodes and 27,743 edges,
and tested with the same number of nodes and 30,825 edges. Features used were
physician gender and age, plus the centrality features for the social network-
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aware experiment. We trained for 20 epochs, layer sizes of 20 by 20 and a dropout
rate of 0.3. A neural network model was trained for link prediction optimizing
with Adam (learning rate of 1e-3) over binary cross-entropy loss. In comparison,
we also evaluate the link prediction task on the referral network in the absence
of social network information.
Table 1: Link prediction task metrics, when social network features are added
to referral information.
Social Network
Test loss Test accuracy
Without information 1.0629
0.5232
With information
0.6939
0.7072

The results, presented in Table 1, show that the information on social relationships of doctors does improve the predictive power of the model. Accuracy
increases about 0.18 with the added information about the social network of
doctors. As expected, the loss suffered decreases as well.

4

Future work

As future work and to test the consistency of these results, a few possibilities
line up: 1) train a link prediction model with more features that characterize the
doctors from both their demographic attributes and social network measures,
2) compare a set of the state-of-the-art GNN models and verify whether the
our findings still hold and 3) introduce the explanability model to identify the
factors that affect referral process.
Acknowledgements. This work was funded by Fundação para a Ciência e
a Tecnologia (UID/ECO/00124/2019, UIDB/00124/2020 and Social Sciences
DataLab, PINFRA/22209/2016), POR Lisboa and POR Norte (Social Sciences
DataLab, PINFRA/22209/2016).
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1

Introduction

For many years, though more so in recent months, America and the world have grappled
with the phenomenon of and fallout from police shootings. The controversy tends to be
strongest in contexts where the suspect is non-white, usually African American, and is
also often unarmed.
This phenomenon has captured the attention of many scholarly communities as well,
who are interested in understanding and diagnosing this issue from a variety of angles
including politically [1], criminologically [2], behaviorally [3], and others [4].
Building these and other recent studies on race and police shootings, I explore this
issue from a different angle. I develop a nonlinear, exploratory framework to explore
race and police shootings to allow the data to speak as freely as possible. To do so, I use
two distinct unsupervised dimension reduction approaches, manifold learning and neural network-based projection, to explore whether non-random, latent patterns emerge
along a racial dimension in the context of police shootings in America. The main
method in this analysis is uniform manifold approximation and projection (UMAP),
with self-organizing maps (SOM) used as validation, given that SOM have been around
for a longer period of time. Using recent data on fatal police shootings the United States
from 2015 to 2020 [5], I find that there does indeed appear to be separation in the projection space of fatal police shootings among suspects of different races.
The broader take away is that recent advances in complex, nonlinear embedding
and projection allow for the picking up of non-random, latent structure in highly consequential sociological data. The result is a deeper understanding of this and related
phenomena via largely atheoretic means. These and related methods should encourage
researchers who are interested in uncovering patterns and reducing complexity, over
seeking confirmation for existing biases on both (and many) sides of such consequential, high-stakes issues like police shootings.

2

Results

In this section, I briefly present my main results from the UMAP procedure. As UMAP
is an unsupervised technique making external validation elusive, I validate these patterns using self-organizing maps. Patterns across both UMAP and SOM are stable, suggesting racial patterns in fatal police shootings are likely more signal than noise.
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UMAP is a recent nonlinear, unsupervised approach to approximating a high dimensional space and embedding it on a less complex, lower dimensional subspace [6].
UMAP is a computationally efficient algorithm that is able to capture global structure
and project it locally. The algorithm assumes some small neighborhood of observations
existing along a manifold can be more simply, yet still consistently characterized in
a lower dimensional setting, allowing for greater interpretability from complex, high
dimensional data spaces. Building on the concept of local neighborhoods reflecting
structural similarity at different positions along the manifold, the algorithm searches
for an optimal manifold to characterize the raw inputs. The result is a nonlinear, low
dimensional manifold that represents true distances between observations, which can
also aid in reconstruction of the original space, regardless of size and complexity.
Before jumping into the results, there were several missing observations in these
data across several features including, e.g., gender, age, race, whether/how the suspect
attempted to flee, and so on. See the patterns of missingness in Figure 1.
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Fig. 1. Pattern of missingness across the full data space. In addition to raw counts of missing
cases by feature, the figure also displays intersections of missing cases across all features.

As such, multiple imputation was conducted for all missing values, where the mode
was used for categorical features and k-Nearest Neighbors (kNN)-based imputation on
all features was used for continuous features. To ensure findings were not due to any
choice made during imputation, results from two fits of UMAP on both the imputed
data and then the data with missing values simply dropped, are presented side-by-side
in Figure 2. These models were tuned with neighborhoods of size 15, minimum lower
dimensional distance of 0.1, and 200 epochs each using Manhattan distance. Consistency in patterns in both figures suggest imputation did not negatively impact results.

162

UMAP with Imputation (Mode and kNN)

UMAP with No Imputation; Dropped Missing Values
15

10
10

5

A
B
H

0

N
O

Race
Second Dimension

Second Dimension

Race

A
B
H

0

N
O

W

W
−5

−10
−10

−15
0

−10

10

20

First Dimension
Race Codes: W: White, non−Hispanic B: Black, non−Hispanic A: Asian
N: Native American H: Hispanic O: Other None: unknown

−10

0

10

First Dimension
Race Codes: W: White, non−Hispanic B: Black, non−Hispanic A: Asian
N: Native American H: Hispanic O: Other None: unknown

Fig. 2. UMAP results on imputed (left) and non-imputed (right) data.

The results in Figure 2 demonstrate that there is a clear difference in patterns of
fatal police shootings by race. This is seen in the pink points (representing white suspects) being mostly grouped together in the projection space on the second dimension,
compared to all other races being largely grouped together in a different location in the
same space along the same dimension. These patterns suggest that police respond with
deadly force differently to different races, with white suspects being treated similarly to
each other but notably distinct from their non-white counterparts with wider variance.
Comparison to Self-Organizing Maps. Using the neural network-based technique of
self-organizing maps, I validate UMAP results and find similar patterns of fatal police
shooting varying by race using the same shootings data. Saying nothing of normative
police behavior or motivations underlying these trends, the results across both stages
suggest police tend to use deadly force differently based on suspects’ race.
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Diffusion or random-walks are one of the most fundamental dynamical processes on
graphs. They have been heavily exploited in many contexts and for many applications,
ranging from centrality measures to graph clustering. The success of diffusion-based
analyses on networks may be in part due to the fact that graphs do not have simple and
mathematically well-defined topologies such as, for example, Riemannian manifolds.
Diffusion dynamics thus become a simple and powerful tool to extract relevant pieces of
information from graphs structures and relate them to more classical, or natural notions
from geometry or topology.
In this work, we extend this diffusion-based approach for graph analysis by constructing measures which exactly correspond to their Riemannian, or more simply, Euclidean counterparts. Our approach is based on the simple observation that diffusion
dynamics may create ‘overshooting’ events. To understand what constitutes an overshooting event, let us take the simplest case, whereby we have a delta initial condition
on the real infinite line. Taking another position on the line, different to that of the initial
condition, the solution to the heat equation at this new point will first increase in time,
to eventually relax to zero as time approaches infinity, the stationary state.
Moving away from the infinite line to a compact space, such as an interval or graph,
only a fraction of the positions will see an overshooting peak due to the presence of
reflective boundaries (a finite size effect). In Figure 1(a) and (d) we plot the evaluation
of the heat equation as a function of time for the interval [0, 1] and the Karate club
respectively. The subplots display the evaluation of the heat equation as a function of
time for a given position and reveals ’peaks’ (green plots), which we refer to as an
overshooting event.
The overshooting peaks are sensitive to all topological scales of a graph, and thus
analysing their presence and properties, such as position, amplitude and time, can be
used to construct different graph measures or algorithms. Herein, we describe two recently published graph theoretic methodologies that have leveraged the presence of
overshooting events: (1) Multiscale centrality [1]3 and (2) graph semi-supervised classification [2] 4 . For both applications we have provided an open-source Python package
and welcome external contributions.
Multiscale Centrality. The presence or absence of peaks can be used as a proxy for the
location of the boundaries, and therefore the center of the space. Because finite graphs
are compact spaces, but their centers and thus boundaries are not as well defined as for
topological spaces, it is natural to use overshooting events to define the center of the
3 https://github.com/barahona-research-group/MultiscaleCentrality
4 https://github.com/barahona-research-group/GDR
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Fig. 1. Figure taken from [1], illustrating the concept of multiscale centrality. (a-c) Diffusion on
a segment [0, 1], with overshooting events in (a), times of these events in (b) with respect to the
location of the source of diffusion and (c) corresponding multiscale centrality on the segment.
(d-f), same set of panels, but on the Karate club graph, with graph diffusion instead of Euclidean
heat equation.

boundaries of a graph. We call this measure Multiscale centrality, as it a graph centrality measure with an additional scale parameter τ, related to the maximum diffusion time
used for the detection of overshooting events [1]. We show that this measure recovers
the center of an interval, or a square, for infinite time horizon, and provide relevant information on the possible inhomogeneities in the space (discretisation for example) at
small scales (Figure 1). We apply this centrality measure to several classic graphs, such
as Karate club (Figure 1f), Dolphin social network, European power grid or directed
graphs such as C. Elegans neural network to illustrate its use in various contexts. See
Figure 2 for an example on the European Powergrid and the road network of Manhattan. We also show that it strongly correlates with local (degree centrality) and global
(closeness centrality) at different scales.
Graph semi-supervised learning. Graph semi-supervised learning algorithms take
advantage of an associated graph to improve supervised learning of node classes. Commonly, neighbouring nodes are more likely to be in the same class. Herein, we leverage
the amplitude of the ‘overshooting peak’ to gain a probabilistic interpretation of node
classes. We developed a methodology called Graph Diffusion Reclassification (GDR),
which reclassifies nodes according to the maximum amplitude overshooting peak for
any class [2]. From any prior node classifications (given by a standard classifier such
as a random forest, for example), GDR uses the class assignment probabilities as initial
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Fig. 2. Figure taken from [1]. Two examples of applications of multiscale centrality on real networks: in (a) the Europeen powergrid network and in (c) the road network of Manhatten. In
(b) and (d) we show the Pearson correlation with the four most standard centrality measures, to
place multiscale centrality in context: correlation with degree at small scale and correlations with
closeness (or other more global centrality measures) at large scales.

conditions for a diffusion process and reclassify nodes according to the largest ‘overshooting peak’ between the classes. We show that this method almost always improves
the classification accuracy of the original classifier on standard datasets such as citations networks or Wikipedia webpages.
We have shown in two published examples
how ‘overshooting’ events from diffusion dynamics can be leveraged to reveal interesting topological properties of networks. However, this line of research has provided
further insights and methodological development that are not described in detail here.
For example, we have used the overshooting events to define a measure of influence
within a non-linear dynamical system, such as identifying the most infectious nodes in
the SIR epidemic model. As another example, using both the time and the amplitude of
the overshooting peaks we are able to define a notion of relative and local dimensionality on graphs. These exciting applications make this line of research both fruitful and
of interest to the wider community.
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Abstract

Network representation learning has emerged as a efficacious tool in graph mining. Recent work has suggested that representations embedded in hyperbolic geometry often
surpass representations learned in Euclidean geometry on downstream tasks by notable
margins. Hitherto, most work has examined tasks such as link prediction, network alignment, and node classification. While hyperbolic embedding for community detection
has been investigated to an extent in [5], its performance has yet to be compared to that
of its Euclidean counterpart. In this extended abstract, we seek to address this gap.

2

Introduction

Community detection plays a major role in contemporary graph mining. Community
detection seeks to detect groups of nodes that are strongly connected among themselves
but sparsely connected to nodes in other groups. Through community detection, we can
draw interesting and useful conclusions about networks and their underlying dynamics
that can allow us to build better experiences for users.
Community detection is often performed by an algorithm that exploits graph traversals or some matrix decomposition. However, representation learning can also be used.
In representation learning, a neural network is used to learn mappings from nodes in a
graph to some lower dimensional space that is amenable to more conventional machine
learning and data mining algorithms. Learnt representations can be fed into conventional clustering algorithms to coax out communities from our graphical data.
Most network representation techniques project onto Euclidean space. However, recent work has suggested that Hyperbolic geometries, being continuous analogues for
trees, might be more appropriate embedding targets for graphs. Hyperbolic geometries
are non-Euclidean geometries that possess negative curvature and do not respect Euclid’s parallel postulate. Work such as Gunel et al. [2] suggests that these properties
allow hyperbolic geometries to geometrically encode the latent hierarchies present in
graphs. When tasked with reconstructing the original graph data and predicting links
* equal

contribution
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between nodes, hyperbolic embeddings have been shown to outperform Euclidean embeddings. This is also exemplified in terms of overfitting and complexity issues when
using Euclidean embeddings with data which exhibit an intrinsic hierarchical structure
[6].
This extended abstract seeks to report findings on the suitability of Hyperbolic embeddings vis-a-vis Euclidean embeddings for the task of community detection.

3

Methodology

For our experiments, we used several datasets from the SNAP repository 1 . We considered the Facebook dataset, comprising 4,385 nodes and 37,304 edges; the Twitch
dataset comprising 4,039 nodes and 88,234 edges; and the TV-Shows dataset comprising 3,892 nodes and 17,262 edges. Although some of these datasets are weighted, their
weights were ignored since current Hyperbolic embedding methods do not consider
weights.
We considered three methods: Grover et al.’s [1] Euclidean Node2Vec, Nickel and
Kiela’s [7] Poincaré ball hyperbolic model embedding method, and Nickel and Kiela’s
[7] Lorentz embedding model.
Using the code provided by all the authors of the aforementioned three methods, we
generated embeddings of various dimensions. We then leveraged sklearn’s implementations of agglomerative clustering function (using complete linkage) and DBSCAN on
the trained embeddings.
Finally, we used Python’s community library to calculate the modularity of the clusters produced by the clustering methods using Euclidean and both hyperbolic neural
network embeddings for comparison.

4

Experimental Results

Table 1. Modularities obtained testing on the facebook dataset.
Poincaré
Lorentz
Euclidean
Dimensionality 5
32
64
5
32
64
5
32
64
Agglomerative 0.1820 0.1947 0.1742 0.1900 0.1608 0.1659 0.8004 0.8143 0.8048
DBSCAN
0.0371 0.0406 0.0388 0.0374 0.0401 0.0393 0.6504 0.6298 0.5778

1 http://snap.stanford.edu/data/index.html
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Table 2. Modularities obtained testing on the twitch dataset.
Poincaré
Lorentz
Euclidean
Dimensionality
5
32
64
5
32
64
5
32
64
Agglomerative 0.0008 0.0036 0.0007 0.0003 0.0004 0.0004 0.1971 0.2329 0.2059
DBSCAN
-0.0018 -0.0016 -0.0012 -0.0014 -0.0016 -0.0017 0.0158 0.0479 0.0411
Table 3. Modularities obtained testing on the TV shows dataset.
Poincaré
Lorentz
Euclidean
Dimensionality 5
32
64
5
32
64
5
32
64
Agglomerative 0.0029 0.0009 0.0023 0.0058 0.0010 0.0020 0.7622 0.8466 0.8340
DBSCAN
0.0004 0.0005 0.0007 0.0003 0.0005 0.0004 0.5422 0.6274 0.6122

5

Conclusion and Discussion

As seen in our experimental results, the Euclidean embeddings outperformed the Hyperbolic embeddings on community detection regardless of clustering method, embedding method, or embedding dimension. Moreover, the difference in modularity scores
are rather marked. We conjecture that this might indicate that if Hyperbolic embeddings are to be useful for community detection, at the very least, they require different
clustering techniques than conventional ones. We plan to investigate this in future work.
It should also be noted that some datasets were more amenable to the Hyperbolic
methods over others. This might be the result of some property of these datasets. In
future work, we can utilise the nPSO model [4] and LFR benchmark [3] to generate
networks with controlled communities as opposed to real datasets. Complementing this,
Normalised Mutual Information may be a more suitable performance metric.
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Introduction

Data-driven analysis of complex networks has been in the focus of research for decades [1,
2]. An important research question is to study how well real networks can be described
with a small selection of metrics, furthermore how well network models can capture the
relations of graph metrics observed in real networks. In this paper, we apply machine
learning techniques to investigate the aforementioned problems [3]. We study 482 realworld networks from different domains such as brain, food, social, protein interaction,
web and infrastructural networks, along with 6×482 synthetic networks generated by
six frequently used network models with previously calibrated parameters to make the
generated graphs as similar to the real networks as possible.
The six models that we consider are: the clustering version of the Barabási–Albert
model [4], the duplication-divergence model [5], the 2K-Simple model [6], which captures the joint-degree distribution of a graph, the forest-fire model [7], Kronecker graph
model [8], and the (degree-corrected microcanonical) stochastic block model [9] that
creates graphs with community structure.
Our approach unifies several branches of data-driven complex network analysis,
such as the study of graph metrics and their pair-wise relationships, network similarity estimation, model calibration, and graph classification. We find that the correlation profiles of the structural measures significantly differ across network domains
and the domain can be efficiently determined using a small selection of graph metrics.
The goodness-of-fit of the network models and the best performing models themselves
highly depend on the domains. By solving classification problems, we find that the
models lack the capability of generating graphs with high clustering coefficient and
large diameter simultaneously.

2

Metric selection

First, we calculate the following rich set of metrics for all the networks: assortativity, average clustering coefficient, average degree, average path length, density, global
clustering coefficient, four interval degree probabilities [10], largest eigenvector centrality, maximum degree, maximum edge and vertex betweenness centralities, number
of edges and nodes and pseudo diameter. We select a subset of the metrics which still
well describes the networks, but has smaller redundancy. Based on the average absolute
correlation network (Fig. 1), we select metrics from each connected component of the
correlation graph. We note that the metrics of the component containing the size of the
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network are excluded from the analysis since the high correlation with the size implies
significant trivial predictive power with respect to network domains due to the size difference of typical networks from different domains. Moreover, we aim to find distinctive size-independent topological properties. The selected attributes are listed in Table 1.
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assortativity The assortativity coefficient
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max deg n The scaled maximum degree
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Fig. 1: The correlation network of structural metrics.
Two nodes are connected if the domain-averaged absolute Spearman’s rank correlation of the corresponding metrics is above 0.65. The actual values of the
correlations are written on the edges.

3

Table 1: The selected structural metrics
and the nominal variables regarding the
graphs’ origin.

Domain classification

In order to evaluate our metric selection and to gain a better understanding of the different network domains, we predict the domains of the networks, first using all of the
metrics, then using only the selected attributes. Our selection is considered ”optimal”
if the domains are well separated by these metrics. Fig. 2 suggests that the domains
are properly separated, which is also confirmed by the results of the machine learning
algorithms (see Table 2).

All
Selected
attributes attributes
87.0%
kNN
78.5%
85.2%
Decision Tree
85.5%
Random Forest 89.3%
91.2%
Classifier

Table 2: The average accurcacy of the models
with a 5-fold cross validation.
Fig. 2: The t-distributed stochastic neighbor
embedding of the 8 selected graph metrics (detailed in Table 1) of the real networks.
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4

Model calibration and classification

With a given target network GT (real network), a network model M(θ ) with parameter
vector θ and a similarity s (or distance d) function defined on graphs pairs, the goal of
model calibration is to find a parameter vector θ ∗ of the model, such that the generated
graphs GM(θ ) (realizations of M(θ )) are as similar (or as close) to the target network as
possible. Formally it can be expressed as:


1 n  (i)
1 n  (i)
(1)
θ ∗ = arg max ∑ s GM(θ ) , GT = arg min ∑ d GM(θ ) , GT ,
n i=1
n i=1
θ
θ
(1)

(n)

where n is the number of the independent identically generated graphs GM(θ ) , . . . , GM(θ ) .
In this work, the d distance function is defined as the Canberra distance of the previously selected graph metrics. The distance minimization here is carried out with grid
search.
After calibrating the network models, we trained machine learning algorithms to
distinguish between real graphs and their model generated counterparts. The results
suggest that the food webs are easy to model since the classifiers were not able to distinguish the modeled food networks from the original ones. The most distinguishing
attribute, i.e. which significantly differs in real and model generated networks is the
average path length, followed by assortativity and the average clustering coefficient.
Therefore the applied models are unable to capture the exact diameter and clustering of
real networks. For example, protein interaction networks are clustered and have relatively large average distances, none of the models were able to capture these properties
at the same time [3].
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Introduction

Graph Neural Networks (GNNs) are powerful tools that are nowadays reaching state
of the art performances in a plethora of different tasks such as node classification, link
prediction and graph classification [9]. One of the main challenges addressed by these
methods is to redefine basic deep learning operations, such as convolution, on structures
like graph networks, where nodes may have unordered neighborhoods of varying size. A
basic solution is proposed in Graph Convolutional Networks (GCNs) [3], that perform
convolution on graphs by aggregating the values of each node’s features along with its
neighbors’ features. Graph Auto-Encoders (GAE) [2] perform a node embedding step
by exploiting multiple GCN layers as encoders, while the aim of the decoding step is to
obtain an adjacency matrix as similar as possible to the original one. Graph Attention
Networks (GATs) [7] use a masked self-attention mechanism in order to learn weights
between each couple of connected nodes. Self-attention can be seen as a mechanism
able to discover the most important/representative parts of the input, and it is a de-facto
standard in the context of sequence-to-sequence problems like machine translation and
machine reading. It should be noted that the above methods work on simple networks
only, i.e., networks modeling a single type of relation among an homogeneous set of
nodes. The aim of this work is to extend some of these approaches to the Multilayer
network model [4], in order to enable the analysis of networks including an arbitrary
number of layers and the existence of intralayer and interlayer relations among the
nodes. More specifically, we here propose formulations that extend the GCN and the
GAT approaches to the multilayer case. Both approaches are tested on four real world
multilayer networks, in the context of a node classification task.

2

Extending Graph Neural Networks to the Multilayer case

Given a set V of N entities (e.g., users) and a set L = {L1 , · · · , L` } of layers (e.g., user
relational contexts), with ` ≥ 2, we denote a multilayer network with GL = (VL , EL , V ,
L ), where VL ⊆ V × L is the set of entity-layer pairings or nodes (to denote, e.g.,
each user is present in which layers), and EL ⊆ VL ×VL is the set of undirected edges
between nodes within and across layers.
We represent a multilayer network by a set of adjacency matrices A = {A1 , · · · , A` },
with Al ∈ Rnl ×nl (l = 1..`), where nl = |Vl |. Entities may be associated with features
stored in layer-specific matrices X = {X1 , · · · , X` }, with Xl ∈ Rnl × fl and fl the number of node features in the l-th layer. In case no side-information is available for GL ,
each layer-specific feature matrix is assumed to be the identity matrix Il ∈ Rnl ×nl .
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Note that, since we need to account also for inter-layer edges, while performing
convolution operations the aggregation over node features should be computed not only
with the ones of each node’s neighbors, but also with the features of the different nodes
coupled to the same entity over the layers of the multilayer network. In this regard,
to ease the notation in subsequent equations, we also define the sets Γ and Ψ that
correspond, respectively, to the intralayer and interlayer neighborhoods of each node.
Given a node v in a layer l, we define the set Γ of neighbors of v in the same layer l as:
Γ (v, l) = {(u, m) ∈ VL |((u, m), (v, l)) ∈ EL , m = l}

(1)

Similarly, we define the set Ψ of neighbors of v in layers different than l as:
Ψ (v, l) = {(u, m) ∈ VL |((u, m), (v, l)) ∈ EL , m 6= l}

(2)

At this point, we can exploit this model to extend the propagation rules for the original
GCN and GAT frameworks, in order to make them suitable for the multilayer case. The
original propagation rule for GCN can be expressed with the following equation:


1
q
h jW T 
(3)
zi = σ  ∑
˜
˜
j∈Γ (i)∪{i}
Dii D j j
where W is the parameters matrix, D is the degree matrix, Γ is the neighborhood of
node i, σ (·) is the activation function (e.g., ReLU) and h j is the feature vector for node
j. According to the previously introduced network model, Eq. 3 can be easily extended
in order to enable the analysis of Multilayer Networks. For a node i in a layer m, this
results in the following rule:


1
q
z(i,m) = σ 
h( j,l)W T 
(4)
∑
˜
˜
( j,l)∈(Γ (i,m)∪Ψ (i,m))
Dii D j j

where the aggregation is performed over the complete set of intralayer and interlayer
neighbors of i, i.e., the union of sets Γ and Ψ . Note also that the feature vectors are
layer specific (i.e., h( j, l)), and may have different size in different layers. Concerning
GAT, the original propagation rule is defined as:
!
σ

zi =

k=1...K

∑

αi,k jW k h j

(5)

j∈Γ (i)

where k is the concatenation operator, α k are the attention coefficient for the k − th
attention mechanism and W k is the corresponding linear transformation. Similarly to
the solution proposed for GCN, we can extend Eq. 5 to the multilayer case as:
!
σ

z(i,m) =

k=1...K

∑

k
k
α(i,m),(
j,l)W h( j,l)

( j,l)∈(Γ (i,m)∪Ψ (i,m))

We will refer to the proposed multilayer methods as ML − GCN and ML − GAT .

(6)
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Table 1. Performances (average and standard deviation over 10 runs) of the proposed methods
and baseline over four real world datasets. Best results are highlighted in bold.
Dataset
CKM
Vickers
Congress
Balance

3

ML − GAT
F1
MRR
94.46 ± 0.85 97.03 ± 0.49
96.81 ± 1.52 98.4 ± 0.76
94.19 ± 0.85 97.1 ± 0.43
83.67 ± 1.0 90.84 ± 0.84

ML − GCN
F1
MRR
85.8 ± 0.51 91.85 ± 0.28
93.63 ± 1.0 96.81 ± 0.5
95.87 ± 0.09 97.93 ± 0.04
86.82 ± 0.6 92.62 ± 0.41

GAT
F1
MRR
99.46 ± 0.00 99.73 ± 0.00
91.36 ± 3.6 95.68 ± 1.8
61.47 ± 0.00 80.73 ± 0.00
66.26 ± 0.11 81.82 ± 0.05

GCN
F1
MRR
98.17 ± 0.14 99.03 ± 0.07
91.81 ± 0.6 95.9 ± 0.3
61.5 ± 0.03 80.75 ± 0.01
46.05 ± 0.00 71.71 ± 0.00

Preliminary experimental results

We tested the proposed methods in the context of a node classification task. We take
into account four real world multilayer networks from different domains and showing
different structural characteristics: Vickers [8], CKM Physicians Innovation [1], Congressional Voting [5] and Balance Scale [6]. We use as baselines the original GAT and
GCN frameworks over the flattened networks (i.e., monoplex networks obtained by aggregating the relations over different layers, thus discarding the multilayer information).
Table 1 reports the F1-score (F1) and Mean Reciprocal Rank (MRR), averaged over 10
runs. It can be noted how the multilayer methods obtain the best performance in 3 over
4 datasets. The improvement is more significant on networks which are bigger in size
and with a higher number of layers (i.e., Congress and Balance), that also correspond to
best results are obtained by ML − GCN. The fact that a baseline outperforms the multilayer approaches on CKM can be due to the fact that this network is composed by four
isolated connected components, corresponding to different node labels: in this specific
case, the monoplex flattening may be beneficial for the node classification task.
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Introduction

Many social and economic systems can be represented as attributed networks encoding
the relations between entities who are themselves described by different node attributes.
Finding anomalies in these systems is crucial for detecting abuses such as credit card
frauds, web spams or network intrusions [1]. Intuitively, anomalous nodes are defined
as nodes whose attributes differ starkly from the attributes of a certain set of nodes of
reference, called the context of the anomaly. While some methods have proposed to spot
anomalies locally, globally or within a community context, the problem remain challenging due to the multi-scale composition of real networks [2] and the heterogeneity
of node metadata.
Here, we propose a principled way to uncover outlier nodes simultaneously with the
context with respect to which they are anomalous, at all relevant scales of the network
[3]. We characterize anomalous nodes in terms of the concentration retained for each
node after smoothing specific signals localized on the vertices of the graph. Besides,
we introduce a graph signal processing formulation of the Markov stability framework
used in community detection, in order to find the context of anomalies. The performance
of our method is assessed on synthetic and real-world attributed networks and shows
superior results concerning state of the art algorithms. Finally, we show the scalability
of our approach in large networks employing Chebychev polynomial approximations.

2

Results

Considering a graph G = (V, E) composed by a set V with |V | = N nodes or vertices,
and a set of edges E. For simplicity, we will restrict this work to undirected, connected,
simple graphs. Considering multidimensional node attributes, we associate to each vertex u ∈ V a d-dimensional vector f (u) = h f 1 (u), . . . , f d (u)i where f k (u) ∈ R represents
the k−th attribute of the vertex u.
In order to discover anomalous nodes and the context with respect to which they are
anomalous, we introduce weights to the edges of the graph, expressing the similarity of
the nodes’ attributes linked by the edge. Here we use the Gaussian weighting function:


(
f (v)k2
exp − k f (u)−
if (u, v) ∈ E
2
2σ
w(u, v) =
(1)
0
otherwise,
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where σ is a scaling parameter. This creates a weighted adjacency matrix W over the
network, or similarity matrix, where two nodes are similar if they are neighbours with
close values of the attributes. This adjacency matrix allows us to define a heat equation
for any graph signal x ∈ RN , i.e. any function V → R assigning a scalar to every node.
The heat equation is expressed as
W − D )xx(t) = −L
Lx (t),
ẋx(t) = (W
where D is the diagonal matrix of node strengths, defined by Duu = du = ∑v w(u, v).
The matrix L is called the Laplacian of the weighted graph and the equation is solved
by x (t) = e−tLL x (0). In terms of signal processing [4], the heat kernel e−tLL is often seen
as a smoothing filter acting on the initial signal x (0), parametrized by the time t. It
replaces every entry of x (0) with a weighted average of other nodes’ signals (with a
greater emphasis on neighboring nodes).
The concentration of a node u ∈ V at scale t is defined by the L2 −norm of the
filtered Kronecker delta δ u signal with a heat kernel at time t: cu (t) = ke−tLL δ u k2 . A
high-concentration node indicates a node that is very dissimilar in its attributes with
its neighbors. We use the concentration as way to quantify the degree of deviation of a
given node with respect to its context at a given time scale and provides a scoring for
ranking potential outliers. Let c(t) = [c1 (t), . . . , cN (t)] be the overall graph concentration. A node u is considered as anomalous at a time scale t if the following thresholding condition holds: cu (t) ≥ c̄(t) + 2s(c(t)), with c̄(t) as the average concentration and
s(c(t)) its standard deviation across nodes.
The choice of t selects the context with respect to which a node is anomalous. In a
large t limit, a delta signal δ u will be smoothed to a constant over the whole graph. A
node that stands as an outlier for a large t is an outlier globally, with respect to the whole
graph. Conversely, a small t only allows heat diffusion with immediate neighbors, and
thus a small t outlier is anomalously dissimilar to a small context. We consider that a set
of nodes S is a suitable context for all potentially anomalous nodes lying in it, if this set
is relatively poorly connected to the rest of the network, in a manner akin to community
detection. Consider h S the characteristic signal of S, i.e. the node signal taking unit
values in S and zero values outside. The initial total energy of S is |hhS |1 , the number of
nodes in S. After smoothing, the energy remaining in S in excess of the energy N1 |hhS |1
that will remain at t = ∞ is: r(t; h S ) = h TS e−tLL h S − N1 |hhS |1 , which we want to be as high
as possible. As we want to be able to provide a context for potentially each node of the
graph, we look for a partition of the nodes, encoded by its N × K characteristic matrix
H , where K is the number of sets and every column h 1 , . . . , h K is the characteristic
vector of a set of nodes. An
 optimal partition into contexts is given by the matrix H
maximizing: r(t; H ) = ∑i h Ti e−tLL h i − N1 |hhi |1 . This is essentially a particular case of
the Markov stability [5]. It has the expected behaviour to provide a fine partition of
small sets of nodes for low t, and a few large sets for large t.
See Figure 1 for an example of application to a real world dataset of co-purchases
on Amazon. More details as well as synthetic and real world benchmarks showing the
high performance of our method can be found in Ref. [3].
(2)
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Fig. 1. (A) Number of clusters (blue curve) found by our algorithm, at each time step, the variation of information V I(t) (red curve) between the ensemble of optimal partitions at each time and
the variation of information (V I(t,t 0 )) between optimal partitions across times (background contour plot). Relevant partitions are determined by dips of V I(t) and extended plateaus of V (t,t 0 ).
Visualization of four robust partitions and the node heat concentration (bar plots), indicating outlier nodes (blue bars) when evaluating the node concentration at (B) t = 1.18, (C) t = 7.25, (D)
t = 14.89 and (E) t = 204.8. In all bar plots, the upper horizontal line (blue) indicates the detection threshold. (F) Dendrogram showing the hierarchy of clusters at each time with the contextual
outliers. (G) Anomalous Disney DVD movies.

Summary.
– We propose a novel algorithm called MADAN (Multi-scale Anomaly Detection in
Attributed Networks) providing a principled mechanism to rank and localize outlier
nodes within their context at all scales in a network [3].
– We conduct experiments on synthetic and real world benchmarks showing that our
method allows to not only recover and rank the so called ground truth anomalies,
but also to discover new anomalies jointly with their contexts.
– Finally, we show that our method is parallelizable and scales to large networks
thanks to the Chebychev approximations of the exponential of the graph Laplacian. As side benefit, it also provides a faster methodology for the continuous-time
Markov stability framework [5] for community detection.
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Introduction

The emergence of machine learning and data-driven solutions has opened up new research areas in network science. A related research question is how to fine-tune the
parameters of network models to mimic real-world network as closely as possible. The
traditional approach is to manually select a few graph metrics and calibrate the parameters of the network models in order to produce synthetic graphs that accurately match
the properties of the original networks [1–3]. However, finding the most appropriate set
of hand-crafted features that should be considered in the model-fitting is rather challenging [4].
In this work, we study an alternative framework where the model calibration is carried out in the embedding space learned by the graph2vec method. Graph2vec is an
explicit graph embedding approach, which maps the graphs to real vectors such that
similar graphs are mapped onto close points ϕ : G → Rδ [5]. It is an unsupervised
method that can capture the generic task-agnostic representations of arbitrarily sized
graphs. Here we focus on four frequently used network models that we calibrate for 412
real-world networks from various domains (cheminformatics, social, food, brain, web).
The four models that we consider are: the clustering version of the Barabási–Albert
(CBA) model [6], the forest-fire (FF) model [7], the 2K model [8], which captures the
joint-degree distribution of a graph, and the (degree-corrected microcanonical) stochastic block model (SBM) [9], which creates graphs with community structure. We study
which models describe real-world networks the most accurately in each domain. Moreover, we compare the embedding based network calibration method to the feature-based
method in terms of accuracy, time complexity, and interpretability. We can conclude that
while embedding based network calibration is promising since it captures a lot of information, it can be cumbersome for large networks due to the running time, moreover it
is more difficult to interpret than manually selected features.

2

Fitting the models

Our aim is to choose the parameters of the model in such a way that the ”distance” between the real network and the realizations of the network model is minimal. Formally,
let GR denote a real network, and let M(θ ) be a network model with parameter vector
θ , then the model calibration can be expressed as:


1 n  (i)
1 n  (i)
(1)
θ ∗ = arg max ∑ s GM(θ ) , GR = arg min ∑ d GM(θ ) , GR ,
n i=1
n i=1
θ
θ
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(1)

(n)

where n is the number of the independent identically generated graphs GM(θ ) , . . . , GM(θ ) .
In this work, the d distance function is defined as the Euclidean distance between the
PCA-projections of the graph2vec vector representations of the networks. The PCA is
used to avoid the curse of dimensionality since the dimension δ is usually set to a high
number (δ > 100). The distance minimization is carried out with grid search. Since

Fig. 1: The left figure shows the ”continuity” of the CBA model, and the right figure shows that
of the FF model. The baseline graphs are generated with p = 0 parameter setting.

both the models themselves and the embedding procedures are incorporated with randomness, we propose to calibrate the parameter of the models using a weighted kNN
regression on the parameters of the k closest model-generated graphs (we set k = 5).
This procedure is reasonable if the distance between the model generated graphs in the
embedded space varies ”continuously” with the parameters, that is what we check in
Figure 1.

3

Finding the best models

Fig. 2: The figures show the PCA projections of the embedding of the real and the calibrated
models. The left figure shows the results for a brain network and the right shows the results for a
social network.

After the parameters of the models are calibrated to mimic the given real-world network as closely as possible (i.e. being close in the embedded space), we study which
network models can describe the networks the most accurately. We generate five instances with each model using the calibrated parameters and consider the graph2vec
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vector representations of the 20 generated graphs together with the real network. A
couple of examples are depicted in Figure 2 using a 2-dimensional PCA projection of
the δ = 1000 dimensional embedded space. (We also experimented with other values
of δ from 10 to 1500. We ran the entire procedure in each case and we compared the
results. Ee aimed for well separated, robust and continuous results in the embedded
space. Small δ values provided suboptimal results and from δ = 1000, the results did
not improve much.)

Fig. 3: The heatmaps of the mean distances between and within the model-generated and real
networks for the four domains. The darker shades of blue indicate larger distances.

Figure 3 shows the heatmaps of the mean distances within and between the embedded coordinates of different models for each domain separately. We can observe that
the best model in the cheminformatics, web, and brain domain is the SBM, while in the
food domain FF model seems to be the best one. Table 1 shows that computation time
must be taken into account because it can be indeed cumbersome for large networks.
Models
Brain
Food
Cheminformatics
Web
Average size
946
118
55
4488
CBA
23 min. 1 min. 20 sec.
20 sec.
7h 10 min.
FF
5 min.
30 sec.
10 sec.
1h 5 min.
2K
1 min 15 sec.
12 sec.
7 sec.
5 min. 10 sec.
SBM
2 min.
25 sec.
11 sec.
1h
Table 1: Average running time of computation for one network. The CBA, FF and 2K models
have been computed on a computer with an i5-7300HQ processor and 8GB of RAM. SBM models
have been computed with Google Colab.

181

References
1. I. Barnett, N. Malik, M. L. Kuijjer, P. J. Mucha, and J.-P. Onnela, “Feature-based classification
of networks,” arXiv preprint arXiv:1610.05868, 2016.
2. K. Ikehara and A. Clauset, “Characterizing the structural diversity of complex networks across
domains,” arXiv preprint arXiv:1710.11304, 2017.
3. N. Attar and S. Aliakbary, “Classification of complex networks based on similarity of topological network features,” Chaos: An Interdisciplinary Journal of Nonlinear Science, vol. 27,
no. 9, p. 091102, 2017.
4. M. Nagy and R. Molontay, “Data-driven analysis of complex networks and their modelgenerated counterparts,” arXiv preprint arXiv:1810.08498, 2018.
5. A. Narayanan, M. Chandramohan, R. Venkatesan, L. Chen, Y. Liu, and S. Jaiswal, “graph2vec:
Learning distributed representations of graphs,” arXiv preprint arXiv:1707.05005, 2017.
6. P. Holme and B. J. Kim, “Growing scale-free networks with tunable clustering,” Physical
Review E, vol. 65, no. 2, p. 026107, 2002.
7. J. Leskovec, J. Kleinberg, and C. Faloutsos, “Graphs over time: densification laws, shrinking
diameters and possible explanations,” in Proc. 11th ACM SIGKDD Int. Conf. on Knowledge
Discovery in Data Mining, pp. 177–187, 2005.
8. M. Gjoka, B. Tillman, and A. Markopoulou, “Construction of simple graphs with a target
joint degree matrix and beyond,” in 2015 IEEE Conference on Computer Communications
(INFOCOM), pp. 1553–1561, IEEE, 2015.
9. T. P. Peixoto, “Nonparametric Bayesian inference of the microcanonical stochastic block
model,” Physical Review E, vol. 95, no. 1, p. 012317, 2017.

Evaluating network embedding by community separability
Aldo Acevedo1, Claudio Durán1, Alessandro Muscoloni1,2 and Carlo Vittorio
Cannistraci1,2
1
Biomedical Cybernetics Group, Biotechnology Center (BIOTEC), Center for Molecular and Cellular
Bioengineering (CMCB), Center for Systems Biology Dresden (CSBD), Cluster of Excellence Physics
of Life (PoL), Department of Physics, Technische Universität Dresden, Germany. 2Center for Complex
Network Intelligence (CCNI) at the Tsinghua Laboratory of Brain and Intelligence (THBI), Department
of Bioengineering, Tsinghua University, China

1

Introduction

Network embedding is a vibrant research topic of recent years, and the study of appropriate ways to evaluate its performance is currently on the verge. The most employed
evaluation strategies are based on link prediction and community (cluster) detection in
the geometrical space [1], [2]. Here, we introduce a new concept that is named community projection separability (CPS). It is the network science declination of the more
general data science notion termed as projection separability [3], which is valid for any
type of data embedded in a geometrical space [3]. After embedding, in order to assess
the separability of nodes in two different communities, we project them on the separability line [3], which is the line that connects the centroids of the two node clusters in
the geometrical space [3]. Then, the CPS strategy consists in applying any type of biclass separability measure (such as the Matthews correlation coefficient (MCC), Fscore, etc.) directly on the separability line in order to measure the two-group separability.
2

Results

For networks with multi-community structure, the average CPS among all pairs of clusters is considered as overall measure. Using CPS - with MCC as selected separability
measure - in Fig. 1A, we investigate the performance of 4 baseline methods for network
embedding (HOPE, ProNE (SMF), ProNE, Node2vec) in 8 social networks of different
sizes (till thousands of nodes) whose metadata for community organization is known.
Considering the mean and minimum performance (Fig. 1B) across all networks, ProNE
(SMF) and ProNE offer the highest CPS and therefore seem to offer the highest community separability.
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2

Figure. 1. CPS evaluation on real networks. (A) The barplots report the CPS (MCC based) performance
of 6 network embedding methods for each of the 8 social networks. (B) The two barplots report the mean
(left) and minimum (right) CPS performance of 6 network embedding methods over the 8 social networks.
In case of the mean, the standard error is also shown. The legend indicates the list of the 6 network embedding
methods: HOPE, ProNE (SMF), ProNE and Node2vec with 3 different parameter settings.

In order to visually inspect the reliability of CPS evaluation we focus on the Karate
network, whose embedding performance pattern across the 4 methods (Fig. 1A) is close
to the mean (Fig. 1B). Table 1 reports the performance of CPS versus 7 baseline cluster
validity indexes [3] which are traditionally used in data analysis to evaluate clustering
performance. We define as consensus (Table 1 last row) when at least 2/8 measures
agree on the fact that an embedding method is the best. In Karate network ProNE has
consensus 6/8, Node2vec (p=2, q=0.5) has 2/8 as well as Node2vec (p=0.5, q=2).
Embedding methods
Validity indices
Community Separability Index
(CPS, MCC based) [3]
Dunn Index [4]
Davies-Bouldin Index [5]
Generalized Dunn Index [6]
Calinski and Harabasz Index [7]
Silhouette Index [8]
Geometric Separability Index [9]
Cluster Validity Density-involved
Distance [10]
Consensus

HOPE

ProNE
(SMF)

ProNE

0.18

0.53

0.88

0.41

0.65

0.88

0.06
0.17
0.61
1.26
0.00
0.85

0.01
0.48
0.78
23.50
0.40
0.76

0.06
0.66
2.29
123.98
0.83
0.88

0.01
0.30
0.71
5.67
0.23
0.88

0.07
0.36
0.80
9.28
0.32
0.91

0.02
0.40
0.76
12.87
0.31
0.91

4.88

0.58

51.02

3.63

17.22

10.13

―

―

6/8

―

2/8

2/8

Node2vec Node2vec Node2vec
(p=1, q=1) (p=0.5, q=2) (p=2, q=0.5)

Table 1. Comparison of methods for community-based evaluation of network embedding in Karate
network. The table reports the evaluation of performance in network embedding (6 methods considered) on
the Karate network for CPS and 7 cluster validity indices. For each evaluator, the best performing embedding
method (or methods) is highlighted in bold. The best results for the CPS index are also highlighted in red.
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3
The last row reports the consensus, when at least 2/8 indices agree on the fact that an embedding method is
the best.

Fig. 2 displays the embeddings of these 3 methods to visually investigate whether their
community separability seems in agreement with the 8 evaluation measures. Comparing the values in Table 1 and the pattern in Fig. 2 emerges that CPS is the only method
to detect the same level (just one node is misallocated) of community separability between ProNE (Fig. 2A) and Node2vec (p=2, q=0.5) (Fig. 2B) regardless of the geometrical shape of their embedding. Other evaluation methods wrongly assessed Node2vec
(p=0.5, q=2) as best performance (Table 1), whereas CPS correctly evaluated its embedding as of lower quality (Fig. 2C). In conclusion, our results seem promising and
offer evidence at support of CPS as a valid strategy for evaluation of network embedding.

Figure. 2. Evaluation of Network embedding in Karate network. The panels represent the embedding in
the 2-dimensional space of the Karate network using as embedding methods: (A) ProNE, (B) Node2vec with
p=2, q=0.5 and (C) Node2vec with p=0.5, q=2. The title of each panel indicates the embedding method and
the CPS (MCC based) performance. The nodes of the Karate network are colored according to their membership to the two communities. ProNE and Node2vec (p=2, q=0.5) offer the same level of community separability (CPS = 0.88) regardless of the geometrical shape of their embedding. In panels (A) and (B) we show
the ID of the only node that has been misallocated by the two embedding methods, highlighting that the
mistake is not on the same node (node ID 10 versus 34).
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While we as individuals have the ability to influence those that are close to us
(friends, family, colleagues...), the structure of our social networks can propagate that
influence far beyond our personal social circle. This topic has received considerable attention and has been studied in different but closely related disciplines [1,5]. For example, in the field of diffusion on networked systems, which studies the spread of diseases
or information and the emergence of cascading phenomena [6,7]. Other works focus on
the Influence Maximization problem, taking advantage of the diffusion mechanisms to
find a set of individuals whose actions would maximize the response [2].

Indistinguishable Actors
InV SYSTEM
ACTOR

IdA

SYSTEM

Distinguishable Actors

DiA

SYSTEM

ACTORS

ACTOR

= Single action

=

Single action
by different actors

Fig. 1. Diagram that summarizes the main characteristics of the three models: Independent Variables (InV), Identical Actors (IdA) and Distinguishable Actors (DiA).

In this work [3] we present three mathematical models to explain how the actions
performed by an actor, individual or agent (her activity) influence the collective reaction
(or response) of the social system she is embedded in. The developed models consider
different levels of dependence between response and activity. In the first model, called
Independent Variables (InV) model, we consider activity and response to be completely
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independent, while in the second and third models the individual activity influences the
response. The main difference between these last two models is the distinguishability
of the actors. In the Identical Actors (IdA) model, the system is agnostic with respect
to the individual that performs the actions, while in the Distinguishable Actors (DiA)
model, the dependence between activity and response is determined by the features of
the actor that performs the action. In Figure 1 we present a diagram that summarizes
the main ideas behind each model.
We use the models to obtain the distribution of the efficiency metric η, defined as
the ratio between the number of reactions R triggered by an actor on other members of
the system and the number of actions A of the actor:
R
(1)
A
This metric is a generalization of the user efficiency, first introduced in the context
of Twitter by some of the authors [4]. The simplicity of the relationship between A and R
makes this metric optimal for analytical treatment; hence, we have chosen it over other
standard metrics like the h-index, which is highly non-linear. The models are tested
with 29 datasets from three systems of different nature: Twitter conversations, where A
is the number of published tweets by a user and R the number retweets the user obtains;
the scientific citations network, where A is the number of publications by an author and
R the number of citations; and the Wikipedia collaboration environment, where A is
the number of editions and R the number of received messages. In all the systems the
efficiency distribution presents a universal shape, like the one shown in Figure 2, with
small but relevant differences between systems.
η=

1
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Fig. 2. Empirical probability density function of efficiency corresponding to a Twitter conversation.

The Independent Variables model is able to explain two fundamental characteristics
of the efficiency distribution for which there was previously only empirical evidence: its
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universal shape and its independence with respect to changes in the activity distribution.
Additionally, it reproduces the efficiency distribution for the scientific citations network
appropriately. However, there are small discrepancies between the InV model and the
data for Twitter and Wikipedia. We find the cause for the discrepancies and take it into
account to develop the Identical Actors model, which improves the results for both
systems. In this model, the correlations between individual actions and collective response emerge naturally from the hypothesis of the model. The theoretical correlations
are comparable to those found in the empirical data. When it comes to the efficiency
distribution, the model reproduces adequately the right tail (η > 1) for Twitter and
Wikipedia. We again study the small discrepancies between the IdA model and the data
and from this analysis we develop the Distinguishable Actors model, which fit the Twitter data remarkably well for the whole range of efficiencies. Moreover, the DiA model
improves the concordance between theoretical and empirical activity-response correlations. However, the complexity and lack of comprehensive metadata for Wikipedia
and the citations network makes the application of the DiA model to these systems too
cumbersome.
To summarize, in this work we show the universality of the shape of the efficiency
distribution in three systems of different nature. We explain how this universal shape
emerges with a parsimonious model and develop two more sophisticated models to get
a thorough understanding of the particularities of the efficiency distribution in each system considered. The three models have clear and intuitive interpretations. Furthermore,
the models pave the way for more elaborated and domain-specific theories and can be
used as null models or baselines for those.
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Introduction

Suicide notes represent the last remaining trace of mental states of people who committed suicide [4]. Investigating these notes is key to understanding how these individuals
perceived their own choice, its context and its framing. To this aim, we build on the
framework of cognitive network science [2, 10] for quantitatively extracting key ideas
and emotions present in 139 genuine suicide notes [8].
This work relies on cognitive network science, a field merging data science, psychology and complex networks in order to understand cognition through large-scale
knowledge graphs and language processing [2, 6, 11]. Unraveling these cognitive networks of concepts becomes key for opening a window onto people’s minds and understanding them through data-driven analyses. This is also the main motivation of our
approach, which overlaps with previous studies in psychology relying on human coding
for understanding the language of suicide notes [1]. In comparison to these approaches,
our key innovation lies in using automatic tools for quantitative reconstructing the semantic frames [3] and emotional perceptions [7] attributed by authors to key aspects of
their suicidal ideation.

2

Methods

We conducted three studies. Study 1 investigated the “emotional syntax” of suicide
notes, analysing whether the connectivity and assembly of words is somehow related
to their valence. We used structural balance theory [5] to assess the degree of balance
in the empirical network of syntactic dependencies as extracted from all texts. We used
conceptual valence in order to classify words in three categories: positive, negative and
neutral concepts (as defined by psycholinguistic norms, cf. [7, 9]). Structural balance
investigated how positive and negative concepts were organised among neighbouring
words. Study 2 delved more into the centrality of concepts in suicide notes, such as
“love”, of which semantic frames were then investigated and reconstructed. Study 3
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combined semantic frames with emotional data in order to describe and quantify typical
emotions associated with different concepts in suicide notes.

3

Results and Discussion

Our multidisciplinary approach enables a detailed cognitive map outlining key features
of the narrative of suicide notes, see Figure 1 (left). Structural balance analysis indicated
that, in comparison to randomised null models (see Figure 1, top right), suicide notes are
found to display a high level of positive structural balance, where positively perceived
concepts are prominently central and are found to cluster together, reducing contrast
with more peripheral and negative concepts.
Language processing and network centrality measures highlighted that suicide notes
display a psychological narrative crucially revolving around basic social aspects of life,
like family relationships, love and personal identifiers (e.g. “I”, “he/she”, “you”). Semantic neighbourhoods and their network structure are highlighted in Figure 1 (bottom
right). Notice that the concept of “love” was framed along both spiritual and interpersonal dynamics and it was perceived with a combination of trust, joy and sadness.
This emotional profiling indicates a quantitative pattern of resignation, in contrast with
the positive perception of “love” in mainstream language. Similar results hold also for
“life”, “want” and “help”.
Our “text-as-data” approach highlights cognitive framings aimed at creating soothing narratives that minimize affective conflicts. This framework unearths more nuanced
framings of central concepts in suicide notes, like “love”, and how their usage may
differ from common language, quantitatively addressing debates on contextual valence
shifting occurring within suicide ideation [4]. The evidence reported here indicates that
future analyses of suicide notes should not interpret words as if they were used in commonly used language. Complex networks and conceptual associations can better capture
how suicidal ideation alters the framing of concepts themselves. Cognitive networks can
thus capture relevant contextual information that would be unavailable when considering words in isolation.
Our results reveal features relevant for next-generation cognitive modeling capable
of accounting for contextual shifting and of relevance for AI-powered text analyses
aimed at understanding suicidal risk [12].
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Societies are complex and their properties emerge from the interplay and weaving
of individual actions. Rewards are key to understand people’s choices and decisions.
For instance, individual preferences of where to live may lead to the emergence of social segregation. In this paper, we combine Reinforcement Learning (RL) with Agent
Based Modeling (ABM) in order to address the self-organizing dynamics of social segregation and explore the space of possibilities that emerge from considering different
types of incentives. Our model promotes the creation of interdependencies and interactions among multiple agents of two different kinds that segregate from each other.
For this purpose, agents use Deep Q-Networks (DNN) to make decisions inspired on
the rules of the Schelling Segregation model and rewards for interactions. Despite the
segregation reward, our experiments show that spatial integration can be achieved by
establishing interdependencies among agents of different kinds. They also reveal that
segregated areas are more probable to host older people than diverse areas, which attract younger ones. Through this work, we show that the combination of RL and ABM
can create an artificial environment for policy makers to observe potential and existing
behaviors associated to rules of interactions and rewards [1].
Our experiments consist of two types of agents in a 50x50 grid where they can move
around and interact with other agents. Agents evaluate the number of agents per kind
in an observation window centered around them and decide whether to move away or
not and in which direction. We set up different values of incentives and observe the
emergent collective behavior. During simulations, agents explore the space of possibilities and inform which behaviors are promoted under certain rewards and environmental
rules. As a result, we create an artificial environment for testing hypotheses and obtaining information through simulations hard to anticipate given the complexity of the
space of possibilities.
The rewards are scalar values that we individually provide to agents at each simulation time after evaluating their current state. A Segregation reward (SR) promotes
agents’ segregation, in the form: SR = s − αd, where s is the number of agents of similar kind within the agent’s observation window, d is the number of agents of different
kind within the observation window and α ∈ [0, 1] is a parameter we use to control the
intolerance of agents to be close to those that are different. The segregation parameter
α is equivalent to the threshold used in the original Schelling model [2]. An Interdependence reward (IR) promotes interactions among agents of different kind. The interdependencies among agents of different kinds is inspired by the dynamics of population
models where agents need to interact with each other in order to extend their lifetime
[3]. When an agent meets another agent of different kind, we choose a winner and a
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loser of the interaction. The winner receives a positive reward and an extension of its
lifetime by one iteration. The loser ceases to exist. We use the IR as a parameter we can
vary IR ∈ [0, 100] in order to promote interactions among agents of different kind.
Figure 1 A shows the emergent collective behavior for multiple values of α (rows)
at multiple times of the simulation (columns) without considering yet the effects of IR.
Rows represent outcomes associated to different values of the segregation parameter
(α). Columns show the state of the system at different points of the simulation. Panels
show the average type occupation per location. Red regions denote biased occupation
of one type of agents and blue regions denote biased occupation the other type. White
areas indicate the average pattern. Lower values of α yield mostly white spaces, indicating a mixed population. As we increase α the segregation of agents begins. With
high levels of α the segregation is pronounced and blue and red segregated clusters
emerge. Similarly to the original Schelling segregation model, segregation occurs for
smaller values of α in the long run (see α = 0.5). The white regions for lower values of
α indicate mixing, while the white regions of higher values of alpha are characterized
for being emptier.
We provide rewards to create interactions and interdependencies among both populations. For this purpose, we combine the segregation dynamics shown in Fig. 1 A with
the interdependence reward (IR). We explore multiple combinations of the segregation
parameter α and the interdependence reward (IR)4 . The resulting segregation of those
simulations is visualized in Figure 1 B. The x-axis represents the segregation parameter α and the y-axis represents the interdependence reward (IR). The figure shows a
contour plot of the expected amount of segregation in the system during the last 1000
iterations. We calculate segregation using entropy (see [1]). Red regions indicate high
segregation and green regions show lower segregation. Segregation is high (red) when
promoted (high α) and interdependencies are not rewarded. As interdependencies increase, the agents mix and the spatial segregation is significantly reduced (blue), even
for high values of α. Therefore, high levels of interdependencies seem to counter the
rewards for segregation. The resulting mixing for high levels of interdependencies are
comparable to very low levels of α.
In summary, we created an artificial environment for testing rules of interactions
and rewards by observing the behaviors that emerge when applied to multi-agent populations. We combine agent based modeling (ABM) with artificial intelligence (RL) in
order to explore the space of solutions associated to promoted rewards. RL provides
ABM the information processing capabilities that enables the exploration of strategies
that satisfy the conditions imposed by the interaction rules. In turn, ABM provide RL
with access to models of collective behavior that achieve emergence and complexity.
While ABMs provide access to the complexity of the problem space, RL facilitates

4 We share videos of segregation experiments at the following links:
(α=0) https://youtu.be/1qfbg4NLp8w,
(α=0.25) https://youtu.be/8nqll-jh9Ds,
(α=0.50) https://youtu.be/LXAKN3GrzEo,
(α=0.75) https://youtu.be/doNt7UJBqbg,
(α=1.00) https://youtu.be/YP0FGUo4tH4,
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the exploration of the solution space. Our methodology opens a new avenue for policy
makers to design and test incentives in artificial environments.
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Fig. 1. Panel A: Agents collective behavior for multiple values of segregation reward α (rows) at
multiple times (columns). Rows represent outcomes associated to different values of segregation
reward (α). Columns show the state of the system at different points of the simulation. Colors
indicate the concentration of both types of agents (blue and red). Panel B: Segregation values for
multiple values of segregation reward (α) and interdependence reward (IR). Colors correspond
to amount of segregation measured in the last 1000 iterations of the simulation. Scales in figure.
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Introduction

Gender differences exist in a wide range of human activities including communication
and mobility. Women and men are also differently affected by pandemics[6] such as
the ongoing COVID-19 crisis. Studying the collective response to crisis is essential for
first aid coordinators [8] and policy makers concerned with a population’s health and
safety [7] and, on the other hand, reveals human qualities that only surface when facing
different kinds of perceived danger [2, 10, 4].
At the end of 2019 the SARS-Cov-2 virus emerged in China and subsequently
caused an – at the moment of writing this work – ongoing, world-wide pandemic of
the novel coronavirus disease. On March 15th Austria introduced a widespread lockdown in response to the COVID-19 pandemic. Right from the start, this lead to the
apprehension that women could be affected worse by the lock-down due to additional
childcare duties [3], domestic violence [11], employment in high exposure jobs and
simultaneously higher unemployment[6]. In fact, women were more strongly affected
by unemployment and partial layoffs [1], surveys registered an increase in domestic
violence [9] and female scientist posted less pre-prints and started less projects [12, 5].
Here we quantify the gender specific response of behavior in mobility, communication and circadian activity under crisis conditions by examining the natural experiment
of the COVID-19 pandemic in Austria. We use a large scale anonymized longitudinal
dataset of 1.2 million cellphones, covering approximately 15% of the Austrian population. Our analyses compare various periods of time before, during and after the
lock-down. Each period is based on the introduction or easing of one or more non
pharmaceutical interventions.

2

Results

Typically, total call duration is high on weekdays and low on weekends, with women
having 20% longer calls on weekdays and 30% longer calls weekends. After the first
announcement of COVID-19 restrictions on March 10th , we observe a drastic rise in
the median total call time per user Ti , with a peak increase of 200% on March 16th . The
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Fig. 1. Total call duration before, during and after the COVID-19 lock-down. (A) The total call
duration Ti for men and women and (B) the gender ratio female/male for Ti . During the lockdown, both genders drastically increase their Ti with a monotonic decrease to normal levels after
mid May. The gender ratio shifts towards women having longer Ti , with a similar decrease towards pre-crisis levels in mid May.

increase in in Ti is larger for women, resulting in the gender ratio Ti f /Tim increasingly
shifted towards females. The shift in gender ratio persists during the lock-down and
fades out only in May after the lifting of the restrictions.
We calculate the median radius of gyration RG , a measure for human mobility, for
every day, from February 1st until the end of the study period, June 29th . Figure 2A
shows the decline and return in median RG over the study period for all of Austria,
highlighting a drop in 40% of RG in the first phase of the lock-down and a subsequently
steady increase of the level of movement thereafter.
The female population is moving less than males for the whole period covered in
our data set. We see that the difference of the ratio rRG on an average pre-crisis (phase I)
weekday is 78% and 88% on weekends (see Figure 2B). After a brief transition period
II the weekday ratio drops to around 73% during the lock-down phase III, but remains
at the previous level on weekends.
As women restrict their movement more strongly than men, the gender ratio decreases. In the phase of easing the lock-down restrictions (phase IV), RG for males
begins to rise more strongly than RG for females, hence decreasing the mobility ratio
further to 67%. The ratio starts to recover towards pre-crisis levels after a further easing
of public restrictions (such as the opening of restaurants in phase V).
Summary. Gender differences are increased during the COVID-19 lock-down. We find
shifts in the gender-ratio of measures characterizing communication and mobility starting with the announcement of the COVID-19 lock-down and persisting until and even
after the easing of restrictions. The COVID-19 pandemic provides a unique opportunity to learn about behavioral response to large scale crisis. Our findings imply that
women intensify their social contacts stronger than men and react more strongly to the
lockdown. Hence, careful investigations into permanent consequences are necessary.
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Fig. 2. Changes in mobility during the COVID-19 pandemic. (A) Radius of gyration RG for both
genders and (B) gender ratio female/male of RG . During the lock-down mobility is drastically
restricted during the lock-down and the gender ratio is shifted towards women moving less. After
the first easing of the measures on Easter, the gender ratio drops further, indicating men increasing
their mobility stronger.
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1

Introduction

Twitter appears to be one of the most used social networks regarding topics of public
interest [7]. On the one hand, there are not only anonymous people but politicians, political parties, reporters, newspapers, radio and TV that use the space to publish content
and interact with other users. On the other hand, it is possible to download thousands
of tweets per second and filter them by keywords and/or spatial geo-localization. This
way, one can easily build a database containing a collection of tweets of a given topic
of study. For these reasons, Twitter is an extremely useful data source for researching
user behavior in electoral settings [3].
In the last years a lot of studies appeared in relation to this topic. In particular,
special attention has been payed to electoral campaigns [1] using different approaches.
For example, counting the number of retweets and mentions to the accounts of political
parties and candidates, inferring collective opinion through the interaction network [6],
etc. We focus in the analysis of the dynamical patterns of the time series of users activity
during the last four elections that have taken place in Spain. These events have provided
us with a unique opportunity to analyze behavioral trends and identify activity patterns
in several consecutive electoral contexts. In particular, we have analyzed user behavior
in the Spanish electoral campaigns of 2015, 2016 [5], April 2019 and November 2019.
To collect the data, we elaborated lists of words with terms related to the topic
under study. The list for each scenario contains names of political candidates, parties,
slogans, etc. Furthermore, we did not restrict our search to any language or national
territory, filtering the tweets only by their content. The datasets were obtained by using
the Twitter API.

2

Results

We have computed time series of the number of tweets and users per unit of time for
different temporal scales for each electoral campaign. We have found that user activity
diverges from the average activity profile during debates but also on the Election Day.
We observe that during those days user activity rises, reaching a peak around five times
greater than the general trend during regular campaign days (see Figure 1). Moreover,
a common pattern appears: everyday activity begins with an exponential growth that
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α
Tweets
Retweets
Mentions

2015
1.20 ± 0.06
1.25 ± 0.08
1.22 ± 0.10

r2
2016
1.04 ± 0.11
1.02 ± 0.12
0.9 ± 0.2

2015
0.96
0.94
0.89

2016
0.85
0.80
0.66

Table 1. Values of the exponents (α) and correlation coefficients (r2 ) of the linear regressions of
the log-log plots of tweets, retweets, and mentions with respect to the number of unique users per
day shown in Figure 2 for both electoral campaigns.

leads to a plateau, continues with a peak of activity at around 22h-00h followed by an
exponential decay [2]. We have also found that there exists a relationship of power
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Fig. 1. Activity time series during two
electoral debates (red and orange lines),
Election Day (green line) and activity
average (blue line) with its standard deviation for the rest of the campaign days.

2016
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Fig. 2. Total number of tweets, retweets, and mentions per day as a function of the number of daily
unique users for the 2015 campaign (top) and the
2016 campaign (bottom). Note that the data corresponding to the day of the elections (marked with a
circle) were not included in the fits.

law, y = xα , between the total number of tweets, retweets and mentions per day (x)
and the number of unique users (y) that have participated in the political conversation
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in Twitter for each day of the campaign. In Figure 2 we show least squares fits of the
(logarithmically scaled) data to the previous expression, and in Table 1 the values of α
and r2 for the fits are presented. To understand this behavior we have followed the work
by Leskovec et al. [4], where it is shown that when real-world networks evolve through
time, the number of links E(t) scale with the number of nodes N(t) as E(t) ∝ N(t)a .
To get further insight into the evolution of user interest in electoral contexts we
also analyzed the electoral debates. Nowadays it is very common for users to establish
a parallel online conversation while watching TV at the same time. From the activity
levels we find that when the debate starts on the TV users are already tweeting about
it. Traditionally, candidates use the last minutes of the debate to address the audience
directly asking for their votes; this is known as the “golden minute”. The golden minute
was thought to be the moment when most viewers were paying attention to the debate,
so the candidates take advantage of the catchy slogans and political propaganda to gain
votes. However, activity does not reflect this behavioral feature, as it peaks around middebate. After midnight there is an exponential decay showing the time at which users
stop interacting. The Election Day is also the day when users post most of the tweets.
In this case, activity rises faster than during debates and the peak is reached around the
time when the results are published, quickly followed by another exponential decay.
Summarizing, in this work we have shown dynamical patterns of user behavior
encoded in user activity time series during electoral events. We have used them to characterize the public response to offline events like the Election Day and the electoral
debates.
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Introduction

Social networks amplify inequalities by fundamental mechanisms of social tie formation such as homophily and triadic closure. Together these forces sharpen social segregation reflected in network fragmentation. Geographical impediments such as distance
and physical or administrative boundaries are also known sharpen social segregation.
Yet, little is known about the joint relation between physical geography, social network
structure, and inequalities.
Structural perspectives on inequality are at the core of sociology, which emphasises
that social relations provide individuals with essential access to economic opportunities [1]. Social networks are claimed to maintain and even amplify inequalities when
economic status plays a role in how social relations are established [2]. For example,
a major micro-level mechanism for social-tie formation is homophily, the tendency for
similar individuals to become friends [3]. Triadic closure, the phenomenon that friends
of friends are more likely become friends [4], compounds the effect of homophily in tie
formation [5]. Since wealth is the one of the most significant boundaries to social relations in most societies, these micro-level mechanisms can result in social segregation
at the macro scale: groups with different socioeconomic status are separated from each
other in social networks [6]. This kind of macro-scale network topology can lead to
divergence of economic potentials between groups if access to resources or information
runs through the network [2].
Towns in which amenities are spatially concentrated are also more socially segregated. To better understand how the structure of built environment relates to income inequalities through social relations, we use open source geographic data to develop three
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measures of urban segregation of Hungarian towns: 1. the average residential distance
from the town center, 2. the extent of spatial concentration of amenities in towns, and 3.
the degree to which physical barriers divide residential areas. Each of these indicators
are significantly related to social network fragmentation. Using a machine learning approach, we find that these geographic indicators are better predictors of social network
fragmentation than other social indicators of segregation. Finally, we deploy the urban
indices as instrumental variables for social network fragmentation in a regression model
predicting economic inequality. Model statistics show that our urban topology indicators have a significant relationship with economic inequality via their relationship with
social network fragmentation.

2

Results

In this paper we analyze a Hungarian online social network and find that the fragmentation of social networks is significantly higher in towns in which residential neighborhoods are divided by physical barriers such as rivers and railroads and are relatively
distant from the center of town. Our empirical analysis has established that the fragmentation of social network structure is positively associated with income inequality
in cities and towns. Moreover, we have found that the relationship is dynamic - the
interaction of fragmentation and existing inequalities predicts a significant growth in
inequality in the future. The physical arrangement of a city’s residential areas, the loci
of social interactions, is also connected to social network fragmentation. We observe a
tendency: if the urban fabric contains significant distances, physical barriers, or spatially
concentrated amenities, social networks tend to be more fragmented. The relationship
between geographic division and inequality manifests in this fragmentation.
Figure 1E presents the relationship between social network fragmentation and the
change of town income inequality between 2011 and 2016 and plots β by levels of income inequality. We find that the interaction between inequality in 2011 and fragmentation has a positive and statistically significant relationship with inequality in 2016.
However, the marginal effect of fragmentation informs us that social network fragmentation is positively related to future levels of income inequality only if the initial levels
of inequalities are high. This result provides empirical support to the theory that social
networks can increase inequalities when individuals sort based on their initial endowments [2]. Our analysis suggests how and why urban planning can be an effective tool
to moderate inequalities in the long-run.
While it has long been known that segregation is often an implicit goal of urban
planning, for example Detroit’s Eight Mile Wall or the barrier that long separated suburban New Haven from Hamden in Connecticut [7] or the phenomenon of gated communities [8], our work suggests that even innocent design choices can lead to bad outcomes. Conversely, certain policies may facilitate mixing and block the compounding
of inequality by fragmentation.
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Fig. 1. Income inequality (Gi ) correlates with network fragmentation (Fi ) in towns. (A) Cumulative distribution of income in a relatively equal town (Ajka, green line) and a relatively
unequal one (Gödöllő, blue line). (B) Income inequality measured by the Gini index (Gi,2011 )
for towns larger than 15,000 population correlates with the fragmentation (Fi ) of social network within the town (Pearson’s ρ = 0.44). Green dot: Ajka; blue dot: Gödöllő; red dots: all
other towns. (C) The filtered social network structure in Gödöllő, the sample town that has
high income inequality (Gi,2011 = 0.54, Fi = 0.36). Node colors represent communities. (D)
The filtered social network structure in Ajka, the sample town that has low income inequality
(Gi,2011 = 0.43, Fi = 0.3). Node colors represent communities. (E) Network fragmentation (Fi )
intensifies income inequality stronger in those towns where initial inequality is high. Inset: We
plot the correlation between town Gini scores in 2011 and 2016 (Gi,2011 and Gi,2016 .)
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Introduction

Military confrontation is one of the key factors that has shaped human history. While
warfare in the post-World War era have decreased, internal wars and low-intensity conflicts carried out by nonstate armed groups (NAGs) against nation states have become
increasingly common [1, 2]. NAGs can include rebel, insurgent, guerrilla, or terrorist
groups that engage in violent activity targeting the government, citizens, or institutions
of nation-states. Unlike the warfare that has received extensive analyses, the hidden relations of NAGs and their supporting host states (HSs) are yet to be revealed. We study
the bipartite network of NAGs and the HSs and its evolution over a large timespan by
employing the latest pattern detection algorithm. We discover that the network has experienced a dynamical process that involves both highly biased attachment and detachment. Analogous to what is typically observed in ecological mutualistic and parasitic
relations, a peculiar architecture showing both nested and modular patterns is persistently shown in a large portion of the timespan. Quantifying the supporting network
provides an important perspective towards the comprehension of the origin, evolution
and termination of this global hidden power.

2

Assembly and Disassembly

We focus on the relations between NAGs and external state supporters, extracted from
the Dangerous Companions Database covering the time period between 1946 and 2010
[1]. We consider only violent NAGs (whose operations resulted in 25 or more deaths
per year of operation). A HS is a country that provides any type of material support to
a given NAG, including safe haven, training, or military or financial aid.
We examine the assembling and disassembling processes that unfold on it and find
that both attachment and detachment of actors and links occur preferably at incumbent
counterpart actors of higher degrees (approximately its fitness). While the positive dependence in the attachment can be understood as a generalized preferential attachment
(PA), the generalized preferential detachment (PD) occurring at the leave of the actors
from the network is somewhat counter-intuitive, which suggests that the network tends
to disassemble at higher-fitness nodes.
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Fig. 1. Evolving pattern of NAG-HS network. a, c Temporal nestedness NODF(t) and modularity
Q(t). b Dynamical module detection algorithm. d Negative correlation between NODF and Q.

3

Peculiar Structure and its Evolution

Despite significant variations in the number of actors and links, this bipartite network
exhibits a robust nested and modular structure over a large timespan (Fig. 1a and 1c).
These patterns have been commonly observed in ecological plant-pollinator networks
and in designer-contractor partnerships in the New York garment industry. Ecological
organizing principles, originally discovered in natural systems, turn out to be shared by
this military network [3]. The roles of the actors can then be determined based on the
discovered network structure. The significantly high nestedness (from 1975 on) implies
that a relatively more specialist-like node would interact predominantly with proper
subsets of the partners of the more generalist-like nodes. Heuristically, the formation of
the nested architecture follows the principle of cumulative advantages.
The network also shows a nontrivial modular structure, in which actors are more
densely connected to partners within the same module than across modules. For this
temporal network, we use a dynamical module detection algorithm based on the Markov
stability, proposed by Mucha, et al [4] (Fig. 1b), which has the merit of allowing to
identify the same module in consecutive time slices and thus to track the evolution of
modules. The detected modularity value Q(t) is significantly higher compared to that of
the null models. Based on a representative partition, the temporal network over the 66
years is partitioned into 33 modules, including 9 major modules and 24 modules comprised of separate nodes or tiny groups (Fig. 2). The contrast is sharp: while the major
modules can last for significantly long timespans, the rest ones are merely temporary.
While the 24 temporary modules are almost constant in their membership, all the major
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Fig. 2. Temporal modular structure. a Modules in HS and NAG guilds. b Partitioned bipartite
networks for representative years 1970 and 2000.

9 modules have experienced large fluctuations in the content. This is consistent with the
general tendency found in the unipartite coauthorship and the phone-call networks [5]:
small modules survive when they are stationary in the membership, while large modules
survive if they experience sufficient changes. In all, quantifying the state-based supporting network provides a unique and important perspective towards the comprehension of
the origin, evolution and termination of NAGs, as the global hidden power.
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1

Introduction

Non-Suicidal Self-Injury (NSSI) is the intentional destruction of body tissue without the
intent to commit suicide [1]. It is particularly prevalent among adolescents and young
adults as a means of emotional control and release. Typical NSSI activities include skin
cutting, banging or hitting oneself, and burns.
Recent prevalence estimates suggest that 14%–21% of adolescents and 17%–25%
of young adults have engaged in NSSI at some point in their lives. NSSI is repeatedly
found to be associated with significant emotional and behavioral dysfunction (such as
eating disorders and suicide). This relationship highlights the urgency of providing early
detection of people with NSSI engagement and prevention of their behaviors.
However, global provisions and services for detecting, supporting, and treating NSSI
people have long been insufficient. There is no reliable laboratory test for diagnosing
NSSI. Diagnostic largely depends on patients’ self-reports or observations reported by
relatives or friends. Yet, NSSI people often conceal their practices, which prevents detecting their engagement.
Early research work on NSSI people detection was primarily conducted within psychology, psychiatry, and medicine domains [1–3]. With the proliferation of social media, people are increasingly using online platforms to share their thoughts and opinions.
Postings on these sites are made in natural settings and provide a means for capturing people’s real thoughts, opinions, and moods. Researchers from Computer and Data
Science fields have started to explore social media content to study people with NSSI
engagement, their interests [4], the influence of social media on their behaviors [6], and
their posted images [5]. However, to the best of our knowledge, no work has been done
to provide an automatic learning system that can detect people with NSSI engagement.
We treat the detection of people interested in NSSI as a binary classification problem. We have collected data from LiveJournal.com, a social-blogging networking platform, and built Naı̈ve Bayes and Logistic Regression classifiers based on the features
extracted from users’ self-declared interests. Experimental evaluation demonstrates that
we can achieve 73% accuracy, 77% precision, 67% recall, and 71% F1 score to detect
people interested in NSSI and identify the most discriminating features.

2

Model

We have collected our data by crawling user profiles (demographics, self-declared interests, and friendship relationships) and NSSI-related thematic community profiles
(membership, posts, and comments).
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We assume that any LiveJournal user who is a member of one of the 139 manually selected NSSI-related thematic communities or contributes to such community by
posting or commenting, is interested in NSSI. We designate such users as “harmers” for
brevity, acknowledging that some may not practice self-injury. Following the harmers’
friendship network, we further collect some of their immediate friends and friends-offriends (the “non-harmers”), chosen randomly to match the size and age of the harmers.
The dataset has 11,972 harmers, 12,600 friends, 11,672 friends-of-friends, and 1,264
distinct self-declared single- or multi-word interests (on average, 26.2 interests per
user). These self-declared interests serve as virtual profiles for each user. We regard
each interest as a feature and represent the feature vectors in the following three ways:
Simple-Count-Vector: The feature value of each interest is represented by their occurrence frequency in user profiles.
TF-IDF-Vector: Each feature is represented by its TF-IDF value.
Topic-Distribution-Vector: We apply the Latent Dirichlet Allocation (LDA) model
to learn a topic distribution over each user profile. We use the distribution as the
feature vector. We choose the number of topics to be 10.

3

Results

We treat the harmers as positive samples and the non-harmers as negative samples.
Since the original data set is unbalanced (with 1/3 positive and 2/3 negative samples),
we pick 11,972 negative samples uniformly at random to form a balanced data set, and
only consider those interests that are declared by more than 100 but fewer than 16,760
(70% of all users in the balanced data set) users to construct the three feature vectors
mentioned above. We repeat the random sampling process five times and apply 5-fold
cross-validation to evaluate the model’s performance. Table 1 shows the classification
results evaluated by accuracy, precision, recall, and F1 score using the three feature
vector representations and Naı̈ve Bayes (NB) and Logistic Regression (LR) classifiers.

Table 1: Classification results
(Highest value of each metric is highlighted in bold)
Feature Vector (Classifier)
Accuracy Precision Recall F1 Score
Simple-Count (NB)
0.70
0.76
0.59
0.66
TF-IDF (NB)
0.71
0.74
0.64
0.68
LDA-Topic-Distribution (NB) 0.65
0.67
0.60
0.63
Simple-Count (LR)
0.72
0.77
0.62
0.69
TF-IDF (LR)
0.73
0.75
0.67
0.71
LDA-Topic-Distribution (LR) 0.67
0.72
0.56
0.63

We achieved up to 73% accuracy, 77% precision, 67% recall, and 71% F1 score.
For both Naı̈ve Bayes and Logistic Regression classifiers, using TF-IDF feature vectors
increases recall and F1 score but slightly decreases precision as compared to SimpleCount vectors. Since our project aims to detect concealed behavior, higher recall and
false positives are more desirable than a higher precision and false negatives.
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We compute and sort each feature by its odds-ratio value learned from Naı̈ve Bayes
and report the top 20 positive and negative features. Table 2 shows the top 20 positive
interests prevalent among the harmers (such as cutting, burning, self-injury, and selfharm) and the bottom 20 interests that the harmers tend to neglect (such as programming, linux, architecture, and chess). The harmers’ interests are undoubtedly specific to
NSSI, related disorders, and mental health in general. The non-harmers interests seem
to be aligned with an adolescent/young adult’s interests in the early XXIst century.

Table 2: Discriminating features for Simple-Count and TF-IDF
SimpleCount
TF-IDF
Both

Top positive
abuse, ednos, ocd

Top negative
robots, technology, they might be giants, tom waits, firefly
mental health, scars, mental illness
smallville, travel, naruto, american eagle, torchwood
anxiety, pills, bulmima, suicide, bleeding, programming, battlestar galactica,
hurt, borderline personality disorder, razor- linux, d&d, fanfic, farscape, science
blades, bipolar, cut, razors, burning, cutting, fiction, architecture, fishing, animation,
self mutilation, self injury, self harm, si
tolkien, gaming, chess, rpg, doctor who

Summary. In this paper, we propose a supervised learning approach to detect people interested in NSSI. Experimental evaluation on a real-world dataset—the LiveJournal social blogging networking platform—demonstrates our proposed model’s effectiveness.
For future work, in addition to the pure content-based features, we would like to integrate network, demographic, sentimental, contextual, and other features. We consider
building and comparing classifiers based on different algorithms (including logistic regression, random forest, and artificial neural networks). We plan to apply our approach
to other social media platforms such as Twitter or Facebook.
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Graphs offer a natural and powerful mathematical framework to represent complex
systems across all scientific domains, from molecular interactions to astronomical dynamics. The wide applicability of graphs across many scientific domains has driven
the development of various network analysis techniques purposed for investigating and
revealing properties and structure of networks. Each method provides a window into
the workings of complex systems, each providing a new perspective on the structure,
and each with differing applicability. It is exactly this large corpus of graph theoretic
research and the differing applicabilities of methodologies that can make it difficult
to identify the best tool to generate insights into complex systems. Despite the vast
quantity of graph theoretical methodologies and algorithms, there currently exists no
extensive organisation of graph analysis methods for the purpose of highly comparative
analysis.
Here, we introduce Highly Comparative Graph Analysis (HCGA), a modular Python
software package which allows researchers to perform massive graph feature extraction
and statistical analysis of their system [1] 3 . Given a graph dataset, HCGA transforms
each graph to a set of a few thousand features, depending on the graphs, that each encodes a different interpretable network property. The resulting feature matrix facilitates
data-driven, statistically controlled analysis of the dataset, removing the otherwise timeconsuming and subjective task of implementing individual graph analysis methods.
Our computational framework illustrated in Figure 1 begins with a set of complex
systems modelled as a set of graph structures, representing for example, molecules,
proteins, transportation routes, neurons or socials networks. Subsequently, HCGA efficiently computes many theoretic features for each individual graph and combines the
resulting feature vectors into a matrix that describes the complete set of graphs. Methods for graph analysis can take a variety of forms, from simple summations to complex
convolutions. In HCGA, we have implemented each such method as an algorithm: an
operation that summarizes an input graph with a single real number. The real-valued
summary values are collected into a feature vector representation of each graph in a collection of graphs and results in a feature matrix. Given the computational inefficiency
of some network based algorithms, we have implemented time-outs and provided flags
for users to compute features that meet a particular speed criteria HCGA.
For analysis, HCGA includes a suite of statistical tools for classification, regression
or unsupervised learning. Crucially, we include an in-depth feature importance analysis
using Shapley Additive Values (SHAP) to drive scientific insights [2].
To validate our computational approach, we first test HCGA on benchmark datasets
for graph classification, achieving state-of-the-art performance against all existing methods including deep-learning approaches. The complete set of classification results are
3 https://github.com/barahona-research-group/hcga
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Fig. 1. The main workflow of HCGA. HCGA is compatible with binary classification, multi-class
classification, regression or non-labelled data. Firstly, the user inputs a set of complex structures
that are represented as graphs (the graph construction process is not included in HCGA since it is
domain dependent). Subsequently, a massive collection of features (n f > 2000) are computed for
each graph and collected in a feature matrix. A suite of statistical learning algorithms are used
to, for example, learn the optimal hyper-plane separating classes or identify the line of best fit for
regression. The class label or dependent variable of new graphs can be predicted and the most
important features can be identified and interpreted.

detailed in Tables 1 and 2 against popular deep-learning methodologies and Kernel algorithms using the results reported under Fair Comparison [3].
However, the power of HCGA lies in the scientific insights that can be derived from
the importance of individual or groups of features. To demonstrate its versatility, we
have used two novel datasets; (1) a neuronal morphologies dataset and (2) a crystal
structure prediction dataset. In both datasets, we found that novel features can be derived that can be scientifically interpreted (results not shown here) [1].
In addition to the benchmark datasets and two phenotyping case studies, HCGA has
general utility, including applications to functional or structural connectivity networks
in brains, revealing properties of computer networks that make them weak to outside
attacks and the differences in structure between varying ecological networks. Overall,
HCGA is an intuitive tool to analyse any dataset that can be expressed as a collection of
graphs, and is highly modulable with the option to restrict the computed features or add
new ones.
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Data Sets
ENZYMES PROTEINS D&D
NCI1
MUTAG
Multi-Hop 56.1 ± 9.1 76.7 ± 2.9
77.3 ± 1.7 89.8 ± 5.58
DGCNN 38.9 ± 5.7 72.9 ± 3.5 76.6 ± 4.3 76.4 ± 1.7
GIN
59.6 ± 4.5 73.3 ± 4.0 75.3 ± 2.9 80.0 ± 1.4
ECC
29.5 ± 8.2 72.3 ± 3.4 72.6 ± 4.1 76.2 ± 1.4
DiffPool 59.5 ± 5.6 73.7 ± 3.5 75.0 ± 3.5 76.9 ± 1.9
HCGA
74.5 ± 4.5 78.4 ± 3.6 81.9 ± 3.5 78.5 ± 2.4 89.9 ± 6.1
Table 1. Results on chemical benchmark datasets.
Method

Data Sets
COLLAB IMDB-B IMDB-M REDDIT-B REDDIT-5K REDDIT-12K
Multi-Hop (RF) 78.2 ± 1.5 71.6 ± 4.4 45.2 ± 3.5 88.9 ± 2.2 51.3 ± 1.9
43.5 ± 1.0
DGCNN
71.2 ± 1.9 69.2 ± 3.0 45.6 ± 3.4 87.8 ± 2.5 49.2 ± 1.2
GIN
75.6 ± 2.3 71.2 ± 3.9 48.5 ± 3.3 89.9 ± 1.9 56.1 ± 1.7
ECC
67.7 ± 2.8 43.5 ± 3.1
DiffPool
68.9 ± 2.0 68.4 ± 3.3 45.6 ± 3.4 89.1 ± 1.6 53.8 ± 1.4
HCGA
82.2 ± 2.3 74.4 ± 4.4 49.6 ± 3.4 93.5 ± 1.9 57.9 ± 1.5
49.6 ± 0.8
Table 2. Results on social benchmark datasets.
Method

Better weighted clustering coefficient: now continuous
Tanguy Fardet1,2 and Anna Levina1,2
1

2

1

University of Tübingen
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Introduction

Network theory has provided an invaluable framework to study complex systems over
the past decades, enabling analyses of interacting elements in various fields ranging
from urban planning to genetics to social sciences and neuroscience.
Despite recent advances, many analyses in applied fields are carried on symmetrized
adjacency matrices, ignoring orientation and weights. This choice simplifies procedures
but leaves out crucial information regarding the influence of different edges on the network’s dynamics. For networks inferred from data or direct measurements, noise and
statistical biases can generate weak spurious connections that cannot easily be unambiguously separated from the original ones. We therefore propose a new continuity requirement: network measures should be a continuous function of the weights at zero.
There should thus be no significant difference between the absence of an edge and its
presence with an infinitesimal weight.
Nodes in real-world networks cluster into densely connected groups. This property
is captured by the clustering coefficient, which was initially defined for unweighted
symmetric networks. Several notable generalizations of the clustering coefficient have
been proposed for weighted networks [1–3]. However, all of them violate the continuity condition. We propose a new consistent definition of the clustering coefficient that
tackles this issue and satisfies previously formulated conditions [5].

2

A new definition for weighted clustering

Let W be a normalized weight matrix,
[α]
W [α] = {wαi j } and si = ∑ j wαi j . For every
node i the continuous local clustering coefficient is defined as:

 2 3
W[3]
ii
Ci = 
,
2
1
[2]
si
− si

(1)

To study more specific clustering motifs, we also adapted this definition for fan-in,
fan-out, middleman, and circular cases as described in [4].
The new clustering coefficient fulfills the following conditions:
normalization: C ∈ [0, 1],

consistency: equivalent to binary definitions if all weights are equal,

continuity: zero-weight edges are equivalent to no-edge cases
linearity: if all weights in the neighborhood are scaled by a factor α, so is C.
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3

Properties of our definition compared to previous proposals

Among established definitions, proposals from the teams of Barrat [1], Onnela [2], and
Zhang [3] fulfill normalization and consistency conditions. They define triangle and
triple intensities differently [5] and may be more or less suitable for specific problems,
though Onnela and Barrat seem to be used most often. However, none of them satisfy
the continuity condition, and Barrat also does not fulfill the linearity requirement.
The absence of continuity leads to edge-cases that were noted earlier in [5]. Unfortunately, the influence of these edge-cases does not disappear in larger networks, where
the absence of continuity for Onnela and Barrat prevents them from capturing various
structural properties in weighted networks. For example, in a weighted core-periphery
graph, Barrat’s method fails to capture any structure, while Onnela’s does not distinguish proximal nodes from the weakly-connected periphery — Figure 1.A. However
the continuous clustering differentiates all three types of nodes in the network.

Fig. 1. Continuous clustering coefficient captures essential properties of networks with broad
weight distribution. A. Clustering coefficients in a core-periphery network with 7 strongly connected core nodes (black edges) that interact with densely but weakly connected periphery nodes
(light-brown edges). Top row: graphical view of the network; edge width gives the strength of
the connection, node color indicates its clustering coefficient. Bottom row shows the distribution
of clustering coefficients using the same colormap as above. B. Clustering of mouse brain areas.
Top: continuous clustering is highest (yellow to white nodes) in regions of different strengths
(size). Bottom: even the closest methods (continuous and Onnela) result in clustering coefficients
that are only weakly correlated.

The absence of continuity in previous definitions becomes especially problematic in
the case of networks inferred from data. For such graphs, the actual sparsely connected
network may be drowned in a sea of weaker connections that arise from noisy or partial
measurements, leading to imperfect inference. We investigate the robustness of the new
definition to spurious, low-weight edges in an inferred network. To this end, we corrupt
a Watts-Strogatz network with random, small-weights connections — Figure 2.A. The
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Fig. 2. Continuous clustering is robust to noise. A. A 1000-node Watts-Strogatz (WS, “ground
truth”) network is corrupted by spurious small-weight connections (noise) to generate the “measured network” . B. Top row: the clustering distribution of the original WS graph (full lines,
shaded) and that of the “measured network” (dashed). Respective global clustering coefficients
Cg are marked by the full and dashed vertical lines. Bottom row: the distributions of the normalized clustering C/Cg (shading and lines are the same as for the top raw).

continuous clustering coefficient is only mildly affected by the noise, and normalization
with the total clustering coefficient recovers the correct distribution — Figure 2.B. On
the other hand, Onnela and Barrat definitions lead to distributions that deviate strongly
from the ground truth and cannot be recovered by normalization.
Finally, our new clustering coefficient gives notably different results on real-world
networks — Figure 1.B. High-clustering nodes identified with continuous clustering in
brain networks form strongly connected subnetworks that contain the strongest edges
and display a higher number of reciprocal connections than groups of high clustering
nodes obtained via other methods. Despite the absence of ground truth knowledge for
mouse brain areas (data from [6]) and other real-world networks, the significant discrepancy between methods and substantial impact of noise on previously used method
call for further investigation. We will discuss them in details in our presentation.

References
1. Barrat, A., Barthelemy, M., Pastor-Satorras, R. and Vespignani, A.: The Architecture of
Complex Weighted Networks. PNAS 101, 3747–3752 (2004).
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Introduction and Problem Statement

A considerable amount of research has been devoted towards the problem of community detection in online social networks (OSNs). More recently, a related but different
problem is community search (aka local community) where the main objective is to
ascertain the best potential meaningful community that contains the query node(s) and
query attributes [1]. Huang et al. [2] presented a community search model for mining
a community comprising multiple query nodes based on k-trusses. However, most of
the existing investigations ignore the topical activeness of the community members and
thus fail to determine the active communities for a given query. Moreover, these cited
approaches did not contemplate how the users’ interests for the given query attributes
changes with time.
We propose a temporal activity biased weight model which gives higher weight to
users’ recent activities and also develop a framework of activity driven temporal active
communities (ATAC) to search effective community for a given input query Q to find
densely-connected community in which community members are temporally similar in
terms of their activities related to the query attributes. An active online local community
is considered as a connected induced subgraph in which each node has a degree of at
least k(k-core) which indicates the structure cohesiveness of the desired community.
Activity: Each user ui performs actions (e.g. posting tweets in Twitter, publishing research papers in coauthor network) known as activities at different time points (t j ) containing set of attributes ψui . An activity tuple ui , ψui ,t j is used to represent an action.
Time-Based Forgetting Factor: Not all of a user’s past activities are equally important
and that the user’s most recent activities can imply the most about her interests. A
logarithmic time-decay function expressed in Equation 1 to assign lower importance
(denoted as µ) to older activities, since they are less probable of corresponding to the
user’s recent interests.
1
(1)
µhui ,ψu ,t j i =
i
1 + logb (agehui ,ψu ,t j i + 1)
i
The base of the logarithm in Eq. 1, denoted by b, controls the speed of decay and
agehui ,ψu ,t j i as the amount of time elapsed since it happened.
i

Activeness Score: The activeness score (denoted by σ ) for each candidate community
member ui ∈ U Q is computed using Equations 3, where ψui ∈ Aq (Aq is set of query
attributes within the input query Q = (uq , Aq ), uq is a query node). This investigation
deliberates two factors that are closely associated with the distinct activeness of a user
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ui . The first factor f1 (ui , ψui ) specifies the probability that ui performs an activity related
to Q.
f1 (ui , ψui ) =

∑ µhui ,ψu ,t j i × |ACT S(ui , ψui )|
i

|ACT S(ui , ∗)|

,

f2 (ui , ψui ) =

∑ µhui ,ψu ,t j i × |ACT S(ui , ψui )|
i

∑uz ∈U Q |ACT S(uz , ψuz )|

(2)

where, ACT S(ui , ψui ) represents the set of activities comprising the set of attributes
ψui ⊆ Aq performed by ui and ACT S(ui , ∗) denotes the set of all the activities containing any attribute(s) performed by user ui . The second factor f2 (ui , ψui ) designates the
participation of user ui compared to the total number of activities related to Q performed
by U Q . Then, the activeness (denoted as σ ) of ui related to Q is:
λ(ui ,ψu ) = f1 (ui , ψui ) × f2 (ui , ψui ) and
i

σ(ui ,ψu ) =
i

λ(ui ,ψu )
i

maxuz ∈U Q {λ(uz ,ψuz ) }

(3)

Problem Definition: Given an attributed graph G = (U, E, A ), where E denotes set of
edges, an input query Q = {uq , Aq }, two positive integers h (hop) and k, an attributed
active local community Cq is an induced subgraph that meets the following constraints.
1. Connectivity. Cq ⊂ G is connected;
2. Structure cohesiveness. ∀u ∈ Cq , degCq (u) ≥ k;
3. Query cohesiveness. ∀u ∈ Cq , activeness score of a user u is σ(u,Q) ≥ θa and θa ∈
[0, 1] is a threshold.

2

Experimental Evaluation

We conduct our experiment on a Twitter dataset named CRAWL where the input query
set as {social media, politics, entertainment, sports}, an academic coauthor network
dataset (DBLP) where the input query is set as {data mining, natural language processing (NLP), social network analysis (SNA), machine learning} and {nature, festival,
architecture, portrait} set as input query for a flickr dataset.
We compare our proposed ATAC framework with two other methods. We select
ACQ method, proposed by Yang et al. [1], for community search over attributed graphs
based on k-cores. The key distinction with our work is that ACQ doesn’t consider users’
topical activeness as well as ignore the prospective temporality of users’ interests. Finally, we consider a baseline solution (k-core) which forms communities based on only
k-core i.e. focusing only the structural cohesiveness. We vary the length of query attributes |Aq | to |Aq |= 1, 2, 3, 4 and use the following two quality evaluation metrics:
Community Member Frequency (CMF): The CMF measures the number of occurrences of query attributes in Ci to determine the degree of cohesiveness. Let ni,p be the
n
number of nodes of Ci whose attribute sets contain the p-th attribute of Aq . Then, |Ci,pi|
is the relative occurrence frequency of this attribute in Ci . The CMF is the average of
this value in overall attributes in Aq , and all communities in N(Cq ) :
L |Aq |
ni,p
1
CMF(N(Cq )) =
(4)
∑ ∑ |C i|
L × |Aq | i=1
p=1
Community pairwise Jaccard (CPJ): Let Ci, j be the j-th node of Ci . The CPJ is then
the average similarity overall pairs of nodes of Ci , and all communities of n(Cq ) :
"
#
|Ci | |Ci |
|Aq (Ci, j )| ∩ |Aq (Ci,k )|
1 L 1
CPJ(N(Cq )) =
(5)
∑ |Ci |2 ∑ ∑ |Aq (Ci, j )| ∪ |Aq (Ci,k )|
L i=1
j=1 k=1
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Fig. 1. Performance comparison on CRAWL dataset (in all cases, k = 4, h = 3, γ = 150, θ = 0.5)
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Fig. 3. Performance comparison on DBLP dataset (in all cases, k = 3, h = 3, γ = 3, θ = 0.5)

We see that ATAC always performs best in terms of CMF and CPJ (Figure 1(a), (b),
Figure 2(a), (b) and Figure 3(a), (b)). The reason is that each community member has
to perform certain number of activities related to Aq to become an active user and thus,
most of them show their high degree of inclination towards multiple query topics. In
case of ACQ, there are many low active community members who don’t have interest
in most of the query topics. So, the coverage of query topics within the communities
are not that much better as in ATAC. On the other hand, the values of CMF and CPJ in
k-core are very poor as it ignores users’ association with the query topics.
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Introduction

Shortest paths are central in transportation networks, the internet and the human brain,
among other complex systems, and also enter into the definition of network structural
properties such as the closeness, efficiency or betweenness centrality [1]. The idea of
a shortest path can be generalized to include obstacles or several targets from a given
source, and a great deal of effort has been devoted to the solutions of such problems. But
how can one find the path or paths that maximize the fluctuations of a given process; or
the path that guarantees that a certain node is visited on average twice as frequently as
another node; or what is the shortest path that a passenger or an information packet can
take without saturating a given node or link? These are optimal paths in a generalized
sense, as they ensure that the statistics of a given observable takes certain values or
does not exceed certain bounds. Similarly, one could think of redistributing the weights
of a network so as to ensure that a set of nodes is visited with some frequency in the
resulting weighted network, or that no link carries more than a certain amount of flow.
We study such generalized optimal paths and weight distributions through a largedeviation study of ensembles of trajectories [2, 3]. By biasing the dynamics with timeintegrated observables we obtain the stationary distribution that guarantees that such
observables satisfy some statistical constraint, which may be related to its mean value,
fluctuations, or higher-order cumulants. Moreover, the auxiliary process given by the
Doob transform [4, 5] yields a new stochastic process whose transition rates give rise
to the appropriate statistics for long times. By combining the biased stationary state
with the Doob transform, we obtain generalized optimal paths. Furthermore, the Doobtransformed process itself yields an optimal distribution of link weights. We illustrate
our approach by finding shortest paths in the presence of constrains through a largedeviation study of the maximal entropy random walk (MERW) [6]. We also study
weight redistributions for maximal current of flows in the presence local constraints
by means of the standard random walk on networks [7], which we do not discuss here
for lack of space. This and several other examples will be discussed in Ref. [8] and in
this presentation. The large-deviation approach to the study of processes on networks is
a promising avenue for the exploration of structural properties of networks, as recently
shown in Refs. [9, 10].
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Fig. 1. Finding optimal paths in the presence of constraints. (a) Average activity hki as a
function of the tilting fields s and x in the graph shown in (c) and (d). (b) Average walk length
h`i joining nodes 1 and 20. The solid black segment shows where hki = 1/3. (c) Trajectories
obtained from the Doob transformed process corresponding to the red circle, the green star and
the blue square shown in (b). (c) Trajectories for the magenta triangle in (b).

2

Results

Here we illustrate the idea of finding optimal paths in a small directed random graph of
N = 20 nodes, see Fig. 1 (c) and (d). Much larger networks with Poissonian or powerlaw degree distributions, or networks arising from applications can be similarly studied
[8]. A particle performs a MERW from the source node 1 and reaches the target node
20 after ` steps. We are interested in the walk length `, but also on how frequently it
goes through an “obstacle”, node 15. For that purpose we use the activity k, which gives
the number of times the particle goes through the obstacle before reaching the target.
The large-deviation analysis allows us to access the average, fluctuations and higher
cumulants of ` and k in a biased trajectory ensemble, with probability distribution
Psx (k, `) = e−sMk−xM` P(k, `)/Z(s, x)

(1)

where P(k, `) = Ps=0,x=0 (k, `), s and x are tilting fields [3], Z(s, x) is a normalizing factor, and M → ∞. From the large-deviation functions of the operator governing the tilted
dynamics we obtain the average activity hki and path length h`i, shown in Fig. 1 (a)
and (b) respectively. The gray area corresponds to a region where the averages diverge.
The transitions derived from the Doob transform for a point which lies close to the
divergence [see the green star in Fig. 1 (b)] are shown as green arrows in panel (c).
They clearly display a trajectory where the particle moves back and forth between the
obstacle and its neighbors, without ever reaching the target (hence the divergence). Additionally, a crossover between a region where hki ≈ 0 and a plateau where hki ≈ 1 is
observed in (a), which corresponds to a crossover from h`i larger than 4 to h`i ≈ 4 in
(b). The trajectories for the point highlighted with a red disc in Fig. 1 (b), for which
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h`i = 4, are shown as red arrows in panel (c). They show a particle moving along the
shortest path between the source and the target. As the obstacle lies on this path, we
have hki = 1. On the other side of the crossover and for sufficiently large s, the walker
chooses the shortest amongst the paths that avoid the obstacle, see the blue square in
(b) and the blue arrows in (c). We next focus on the combination of paths that yield a
frequency hki = 1/3 (the obstacle is only visited one in three times), while reaching the
target node along the shortest possible route. The trajectory for the point highlighted
with a pink triangle in Fig. 1 (b), is shown in panel (d). Apart from the shortest path,
which occurs with a probability 1/3 (as it should, given that contains the obstacle), the
other 2/3 are equally split among the three shortest paths out of all five that do not cross
the obstacle. Much more involved cases can be explored with as much ease, including
paths that maximize the fluctuations of ` or other observables, see Ref. [8].

3

Conclusions

We illustrate how to find generalized optimal paths in a small network. In the presentation and in Ref. [8] less elementary cases, including optimal weight distributions
adapted to flows, will be discussed. This approach can be employed in very large networks, as long as one can compute the largest eigenvalue of the appropriate tilted N × N
operator. Paths and weights for specific network topologies, which can be directed,
weighted, and also include spatial information, can be taylored to a given average or
fluctuations of any time-integrated observable, so the approach is widely applicable.
These are problems that are outside the reach of standard graph-theoretical algorithms.
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Introduction

Since their introduction in [1], the characteristic path length and the clustering coefficient have been used to characterize small-world networks as well as to evaluate several
properties of complex networks. These measures have been upgraded and extended in
order to cope with more general situations. In particular, these measures were substituted by the notions of global and local efficiency. In [2] these concepts were defined
and extended to graphs endowed by a metric different than the topological one, that is
to graphs where each edge has an associated weight (length, constructing cost, time to
traverse, etc.). Also, the extension of the characteristic path length is straightforward,
and the clustering coefficient has been extended to edge-weighted networks. During
the last decade, the characteristic path length/clustering coefficient and the global/local
efficiency have also been used to evaluate several properties of complex networks: efficiency, robustness (both against error or failures and intentional attacks), vulnerability,
redundancy, and even resilience. Also, these measures are useful for comparing different networks and for optimal network design.
Some efforts have been done to measure the heterogeneity of the degree distribution,
which is used in the definition of scale-free network. In [6] the sum of quadratic differences of the inverse square root of the degrees is defined as a network heterogeneity
index, and in [7] some useful properties of this index are given.
However, each of the coefficients that characterize the small-world phenomenon
synthesizes the network giving a unique (expected) associated value but, do not provide
an idea of the dispersion of the nodes of the network regarding this measure, and therefore about the heterogeneity of the network. In fact, it is easy to find different (topological) graphs with the same number of vertices, and similar characteristic path length but
different variance. This is the case of the star graph and modified star graph (Figures (a)
and (b)), where the characteristic path lengths are 8/5 and 9/5, respectively but, their
variance around the characteristic path length are 6/25 < 1 and 71/50 > 1. Moreover,
for the global efficiency, which is the inverse of the harmonic mean, let us consider the
triangle graphs with all the length of the edges equal to one, and the triangle graph with
lengths: 1, 1/(1 + ε), 1/(1 − ε), where 0 < ε < 1 (Figures (c) and (d).) Then, the global
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efficiency coincides but equality measures as the mean absolute deviation around the
global efficiency give different values 0 and 32 ε, respectively. This is also the case when
applying other equality measures as the variance, the sum of absolute differences, and
the maximum absolute deviation around the global efficiency [3], [4], [5].

(a): Star graph with homogeneous edge lengths

(c): Triangular graph with edge lengths 1

2

(b): Modified star graph

(d): Edge lengths 1,

1
1
1+ε , 1−ε ,

for ε = 0.2

Results

Let G = (V, E) be a graph where V is the vertex set, |V | = N, and E is the edge set. It
is very common to have an edge-weighted graph, where each edge e has an associated
value le . The edge-weight set induces the metric d given by the shortest path. Moreover,
it is possible that vertices are also weighted. In what follows we provide some preliminary definitions of heterogeneous measures around the characteristic path length and
global efficiency:
L(G) =

1
di j
N(N − 1) i6∑
=j

E(G) =

1
1
.
N(N − 1) i6∑
d
=j ij

Thus, the variance around the characteristic path length and global efficiency are
defined as:
VL (G) =

1
(di j − L(G))2
N(N − 1) i6∑
=j

VE (G) =

1
1
( − E(G))2 .
N(N − 1) i6∑
d
=j ij

Analogously, the mean absolute deviation around the characteristic path length and
global efficiency are defined as:
MADL (G) =

1
|di j − L(G)|
N(N − 1) i6∑
=j

MADE (G) =

1
1
| − E(G)|.
N(N − 1) i6∑
d
=j ij
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In this paper, we will properly define these measures and study their properties.
Properties as monotonicity, normalization and membership to the interval [0, 1], scale
invariance, modularity, and the relationship with vulnerability, among others, are explored in this paper. Moreover, we give algorithms for computing them, and their computational complexities that do not exceed that of computing the matrix distance. The
main aim of this work is to propose and study these measures, and assess their usefulness when evaluating complex networks as well as when designing optimal networks
from different viewpoints. Even though these measures provide useful information on
the network, their importance takes a different value when they are accompanying other
measures as the global efficiency. Another point of interest is their application to determine the efficiency, robustness, and other special properties of complex networks.
Special attention is paid to the application to transportation networks with their special features. In rapid transit networks, each node can be considered as a station. If a
node/station is not well connected, an accident in this station can block the line or even
the network. Therefore, local connectivity measures can be used to determine the most
vulnerable nodes in order to reinforce them and/or their surroundings. However, when
comparing networks considering the mean of local connectivity measures, it may happen that two networks present the same mean but that one has more dispersion in the
local measures, thus having more vulnerable nodes. Considering dispersion connectivity measures along with mean ones is a useful choice to globally detect these cases and
therefore to prevent them in subsequent phases.
Acknowledgement: This work was in part supported by the Ministerio de Economı́a
y Competitividad (Spain)/FEDER under grant MTM2015-67706-P, and by the Ministerio de Investigacón (Spain)/FEDER under grant PID2019-106205GB-I00.
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Introduction

Nowadays Complex Networks are used in various areas and the number of topics in
where they are being useful keeps growing. An interesting problem is how to build a
complex network from a time series, which is a universal problem considering that time
series is the main input that basic sciences receive from Nature.
Several ways to build these networks have been proposed [1], but there is one which
leads to particularly interesting results, called the Visibility Graph algorithm [2] that
takes a time series and maps it into a graph. In this graph, a node corresponds to a given
datum in the time series, and two nodes are connected if visibility exists between the
corresponding data, i.e. if there is a straight line that connects the data, provided that
this “visibility line” is always above the data curve.
There are two main ways to build these visibility graphs. For the normal visibility
graph (VG), the visibility line joins data points, which means lines can all have different
slopes, depending on the relative height of the points. In the second way, data points
are replaced by vertical bars, by joining them with the x-axis. Now, visibility lines are
drawn parallel to the x-axis, starting at a data point, until it finds another datum’s bar.
This method is called the Horizontal Visibility Graph (HVG).
In Astronomy, light curves are time series of the luminosity of a star. In this work,
we are interested in studying stars using the visibility graph algorithm, in particular
variable stars.
Variable stars are stars that —seen from the Earth or satellites— change their luminosity in time. In many cases they do this periodically but in others they do not.
Here we study one specific kind of variable stars known as pulsating stars, where sound
waves travel across the stars interior making their radii change in time. When it gets
bigger (smaller) the star gets colder (hotter). In turn, this change of temperature leads
to luminosity change due to the Stefan-Boltzmann equation. The best known pulsating
stars are the Cepheids, popular because of their period-luminosity relation [3]. These
stars show regular changes in their light curves and their pulsating mechanism is fairly
well understood. RR Lyrae is another type of pulsating star, also called “short-period
Cepheids”, due to their much smaller pulsating period compared to Cepheids. They
also exhibit a period-luminosity relation. This relation is very important in Astronomy,
as it can be used to infer our distance to the star, which is why Cepheids are popularly
referred to as standard candles.
Besides the above, there is one particular type that has been difficult to understand:
Delta Scuti stars. They are also Cepheids, because of their low mass they are also called
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dwarf Cepheids, and present period-luminosity relation. The difference between the
classical Cepheids, RR Lyrae and Delta Scuti is their pulsation mode type. For the first
two it is known that they pulsate only in radial modes, however Delta Scuti stars pulsate
in both radial and non-radial modes, making their light curve difficult to understand. For
this reason, several studies have been made to understand their pulsation mechanism [5,
6]. including its possible fractal behavior [4].

2

Results

We study these three types of Cepheids —classical, short period and dwarf— with the
visibility graph algortihm using the OGLE-III catalog of variable stars [7]. We use both
methods described earlier, VG and HVG, to map the light curves into graphs. Because
of the existence of observational gaps present in almost all light curves, we build three
types of visibility graphs. First, we made the (H)VGs using the complete light curve
ignoring the existence of the gaps. Here it is important to mention that the normal
visibility graph is affected by the spacing of the data, but the horizontal one is not.
This means that the HVG is the same if the time series is evenly or unevenly spaced.
Second, we build (H)VGs for each observation window. Finally, we build the (H)VGs
using the phased light curves given by the OGLE catalog, that is, taking the star period
given by the catalog, and putting all data points within a single period. Notice that the
phased curves allow to ignore the effect of observational gaps, but need the star period
as additional information.
For each Cepheid type, each graph model (VG, HVG), and each strategy to deal with
the observational gaps, we calculate various network metrics: degree distribution, mean
degree, clustering coefficient, transitivity quotient, average path length, and reversibility
of the time series (via the Kullback-Leibler divergence [8]).
An interesting result is that the degree distribution for all stars present an exponential behavior (see Fig. 1(a)). On the other hands, some combinations of metrics seem to
be able to discriminate between star types, as suggested in Fig. 1(b), which shows the
average degree in the HVG versus the star period, for five star types.
Summary. We find that the visibility algorithm is a useful way to study the light curves
of variable stars, showing interesting features, some of them universal, for all the stars
studied, whereas others seem to discriminate between such types. It is also interesting
that this method exhibits similar results for the three different ways to deal with the
gaps, meaning that the —always difficult problem to resolve— gap existence is not too
important for this construction, and that we can obtain valuable information from these
light curves regardless of observational gaps.
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The box-covering problem and fractal networks

The fractal nature of complex networks has received a lot of research interest recently
since fractality has been verified in several real-world networks (WWW, actor collaboration networks, protein interaction networks) [1], moreover, fractality has been associated with many important features of networks such as robustness, modularity, and
information contagion [2].
Heuristically, fractality of a network means that the network looks similar to itself
on different scales: if one zooms in on a sub-network, one is expected to see the same
qualitative behavior as in the whole network. A method to identify fractality of complex
networks is similar to that of regular fractal objects: using the box-covering method.
For a given network G, we partition the vertices into boxes of size lB . A B box is a
subgraph of G with diam(B) ≤ lB . The goal of the box-covering algorithm is to find the
minimum number of lB -sized boxes needed to cover the entire network G, which is
denoted by NB (lB ) [3]. The fractal or box-dimension dB of a network can be defined via

Fig. 1: The optimal box-covering for different box sizes.

the relationship of NB (lB ) and lB : NB (lB ) ∼ lB−dB . If dB exists and is finite, the network is
fractal, otherwise it is non-fractal [4]. In other words, in fractal networks, the minimum
number of boxes scales as a power law with the size of the boxes, i.e. log NB scales
linearly with log lB with slope −dB .
Determining the minimum number of boxes needed to cover the entire network
belongs to a family of NP-hard problems [3]. On the other hand, in practice, various
algorithms are adopted to obtain an approximate solution; for an incomprehensive list
see Table 1.
In this work, we provide a systematic review of the various box-covering algorithms
proposed throughout the years. Furthermore, we compare the performance of the algorithms in terms of running time and approximation ability both using real-world net-
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works and mathematical network models. We will also make our implementations of
the algorithms publicly available as a Python module.
Classical
• RS (random sequential) [5]
box-covering • Greedy coloring [3]
• MA (merge algorithm) [6]
algorithms
• SA (simulated annealing) [6]
• Edge-covering with simulated annealing [8]
Metaheuristic • DEBC (differential evolution box-covering) [10]
optimization • PSOBC and MOPSOBC (single- and
algorithms
multi-objective discrete particle swarm
optimization box-covering) [13, 14]
• Max-Min ant-colony algorithm [16]

• CBB (compact-box-burning) algorithm [3]
• MEMB (maximum-excluded
-mass burning) [3]
• MCWR (combines MEMB and RS) [7]
• MVB (minimal value burning) [9]
• OBCA (overlapping
box-covering algorithm) [11]
Other
• Fuzzy box-covering [12]
algorithms
• Sketch-based box-covering [15]
• Sampling based box-covering [17]
Burning
algorithms

Table 1: Approximating box-covering algorithms

2

Experimental results

We compare the performance of the algorithms on two networks. First, on the 5th iteration (N = 684) of the recursive fractal network model, the (u, v)-flower with u = v = 2
[2]. The (u, v)-flower has a ground-truth asymptotic box-dimension (for v ≥ u > 1)
given by dB = ln(u+v)
ln u . Second, we compare the results on a real-world fractal network,
the Tokyo metro network (N = 248). The results can be seen in Table 2 and Fig. 2.
(2, 2)-flower
Algorithm Avg. rank Avg. running time
RS
Greedy
MA
CBB
MEMB
DEBC
PSOBC
OBCA
Fuzzy

1.53
5.84
3.63
5.52
1.00
2.78
4.33
3.31
-

0.03 (1)
8.16 (6)
0.10 (2)
0.97 (3)
10.97 (7)
243.79 (9)
113.57 (8)
4.59 (5)
1.03 (4)

dˆB
1.84 (5)
1.82 (6)
1.96 (1)
1.81 (7)
1.62 (8)
1.90 (3)
1.85 (4)
1.62 (9)
1.95 (2)

Tokyo metro network
Algorithm Avg. rank Avg. running time dˆB
RS
Greedy
MA
CBB
MEMB
DEBC
PSOBC
OBCA
Fuzzy

1.57
5.68
4.78
5.57
1.00
3.00
4.00
3.28
-

0.01 (1)
0.58 (5)
0.02 (2)
0.11 (3)
1.17 (7)
27.06 (9)
10.56 (8)
0.7 (6)
0.22 (4)

1.76
1.46
1.56
1.47
1.68
1.48
1.49
1.51
2.02

Table 2: Comparison of different algorithms with respect to running time and
approximation ability. Fuzzy has no avg. Fig. 2: The relationship between the number of boxes
rank because it does not generate explicit NB and box size lB .
boxes.
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The average rank is the lowest for the MEMB algorithm in both cases, thus in these
examples, MEMB finds the fewest boxes on average (the ranks for each lB value are averaged). The random sequential algorithm also ranked high in this respect. Moreover, it
has the shortest running time for both networks. Another important feature of the boxing
algorithms is the fractal exponent that they provide. On the other hand, the dimension
that the algorithms yield does not solely depends on the approximation ability of the
algorithm itself but also on the method how the NB (lB ) ∼ lB−dB relation is measured that
needs further analysis. We also note that there might be significant differences in the
asymptotic theoretical dimension of the network models and what we obtain on finite
instances. Adjusting for this effect is currently under investigation.
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Internalizing disorders, such as anxiety and depression, frequently co-occur. In fact,
major depressive disorder (MDD) and generalized anxiety disorder (GAD) overlap to
such a degree that researchers have suggested that GAD is not independent of MDD
because most people who develop GAD will eventually develop MDD (see [5]). The
odds ratio of cross-sectional comorbidity of MDD and GAD is upwards of 8.2 [3].
While MDD and GAD are two of the most highly comorbid disorders, having any mood
disorder substantially increases risk of another disorder with an adjusted odds ratio of
4.2 for any anxiety disorder, 2.0 for any drug use disorder, and 4.6 for any personality
disorder [2]. Comorbidity is strongly associated with disorder severity, chronicity, and
impairment [4]. Thus, a better understanding of the complex, time-evolving structure
of comorbidity is crucial for prevention and treatment.
Here we use a hypergraph model to reveal the structure of comorbidity among internalizing disorders in a large naturalistic sample of online individuals by examining how
groups of diagnoses and distinct disorders co-occur in reports of clinical diagnosis on
social media. We specifically focus on two prevalent groups of internalizing disorders;
one group centered around depression (Group 1, containing the following disorders; depression, dysthymia, seasonal affective disorder (SAD), and persistent depressive disorder (PDD)) and the other centered around anxiety and related disorders (which we will
refer to as Group 2, containing the following disorders; agoraphobia, anxiety, GAD,
obsessive compulsive disorder (OCD), panic disorder, and specific phobia).
We used the IUNI OSoMe [1], a service which provides searchable access to the
Twitter “Gardenhose”, a 10% sample of all daily tweets, to search for tweets posted in
2019, in which individuals explicitly state that they received a clinical diagnosis of one
or more disorders. We do so by matching tweet content to the regular expressions “diagnos*” followed by a disorder name, e.g. “dysthymia”. To ensure we are only including
valid cases, 3 experts manually labelled whether the tweet contained an actual reference
to a clinical diagnosis. We only retained “diagnosis” tweets for which all three labels
were positive, thereby removing quotes, jokes, and external references. We found 4,049
individuals who thus expressed a clinical diagnosis of at least one of the ten considered
disorders.
Individuals frequently report a diagnosis for multiple disorders, indicating they are
comorbid for the individual. Hence, across all individuals, we can examine the structure
of comorbidity through a hypergraph model in which each disorder is represented as
a node and hyperedges correspond to individuals reporting comorbid diagnoses and
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SAD
GAD

PDD
OCD

panic
depression
phobia

Group 1
Group 2

anxiety

dysthymia

agoraphobia

Fig. 1. Comorbidity network of internalizing disorders. Hyperedges indicate which combinations of individual clinical diagnoses were mentioned by our sample of N=4,049 individuals
on Twitter. Hyperedge width scales with the number of individuals who reported a diagnosis of
the particular set of disorders. Node sizes indicate the number of individuals that reported the
diagnosis. Group membership for each disorder is indicated by the color of the node and the
label.

hyperedge weights represent the number of individuals that reported this combination
of diagnoses.
The network shown in Fig. 1 reveals a number of pertinent structural features of
disorder comorbidity. First, as expected, the disorders in Group 1 are more strongly
clustered within their own group than the disorders in Group 2. Second, seasonal affective disorder (SAD) is only connected to generalized anxiety disorder (GAD) in the
graph, indicating it is comorbid only with this specific disorder. Given that SAD is a
specifier for MDD, this reflect the comorbidity between depression and GAD. Third,
if phobia is mentioned as a comorbid diagnosis, it is always mentioned in combination
with both anxiety and depression, indicating a possible clinical connection between the
three disorders.
The generated hypergraph representation of comorbidity from social media reports
reveals a number of relevant features. We plan to extend this work to study the diachronic dynamics of comorbidity at high temporal resolutions by examining the order
in which comorbidities, e.g. in a single tweet vs. at different moments in time for the
same individual across specific geolocated cohorts. This could inform models of how
internalizing disorders develop and evolve within the individual, possibly informing
new treatment and prevention approaches. Ultimately, examining comorbidity allows
for researchers to study causative genetic or neurobiological vulnerabilities, temperamental factors, or stressful life experiences involved in the development of internalizing
disorders.
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Disorder comorbidity as a complex phenomenon. Thus far, it has largely been studied in clinical samples, which allow for time-varying measurements but are not representative of the range of co-morbidity, or epidemiological samples, which are more
representative but are usually cross-sectional, and their collection is limited by time and
cost constraints. As a majority of the US population is now active on social media (over
70%), obtaining data from these platforms as a source allows for the rapid recruitment
of large samples. Additionally, social media also provides new opportunities to include
traditionally underrepresented groups, which could provide a deeper understanding of
the social and clinical complexities of disorder comorbidity in non-treatment-seeking
samples.
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1

Introduction

The analysis of changes in dynamic social and complex networks in response to events,
and the automatic detection of these points of change termed Change Point Detection
(CPD) are of specific interest lately. Recent works identified changes in the community partitioning of the Enron email exchange immediately after the Californian blackouts [1], and a turtling-up of conversation networks between traders in response to
significant stock price changes [2]. Understanding the network’s reaction to unusual
events provides improved abilities to analyze, understand and possibly take actions in a
given system, infer its response to external shocks, and aid in predicting organizational
and behavioral changes. Approaches for detecting changes range from finding a scalar
values representing the longitudinal data [3], or probabilistic and model-based representations of the network [4, 1, 5]. However, the works mentioned here did not examine
the complex network’s structure as manifested through distributions.
The structural properties that are in the focus of our work here are the network’s
native statistical distribution, i.e., its degree distribution measure. Distribution functions are a measure of the division of resources within the network, and their relative
positions, and are considered a fundamental tool in the understanding of complex systems [6]. Bhamidi et al. [7] further showed that degree-distribution measures reflect
changes in the underlying structure better than the hyper-parameters of the corresponding network models. An additional valuable advantage of a degree distribution-based
event detection is that it eliminates the need to know in advance the number of nodes in
the network at each point in time and can work with as little information as the sequence
of interactions for the periods under inspection. Thus, unlike other CPD schemes, the
proposed solution here assumes no prior knowledge of the network, does not require
pre-processing, and can be used in an online manner, where new network snapshots are
generated on-the-fly.
In here we focus on interaction networks, such as phone calls, text messages, emails,
and online social network postings. These networks, also termed temporal asynchronous
human communication networks [8], can be characterized by the intertwining of the
temporal topological structure and the interaction dynamics.
Method: For two consecutive graph snapshots gi , gi+1 , (i ∈ {1, 2, ...}) we denote the
two generated corresponding cumulative degree distribution functions by Si (x), Si+1 (x).
Given the CDF degree distribution S j (x), j ∈ i, i + 1 for graph g j : S j (x) = Pj (x ≤ X)
† Corresponding

author: ossimo@gmail.com

238

we compute the KS statistic D, defined as the maximal difference between the two
empirical distributions: D(Si , Si+1 ) = sup|Si (x) − Si+1 (x)|.
x

The KS null hypothesis is that the two samples were drawn from the same distribution. Namely,that the distance between the model graph distribution CDF, Si (x),
and the consecutive graph’s distribution CDF, Si+1 (x), is typical for distances between
distributions sampled from the same base model graph distribution.
Following Monte-Carlo bootstrap procedure [10] we generate k = 1000 >> 1 new
samples from Si and compute the distance D(Si , Sik ) between Si (x) and each of its bootstrap samples, {Sik (x), k ∈ 1..1000}. This results in a group of size n = 1000 of distances
from Si to its samples, the group of distances {dik }, k ∈ [1..n]. Then, given k ∈ [1..n]:
∀α < 1, ∃ di,α , s.t. |{D(Si , Sik ) < di,α }| = α · n.
If D(Si , Si+1 ) > di,α then we can reject the null hypothesis with confidence α.

2

Results

We test our framework performance with two real world social organization datasets,
Enron and AskUbuntu, and a series of synthetic datasets. We compare our framework performance1 to that of [1]. We further conduct sensitivity tests with synthetic
datasets and compared the performance of KS to that of two alternative distance metrics:
Kullback-Leibler divergence (KL) [11] and Relaxed Hausdorff (RH) [9]. The synthetic
datasets used were Erdös-Rényi (ER) and Caveman model networks of sizes ∼ N(µ =
100, σ 2 = 10). The size and parameters were chosen as they correspond to the majority of the weekly temporal network snapshots of the real-world datasets we use in this
research.
Table 1. CPD KS framework performance summary
Dataset

CPD framework GHRG [1]
Prec. Recall Prec. Recall
Enron
0.9
0.9
1.0 0.36
AskUbuntu 0.8
0.57

Solution

ER sensitivity
Precision
Recall
Mean Std Mean
Std

Framework 0.94 0.08 0.96
RH CPD
0.19 0.05 0.75
KL CPD
0.65 0.39 0.73

0.08
0.28
0.41

Caveman sensitivity
Precision
Recall
Mean
Std
Mean Std
0.78
0.23
0.86

0.41
0.02
0.26

0.59 0.45
0.91 0.13
0.79 0.36

Table 1 Summarizes the framework’s performance compared to the relevant competition for the real-wold dataset for which we had ground truth, and for the synthetic
1 The Existing method requires that the size of the network is fixed, and hence can be run only

for the Enron dataset. The number of participants in the AskUbuntu forum varies greatly with
time, as as is the amount of interactions.
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networks sensitivity tests. For the real dataset (Enron) our framework found 13 out of
the existing 14 points of change in the data, and achieved recall and precision of 0.9,
compared to the GHRG-based solution suggested in [1] that did not have false positives
but failed to identify some of the change-points. In evaluating the distance metrics, for
both random networks (ER) and Caveman-based networks of mid-sizes, our framework
outperformed the competition. KL performs well and can detect rather small changes.
RH is tailored for detecting changes between networks with a long-tail degree distribution and thus does not perform well for networks of small size. For the full set of
experiments and results and a corresponding discussion please see the full paper [12].
Summary. A distribution-based framework like the one presented in this work enables
a variable number of nodes at each window of time and hence is size agnostic. It also
does not require historical information and can be used for online detection. This is
in contrast to model-based frameworks, which are limited by definition to a stringent
subset of traceable interacting players over time. The framework can be employed with
different distance metrics. Our results demonstrate that for moderate-size networks, the
KS distance metric yields good performance, better than KL and RH. It is also widely
known to be fast [13].
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1

Introduction

In this paper, we study the problem of probabilistic network sparsification. A probabilistic network is a network in which edges are associated with a probability of existence.
Sparsification is the problem of removing a predefined percentage of edges from a network while a specific structural property is preserved [1,2]. Parchas el al. in [3] for the
first time proposed a method to sparsify probabilistic networks while the expected degree
of nodes have the least change. Since the number of edges in sparsified graphs is lower
than the original one, the entropy1 of the graph is normally lower. This is an advantageous result, as we can estimate measures with a smaller number of samples compared to
what is needed in the original probabilistic networks. Networks sparsified by the method
proposed in [3] can be used to estimate a number of measures like average shortest path
length with low error. In this paper, we propose a new method in which ego betweenness
is the structural property to be preserved in the sparsification process.

2

Problem Definition and Framework

A probabilistic network, G(V, E, P), is a network in which V is the set of nodes, E is the set
of edges between the nodes and P is a function that assigns existence probability to each
edge. Given a probabilistic network G(V, E, P) and sparsification ratio 0 < α < 1, sparsi0
0
0
0
fication is the process to extract a new probabilistic network G (V, E , P ), where E ⊂ E
0
and |E | = α|E|, while preserving a specific structural property and having lower entropy.
In this paper, ego betweenness is the structural property that we aim to preserve. The reason is that in probabilistic networks, the probability of paths decreases as the number of
constituent edges increases and as a result, the effect of lengthy shortest paths (SPs) is
lower than the effect of short SPs in the calculation of betweenness. Hence, ego betweenness that just captures the betweenness of a node among its intermediate neighbors is an
appropriate replacement, while also being faster to compute. However, the calculation of
the ego betweenness is still computationally expensive because it needs averaging over
all possible worlds. Ego betweenness of a node can be estimated in O(L2 ) [4], where L is
the number of incident edges to that node.
Definition 1. (ego betweenness estimation) Given a probabilistic network G and a node
u, ego betweenness of u can be estimated as:
B(u) =

∑

{v,w}⊆N(u),v6=w

puv puw (1 − pvw )

(1)

where, puv is the probability of the edge between nodes u and v, and N(u) is the set of
nodes having an incident edge to u. We define the ego betweenness discrepancy of a node
1 The entropy of a G

is defined as: H(G) = ∑e∈E (−pe log pe ) + (−qe log qe ), where qe = 1 − pe .

241
0

as δu = BG (u) − BG 0 (u), where BG (u) and BG 0 (u) are ego betweenness of u in G and G .
Problem. (ego betweenness sparsification) Given a probabilistic network G(V, E, P) and
0
0
0
0
sparsification ratio 0 < α < 1, extract a probabilistic network G (V, E , P ), with |E | =
α|E| for which the sum of discrepancies, ∑u∈V δu , is minimized.
Solution. Solving the aforementioned problem entails two phases: in the first phase, α|E|
edges in the original network are selected (and the rest are removed). We perform this
task with two different methods: iterative Maximum Spanning Tree (MST) and Monte
Carlo sampling (MC). In the second phase, edges’ probabilities are modified such that
nodes have the least discrepancies. While performing the first phase is simple, finding the
exact solution for the second phase is computationally prohibitive [3]. Therefore, we use
the gradient descent algorithm (GDB) proposed in [3] to estimate edge probabilities, i.e.
0
P . At each iteration, GDB selects one edge and optimizes its probability. The optimized
probability is calculated based on discrepancy of nodes whose ego betweenness will be
affected as the probability of the selected edge changes. In more detail, for edge euv in
new
Figure 1, increasing its probability from pold
uv to puv , will increase ego betweenness of its
incident nodes, u and v, and decrease ego betweenness of common neighbors between u
and v, which are w1 and w2 . The following expressions show the change of discrepancies
based on the change of probability puv at iteration i + 1:
u

v

w1

w2

Fig. 1: The effect of changing puv on discrepancy of other nodes.
i
δui+1 = δui − (pi+1
uv − puv )

i
δvi+1 = δvi − (pi+1
uv − puv )

∑

w∈W (u,v)

|

puw (1 − pvw ) +
{z

∑

x∈N(u)−W (u,v)

Cu

∑

w∈W (u,v)

pvw (1 − puw ) +

|

{z

∑

x∈N(v)−W (u,v)

Cv

i
δwi+1
= δwi j − (pi+1
uv − puv )(−puw j pvw j )
j
| {z }

pux
}

pvx

}

C(w j )

where, N(u) is the set of nodes that are connected to node u, and W (u, v) = N(u) ∩ N(v)
is the set of nodes that are connected to both nodes u and v. Hence, by calculating pi+1
uv as
follows, we will be assured that ∑u∈V δ (u) will get one step closer to the minimum value:
i
pi+1
uv = puv + ∆ p , ∆ p = h

∑k∈{u}∪{v}∪W (u,v) Ck δki
∑k∈{u}∪{v}∪W (u,v) Ck 2

where, 0 < h ≤ 1 is gradient descent step size. We will include the mathematical proof in
the main paper.
2
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3

Results

Experiments on discrepancy and entropy Figure 2a shows the mean absolute error
(MAE) of nodes expected degree in four sparsified graphs with regards to α: MST/MC
states which algorithm has been used in the first phase and E/BTW specifies the structural
property which has been preserved in the second phase (expected degree/ego betweenness). The MAE of the expected degree in graphs sparsified with our proposed method is
almost 10 times higher than those sparsified with the method in [3]. However, MAE of ego
betweenness in networks which are sparsified with the method in [3] is up to 1000 times
higher than in sparsified network with our proposed method (specifically MC-BTW) for
0

)
α > 0.3, see Figure 2b. Figure 2c shows the relative entropy of sparsified graphs, H(G
H(G) . It
shows that both methods have a similar trend in reducing the entropy of the probabilistic
network. The entropy drops noticeably as α becomes lower that 0.3. That is because as
the number of available edges in the sparsified graphs decreases, the probability of edges
has to increase to compensate the shortage of expected degree/ego betweenness. As probability can not be higher than 1, then the compensation will be distributed among other
involved nodes. As a result, the probability of many nodes will be 1 or close to 1 and the
sparsified network becomes closer to a deterministic network with very low entropy.
Conclusion. In this work, we proposed a new probabilistic sparsification method in which
nodes ego betweenness is the structural property to be preserved. Our experimental results
show that the resulting sparsified graphs have preserved not only ego betweenness of the
original graph, but also many other structural properties such as ranking and shortest path
queries. All measures can be estimated with a lower number of samples, as the entropy of
the sparsified graphs is lower that the entropy of the original graph.

(a) h = 0.5

(b) h = 0.5

(c) h = 0.5

Fig. 2: MAE and relative entropy of sparsified graphs of a probabilistic brain network with 116
nodes and 6670 edges. MST/E and MC/E are the methods proposed in [3] and MST/BTW and
MC/BTW are the proposed methods in this paper.
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Introduction

In a scenario of global change, extreme weather events are expected to increase in frequency and intensity and cause more social and economic impacts in several sectors,
such as Critical Infrastructures, like Transportation systems. The Sendai Framework for
Disaster Risk Reduction 2015-2030 is one of the most important documents in Disaster
Science. Amidst its global targets, one refers exactly to “Substantially reduce disaster
damage to critical infrastructure and disruption of basic services”. For the Disaster Risk
Reduction (DRR) scientific community, vulnerability is a key concept [1]. The measurement and mapping of vulnerability constitute a subject of global interest. The Complex
Networks approach may offer a valuable perspective considering one type of vulnerability specially related to DRR on critical infrastructures: the topological vulnerability
[2].
Geographical networks provide us a better viewpoint on the influence of physical
world phenomena on network properties. In terms of the dynamic outlook, the complex
network approach is apt for their analysis but, despite the observable interconnection
between the network vulnerability and the complex networks, there still lies a scope for
further discovery of the intricacies involved. The representation of street networks and
other public utility networks using line and point features renders an efficient method to
study a large number of fundamental properties, including shortest paths, connectivity
and efficiency, which in turn assist in deducing significant conclusions.
In this work, we analyze two vulnerability indexes: the topological vulnerability
index and the isolation index (a new one). In both cases, we consider a geographical representation for a street network, under a Disaster Risk Reduction point of view.
Therefore, our work is related to two sustainable development goals: climate action,
and industry, innovation and infrastructure.
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Road transportation systems, such as highways and streets, are networks of routes
and locations, represented as a framework of concrete hierarchical mesh structure along
with physical spatial constraint, delimited and reserved for exclusive usage. Roads,
bridges, tunnels, hill roads are highly vulnerable to disruptions due to inherent complexity and interdependent nature. Natural disasters cause impairment of physical infrastructures, shutdown and discontinuity in operations of road networks.
The vulnerability index, in complex network literature, is first introduced as a way
to spot critical components of a critical infrastructure network. The index is based on the
efficiency of the network and how taking away some nodes can change the efficiency.
The calculation of the vulnerability index V is as follows: one first determines the
network’s efficiency E, then removes all the edges connected to the node k and recalculates the efficiency Ek∗ without it. Next, one compares the old efficiency E with the new
one Ek∗ as Vk = (E − Ek∗ )/E, in which Vk is the vulnerability related to node k. The undirected network vulnerability is max(Vk ), with k = 1, · · · , |N|, for |N| is the total number
of nodes. There are several ways to compute the network’s efficiency, each depending
on the underlying problem. Yet, a classical definition is E = (∑i6= j ei j )/(|N|(|N| − 1)),
in which ei j is the efficiency in the communication between nodes i and j, defined as
the inverse of the shortest path length between them.
The Isolation index serves as a useful measure to scrutinize the impact of isolated
regions of a network. Given a undirected graph G = (N, L), let Lk be the set of edges
connected to a node k where k ∈ N. The isolation index of the node k is given by Qk ,
which is the number of “infinite length paths” between any pair of nodes in the graph
H = (N, (L − Lk )). This is equivalent to the number of disconnected pairs of nodes
(i.e. there does not exist a path joining one node to another). The intuition behind the
Isolation index is the following: it quantifies the inaccessibility in the network when a
specific element (node/edge) is disconnected, like in a flooding or construction work.
While the Vk has the efficiency as the main ingredient, the Qk is concerned with
inaccessibility. Whenever removing the edges of a node, the former index quantifies the
impact on existing routes, while the latter accounts for the number of isolated areas,
making it easier to find bottlenecks in the network. Despite their differences, both capture structural vulnerabilities in complex networks, which have application in diverse
critical infrastructures, ranging from mobility networks to power grids.

2

Results

Table 1 presents the vulnerability and isolation in five network topologies with seven
nodes each.
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Table 1. Vulnerability and isolation indexes applied to five network topologies.
Index
node
tree
star
complete
line
ring

0
30.0
42.0
12.0
12.0
12.0

1
30.0
12.0
12.0
22.0
12.0

Isolation
2
3
4
30.0 12.0 12.0
12.0 12.0 12.0
12.0 12.0 12.0
28.0 30.0 28.0
12.0 12.0 12.0

5
12.0
12.0
12.0
22.0
12.0

6
12.0
12.0
12.0
12.0
12.0

0
0.570
1.00
0.286
0.220
12.0

1
0.620
0.259
0.286
0.425
0.322

Vulnerability
2
3
4
0.620 0.239 0.239
0.259 0.259 0.259
0.286 0.286 0.286
0.522 0.522 0.522
0.322 0.322 0.322

5
0.239
0.259
0.286
0.425
0.322

6
0.239
0.259
0.286
0.220
0.322

Figure 1 presents an example of the isolation index revealing the bottlenecks of
a small-world network, while the vulnerability index labels the nodes more smoothly.
Notice the differences in the outcomes of nodes 30 and 18 in both subfigures.

Fig. 1. Heat map for isolation and vulnerability in a Watts-Strogatz network produced with the
igraph module in Python. Parameters: dimension= 1, size= 34, nei= 2, p = 0.8, and seed= 8666.
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Introduction

The investigation of complex network spectral properties represents a valuable tool to
disclose hidden similarities and significant differences among graphs, especially in relation to their connectivity. We outline a novel quantum-inspired approach [1] to characterize complex networks based on the spectrum of the normalized network Laplacian, also known as the graph spectrum. We relate the network to a one-dimensional
Schrödinger equation, such that its eigenvalues coincide with the graph spectrum. The
potential that defines such equation, reconstructed by applying dressing transformations
[2], provides a compact representation of the network properties, in particular those related to connectivity. To test the effectiveness of this new approach, we apply it to a
well-known testbed in complex network theory, represented by Erdös and Rényi (ER)
random networks [3]. At a critical value of the connection probability between pairs of
nodes, ER networks are characterized by a phase transition, related to the emergence of
a giant component. Our analysis tools, based on the reconstructed potentials, are able
to capture the singular behavior of the network close to the transition. Specifically, we
identify indicators of such criticality in the properties of the pointwise median potential,
computed on several realizations of the ER network with the same size and connection
probability. The main outcome is that the critical behavior of the network coincides with
the emergence of a fractal structure in the median potential profile. We finally check the
validity of the proposed approach by reconstructing the potentials corresponding to randomly subsampled real-world networks.

2

Results

A graph G = (N , E ) is defined through a set N of N nodes and a set E of edges
that connect nodes to each other. Here, we focus on undirected and unweighted graphs
and we also rule out the possibility of loops, namely edges connecting a node to itself.
The spectrum of the normalized Laplacian L encodes information on the number and
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Fig. 1. Left column: representation of the network structure of a random ER network with
N = 250 nodes and link probability p; central column: shifted graph spectrum (cyan) and reconstructed potential (red); right column: median potential, computed over an ensemble of 100
networks with the same N and p. The reported link probabilities p are below (top panels), equal
to (central panels) and above (bottom panels) the critical value pc = 1/(N − 1).

size of connected components and the presence of peculiar structures in the network.
The methodology proposed in Ref. [1] introduces a compact and comprehensive representation of this information by associating a given network with a 1D Schrödinger
equation. Specifically, we consider the spectrum of L : 0 = λ1 ≤ λ2 ≤ · · · ≤ λN ≤ 2
and reconstruct the potential V (x) with the constraint that the shifted graph eigenvalues En = λn − λN , belonging to [−2, 0], are energy levels of the Schrödinger equation
−∂x2 ψ(x) +V (x)ψ(x) = En ψ(x) with } = 1, m = 1/2. The potential is determined with
an iterative N-step procedure, based on the application of dressing transformations [2].
The main testbed of our method is represented by the Erdös and Rényi (ER) network model [3]. Specifically, we focus on the formulation proposed by Gilbert [4], in
which each pair of nodes can be linked with probability p irrespective of the connections in the rest of the network. Hence, the connectivity is quantified by the average
degree hki = p(N − 1), where N is the network size. A phase transition is known to
occur at the critical probability pc = 1/(N − 1) (corresponding to hki = 1), related to
the onset of percolation and to a change in the scaling behavior of the Largest Connected Component (LCC) size, which is logarithmic in N for p < pc and becomes
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linear in N for p > pc [3,4]. To understand the relation between the network structure,
the graph spectrum and the reconstructed potential, we consider 100 realizations of the
ER complex network with N = 250 nodes at three different values of p, and report
the most relevant results in Fig. 1. Below the critical probability (top panels), the sampled networks are almost disconnected, typically characterized by sparse links, and the
lowest shifted graph eigenvalue E1 = −2 is highly degenerate, since its multiplicity coincides with the number of disjoint graph components; the potential reconstructed for a
given network realization is characterized by evenly spaced wells. Far above the critical
probability (bottom panels), the ER ensemble is mostly composed of single-component
graphs, with a high density of links: in this case, the potentials are characterized by a
single minimum and a rapid increase towards an almost constant value. Then, for both
low and high p, the statistical variability of the reconstructed potentials is small, leading to a rather smooth profile of the function Vm (x), defined as the pointwise median
of the set of potentials {Vi (x)}i=1,...,100 associated to all the network realizations. As
one approaches p = pc (central panels) either from above or from below, the network
structures and the associated spectra show a larger statistical variability: as a result,
the profile of the median Vm (x) becomes very irregular. We quantify the ruggedness of
the median potential at different p through the Higuchi Fractal Dimension (HFD) [5],
finding that a peak in this quantity is attained at the critical connection probability [1].
Such a result suggests the possibility to effectively employ our technique in the analysis of random networks, as an alternative probe of the percolation phase transition.
Finally, we apply our methods to a real-world network, namely the US power grid [6].
In this framework the ensemble of graphs with a fixed average degree is obtained by
randomly subsampling nodes from the original network and retaining links connecting
them. Although no bona fide phase transition can be properly identified in this case, we
show that the HFD of the median potential displays a behavior that is reminiscent of
criticality, unlike standard indicators such as the size of the LCC [1].
Summary. We introduce a characterization of complex networks based on associating the potential of a Schrödinger equation to the graph spectrum. The reconstructed
potential provides a compact representation of network properties. In particular, this
technique is able to detect the percolation phase transition in Erdös-Rényi random networks in terms of the fractality of the ensemble median potential. The application to a
randomly subsampled real-world network is finally performed to test the method.
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Random networks occur in many practical scenarios. The oldest and most researched
model of random networks is the Erdős-Rényi random graph Gn,p . This denotes a random graph on n nodes, such that each edge is added with probability p, and it is done
independently for each edge. Many deep results are available about such random graphs,
see expositions in the books [1, 3, 4]. However, the requirement that the edges are independent is often a severe restriction in modeling real-life networks. Therefore, numerous attempts have been made to develop models with various dependencies among the
edges, see a survey in [2]. Here we consider a general form of edge dependency. We
call a random graph with this type of dependency a p-robust random graph.
Definition 1. (p-robust random graph) A random graph on n vertices is called probust, if every edge is present with probability at least p, regardless of the status
en,p .
(present or not) of other edges. Such a random graph is denoted by G
Note that the classical Erdős-Rényi random graph is a special case of our model.
However, we also allow (possibly messy) dependencies. For example, let P(e) denote
the probability that a given edge e is present in the graph, and let us condition on k, the
number of other edges in the whole graph. For any fixed k, set P(e|k) = 1 − k/n2 . Since
1
k ≤ n(n − 1)/2 always holds, therefore, P(e|k) ≥ 1 − n(n−1)
= 1 − n−1
2n ≥ 2 , for any k,
2n2
n(n−1)/2

implying p(e) = ∑k=0
p(e|k)p(k) ≥ 1/2. Thus, with p = 1/2, this random graph is
p-robust. At the same time, the edges are not independent, since the probability that e
is present depends on how many other edges are present.
Let Q be a set of graphs. We use it to represent a graph property: a graph G has
property Q if and only if G ∈ Q. Therefore, we identify the property with Q. We are
going to consider monotone graph properties, as defined below.
Definition 2. (Monotone graph property) A graph property Q is called monotone, if
it is closed with respect to adding new edges. That is, if G ∈ Q and G ⊆ G0 , then G0 ∈ Q.
Many important graph properties are monotone. Our result is that for any monotone
en,p is more likely to have the
graph property, and for any n, p, it always holds that G
property than Gn,p (or at least as likely). This is very useful, as it allows the application
of the rich treasury of results on Erdős-Rényi random graphs to the non-independent
setting, as lower bounds on the probability of having a monotone property.
Theorem 1. Let Q be a monotone graph property. Then the following holds:
en,p ∈ Q).
Pr(Gn,p ∈ Q) ≤ Pr(G
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en,p as the union of two random graphs, Gn,p and G2 ,
Proof. We are going to generate G
both on the same vertex set V . Gn,p is the usual Erdős-Rényi random graph, G2 will be
defined later. The union Gn,p ∪ G2 is meant with the understanding that if the same edge
occurs in both graphs, then we merge them into a single edge. We plan to chose the
en,p , where the “∼” relation between
edge probabilities in G2 , such that Gn,p ∪ G2 ∼ G
random graphs means that they have the same distribution, i.e., they are statistically
indistinguishable. If this can be accomplished, then the claim will directly follow, since
en,p can be obtained by adding edges to Gn,p , which
then a random graph distributed as G
cannot destroy a monotone property, once Gn,p has it. This will imply the claim.
We introduce some notations. Let e1 , . . . , em denote the (potential) edges. For every
en,p . Further, let
i, let hi be the indicator of the event that the edge ei is included in G
m
us use the abbreviation hi = (hi , . . . , hm ). For any a = (a1 , . . . , am ) ∈ {0, 1}m , the event
e
{hm
1 = a} means that Gn,p takes a realization in which edge ei is included if and only
=
am
ai = 1. Similarly, {hm
i
i } means {hi = ai , . . . , hm = am }. We also use the abbreviation
m
ai = (ai , . . . , am ). Now let us generate the random graphs Gn,p and G2 , as follows.
Step 1. Let i = m.
Step 2. If i = m, then let qm = Pr(hm = 1). If i < m, then set qi = Pr(hi = 1 | hm
i+1 =
m indicates the already generated edges of G
am
),
where
a
∪
G
.
n,p
2
i+1
i+1
Step 3. Compute
p(1 − qi )
.
(1)
p0i =
1− p

Step 4. Put ei into Gn,p with probability p, and put ei into G2 with probability
qi − p0i .
Step 5. If i > 1, then decrease i by one, and go to Step 2; else HALT.

First note that the value qi − p0i in Step 4 can indeed be used as a probability. Clearly,
qi − p0i ≤ 1 holds, as qi is a probability and p0i ≥ 0. To show qi − p0i ≥ 0, observe that p0i =
p(1−qi )
1−p ≤ qi , since the inequality can be rearranged into p(1 − qi ) ≤ qi (1 − p), which
m
simplifies to p ≤ qi . The latter is indeed true, due to qi = Pr(hi = 1 | hm
i+1 = ai+1 ) ≥ p,
which follows from the p-robust property.
Next we show that the algorithm generates the random graphs Gn,p and G2 in a way
en,p . We prove it by induction, starting from i = m and
that they satisfy Gn,p ∪ G2 ∼ G
progressing downward to i = 1. For any i, let Gin,p , Gi2 denote the already generated parts
of Gn,p , G2 , respectively, after executing Step 4 m−i+1 times, so they can only contain
ein,p be the subgraph of G
en,p in which we only keep
edges with index ≥ i. Further, let G
ein,p = G
en,p − {ei−1 , . . . , e1 }. The inductive proof will
the edges with index ≥ i, that is, G
i
i
i
en,p holds for every i. At the end of the induction, having reached
show that Gn,p ∪G2 ∼ G
en,p .
e1n,p , which is the same as Gn,p ∪ G2 ∼ G
i = 1, we are going to get G1n,p ∪ G12 ∼ G
Let us consider first the base case i = m. Then we have Pr(em ∈ Gn,p ) = Pr(em ∈
0
Gm
n,p ) = p by Step 4. Then in Step 4, edge em is put into G2 with probability qm − pm ,
m
0
yielding Pr(em ∈ G2 ) = qm − pm . Now observe that the formula (1) is chosen such that
p0i is precisely the solution of the equation
p + qi − p0i − (qi − p0i )p = qi

(2)

253

for p0i . For i = m the equation becomes
p + qm − p0m − (qm − p0m )p = qm ,

(3)

m)
and p0m = p(1−q
is the solution of this equation. Since by Step 4 we have Pr(em ∈
1−p
m
0
Gm
)
=
p
and
Pr(e
m ∈ G2 ) = qm − pm , therefore, we get that the left-hand side of (3)
n,p
m
is precisely the probability of the event {em ∈ Gm
n,p ∪ G2 }. By (3), this probability is
em
equal to qm , which is set to qm = Pr(hm = 1) = Pr(em ∈ G
n,p ) in Step 2. This means that
m
m
m
e
Gn,p ∪ G2 ∼ Gn,p , as desired.
i+1
ei+1
For the induction step, assume that the claim is true for i+1, i.e., Gi+1
∼G
n,p ∪G
n,p

2

i+1
holds. In Step 4, edge ei is added to Gi+1
n,p with probability p. It is also added to G2
0
with probability qi − pi . Therefore, just like in the base case, we get that p + qi − p0i −
(qi − p0i )p = Pr(ei ∈ Gin,p ∪ Gi2 ). We already know that p0i satisfies the equation (2), so
m
m
ei+1
ei is added to G
n,p with probability qi = Pr(hi = 1 | hi+1 = ai+1 ), given the already
generated part, represented by am
.
By
the
inductive
assumption,
hm
i+1
i+1 is distributed as
i+1
e
e
Gn,p , which is the truncated version of Gn,p , keeping only the ≥ i + 1 indexed edges.
Hence, for hm
i+1 , we can write by the chain rule of conditional probabilities:
m−1

m
Pr(hm
i+1 = ai+1 ) = Pr(hm = am )

∏

j=i+1

Pr(h j = a j | hmj+1 = amj+1 ).

After processing ei (i.e., adding it with probability qi ), we get
m
m
m
m
m
Pr(hm
i = ai ) = Pr(hi = ai | hi+1 = ai+1 ) Pr(hi+1 = ai+1 )

m−1

m
= Pr(hi = ai | hm
i+1 = ai+1 ) Pr(hm = am )

∏

j=i+1

Pr(h j = a j | hmj+1 = amj+1 )

m−1

= Pr(hm = am ) ∏ Pr(h j = a j | hmj+1 = amj+1 ),
j=i

ein,p , completing the induction.
which, by the chain rule, is indeed the distribution of G
m
e
Thus, at the end, a realization a = am
1 ∈ {0, 1} of Gn,p is generated with probability
m−1
m
m
m
en,p with its
Pr(h1 = a) = Pr(hm = am ) ∏ j=1 Pr(h j = a j | h j+1 = a j+1 ), indeed creating G
en,p , so G
en,p arises by adding edges
correct probability. Therefore, we get Gn,p ∪ G2 ∼ G
to Gn,p , which cannot destroy a monotone property. This implies the claim.
♠
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1

Introduction

In the work Ref. [1], we assume that each node in the network is associated with
a d-dimensional dynamical system. Then the nodal dynamics of the i-th node in
the network possessing long-range interaction can be described as follows,
ẋi = f (xi ) +

dP
max
k=1

k

N
P

j=1

[k]

Aij Γ (xj − xi ),

(1)

where xi represents the d-dimensional state variable of the i-th node, f : Rd →
Rd describes the dynamics of each isolated node, k is the coupling strength
between the i-th and j-th nodes if d(i, j) = k. A [k] is the k-path adjacency matrix
and Γ is the inner coupling matrix determining the state variables through which
the nodes are interacting with each other.
When complete synchronization occurs in the dynamical network (1), then
there exists a trajectory x0 ∈ Rd , such that, for each  > 0 (however small)
there exists T > 0 (however
large), kxi (t) − x0 (t)k <  whenever t ≥ T . We

call the subset S = x0 ⊂ Rd : xi = x0 , ∀ i = 1, 2, . . . , N as the complete
synchronization manifold. Our aim of this paper is to determine the local and
global stability of S in terms of the coupling and network parameters.

2

Local stability analysis

At first, we will analytically determine the local stability condition of the synchronization state for the coupled system (1) using the seminal MSF approach
[2]. In this purpose, we will assume that, the individual nodal dynamics f is
continuously differentiable with respect to its argument.
Theorem 1. The parallel and transverse components along the synchronous solution respectively satisfy the system of equations,
η̇P (t) = Jf (x0 )ηP (t),
dX
N
−1
max
h
i
X
η̇Ti (t) = Jf (x0 ) − 1 γi [1] Γ ηTi −
k
Uij [k] Γ ηTj ,
k=2

j=1

(2a)
(2b)
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where, i = 2, 3, . . . , N and Jf denotes the Jacobian of the function f . ηP (t) ∈ Rd
and ηT (t) ∈ Rd(N −1) are the state vectors which evolve parallel and transverse
to the synchronization solution, respectively.
The above equation (2b) is the required transverse master stability equation
(MSE) for the complete synchronization solution. It is (N − 1)d-dimensional
coupled equation. In general, this error system cannot be further reduced to lowdimensional form. Also, generally, it is not directly dependent on the eigenvalues
of the k-path Laplacians.
We can measure the exponential contraction or expansion of the linearized
variational equation by calculating its Lyapunov exponents. Among all the Lyapunov exponents, the maximum one (say Λ) plays a key role. If Λ is less than
zero, the complete synchronization state turns out to be locally stable, while
its positive value indicates the instability of the synchronization state. By adjusting the tuning parameters (coupling as well as network parameters), we can
trace-out the synchronization region where the value of Λ is negative.

3

Emergence of complete synchrony: Numerical results

Without loss of generalization, we choose the chaotic Lorenz system [3] described
as ẋ = σ(y − x), ẏ = x(ρ − z) − y, ż = xy − βz. We fix the system parameters
at σ = 10, ρ = 28 and β = 8/3 for which the system remains in chaotic state.
We also choose Γ = diag[1, 1, 1]tr . If k is the coupling strength between the
nodes having shortest distance k (k = 1, 2, . . . , dmax ), then k = /k α where
α is the power-law exponent governing the decay rate. Here we consider the
underlying network as the ER random network architecture. Specifically, we
choose the G(N, p) graph model [4] with N = 200 as the number of nodes
and p as the connection probability. We define the synchronization error as
R t+T PN
kxi (t)−xj (t)k
dt. As conspicuous from its definiE = limT →∞ T1 t
i,j=1(i6=j)
N (N −1)
tion, in the state of complete synchronization, E necessarily becomes zero, and
remains non-zero for the states of desynchrony.
We drawn the variation in the synchronization error E as a function of the
interaction strength  for different values of the power-law exponent α and connection probability p in Fig. 1(a) for various values of α. In Fig. 1(b), the transition from desynchrony to synchrony is characterized by the maximum transverse
Lyapunov exponent Λ with respect to  for the four different values of α and p
as of Fig. 1(a). For these four cases, Λ crosses zero exactly at that point where
the synchronization error becomes zero in Fig. 1(a), which indicates that our
analytical local stability condition agrees well with our numerical simulations of
the synchronization error plot.

4

Global stability analysis

It will strengthen the findings if the condition under which the synchronization
solution is globally stable could be derived. The next theorem deals with the
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Fig. 1: Variation of (a) E and (b) Λ with respect to the coupling strength  for different
combinations of α and p. Here the pairs (α = 2.5, p = 0.05), (α = 2.0, p = 0.05),
(α = 2.5, p = 0.1) and (α = 2.0, p = 0.1) are chosen and are shown by the blue circle,
red square, green diamond, and magenta triangle lines, respectively.

global stability condition of the complete synchronization state with some mild
assumptions.
Theorem 2. Given a connected 1-path network of N nodes described by (1)
with the following assumptions:
1. the isolate evolution function f satisfies the global Lipschitz condition. So
there exists a non-negative constant M such that for any two vectors x, y ∈
Rd , kf (x) − f (y)k ≤ M kx − yk,
2. the inner coupling matrix Γ is a symmetric positive definite matrix. That
is, if {µ1 , µ2 , . . . , µd } be the set of eigenvalues of Γ then µj > 0 for all
j = 1, 2, . . . , d.
Then, if

dP
max
k=1

k λ2 [L [k] ⊗ Γ ] > M , the complete synchronization state of the

dynamical network (1) will be globally asymptotically stable.
Remark 1. For power-law decaying rate, the coupling strength for shortest-distance
k is k = /k α . Additionally, for the assumed inner coupling matrix Γ , all of its
three eigenvalues are 1, so λ2 [L [k] ⊗ Γ ] = λ2 [L [k] ]. Therefore, the global stabilM
ity condition of Eq. (1) is  > dmax
. Beyond this coupling strength, all the
[k]
P
k=1

λ2 [L
kα

]

oscillators in the network converge toward the identical trajectory, irrespective
of the initial conditions.

5

Conclusion

In this work, we have presented our results on the manifestation of complete
synchronization in ER random network subject to long-range interactions. In
order to describe the impact of long-range couplings, we have chosen the decaying interaction strength among the nodes with reference to the power-law,
while considering the paradigmatic Lorenz systems for casting the nodes in the
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network. We have shown how the appearance of synchrony depends on the variation of the coupling strength and the power-law exponent. More importantly, we
have provided comprehensive analysis on the stability of the obtained synchronization solution. Besides a thorough investigation of local stability based on the
master stability function approach, we also presented global stability analysis for
appropriate choice of Lyapunov function.
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Erdös P., & Rényi A., Publ. Math. Debrecen 6 290 (1959).

Statistical properties of edges and bredges in
configuration model networks
Ofer Biham1 , Haggai Bonneau1 Eytan Katzav1 , and Reimer Kühn2
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A bredge (bridge-edge) in a network is an edge whose deletion would split the network component on which it resides into two separate components. Since the integrity
of most networks (particularly transportation and communication networks) is essential for their functionality, bredges are vulnerable links that play an important role in
network collapse processes. Therefore, the abundance and properties of bredges affect
the resilience of the network to both inadvertent failures and deliberate attacks. We
present analytical results for the statistical properties of bredges in configuration model
networks [1]. Using a generating function approach based on the cavity method, we calb ∈ B) that a random edge e in a configuration model network
culate the probability P(e
with degree distribution P(k) is a bredge (B). We examine the distinct properties of
bredges on the giant component (GC) and on the finite tree components (FC) of the network. On the finite components all the edges are bredges and there are no degree-degree
correlations.
In Fig. 1 we present an Erdős-Rényi (ER) network of N = 100 nodes with mean degree c = 1.7. The giant component of this network coexists with many finite tree components. The non-bredge edges (solid lines) connect pairs of nodes that reside on the
2-core of the giant component [2]. The giant component is decorated by tree branches,
on which all the edges are bredges. The bredge that connects each tree branch to the
2-core of the giant component is called root bredge (dashed line). The end-node of the
root bredge that resides on the 2-core is called root end-node. All the other bredges
(dotted lines) connect pairs of nodes that reside on the tree branches, which are not on
the 2-core. The distinction between root bredges and all the other bredges on the giant
component may be useful for optimized dismantling algorithms [3] and targeted attacks
[4, 5]. This is due to the fact that the deletion of a root bredge disconnects the whole tree
branch that is held by this bredge. In contrast, random deletion of bredges may require
a large number of deletion steps in order to chop each tree branch from the 2-core of
the giant component.
b ∈ B) (solid line) that a
In Fig. 2 we present analytical reults for the probability P(e
randomly sampled edge in an ER network is a bredge as a function of the mean degree c.
b ∈ B) can be expressed as a sum of two components: the probability
The probability P(e
b ∈ B, GC) (dashed line) that a randomly sampled edge is a bredge that resides on
P(e
b ∈ B, FC) (dotted line) that a randomly
the giant component, and the probability P(e
sampled edge is a bredge that resides on one of the finite components. The analytical
results (solid, dashed and dotted lines) are in excellent agreement with the results of
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Fig. 1. The structure of an instance of an ER network of N = 100 nodes with mean degree c = 1.7,
which exhibits a coexistence between a giant component and finite tree components. The nonbredge edges (solid lines) connect pairs of nodes that reside on the 2-core of the giant component.
The 2-core exhibits a complex web of cycles. The root bredges (dashed lines) connect the tree
branches on the giant component to the 2-core. All the other bredges (dotted lines) connect pairs
of nodes on that reside on the tree branches of the giant component and pairs of nodes on the
finite tree components.

computer simulations (circles), performed for an ensemble of ER networks of N = 104
nodes.
In order to analyze degree-degree correlations between the end-nodes of bredges,
b k0 |B) of the end-nodes i and i0 of a random
we calculate the joint degree distribution P(k,
b k0 |B, GC) of the end-nodes
bredge. We also calculate the joint degree distribution P(k,
0
b
of bredges and the joint degree distribution P(k, k |NB, GC) of the end-nodes of nonbredge (NB) edges on the giant component. Surprisingly, it is found that the degrees k
and k0 of the end-nodes of bredges are correlated, while the degrees of the end-nodes
of non-bredge edges are uncorrelated. We thus conclude that all the degree-degree correlations on the giant component are concentrated on the bredges. We calculate the
degree-degree correlation function Γ (B, GC) between the end-nodes of bredges, also
called the assortativity coefficient [6], and show it is negative, namely bredges tend to
connect high degree nodes to low degree nodes. We apply this analysis to ensembles of
configuration model networks with degree distributions that follow a Poisson distribution (ER networks), an exponential distribution and a power-law distribution (scale-free
networks).
The properties of bredges in a wide range of real-world empirical networks were
recently studied [7]. The fraction of bredges in each empirical network was calculated
using an algorithm based on depth-first search. An ensemble of configuration model
networks, whose degree distribution coincides with the degree sequence of the empirical network, was generated using degree-preserving randomization. The fraction of
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b ∈ B) is equal to the sum of
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b
two components: the probability P(e ∈ B, GC) (dashed line) that a randomly sampled edge is a
b ∈ B, FC) (dotted line) that a
bredge that resides on the giant component, and the probability P(e
randomly sampled edge is a bredge that resides on one of the finite components. The analytical
results (solid, dashed and dotted lines) are in excellent agreement with the results of computer
simulations (circles), performed for an ensemble of ER networks of N = 104 nodes.

bredges in each ensemble was calculated both numerically and using a generating function formalism. It was found that the fraction of bredges in the randomized ensembles
is very similar to their fraction in the corresponding empirical networks. This indicates
that the information about the number of bredges is captured in the degree distribution.
Thus, configuration model networks are likely to provide useful predictions for the statistical properties of bredges in empirical networks and their effect on the resilience or
vulnerability of these networks to failures and attacks.
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Introduction

The ubiquity of network data describing interactions among a population has motivated a broad literature on statistical network analysis (see [Kolaczyk, 2009]). Whilst
the existing literature is primarily concerned with pairwise interactions, there are many
settings in which interactions occur between higher-order sets of the population. Data
of this type are more appropriately represented as a hypergraph comprised of nodes,
indexed by V = {1, 2, . . . , N} = [N], and hyperedges E = {e ⊆ [N]| elements of e are
unique}. As a motivating example, consider a coauthorship network where nodes represent authors and an interaction occurs between authors when they have collaborated
on an article together. Typically, more than two authors will contribute to an article and
this can be naturally represented by a hyperedge.
Since its introduction in [Hoff et al., 2002], the latent space approach for network
data has inspired a rich modelling literature. In this framework, the probability of an
edge forming between each node pair is modelled as a function of low-dimensional
latent coordinates associated with the nodes. The underlying geometry imposes desirable properties on the networks, such as transitive relationships, allows exploration of
predictive distributions and provides a visualisation of the data. We consider extending
this approach to the hypergraph setting, where we rely on tools from computational
topology to develop a parsimonious model. Our approach models the hyperedges directly, and therefore avoids the loss of information associated with representing each
hyperedge by a clique of pairwise relationships. In the context of coauthorship, this is
made clear by noting that three authors writing a paper together is not equivalent to each
pair of authors writing papers together. Throughout, we focus on the setting in which
hyperedges of order k ∈ {2, 3, . . . , K} are observed.

2

Proposed model

We propose the non-simplicial Random Geometric Hypergraph (nsRGH) model in
which the probability of each hyperedge forming depends on the relative positions of
latent coordinates U = {ui }Ni=1 , where ui ∈ Rd is the coordinate for the ith node. Our
construction is based on the Cěch complex (S3.2 of [Edelsbrunner and Harer, 2010]) in
which the order k hyperedge ek = {i1 , i2 , . . . , ik } is present if ∩ j∈ek Br (u j ) 6= 0,
/ where
Br (u) denotes the ball of radius r > 0 and centre u.
The Cěch complex is a simplicial complex, meaning that the presence of the hyperedge ek implies that all hyperedges described by subsets of ek are also present. In our
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Fig. 1. Left:
Middle: {Br3 (ui )}7i=1 for r3 > r2 . Right: nsRGH with no noise. The
shaded region represents the hyperedge {3, 5, 6}.

motivating example of coauthorship, this property is typically not observed and so we
extend this construction to the non-simplicial setting through the introduction of additional radii. More specifically, conditional on U , we generate a hyperedges of order k
according to the radii rk > 0 and combine hyperedges of each order. Furthermore, we
impose rk > rk−1 for k ∈ {3, 4, . . . , K} to ensure the hypergraph is non-simplicial. An
example of this construction for K = 3 and d = 2 is given in Figure 1, where order 2
hyperedges from the left panel and order 3 hyperedges from the middle panel are combined in the right panel. Finally, to extend the support of the model and aid estimation,
we allow the state of the order k hyperedges to be modified from present to absent, or
vice versa, independently according to a small probability.

3

Identifiability, estimation and inference

Similarly to latent space network models, our nsRGH model exhibits non-identifiability
from the distance-preserving transformations of U . We propose to address this via
Bookstein coordinates ([Bookstein, 1986], Section 2.3.3 of [Dryden and Mardia, 1998]),
a concept from shape theory, in which a subset of the latent coordinates are specified
as anchor points that remain fixed. This removes the need for post-processing to address non-identifiability, as typically applied in the latent space network literature (see
[Hoff et al., 2002]).
Estimation is performed via an MCMC scheme and we rely on the GUDHI library
([The GUDHI Project, 2020]) to evaluate the Cěch complex, as required for calculation
of the likelihood. Given posterior estimates of the model parameters, we are able to
visualise the hypergraph through the latent coordinates and explore predictive distributions using the generative model. Finally, we consider the application of our model to
real world data.
Summary. We extend the latent space approach of [Hoff et al., 2002] to the hypergraph
setting by relying on tools from computational topology. Our model is both parsimonious and flexible, and avoids expensive likelihood calculations implied by a direct
analogue of the latent space network model of [Hoff et al., 2002]. Estimation is carried
out via MCMC, and our nsRGH model facilities visualisation of the hypergraph and
exploration of predictive distributions.
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It has been noted by several authors who studied the sizes of blackouts in real electrical grids that the sizes of those blackouts are distributed as power laws, and it was
suggested that this is because they are driven to the self organized critical-state [1, 2].
On the other hand, recent studies [3, 4] point to the distribution of cascades being bimodal, as in first order phase transitions, with either very small or very large blackouts.
The objective of this work is to reconcile these results, by looking at models of electric
grids, and simpler models of betweenness centrality overload, like the Motter and Lai
[5, 6] model. We investigate how the distribution of the sizes of the cascades depends
on the parameters of the models, including the tolerance criteria for the lines and the
dynamic rules of failure during the cascades.
The standard criterion of resiliency in electrical grids is the N − 1 criterion [7]:
the grid must safely operate in the event of the failure of any single line. This is quite
different from the resilience criteria in many overload models where a uniform level of
protection for all the lines is considered [6, 8]. Also, in previous models of the grid [1],
it was assumed that if at any stage of the cascade one of the lines with loads exceeding
the maximum values imposed by the N − 1 condition fails, immediately all the currents
in the grid are redistributed adjusting to the new network topology, and if a previously
overloaded line falls below the threshold it can survive. So, this dynamics of ”one-at-atime” failure of the lines in the cascade slows down the cascade. In contrast the overload
models considered that all the lines or nodes failing at one stage of the cascade are
removed simultaneously before the currents are redistributed.
Here we reconcile the two approaches and show that the power law distribution of
the sizes of the cascades emerges for high protection level, and also in cases where the
network topology is close the percolation point. We also show that the “one-at-a-time”
removal rule significantly reduces the sizes of large blackouts and their probabilities,
replacing the bimodal distribution of blackouts by an approximate power-law for intermediate protection levels when the “all-at-once” rule still leads to a bimodal distribution. We show that these features are held for both the direct current model of a power
grid and for the Motter and Lai model of overload, suggesting that the exact physical
laws of flow on the network (Kirchhoff’s laws in real grid and their models,vs. minimal
path rule in the Motter and Lai case) are not as relevant a factor as the protection level,
network topology and the cascade dynamics rules.
For all the models of the power grid considered we observe the emergence of an
approximate power law part in the distribution of the size of the small cascades when the
one-by-one update rule is adopted. However, for each of the models studied (with the
exception of one particular model, designated as RML in Figure 1, which is close to the
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percolation threshold), in addition to small blackouts characterized by an approximate
power law distribution, we still find some large blackouts with a significant fraction
of power loss. [Fig. 1(a)] . But when we consider the N − 1 condition with the all-atonce update rule, the power law part of the blackout distribution disappears [Fig. 1(c)].
The distribution becomes strictly bimodal. Additionally, large blackouts become much
larger with the all-at-once rule than with the one-by-one rule; the system is much more
prone to failure.
The models presented in figure 1 correspond to approximately 12,000 nodes (models denoted as USWI and DADA) and 10,000 nodes (models denoted as RR and RML)
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Fig. 1. Cumulative distributions of blackout sizes, measured as a function of the fraction of the
consumed power lost in the blackout for four different grid topologies with the direct current approximation and the N − 1 condition implemented. (a) One-by-one update rule. All distributions
have a small range of a power law decay but eventually become bimodal except for the RML
model with hki = 5.0. A clear power-law distribution with τ − 1 = 0.5 emerges for the case of
the RML model. (b) The same figure in a double logarithmic scale. (c) All-at-once update rule.
All distributions remain bimodal.
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In the case of the Motter and Lai model the N − 1 condition is not necessary for
the emergence of the power-law distribution of the cascades For example, if we take
an ER network with hki = 1.5 we see the transition from a bimodal distribution of
the cascades to a power-law distribution with an exponential cut-off [Fig. 2(a)] as the
tolerance increases. This is somewhat similar to the effect observed for large protection
and small fraction p of nodes that survive the initial attack in Ref. [8], where the bimodal
distribution of the cascades ceases to exist. Replacing the all-at-once update rule by
the one-by-one rule shifts the transition from bimodal to a power-law distribution at a
smaller α [Fig. 2(b)], but both behaviors can still be seen.
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the Motter and Lai model with different values of the tolerance α and all-at-once update rule.
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Abstract
Complex networks ahave becom a central structure of scientific analysis, from
our social networks [1], to biological networks [2], networks of engineered systems
[3], to gene networks [4]. Clearly these complex networks play a prominent role
in our everyday lives, and understanding the processes running, on and inside
of, these networks cannot be achieved without clear knowledge of these networks
themselves.
Recently, thanks to both technological advances as well as the onset of “big
data” it has become clear that real world networks are generally not simple random networks, such as the Erdős-Rényi networks with a Poisson degree distribution [5]. It was suggested in [5] that the heavy tails of the degree distributions
of real world networks could be fit with a power law. While this suggestion has
certainly been challenged, (see for example [6–8]) much of the network community has accepted the approximate power law degree distribution of real world
networks as de facto. However, we find that most real world networks exhibit
either a negative binomial, or more frequently, a scaled version of the negative
binomial degree distribution. We will refer to both of these as negative binomial for the remainder of this abstract unless otherwise stated. Below we outline
evidence for negative binomial degree distributions in real world networks.
We consider our case for negative binomial degree distributions. First we provide a simple generative model, to be presented in a forthcoming paper, which
provides negative binomial or scaled negative binomial degree distributions. Second, we model the degree distributions from real world networks showing that
commonly real world network degree distributions fit to the negative binomial
distribution. Fitting to these real world networks is shown in Fig.1. The proposed
network model produces one of three types of networks depending on the parameter regime, either power law, negative binomial or scaled negative binomial
degree distributions. To provide further evidence we show that the BarabásiAlbert (BA) networks have power law degree distribution, which is not fit by
the negative binomial distributions, and furthermore that power law does not fit
to the proposed network generative method.
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Fig. 1. Left: We show the Kolmogorov-Smirnov (KS) two sample test statistic (y-axis
smaller indicates better fit) of real world networks fitted to one of four models. The
black line indicates the cuttoff beneath where the null hypothesis of the two samples
not being drawn from the same distribution would be rejected. Right: Networks of size
10,000 nodes or larger. We note that small networks often fit to multiple distributions
for the KS test for large networks this overlap is less common. In this case we see
that about 80 % of all networks (with greater than 10,000 nodes) fit to one of the 4
distributions, about 55 % fit to the scaled negative binomial, about 25 % fit to power
law, about 19 % fit to negative binomial and about 4 % fit to Poisson.

The proposed generative model is a growth model, with nodes added successively one at a time. As a node joins the network, it ”chooses” to attach to existing nodes via a Krapivsky-Redner [9] type preferential attachment mechanism,
with a redirection parameter (r), and a parameter that controls the ”memory”
of previous attachments, (β), and the parameter m controls the average degree
of the network. When a node joins the network, with probability 1 − r m nodes
are chosen at random to connect to as in [10]. However, with probability r a
node choses its attachments via weights w, which are given by
w=

X
k

e−β(t−τ (jk ) /

n X
X
i=1

e−β(t−τ (il ) .

(1)

l

In Eq. 1, t ∈ {1, 2, ...n} is an integer value representing the current node joining
”time”, and {τ (jk )} is the set of times when links have been connected into node
j. In the case of β → 0 we recover the model presented in [10], which produces a
power law distribution, and if β = 0, r = 0.5 the BA model is recovered [9]. The
case of β = 0 is the infinite memory case, in which all previous connections play
a role in the probability of attachment, while β → ∞ represents no memory of
previous attachment. So the degree of a node is only related to aging effects in
the network, this produces a negative binomial (more specifically a left truncated
and zero-inflated negative binomial) distribution. With 0 < β < ∞ we find that
as m grows, negative binomial fits poorly to the negative binomial, matching
what we find in the real world networks.
In Fig. 2 and Fig. 3 we show that in all cases the best fitting model to simulated
networks is the model we woud expect, for instance in the BA model the best
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Fig. 2. We show the Kolmogorov-Smirnov (KS) two sample test statistic of various
distributions when fitting to the proposed network model with 100,000 nodes under
4 different distributions; power law, negative binomial, scaled negative binomial and
generalized poisson. It is clear that the scaled negative binomial gives a better fit than
alternatives to this model.

fitting distribution in the KS test statistic is the power law, and in the situation
where β is small but nonzero, the best fitting model is the truncated negative
binomial model. Although we have not shown this case, we have also verified
that when β → ∞ the best fitting model is negative binomial as this situation
(zero memory) leads to an exponential tail. We conclude from this that the KS
two sample test can be used to differentiate between the various types of degree
distribution listed above.
In conclusion, we have produced a generative model which produces scaled
negative binomial, negative binomial or power law degree distributions. We have
shown that real world networks tend to fit our model more closely to this scaled
negative binomial, than the usual power law distribution. Finally we have shown
that the KS two sample test statistic is valid for use in separating the various
types of degree distribution, verifying our claims above.
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MTA-PTE Innovation and Economic Growth Research Group, Pécs, Hungary,
EconNet Research Group, Pécs, Hungary,
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Doctoral Prgramme in Business Administration, University of Pécs, Faculty of Business and
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Introduction

While real life market interactions tend to be selective in the sense that not all suppliers
are connected to all customers and vica versa, standard economic analysis frequently
assume away this incompleteness and use models where consumers have access to all
product varieties and producers supply the entire market. An interesting aspect of this
incomplete connectedness is price heterogeneity: if supplier-buyer interactions are not
complete in the above sense, consumers make decisions on different information bases
with respect to prices and if rational suppliers take these differences into consideration then heterogeneous prices may arise from the specific network structure on which
market interactions are based.
In this study we build a simple model of monopolistic competition where the network structure of supplier-buyer interactions is explicitly taken int account. In this
model framework we then analyze the existence and properties of optimal prices. In
particular, we are interested in the distribution of prices and the extent to which the
selective nature of market interactions can give rise to price dispersion.
Standard literature on price dispersion seeks to explain heterogeneous prices either
through some heterogeneity in the inherent characteristics of producers or consumers
or assuming some incompleteness in price information on the side of consumers which
arises from positive search costs [1, 2]. We join this line of research from the viewpoint
of complex systems: taking the structure of information flows through market interactions as given, we infer on how this structure shapes price heterogeneity.
Recent literature supports this view by emphasizing the advantages of complex systems approach in economic analysis ([3, 4]), while the results of network science also
indicate that the aggregate performance of a system is inherently related to the structure
of connections among agents (see e.g. [5–7]).
While some studies have explicitly taken into account the relationship between network structure or network formation and the pricing behavior of firms, these contributions typically refer to network externalities where the connection structure is assumed
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to play a role between consumers [8–11], to situations where firms can engage in some
kind of information exchange [12] or markets where networks (like telecommunication
networks) compete with each other [13]. Also, a relatively recent line of research focuses on network structure in externalities, but these contributions consider the network
of consumers (local network externalities) explicitly [11, 14–18]. Up to our knowledge,
however, there is no attempt so far which examines the role of explicit network structures between buyers and sellers, and how this structure affects price dispersion.
The model is set up as follows. Its key element is the exogenous adjacency matrix
A describing the connection structure between suppliers indexed by i ∈ {1, 2, ..., M}
and consumers indexed by j ∈ {1, 2, ..., N}. An exogenous connection structure can be
relevant in this case as the pace of change in connections (changing consumption habits,
information channels, etc.) is lower than the pace at which companies can set/reset their
prices [19]. This adjacency matrix shows whether actor j consumes/buys from actor i
(ai j = 1) or not (ai j = 0). Let B denote the column-standardized version of A, with
general element bi j . Then, demand of actor j from the product of actor i is defined by
the following demand function:


xi j = bi j γ j − ε pi − p j , ∀i, j

(1)

where γ j > 0 is a consumer-specific intercept of the demand function, ε > 0 is an elasticity parameter reflecting the substitutability of product varieties, pi is the price charged
by producer i and p j is the price index perceived by consumer j. The latter is defined as
p j = ∑ bk j pk , ∀ j

(2)

k

which means that the perceived price index of consumer j is the average price of the
producers it is connected to. The above demand structure explicitly depends on the
network structure A between producers and consumers. Total demand is of producer i
is the sum of the demands from all consumers j:
yi (p) = ∑ xi j = ∑ bi j γ j − ε ∑ bi j pi + ε ∑ ∑ bi j bk j pk , ∀i
j

j

j

j

(3)

k

The price vector p in parentheses indicates that the demand of a single producer
depends on the price of others through the connection structure. Producers then try to
set their prices pi to maximize their profit

ω
πi (p) = pi yi (p) − ω`i = yi (p) pi −
, ∀i,
(4)
α
taking into account the structure of market interactions in A and subject to the demand
functions (3). In the profit function above, we assumed a linear production technology
yi = α`i , ∀i, where `i is labor use and α is labor productivity.
The model thus describes a landscape where consumers have established channels
through which they compare and purchase product varieties and they possibly lack access to full information on prices. On the other side, firms take these channels as given
and maximize profits by setting prices. The model thus allows decision makers to design policies targeting the redirection of these channels of information flows in order to
adjust price heterogeneity.
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2

Results

The results of this study are two-fold:
(i) We analytically prove that the optimal price vector exists under non-restrictive conditions of the market structure and
(ii) we show with simulations that incomplete market structure gives rise to price heterogeneity and this price heterogeneity hinges on the density of the interaction network while the asymmetry of the network plays a minor role.
The producer-wise first order conditions of the profit-maximizing problem can be
used to derive the following formula for optimal prices:

εω 
1
C1 .
p = Q−1 BG1 +
ε
α

(5)

e and C are diagonal matrices with γi , ∑ j bi j and ∑ j bi j (1 − bi j ) on their
where G, B
main diagonals respectively, while 1 stands for column vectors of ones with adequate
e + C − BBT describes the strength of indirect connections between
sizes. Finally, Q = B
producers, the extent to which two producers share the same consumers and these consumers are exposed to them with a low number of alternative varieties at their reach.
The existence of an optimal price vector then depends on whether Q−1 exists. We show
that for this inverse to exists, it is enough that

∑ bi j
j


1 − bi j > 0, ∀i.

(6)

holds. This is true if there is at least one consumer j for every producer i for which
d j ≥ 2. So every producer must be connected to at least one such consumer who is connected to at least one other producer. Put it differently, this condition rules out isolated
producers (bi j = 0 for all j) and producers without competition (monopolies).
With numeric simulations, we analyzed how network structure shapes price heterogeneity. First, we used the random network model of [20] to fill up the adjacency
matrix A. Although the network represented by A is bipartite, the algorithm is easily
adjusted to generate networks where the degree distribution is Poisson for both types of
the nodes. Fig 1 shows how the relative standard deviation of the resulting price vector
is shaped by the size (N) and expected density (r) of the network. The results indicate
that price dispersion is significant only for quite sparse networks (r < 0.1) or small ones
(N < 10).
As the Erdős-Rényi random network gives symmetric structure with less deviation
around average degree, we experimented with a network generation algorithm which is
able to generate asymmetric degree distributions. The algorithm was proposed by [21]
and [22], and it works along a weight parameter k which sets the asymmetry of the
degree distribution: for k = 0 we have Poisson, and for k = 1 power law distribtion. In
our setting, we let the degree distribution of suppliers (k1 ) and that of consumers (k2 ) to
vary independently, therefore the bipartite nature of the generated network is handled.
Fig 2 show that the asymmetry in the degree distribution of suppliers affects price
heterogeneity: the more skewed the degree distribution of the suppliers, the more dispersed prices are. However, compared to the extent to which sparsity can shape price
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Fig. 1. Standard deviation of the optimal price vector p (indicated by the coloring) in function of
expected network density (r) and network size (N). The figure was constructed with parametrization α = γ = ε = ω = 1 and for all combinations (r, N) 1000 independent simulations were run
and the relative standard deviations then averaged.

Fig. 2. Standard deviation of the optimal price vector p (indicated by the coloring) in function
of the asymmetry of the degree distribution of suppliers (k1 ) and consumers (k2 ). The figure
was constructed with parametrization α = γ = ε = ω = 1 and for all combinations (k1 , k2 ) 1000
independent simulations were run and the relative standard deviations then averaged.
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heterogeneity, the effect of asymmetric network structure remains only minor as shown
by the range of the color scale. Moreover, asymmetry in the degree distribution of consumers seems to affect price heterogeneity even less.
Summary. In this study we have investigated the impact of incomplete market interaction networks on price dispersion. This attempt fits well into the literature on price
heterogeneity and incomplete information concerning competitive market structures.
We set up a model of monopolistic competition in which suppliers and buyers are interacting according to an exogenously given and possibly incomplete network. Within
this framework, we show that the optimal price vector exists under realistic market conditions and that a slight deviation from the complete network results in heterogeneous
prices. However, this heterogeneity becomes economically significant only under sparse
or small networks. Sparsity as the main determinant of price heterogeneity dominates
network asymmetry: relatively dense networks show minimal price dispersion even if its
degree distribution follows a power law. As a result, we can say that price heterogeneity can be reasonably decreased through a more dense information/interaction structure
rather than simply restructuring the existing connections.
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Extended Abstract

Although the classic centrality indices [1] are common, they consider only individual
relations between nodes in the networks. Such classic centrality indices, for example,
PageRank or In-degree centrality, disregard these important issues as group influence
in the analysis of the influence of the nodes in the networks. The notion of group centrality of nodes can be consistently incorporated into a model evaluating the group
influence in networks along with the parameters of the nodes themselves. For example, in a banking network the values on arcs can be volumes of the credit flow among
banks, and the parameters of the nodes can reflect the assets of the banks themselves.
So, if several creditors of the bank act simultaneously and the total value of the credit
exceeds some critical value, which, in general, depends on the total credit activity of
the bank or the banks’ assets, then the stability of the financial institution might differ
drastically comparing to that if the actors act asynchronously. In the international
trade network the situation in which the import to the country is reduced from one
exporting country alone, differs from the situation in which the import from several
exporting country is reduced. The effect induced on the importing country also depends on the share of the amount of import the set of countries constitutes, does the
amount exceeds some critical level, and are there countries in key positions in terms
of the amount of trade. This kind of group influence in the networks can be modelled
by the proposed group centrality indices, such as Bundle and Pivotal indices. The
indices are illustrated by evaluating the centrality of the countries in the international
trade network of 2015 year using the WITS Comtrade data [4,5].
The Bundle and Pivotal indices in a general form have been proposed in [3]. Let us
define the indices. Let a country in the international trade network imports goods
from several other countries, and let it be some critical level, say 10%, called quota,
of the total import, to the country. If the total import from some subset of the countries exceeds the quota then such subset is called critical. The proposed Bundle index
calculates the number of the critical sets for each country and then normalize it over

279

all countries. One can notice that some countries can exit the critical sets, and then the
set ceases to be critical. These countries called pivotal ones. The proposed Pivotal
index evaluates the number of pivotal countries aver all critical sets and then normalize the values among the countries. For the proposed indices, the restriction on the
size of the coalition of the exporting countries can be imposed. Only coalitions of not
more than 5 exporting countries are considered.
More formally, for the country 𝑖, the critical sets 𝑆 for the country can be defined
using the following function
1, 𝑖𝑓 ∑ 𝑤𝑗𝑖 ≥ 𝑞𝑖 ,
𝐵𝐼𝑖 (𝑆) = {
𝑗∈𝑆
0, 𝑒𝑙𝑠𝑒.
where 𝑤𝑗𝑖 – weights of the arcs, that are the volumes of the bilateral import to the
country 𝑖 from the country 𝑗, and the quota for the country 𝑖 is denoted as 𝑞𝑖 . Thus,
the Bundle index for the country 𝑖 just counts the number of such critical sets
𝐵𝐼𝑖 =∑𝑆 𝐵𝐼𝑖 (𝑆),
the values of 𝐵𝐼𝑖 then normalized over all countries so that the sum be equal to 1.
The Pivotal index counts the number of the pivotal vertices in the critical sets, i.e. the
vertices 𝑣𝑝 , which satisfy both of the following conditions
∑𝑗∈𝑆 𝑤𝑗𝑖 ≥ 𝑞𝑖 , and ∑𝑗∈𝑆\{𝑣𝑝 } 𝑤𝑗𝑖 < 𝑞𝑖 ,
where, as before, 𝑤𝑗𝑖 are the weights of the arcs directed to the country 𝑖, and 𝑞𝑖 are
the quota for this country. Having denoted the number of the pivotal vertices in the
critical set 𝑆 for the country 𝑖 as 𝑃𝐼𝑖 (𝑆), the formula for the number of pivotal nodes
has the following form
𝑃𝐼𝑖 =∑𝑆 𝑃𝐼𝑖 (𝑆),
then the values 𝑃𝐼𝑖 are normalized over all countries.
For the international trade network, the Bundle and Pivotal indices are evaluated using the data on total import to the countries of the world for 2015. United Nations
Statistics Division International Trade Statistics Database (UN Comtrade) is a database of export-import information, obtained using World Integrated Trade Solution
(WITS) software. The database contains yearly export/import volumes between the
pairs of the countries over an extensive structure of the categories of the goods. For
our analysis, the total amount of the trade between each pair of the countries is taken
into account. The quota is taken to be equal 10% of the total import to the country,
and the maximum size of coalitions is set to 5. The Copland in-degree index is also
calculated. The results show that the most influential countries are France, Spain,
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South Africa, Poland, Netherlands, Thailand, Germany, Korea, United Kingdom, and
United States. In this year according to Bundle index the influence of France is
around 2.1%, of Spain is about 1.9%, and within 1.7–1.8% for each of the rest of
these top ten countries. According to the Pivotal index the most influential countries
are France, Thailand, Slovakia, Korea, Poland, Singapore, Mexico, Czechia, New
Zealand, and Canada. These countries have around 2% of Pivotal index influence
each. Comparing to the classic Copeland in-degree index the United States, China,
Germany, United Kingdom, France, Hong Kong, Japan, Netherlands, Italy, and Korea
are among the top 10 countries. In contrast to the group influence indices there is
around 14% for the USA, 9% for China, 7% for Germany, and about 4% for United
Kingdom, France, and Hong Kong each. The difference of the group centrality comparing to classic in-degree centrality originates both from the fact that the group centrality indices use the share of the total import of the country contrary to the in-degree
index which takes into account the import in absolute terms, and the fact that the new
group centrality indices reveal so-called the structure of the import among the exporting countries not taken into account in the in-degree index.
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1

Introduction

In nowadays fast world, people tend to change workplace very often, carrying along
with them the old company’s know-how and, possibly, some strategic information.
Analysing how companies exchange personnel is interesting in both social and economic terms and, moreover, it could be a useful tool for every company that does not
want to lose its best employees. In fact, over the last few years, one of the major problems managers had to deal with was employee retention [3, 6]. To gain insight into this
problem we built a professional network using data retrieved from the LinkedIn social network and we analysed how employees from different sectors moved between
companies. The final goal of the study was to understand whether diverse sectors presented some peculiar characteristics in terms of turnover, with a follow-up focus on
those companies exchanging a significant number of employees. A further objective
was to investigate whether it was possible to infer companies’ prevalent sector from
employees’ exchange information. A sample of 221,782 users was gathered filtering by
location (Italy), industrial sector and the number of employees. Such sample was later
exploited to obtain a network connecting various companies, which were represented
as nodes in the graph. An edge between two companies was built when at least two
persons have been employed in both of them at some point in time. Each of these links
was weighted according to the total number of people that had worked in both firms
and characterized by an attribute representing the industrial filter. The building of such
edges did not consider the chronological order of the employee’s exchanges, resulting
in an undirected graph of 14,875 nodes and 43,932 weighted edges. During the scraping
phase we selected 23 of the industrial sectors available on LinkedIn, that were later aggregated into 4 macro-sectors: Consulting, Informatics (IT), Public Relations (PR)
and Others.

2

Experimental Results

To investigate the correlations between companies through the exchanged personnel we
analysed how sectors, communities and central nodes influenced the structure of the

282

(a) Central nodes by macro-sector

(b) Accenture’s sectors percentage distribution

Fig. 1. Central nodes subgraph and Accenture sectors’ distribution

graph. The communities analysed were discovered via the Louvain algorithm [1]. Our
analysis underlines that each of the identified community is mainly composed by companies belonging to the same sector. Moreover, we observed the sectors composing the
IT macro-sector to be uniformely distributed - being spread all over the communities while the sectors composing the Consulting and the PR macro-sector were confined in
fewer communities. However, these last two macro-sectors appeared to behave differently: in fact PR sectors covered most of the communities in which they were presented
- revealing a weak connection between them - while the Consulting ones followed a
better balance distribution.
We then carried out a sector distribution analysis on those nodes that were found
to be central in the network (by means of classic centrality indexes). The first thing to
notice was that these nodes represent well-known companies in their industry as shown
in figure 1(a). A common pattern was indeed found in these central nodes’ sector distribution: each of them was mainly composed by one sector with a value between 60%
and 80% and several others with a value smaller than 10% separately. Figure 1(b) highlights this phenomenon for the Accenture node. Depending on the company, the major
sector of its edges changes as expected: while in nodes representing well-known banks
(eg. Gruppo BNP Paribas) it is the banking industrial sector, in IT companies (eg. Amazon) it is the IT sector and in Consulting firms (eg. Accenture) it is the consulting one.
We observed interesting characteristics about the Freelancer node, which presented the
most sparse sector’s distribution. This might be due to the nature of the node that does
not represent a specific company, but a temporary status (if not a life choice).
To examine the correlation between sectors we created a co-presence matrix that
stores in each cell (i,j) the number of nodes that had both a link of sector i and a link of
sector j attached to them. We observed, as expected, high co-presence values between
pairs of sectors belonging to the same macro-sector. However, pairs composed of different macro-sectors were also observed: the highest value was reached by the couple
(Managerial consulting - Informatics and services), followed by (Managerial consulting - Human resources) and (Financial services - Informatics and services) reflecting
what the authors concluded in [4]. Moreover, it emerged that Managerial consulting
was the most present sector in such pairs and this result could be associated with the
multidisciplinarity of the Consulting macro-sector [5], capturing people with various
backgrounds and moving from different sectors.
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Finally, we constructed a derivative dataset using both semantic and topological
information characterising the network nodes. We then exploited such information as
attributes in a Machine Learning classification problem, whose aim was to predict the
industrial macro-sector of the links. The main goal of this task was to infer whether and
to which extent the network’s properties influenced such characteristic. The selected
classifier to address such task was the Random Forest (RF). We achieved satisfactory
results reaching an overall accuracy of 76% and a F1-score value of the Consulting, IT,
PR and Others macro-sectors labels respectively of [0.83, 0.75, 0.70, 0.50]. It is important to notice that the lowest performance was obtained for those labels with lower
support due to the unbalance in the dataset. Finally, to identify, explain and interpret
some classification rules, we applied a local rule based explainator, namely LORE [2].
While eigenvector and pagerank centralities appear to be the features of uttermost importance for the RF classifier (considering their prediction weights), the local classification rule explainator highlighted something different. In fact, by analysing several
random records with LORE, it emerges that another feature has the most discriminative
power: community belonging. The classifier decides the classification label according
to the community to which the nodes connected by the link belong. Moreover, the final
prediction is set to the class of the most common industrial sector in the node community. These kind of LinkedIn networks’ analysis could be exploited to study the
knowledge exchange development between companies and discover what are the social
phenomena underneath these changes. As a future work, we plan to collect a larger
amount of data and store more information in the network such as users’ education,
location and job’s role. A different network could also be explored taking into account
the chronological order of employees’ movements to better investigate people turnover,
migration and knowledge exchange between companies.
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1

Introduction

Agent-based models have been a useful strategy to model social systems, suggesting
that complex collective behaviors can be described by sets of simple local interactions.
One such problem has been the wealth distribution in societies, and various models
have been proposed to understand its power-law behavior (Pareto’s law). [3, 9, 8]
We have studied a simple model for wealth distribution, in which agents interact
by sharing money, but with a certain spending propensity. [7] Specifically, a certain
amount of money M is distributed uniformly across all agents, Then, at each iteration,
two agents i and j are chosen randomly, and they exchange money according to:
xi,t+1 = (1 − Λi )xi,t + (Λi xi,t + Λ j x j,t )εi, j,t ,
x j,t+1 = (1 − Λ j )x j,t + (Λi xi,t + Λ j x j,t )(1 − εi, j,t ) ,

(1)

where xi,t is the wealth of agent i at iteration t, Λi is the spending propensity of agent i,
and εi, j,t is a random number between 0 and 1, taken from a uniform distribution. Notice
that if Λi = 1, agents can exchange any portion of their wealth, and the equilibrium
wealth distribution is exponential, as obtained by the earliest versions of these models,
which did not consider spending or saving propensity [4].
In Ref. [7], it was shown that the model is able to realistically account for the wealth
distribution in a society, not only in the high-end where the Pareto’s law is valid. Also,
we show that if the spending propensity is distributed according to a power-law, then the
resulting wealth distribution is a power-law as well. Any Pareto index can be obtained
by changing the power-law index of the spending propensity. As mentioned in Ref. [7],
the power-law behavior of Λ should be validated from real data, and would require
reliable information on the consumption habits in a given community.
As seen in Eq. (1), one of the assumptions in Ref. [7] is that all agents can exchange
money with all others. However, in real societies, not all interactions are possible: one
individual may buy at certain stores and not others, depending on her/his actual location,
two arbitrary individuals may never meet, etc. Thus, it is worth considering the effect
of this nonhomogeneity of economic interactions on the wealth distribution.
Various works have studied wealth distribution over a network, based on strategies
such as discretized kinetic theory [1], the Bouchard and Mézard model [5, 6], the yardsale model [10] or the Conservative Exchange Market Model [2]. Some of these works
study the effects of network topology, such as having homogeneous instead of heterogeneous networks, or the correlation between wealth and connectivity of the agents.
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In this work, we follow a similar approach, by taking agents as nodes in a complex network, but starting from the model proposed in Ref. [7]. Thus, we can study
how the existence of a spending propensity affects wealth distribution, when economic
interaction is only possible if those agents are connected.

2

Results

In order to investigate the effect of network topology on wealth interaction, we will
consider three cases, representing various distributions of social contacts: a network
where all pairs of nodes are connected (equivalent to the model in Ref. [7]), a random
network with Poisson degree distribution, and a scale-free network.
Thus, in our modified model, Eq. (1) is used, but only if i and j are connected
by a network vertex. The model is run for networks with 1000 nodes, with an initial
wealth for all nodes equal to x0 = 10, and iterated for 108 timesteps, which ensures
convergence in all cases. Random networks were created with 5000 edges, whereas
the scale-free networks were given the degree distribution P(k) ∝ k−α , in the domain
k ∈ [1, 20], and with α = 0.1, 1, 3, 10. Notice that for the largest values of α, the maximum degree is less than k = 20, but this is considered only for illustration purposes,
as the relevant parameter for the wealth distribution exponent is α. For each network
topology, three choices for the spending propensity distributions were tried: (a) Λi = 1;
(b) uniform distribution in the interval [0, 1]; (c) scale-free distribution ∼ Λ −β , with
β = 0.1, 0.5, 1, 5, 10.
Figure 1(a) shows the complementary cumulative distribution function (F(x) is the
cumulative distribution function of wealth x), for the three described topologies, in the
case where all agents have maximum spending propensity, and Fig. 1(b) for the case
where spending propensity follows a power-law distribution.
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Fig. 1. Wealth distribution for the agent-based model for various network topologies: fully connected network (blue line), Poisson-distributed degree (red line), scale-free with α = 0.1 (black
line), α = 1 (violet line), α = 3 (dark green line), and α = 10 (green line). (a) Maximum spending
propensity. (b) Power-law distribution of spending propensity, with β = 0.5.
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Notice that Fig. 1(a) is a semilog graph, whereas 1(b) is a log-log graph. For the reference model, that is, fully connected network, the distribution follows an exponential
curve if agents have maximum spending propensity, and a power-law curve if the spending propensity follows a power-law distribution. This is consistent with Ref. [7]. The
same wealth distribution is observed for random and scale-free networks (∼ k−α ), for
power-law exponents below α ' 1. Thus, it is interesting that such topologies have no
major incidence on the distribution of wealth, which may be related to the universality
of Pareto’s law, as observed in actual economic systems.
However, for larger values of α (green and dark green curves in Fig. 1), the wealth
distribution clearly differs from the fully connected behavior, also losing its purely exponential or power-law behavior.
Summary. Wealth distribution in an economic system is studied by means of an agent
model, where agents have a certain spending propensity, and they interact over a given
network. When the network is random, or scale-free (∼ k−α ) with α below 1, approximately, results are equivalent to having all agents allowed to interact with any
other agent. However, values of α > 1 affect both the wealth distribution, and the behavior at the tail. These results hold both in the absence of spending propensity, and
when the spending propensity follows a power-law. Although these are preliminary results, and a larger diversity of network topologies should be investigated, as well as
non-conservative models, they nevertheless suggest that Pareto’s law is a very robust
phenomenon with respect to the details of the connectivity of the agents, and that the
ubiquity of Pareto’s law in actual systems may have implications on the topological
properties of the underlying networks of interaction.

References
1. Bertotti, M.L., Modanese, G.: Discretized kinetic theory on scale-free networks. Eur. Phys.
J. Special Topics 225, 1879–1891 (2016)
2. Braunstein, L.A., Macri, P.A., Iglesias, J.R.: Study of a market model with conservative
exchanges on complex networks. Physica A 392, 1788–1794 (2013)
3. Chatterjee, A., Chakrabarti, B.K., Manna, S.S.: Money in gas-like markets: Gibbs and Pareto
laws. Phys. Scr. T106, 36–38 (2003)
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Introduction

While bias and errors arise in all forms of media and communication, policy-makers
have been particularly concerned with misinformation and disinformation spreading
through online channels. With little accountability on social media and messaging platforms, false rumors are easy to start. And due to the ease of forwarding and content
modification, even true messages may get corrupted as they get relayed over long
chains.4 5 While it may be difficult to measure the extent to which misinformation
on online platforms alone has distorted decision-making, governments worldwide have
been developing an array of tools to regulate these channels. However, governments
involved in censorship may inject their own bias in the communication process by selectively filtering and promoting certain messages. Crowd sourced fact-checking can
similarly reflect the prevalent bias among the majority of users. Meanwhile, platforms
have been reluctant to police certain types of content and risk alienating users. What
sort of policies, then, could curb misinformation and improve social learning on online
platforms without relying on some authority or majority to decide what is true.
Motivated by these questions, we develop a framework to study more generally how
people learn as a function of their networks when information is subject to mutation,
deliberate manipulation, and content-based transmission failure. In particular, we characterize how learning depends on the depth and breadth of a person’s network. Since
information that travels a longer path is less likely to survive, and less likely to be accurate if it does survive, increasing network size does not necessarily improve learning.
Both depth and breadth increase the size of a network, but they also increase the relative
4 Like

in the children’s game of telephone, messages frequently mutate in online channels
due to intentional distortions and noisy communication. In [1]’s study of online viral memes, one
meme was reposted more than 470,000 times, with a mutation rate of around 11 percent and more
than 100,000 variants. This was not an outlier in their analysis: 121 of the 123 most viral memes
each had more than 100,000 variants.
5 [3] found instances of Internet chain letters that traveled median distances of over one hundred links. [1] examined hundreds of millions of instances of thousands of memes and found
chains with lengths in the hundreds and typical distances well into the dozens. [2] explain why
the resulting trees can be much longer than they are wide.
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amount of noise by increasing the relative number of sources at greater distances compared to those closer by. We examine how depth and breadth impact learning and how
their effects relate to each other. Our analysis shows how limiting the network can improve the accuracy of overall content, without the need for censorship or for private or
public monitoring of messages. This is important, given the many problems associated
with censorship, even with benign intentions.

2

Model and Results

In our model, information is relayed from original sources via sequences of individuals
to an eventual Bayesian receiver (or learner), who wishes to learn the state of the world.6
The state of the world and the corresponding messages are “1” or “0” (e.g., the state can
be “climate change is real” or “climate change is not real”; or less drastically, “no study
shows that 5g radio waves are carcinogenic” or “5g radio waves are not carcinogenic”).
With noiseless word-of-mouth communication and sufficiently many starting sources
of conditionally independent information, the receiver learns the true state. However,
along each chain, the message may mutate or be dropped – reducing the information
content of the signals that reach the receiver.
First, if the receiver knows the mutation and dropping rates, we show that the receiver learns the state (with a probability approaching 1 as depth increases) if and only
if the number of chains that they have access to (the breadth of their network) exceeds
a threshold that grows exponentially in the depth of the network, as well as in the mutation and dropping rates. The increased noise from greater depth has to be countered
by more total sources. This provides a precise relationship between breadth and depth:
breadth has to exceed a threshold that increases with depth (or equivalently, depth has
to be lower than a threshold that increases with breadth) in order for learning to be
possible. The threshold is sharp in that full learning happens asymptotically above the
threshold, but no learning happens below the threshold.
Next, we show that even small amounts of uncertainty about mutation rates precludes learning from any number of long chains. The intuition here is that over long
chains most messages that survive have mutated, and in the limit, information content
disappears. The ratio of 1’s to 0’s is slightly different depending on the starting state, but
that difference vanishes as chains get longer. If there is any uncertainty about the relative likelihood of mutating from 1 to 0 or vice versa, then that uncertainty swamps the
tiny differences that emerge from the starting state. Learning is completely precluded.
The key to overcoming this is to limit the depth of messages, or at least the relative ratio of messages that are coming from far away. This is the subject of some of
our key results. By limiting the total distance that messages can travel, one limits the
chances that messages are distorted. This allows for partial learning from nearby messages. People see fewer messages, but ones that are more likely to be informative - and
this increases the overall signal to noise ratio. Thus, capping depth can be helpful, and
we characterize an optimal cap. We also explore what happens when depth is not easily
6 Learners

on a platform may or may not be Bayesian in practice. But since our focus is on
how debilitating noise can be to social learning, we do not introduce constraints to the receiver’s
ability to process information.
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capped. For instance, some social media platforms do not track whether a message is
new or somehow forwarded. However, it is easy for them to track how many people
someone broadcasts a message to.7 By capping the number of people a person can send
a message to (or at least making it more difficult), one can control the breadth of the
network.8 This can also help, since decreasing breadth increases the relative number of
nodes in a network that are close compared to farther away for any given depth. Thus,
without being able to control depth, limiting breadth can also improve learning. Again,
we provide bounds and explore optimal policies.
Interestingly, breadth-limits have been adopted by online messaging platforms. For
instance, WhatsApp has capped the number of people that someone can message, for
the express purpose of curbing the spread of false information.
Finally, we extend the model to study how well a receiver learns when dropping
rates also depend on the message being relayed. For instance, a person may be more
likely to pass along information that they find surprising, or that is in line with their
prior beliefs. Even in the publication of scientific articles, reviewers may be more likely
to agree to publish (i.e., pass along) statistically significant or surprising results than
insignificant or expected ones. In this case, a receiver can learn from how many messages she receives. Hearing about very few studies, even though many were conducted,
is informative: the studies most likely did not find ‘exciting’ results that prompted them
to be discussed and forwarded.
We bound how much more likely a fully Bayesian agent – who updates based on
both message survival and content – is to guess the state compared to someone who
looks only at message content or only at message survival. We show that the Bayesian’s
advantage vanishes as distance to primary sources increases: for any parameters of the
model, all the information is contained in either message frequency alone or in message
content alone. This implies that full Bayesian learning is fully approximated in the limit
by simple rules of thumb conditioned on just one dimension of the available information. Thus, learning need not involve sophisticated calculations but simple thresholds:
believe 1 if and only if more than a certain number of messages are received, or if and
only if the ratio of messages containing 1’s is above some threshold.
We gratefully acknowledge support under NSF grants SES-1629446 and SES-2018554.
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7 Users

might individually re-target messages, but this becomes much more burdensome.
matters is average in-degree, but what can be most easily capped is out-degree. However, note that average in-degree must equal average out-degree, and so capping one caps the
other.
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1

Introduction

There has been an increasing interest in analyzing the structure of domestic and global
supply chains in the past decade in parallel to which network theoretic approaches
gained ground in economic literature. First, with the help of network analytic tools
the central actors can be identified in production networks and it is possible to track
down how shocks propagate between them (see e.g. [1–3]). Second, a multi-sector and
multi-country dataset allows the examination of the structure of trade in value-added
[4], detecting the community structure [5], and to measure the length of production
chains both locally and globally [6]. Third, a complex systems approach to economic
modelling reveals that the asymmetric structure of intersectoral transactions increase
the volatility of aggregate output [7] for which the central actors are primarily responsible [8].
Among other things, the COVID-19 pandemic has also focused attention to the
structure of global supply chains and its economic effects. A series of recent studies
[9–12] have analyzed the macroeconomic impact of the pandemic, and several studies
[13–16] have been conducted on how the GDP declines in response to economic lockdown in input-output network economies. Most closely related is [17], who showed how
shocks propagate through global supply chains and what is the role of indirect effects in
this propagation. If some countries execute economic lockdown, it can lead to economic
decline in other countries through their production network. For example, [18] reported
that three-quarters of companies in the US faced difficulties in sourcing inputs. This
sheds light on the fact that countries are closely connected to each other on the global
scale, resulting in a moderate ability to operate independently. Building on this literature, this paper presents a new method to measure the extent to which economies are
independent from global supply chains, and are able to build on their domestic supply
chains. The novelty in this measure is that it allows us to decompose a single independence score into two parts: the extent to which a given sector is dependent on foreign
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inputs in its operations and the extent to which it contributes to the domestic economy
through its direct and indirect output towards other sectors.

2

Methods

In this study, we analyze data collected from WIOD, which contains sector-level multicountry input-output data. We consider a 2408x2408 inter-sectoral input-output matrix
as a weighted adjacency matrix of a network where the nodes are the different countrysectors and the input-output links present the directed and weighted edges. In order to
determine the value of an economy’s independence, we use this database and apply the
bootstrap percolation process as follows [2]:
1. step: Select a country and extract all sectors and the links between them which
belong to this country. As a result, we get a new adjacency matrix representing
within-country trade flows.
2. step: Extract the elements of the final demand vector which belong to the given
country and subtract the value of imports and input flows from them. As a result,
we get a modified final demand vector for the country.
3. step: Create the technical coefficients matrix using the new adjacency matrix and
the modified final demand vector. Determine the Leontief-inverse from the technical coefficients matrix.
4. step: Using the diagonal elements of the Leontief-inverse, calculate the contribution
of individual sectors to the domestic economy as a supplier.
5. step: Determine the ratio of domestic inputs to all inputs in the case of the selected
country’s sectors.
6. step: Based on the final demand, calculate the economic weight of the selected
sectors.
7. step: Multiply both the value of contribution and the ratio of domestic inputs by
these weights. The independence measure is obtained by multiplying these two
factors.
8. step: Repeat this process for all countries.
One of the main advantages of this method is that we can decompose the independence measure into two parts: the first part gives information about the openness of a
country from the production network perspective, and the second part can show how
closely connected the sectors are to each other through the direct and indirect links.
Another advantage is that we can analyze these properties on a sectoral level. For these
reasons, we can better understand why some countries show to be more independent
while others are not.
This method clearly focues on the demand side effects. Although it is just part of
the total effects of lockdowns, the method described above can be easily extended to
supply-side analysis where the Leontief inverse is substituted for the Gosh index (based
on the transpose of the adjacency matrix), and augmented with the export shares instead of import shares. This approach reflects the extent to which sectors are served by
(embedded in) domestic partners and sell their output towards the local economy. Due
to size limitations, in this abstract we only refer to the demand side calculations. As a
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result, the results shown here apply only to demand side shock propagation. A limitation of our method is that it does not take into account the feedbacks from shocks to the
structure of the input-output relations (coefficients).

3

Results

The results of this study are summarized in Figure 1. The dots represent all countries in
the WIOD database. The horizontal axis shows the average contribution of a country’s
sectors to other domestic sectors, while the vertical axis shows the importance of foreign
inputs in the operations of the country’s sectors. The coloring of the nodes represent the
overall level of economic independence of a country. The two black lines denote the
average values along the two dimensions.
The results show that the most independent country is China because the Chinese
sectors are closely connected as suppliers in their production network. It is interesting
to note that the US economy is on a similar level with respect to the ratio of domestic inputs, however, due to the structure of the production networks, especially in the
case of manufacturing industries, the Chinese economy is less dependent on the global
supply chains. Furthermore, the results reveal that the countries are very heterogeneous
in terms of the two factors and the extent of independence. One of the most exposed
economies to the global supply chains is Hungary. It is visible from the picture that
this country performs badly along all dimensions as its key sectors (the automotive and
electronic industries) use mostly foreign inputs, and as suppliers, sell their output to
other Hungarian sectors only to a small extent.

The ratio of domestic input
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Summary. Due to the COVID-19 pandemic, economists are increasingly focusing on
the structure of global supply chains and the economic effects of the virus. A series of
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recent studies have indicated that economic lockdown in a country can significantly influence the performance of other countries indirectly, through the production networks.
With this perspective in mind, this research presented a method to measure the level
of a country’s independence of global supply chains which can be used to decompose
this independence into two factors: the share of domestic inputs and the dominance of
domestic sales.
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1

Introduction and background

The value of critical infrastructure systems is the services they provide. A key vulnerability of these systems is the damage to, or failure of, system components during and
following natural hazard events. In 2017, global economic losses related to natural hazard events are estimated at $337 billion, with less than half insured [1]. These direct
impacts are expensive and result in part from the failure of critical infrastructure systems including roads, railways, transmission infrastructure, buildings and other assets.
Further, indirect impacts such as loss of income, disruption of supply chains and injuries and morbidity, among other factors, increase these costs to society. Particularly
in lower income economies and vulnerable regions such as small island states, these
impacts are exacerbated [2].
Ongoing work from multiple disciplines is focused on ways to reduce vulnerability,
manage risk, and increase resilience to natural hazards. A 2019 article by Koks et al.
[3] looked at multi-hazard risks to transport infrastructure (road and rail). The authors
found expected global annual damages of $3.1-22 billion USD from direct impacts of
natural hazards, the majority coming from flooding. Network vulnerability of infrastructure to hazards has been investigated for seismic risk to a historic transmission grid
in the US [4], to gas networks in Europe [5] as well as a small set of water and power
infrastructure [6]. Vulnerability as a function of the dependency between systems is
highlighted as an important consideration in [5], [6]. The impact of storm surge and
sea level rise on roadways and accessibility of regions was investigated using simulated
risks for Spain [7]. Critical road segments for agricultural transport to market in [8]
account for factors such as flood risk, climate change, poverty and other factors.
The focus of the present work is to quantify the impacts that road and transmission
network disruptions have on critical facilities in the Commonwealth of Dominica, a
small island state in the Caribbean that is exposed to hurricanes, flooding, landslides
and other hazards. The case study results below examines road network disruption on
household access to hospitals resulting from combined pluvial, fluvial and storm surge
at 0.02 annual (“50-year flood”) probability. The algorithm developed for this purpose
is flexible and can be applied to any network (e.g. rail, electricity distribution, water, and
others), any set of origin-destination pairs, and flexible inputs to perturbance (including
natural hazards), failures and costs.
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2

Methods

Two scenarios were developed to evaluate the impact that road failure would have on
critical facilities. First, a drop-link analysis, where every network segment is dropped
individually and an analysis of travel cost between origin(s) and destination(s) is calculated. Second, a Monte Carlo analysis where multiple networked infrastructure segments are dropped based upon failure probabilities. Both scenarios rely on user-defined
origin and destination pairings (such as travel from houses (“origins”) to hospitals
(“destinations”) on roads (“network”)). Costs are assessed using the Dijkstra algorithm,
which finds the shortest paths between nodes in a graph [9]. We assign a cost (time) to
the vertices in the network and, for each pair of origin nodes and destination nodes, it
finds the optimal path according to the aggregate defined cost.
Failure probabilities for road segments can be user-defined, or, where data is available, informed by hazard probability and infrastructure fragility data. For example,
some portion of the road network is exposed to a flood. The probability of a network
segment failure in the example below is calculated using engineering-based fragility
curves to estimate the likelihood of damage to the network based upon flood depth,
road surface and classification (see [10] for full background and source data).
These two scenarios used here produce three quantitative metrics. First, Segment
Drop-Link Criticality, which is the impact of dropping a segment on travel cost between all origin and destination pairs (every segment is dropped once, and travel cost
is calculated over entire network routing). The impact is defined by the mathematical
distance between ‘normal’ and ‘perturbed’ network matrices of travel cost between all
origin and destination pairs, calculated over the entire drop-link segment analysis. Second, Impact on Service Delivery/Supply Chain which defines the importance of each
segment, defined as the increase in the cost of delivery of good/person from origin to
destination relative to all other network segments. Third, the Impact on Facility Access,
which is the impact to destinations, based upon their increase or decrease in expected
goods received based on least-cost travel routes if a link or set of links is lost relative
to the overall network. The outcome of this analysis is the number of persons, goods,
or other flow on a network that are rerouted to a different destination based on segment
disruption.
Future work will include congestion (traffic, in the context of road networks) resulting from the perturbed network scenarios. This consideration is especially important
in hazard scenarios or on infrastructure such as power systems where overloading can
result in cascading network failures. A limitation here is the available data, although
methods for estimation may be useful.

3

Results

Figure 1A details all of the origins (households), the three destinations (hospital/medical
facility) and the road network. The road network in 1A shows the criticality of every
road segment from drop-link analysis (Segment Drop-Link criticality). Figure 1B shows
the impact that road segment failure has on each destination in terms of the change of
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flow (households) (Impact on Service Delivery/Supply Chain). The impact on facility access is measured as the number of households re-routing to a different (closest)
hospital based on road network perturbances from the flooding scenario.

Fig. 1. Dominica road network segments impact on hospitals resulting from flooding. Figure
1A details all origins (households), destinations (hospitals) and road segment criticality. Figure
1B details the impact that segment failure has on each specific destination.

Additional analysis was run to determine the impact on each facility in terms of
increase or decrease in households (Impact on Facility Access) from 1,000 Monte Carlo
runs. While the majority of runs show only small increases/decreases in overall change,
some runs show increases of nearly half the total households rerouting to Portsmouth
or Marigot hospital. This shows that, in terms of stocking supplies, Roseau is likely the
least necessary facility to stock (for this specific hazard). Figure 1 shows that some road
segments are very important to the overall re-routing and, particularly in the southwest
part of the island, failures of these segments contribute to large increases in hospital
destination change.

Summary. Because of reality-constrained budgets for upgrading infrastructure and hazard preparedness the focus of this work is to provide cost-benefit analyses that allow
for comparative assessments of investments in different sectors (such as health or transport). The analysis method and metrics presented in this study have specific application
to decision-making for limited resources. In the example of Dominica illustrated, tradeoffs between allocating resources to reduce vulnerable road sections (to avoid damage) or to hospitals (to increase capacity) is an inter-disciplinary policy question. This
methodology allows for multiple scenario analysis and outputs quantitative data. The
developed algorithm has been applied to fuel supply chains to power plants (origin:
ports, destination: power plant, network: roads), water distribution networks, and power
transmission. Ongoing work is focused on incorporating additional constraints such as
congestion, multiple hazards and the interconnectedness of multiple networked systems.
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Introduction

The Global Trade Network (WTN) is a network of exchange flows among countries
whose topological and statistical properties are a valuable source of information. Degree
and strength are key magnitudes to understand its structure. We have built a stochastic
generative model that yields synthetic networks that closely mimic the properties of annual empirical data[6]. Agreement between empirical and synthetic networks is checked
using the available series from 1962 to 2017. One of the properties of the WTN is inequality. This model can explain how it is a self-sustained property of the newtork and
suggests possible strategies to tackle it. We apply a mild mitigation method and assess
the quantitative impact on the Gini index.

2

Results

The study of the statistical and topological properties of the global trade as a network
has been an active research topic in recent years[1, 2]. In these studies, degree and
strength are two key connectivity properties of each node. The WTN is modeled as
a bipartite network, and each country plays a double role, as exporter or importer[3].
Probability distributions of degree and strength shed light on the network properties.
If the network is scale-free, these distributions follow a power-law. Trying to fit empirical data to a power-law has been a common procedure in network analysis, despite
the fact that this behavior is not universal[4]. The log-normal distribution is a second
possible choice in many fields, but specially in Economics[5]. The discussion about the
best model has run for a long time, because both may fit the long tail of some empirical series. Our approach takes into account two observations: dominant countries, both
as exporters or importers, attract with high probability new trade chances and global
yearly trade distributions are approximately log-normal. In this paper, we describe a
generative stochastic synthetic model of trade that mixes two processes, preferential
attachment and proportional effect, to mimic the properties of the weighted matrixes
of WTN historical data series. The first one works during a very short period of simulation time and produces a Pareto-like heterogeneous distribution of trade strength for
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exporter and importer guilds. The second, acts on a much larger time scale and by its
multiplicative effect makes the yearly trade distributions log-normal.
As a result of both processes, we obtain the synthetic trade matrix, whose statistical
properties may be compared to those of the empirical one (see Fig.1). For each year,
only three parameters of the empirical network set the final configuration of the synthetic matrix: number of nodes of each guild and number of links of the network. The
Gini coefficient of yearly traded volume is above 0.8, an evidence of the inequality of
this network.
The force that drives the birth of new links through mutual benefit is proportional to
the product of the strengths of both nodes. As new trade opportunities tend to join the
main Exporter-Importer pairs, dominant nodes attract more and more volume through a
positive feedback loop. The exponents of the degree-strength distribution show that the
share of global trade these countries is quite above their share on GDP, while smaller
countries strive to play their role in the network.

Fig. 1. Empirical and synthetic trade volume and probability matrices for year 2015

To assess trade inequality reduction policies, we simulate the impact of agreements modifying three parameters: improved trade percentage, boost percentage, and
scope[7]. With the first one, we select those nodes that are eligible for the improvement
policy. For instance, the value of 1% discards all probability matrix cells in the upper
99% of volume distribution. The boost percentage ranges from 25% to 200% and is the
increase in the probability of that particular matrix cell. Finally, the scope may restrict
trade improvements to countries that belong to the same World Bank region or allow
free connections among any pair of countries.
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Fig. 2. Effect of a improvement policy for year 2005. The policy is applied to the lower 2% of
global trade. For each boost percentage value there are 30 dots, one for experiment, the solid line
joins the average values. Gini index lowers following a quadratic law if the policy is global. If
trade boosting is restricted to countries of the same region the effect is weaker.

The results of the numerical experiments show that trade agreements between underrepresented countries with no regional limitations may have a sensible larger impact
on reducing inequality of the international trade network (Fig.2). Improvement ratio,
without regional restrictions, follows a quadratic pattern an so, small actions may be
quite effective if they are focused on the group of extremely poor nodes. Results also
confirm one of the network’s most relevant properties: self-fulfilling structural inequality.

References
1. Fagiolo, G., Squartini, T. and Garlaschelli. J. Econ. Interact. Coord. 8, 75–107, (2013).
2. Garlaschelli, D. and Loffredo, M. I. , Phys. A: Stat. Mech. its Appl. 355, 138–144, (2005).
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Introduction

Examining the spread of macroeconomic phenomena between countries has become
increasingly popular after the 2008 economic crisis, but it became an even more relevant issue today, due to the COVID-19 pandemic. This study aims to examine how
economic linkages between countries such as trade in goods and services or foreign
direct investment shapes shock transmission on a global scale.
The study of international trade networks gained special attention in the past decades
([1],[2],[3],[4],[5],[6]), showing that structural changes in this network can be conclusive about the development paths of countries ([4],[6]) and that overall instability in
the global economic system is a result of increased globalization and complexity of the
underlying networks ([7],[8],[9]).
Apart from investigating trade networks, attention is also directed towards the extent
to which economic activity is synchronized across countries. Most of this research like
[10], [11], [12], [13], [14], [15] focus on the contemporaneous correlation between
some macroeconomic variables, while some others like [16], [17] and [18] use Granger
causality tests to identify cross-country macroeconomic effects.
The relationship between business cycle co-movement and trade have also been examined for a while. According to the empirical studies, there is a moderate positive
significant relationship between trade interdependence and cyclical co-movement of
macroeconomic indicators ([19]). Although other studies have confirmed the relationship between business cycle synchronization and commercial relations, they argue that
it is less pronounced than in previous studies [22]. Also, the relationship between bilateral trade and the co-movement of business cycles differs between subsets of countries
[15]: the link is stronger within OECD countries than within non-OECD countries and
between OECD and non-OECD countries.
In this study, we build on previous work by [16] which captures the spread of shocks
by estimating causal relationships between the business cycles of countries. The analysis is based on trade and output data for the period between 1996 and 2018 and for
the OECD countries except Turkey, plus Bulgaria and Romania. Within this time frame
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we construct time windows of 52 quarters and estimate Granger causality between the
cyclical components of country-level GDP series to obtain a network of shock contagion. The nodes of this directed binary network are the countries and the links between
them are present if the GDP-cycle of a country affects that of another country. Using
the rolling time windows, we are able to draw this contagion network for all years separately through the sample.
Contrary to previous studies which examine the link between trade and business
cycle synchronization ([19],[14],[20],[21],[15]), our approach is novel in the sense that
instead of establishing synchronization on the basis of cross-correlation, we employ a
causality approach and examine whether trade linkages contribute to the extent to which
one country’s cyclical behavior affects that of another country. While cross-correlation
may falsely identify co-movement if business cycles are driven by unobserved common
factors, using causality tests we can focus on events when the economic situation in one
country truly affects that in an other country.
More precisely, we extract the cyclical component ĉt,i of GDP series for all country
i and period t from a sample of 42 countries, using HP-filtering. Then we run pairwise
Granger causality tests for all pairs of filtered GDP series, by estimating the following
two regression models for every pair of countries i and j, with time lag L:

L

ĉt,i = β01 + ∑ βl1 ĉt−l,i + εt,i

(1)

l=1

L

L

l=1

l=1

ĉt,i = β02 + ∑ βl2 ĉt−l,i + ∑ γl ĉt−l, j + µt,i

(2)

Having these models estimated, we calculate the F-statistic for all country-pairs as
Fi, j = (RSS1 − RSS2 )/RSS2 (N − L)/L, where RSS1 and RSS2 are the residual sum of
squares of models Eq (1) and Eq (2) respectively, while N is the sample size. Given
these test statistics we calculate the probability of the F-values (P(Fi, j )), and establish
a contagion link from country i to j as
(
1, for P(Fi, j ) < fi, j , i 6= j
ai, j =
0, otherwise

(3)

More details of this method can be found in [16]. Given this network drawn, in this
paper we examine whether the existence of these contagion links can be explained by
bilateral trade volumes. The latter data is extracted from the UN Comtrade database. To
bring the trade data in line with the contagion networks calculated for the 52 quarter
rolling time windows, trade data were averaged for the same periods by country pairs.
Data on exports and imports of goods for all periods and country pairs are fully available
between 1996 and 2018.
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2

Results

Using the data described previously, we employ logistic panel regression to estimate the
relationship between trade connections and shock contagion. This type of estimation
allows to take into account the cross-sectional and time dimension of the data. The
independent variable in the regression is relative trade (Tc,t ) volume between countries
which is calculated as follows:
Tc,t =

EXc,t + IMc,t
Yi,t +Y j,t

(4)

where c = i → j labels a directed country pair, EXc,t is the average export and IMc,t is
the average import of goods between the country pair c in time period t, while Yi,t is the
average GDP of country i in time period t. In order to have a more detailed picture, we
split total trade between goods and services, and use the same formula Eq 4 to calculate
relative trade volumes.
The dependent variable is binary and measures if the cyclical component of the
GDP series in country i causes the cyclical component of country j over time period
t, as shown previously. For further methodological details of these calculations, see
[16]. We use the difference in the level of development between countries as a control
variable, measured by the absolute difference in GDP per capita. If this value is positive,
it means that the origin country in the shock propagation or trade network is more
developed than the receiving country. If it is negative, then shock/trade originates from
an economically less developed country and absorbed by a more developed one. In the
random effect panel models we also include the geographic distance of country pairs,
the data on which were collected from the CEPII gravity database. In the fixed effects
model we can not include distances separately as they do not change over time, so the
effect of distance is merged intot the estimated fixed effect coefficients. The sample
is strongly balanced, all observations are available for country-pairs and time periods.
Due to the binary nature of the dependent variable, we use logit panel regression in the
form:
ac,t = α0 + α1 Tc,t + α2 DevDi f f c,t + α3 Dist c + µc + γt + εc,t

(5)

where µc is a unit-specific constant and γt is a time-specific constant. Applying multivariate regression to panel data, the problem of omitted variables can be reduced, as
unobserved heterogeneity can be captured by unit-specific coefficients µc . We run four
different models, which differ in whether trades in goods or services are included as
independent variable (Tc,t ) and whether fixed or random effects model is estimated. The
random effect model can give a more efficient estimation, while the fixed effect model
is less effective but consistent in all cases. To decide which estimation method to use,
the Hausman test was applied ([23]) which shows that the fixed effects estimate is consistent. However, we present the results of the random effects models as well, because
in these cases we can include geographic distance as a separate explanatory variable.
The results in Table 1 show that trade in either goods or services has a positive
significant effect on shock contagion: the more countries trade, the more likely that
their economic fluctuations affect each other. This result is robust across the different
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Model 1 (RE) Model 2 (FE) Model 3 (RE) Model 4 (FE)
Const. -2.8722***
-2.2435***
Goods 0.0002***
0.0005***
Services
0.0001***
0.0002***
Dev.diff. 0.000001 -0.00003*** -0.00001** -0.00004***
Dist. -0.00007*** -0.0001***
Wald χ 2
85.31
210.34
42.11
66.92
Table 1. Results of logit panel regression. Dependent variable: shock contagion as in [16]. Goods:
relative trade volume as in Eq 4, calculated for goods, Services: relative trade volume as in Eq 4,
calculated for services, Devdiff.: difference between GDP per capita, Dist.: geographical distance.

estimation methods. Looking at the consistent fixed effect estimations, the difference in
development level also seems to affect contagion. The larger the gap between the per
capita GDP of the origin and receiver country, the less likely it is that shocks spread
between them. This means that shocks spread from less developed countries towards
more developed ones and not vica versa. Finally, geographic distance have a negative
effect – in line with intuition: countries farther away are less likely to transmit shock to
each other.
Summary. In this study we further explore the relationship between trade connections
and the contagion of economic shocks across countries. In contrast to previous studies,
we use a causality approach to identify synchronization and as a result we can infer on
how trade affects the spread of economic shocks between countries. The results show
a positive significant relationship between trade and shock contagion: trade channels
thus seem to be conducive in spreading business cycle fluctuations across countries in
general. The difference between the level of development also has an effect on shock
contagion: shocks are less likely to spread from more developed towards less developed
countries.
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Economic interdependencies have become increasingly present in globalized production, financial and trade systems. As highly complex and networked systems, the properties of economies are characterized by the behavior and interdependencies of their components (Hidalgo et al., 2007).
Whether they arise from investments, trade or supply chains, interdependencies are increasingly important in contemporary economic systems, and
fundamental for risk assessment and evaluation (Schewitzer et al., 2009).
Interconnections enable the diversification of outputs, improve efficiency of
economies, and increase the growth of economic complexity (Hidalgo et al.,
2007). However, at the same time, they also introduce paths for risk contagion and generate large-scale vulnerabilities to systemic failure (BalsaBarreiro et al., 2020). Given the current context of increasing international
trade, financialization and globalization in economies, it is crucial to understand the effects of connectivity on networked economies and its relationship
to economic collapse (Vié and Morales, 2020). In this analysis, we consider
collapse as incapacity of a given network structure to attain production levels of a network-free production system.
In (Vié and Morales, 2020), we characterized how the structure of the
interdependencies shape the macroeconomic variables of the system. In the
continuity of this work, we discuss how the structure of interconnections
among economic agents increases the fragility of economic systems despite
an apparent improvement of their production complexity. We model the
spread of failure in economic systems and explore multiple ways in which
systems can be interconnected. We consider network density -the number
of connections that are drawn among agents independently-, centralization,
which refers to the emergence of highly connected nodes that bridge across
1
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(a) Density model

(b) Centralized model

Figure 1: Probability of systemic collapse as a function of model parameters. Color indicates the collapse probability. The left panel shows the
outcomes of the density model. The right panel shows the outcomes of the
centralized model. The x-axis represents the probability of individual failure in both panels. The y-axis represents the network density (left panel)
or centralization (right panel).
large parts of the network, and multilayer models of supply chain networks.
Finally, we have applied our models to empirical international trade and
supply chain networks. The results on realistic simulations and real data
are consistent with the more generalized network framework.
We show that the transition to collapse is universal and independent of
a specific network structure (see Figures 1 and 2), in artificial and empirical
networks. The amount to which network structure -measured by density and
centralization- affects collapse probability tends to follow a sigmoidal curve.
Sparser networks may have a lower productivity but are more resilient to
the spread of failure. Previous research has investigated the risks of creating
agents ”too big to fail”, or more recently ”too central to fail” (Battiston et
al. 2012). In the continuity of this observation, our model emphasizes that
without further hypotheses, economic agents may in some situations become
too interconnected to thrive. Risk diversification improves global robustness
only in an interval of individual risk of failure, the system becoming too
sensitive to individual failure if density and centralization are too high.

2
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(a) Density model

(b) Centralized model

Figure 2: Universal behavior of collapse probability. The left panel shows
the results for the density model. The right panel shows the results for the
centralized model. Dots represent the resulting collapse probability (y-axis)
of model simulations. The solid lines show the fit to the sigmoid function.
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1

Introduction

Nations worldwide are connected through trade, producing to meet the demands of their
own countries and the demand in other countries. How much of the GDP generated in
a country is induced by foreign demand? The extent to which sectors worldwide are
affected by demand in other countries is represented in a complex network. We created a
network in which the value-added induced in the sector by demand in other countries is
the weight of the links and analyzed in terms of flows. In the network of trade values, the
weights of the links from downstream sectors are overestimated because most products
of a sector include value added by other sectors. However, the production share of
value-added, which is also used in the calculation of GDP, caused by demand in other
countries, as a link, gives a more realistic picture of how the world economy depends
on avoiding overestimates.
One of this study’s goals is to identify the communities of global value-added activities. The second is to propose an index of economic integration based on the circulation
degree in the global economy. Lastly, we investigate how the world economy’s integration changed before and after the economic crisis by analyzing the more detailed
process of change in the value-added network.

2

Data and Method

We had constructed a Global Value-Added Network (GVAN) from World Input-Output
Database (WIOD) [1] and conducted a community analysis. WIOD contains data for 56
sectors in 43 countries for the period 2000–2014 including developing countries. Therefore, in each year, the network consists of 2408 nodes. In our study, the value-added was
calculated based on the Trade in Value Added (TiVA) calculation method [2], a method
of Input-Output analysis. We used international TiVA which means value-added induced by foreign demand as weights of the directed network (the node is a sector in
a country). Then, a flow-based community analysis, the map equation [3], was used
to identify community change over 15 years, and the Helmholtz-Hodge decomposition
(HHD) was applied to the complex value-added flows within the community [4]. By
applying HHD, the value-added flow Fi j from node i to node j can be separated into the
circular flow Ficj and gradient flow Figj : Fi j = Ficj + Figj . Here the gradient flow Figj is given
by Figj = wi j (φi − φ j ) where φi is the Helmholtz-Hodge potential and wi j is a positive
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weight for link between node i and j. The circular flow satisfies ∑ j Ficj = 0 in which incoming flow and outgoing flow are balanced in each node. Figj represents the difference
in potentials between the nodes, i.e. the hierarchical relationship. On the other hand, Ficj
represents a value circulation in the network.
These data and methods allowed us to determine economic integrated areas objectively by the characteristics of the data (by minimizing the map equation). Moreover,
we could evaluate the extent of value circulation within the economic areas using circular flows, which illustrated economic integration of the countries/sectors of the areas
quantitatively.

3

Results

The community analysis of GVAN using the map equation method for 15 years revealed the communities in Europe and the Pacific Rim including the US between 2004
and 2011 (Fig. 1). From 2000 to 2003 and 2012 to 2014, orange component: nodes in
the Pacific Rim, and green component: nodes in Europe had been in the same giant
community. However, these two regions had been virtually divided, and Europe had
been fragmented into small communities for eight years. The regional characteristics
of the communities were different compared to industrial communities observed in international network [5]. Moreover, the structural changes 2003–2004 and 2011–2012
coincided with the changes of the inclination of the ratio of international trade and
world GDP.

Fig. 1. Alluvial diagram of annual community changes in Global Value-Added Network for 15
years. Orange and green mean nodes of the Pacific Rim and Europe respectively. Isolated nodes
are not represented. These two regions were in almost different community 2004–2011.

We applied HHD to investigate how value circulated in two significant regional
communities, and Fig.2 showed the result. We confirmed that the value-added was rotating in GVAN as the Strongly Connected Component nodes, which were reachable to
each other as shown as triangular nodes in Fig.2. The results indicated GVAN has not
only Global Value Chain, but also Regional Value Circulation. Furthermore, we calculated the degree of the circulation within the communities as the Economic Integration
Index shown in Fig.3. This is a preliminary estimation calculated by aggregate amount
of loop flow component divided by the total weight of the links. The change of the index
showed unstable circulation in Europe from 2004 to 2011.
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Fig. 2. The potential and circular flows in the Pacific Rim community of Global Value-Added
Network in 2011. The links were cut with 120 million dollars, and nodes ware colored in regions.
Triangular nodes represent Strongly Connected Components in the network.
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This presentation will show how these flows changed before and after the economic
crisis and quantitatively assesses the community’s annual economic integration development. In the future research, we will apply this index for understanding what roles
regional/sectoral economic integration played in international trade and why the inclination of international trade’s ratio to world GDP changed after 2011.
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Fig. 3. Preliminary estimation of the Economic Integration Index of the two significant regional
communities 2004–2011.
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1

Introduction

Social distancing measures adopted to combat the COVID-19 pandemic have created
severe disruptions to economic output. During lockdown firms are required to shut
down or substantially reduce their economic activity if they cannot comply with social
distancing rules and are located in non-essential industries. Another source of negative direct shocks arises from changed consumption behavior of individuals to avoid
infectious exposure. The shocks to the economy are highly industry-specific and therefore affect firms in heterogeneous ways [1]. Since firms are embedded in production
networks, these direct shocks will propagate upstream (due to reduced demand to suppliers) and downstream (due to reduced supply for customers) [2][3].
Input-output (IO) analysis provides the traditional toolbox to quantify overall economic impacts in networked economies arising from exogenous supply or demand
shocks [4]. However, these models are not able to incorporate supply and demand
shocks simultaneously. This makes them hardly applicable to the current health crises
which is characterized by both, substantial supply and demand shocks.
We show that standard IO models which allow for binding demand and supply
constraints yield infeasible solutions when applied to empirical data from the United
Kingdom. We then introduce a mathematical optimization procedure which is able to
determine optimal and feasible market allocations, giving a lower bound on total shock
propagation. We find that even in this best-case scenario network effects substantially
amplify the initial shocks. To obtain more realistic model predictions, we study the
propagation of shocks out of equilibrium by imposing different rationing rules on firms
if they are not able to satisfy incoming demand. Our results show that overall economic
impacts depend strongly on the emergence of input bottlenecks, making the rationing
assumption a key variable in economic predictions.

2

Results

Let us consider the basic national accounting identity
x = Z1 + c,

(1)

where x is a vector of total output per industry, Zi j the intermediate consumption of
product i by industry j and c the vector of final consumption. Assuming fixed production technologies for every industry yields the classical Leontief framework,
x = Ax + c = Lc,

(2)
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where A is the technical coefficient matrix and L the Leontief inverse.
The Leontief model is demand-driven. To incorporate demand and supply shocks
simultaneously, the mixed endogenous/exogenous model (MEEM) has been suggested
[5]. Yet when initializing the MEEM with shocks derived for the current pandemic
[1], we find infeasible solutions for almost half of all 55 UK industries in our dataset.
Specifically, the MEEM solution requires negative consumption and violates further
binding economic constraints.
To quantify how initial shocks are propagating through the production network, we
introduce a simple optimization procedure which globally maximizes total gross output
or final consumption under supply and demand constraints imposed by the pandemic.
Maximizing gross output under binding shock constraints can be formulated as linear
programming problem of the form
max

c∈[0,cmax ]

subject to

1> (I − A)−1 c,

(3)

(I − A)−1 c ∈ [0, xmax ],

and similarly for maximizing final consumption. Fig. 1 shows industry-specific results of the optimization procedures. While these results indicate best-case scenarios
of shock propagation, we find that total economic impacts are nevertheless substantial,
and strongly vary between industries. Interestingly, output and consumption maximization yield very different market allocations for industries depending on their upstreamness/downstreamness location in the economic network.
To gain a better understanding of more realistic shock propagation mechanisms, we
implement various rationing algorithms. Rationing describes the decision of a firm in
case it faces larger demand than it can produce. In contrast to conventional IO models,
this allows us to investigate the out-of-equilibrium dynamics triggered by economic
shocks. Fig. 2 shows the overall economic impact for three different rationing rules:
proportional, priority and random rationing. We see for all three schemes that overall
c maxim. < x maxim.

c maxim. > x maxim.

c maxim. = x maxim.

c maximization

maximum

x maximization
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Fig. 1. Market allocations from linear optimization. The y-axis depicts industries ordered by ISIC codes. The x-axis of
the left panel shows gross output values as share of initial pre-shock levels and the x-axis of the right panel shows the same
for final consumption. Diamonds show the maximum output and consumption levels as obtained from the direct shocks.
Squares and stars show values obtained from the consumption and output maximizations procedures, respectively. A green
color indicates that output and consumption maximization yield the same outcomes. A red color indicates that the output
maximization gives a higher value than consumption maximization and a blue color the opposite.
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Fig. 2. Comparison of different shock propagation mechanisms.

economic impacts are much larger than what the optimization methods predict. Interestingly, priority rationing – where largest customers are served first – yields the largest
economic downturns. We show in further analysis that the ordering of rationing mechanisms is not generic, but strongly depends on the underling production network topology.
Summary. We have shown that conventional IO models are not able to incorporate the
large supply and demand shocks of the current COVID-19 pandemic. We derive lower
bounds of economic impacts in Leontief economies by linear programming. We find
even for this best-case scenario substantial total impacts. When adopting more realistic
shock propagation models, we find that total economic impact estimates are highly
sensitive regarding the assumed rationing mechanism. In particular, we find interaction
effects between the rationing mechanisms and the network topology.

References
1. del Rio-Chanona, RM., Mealy, P., Pichler, A., Lafond, F., Farmer JD.: Supply and demand shocks in the COVID-19
pandemic: An industry and occupation perspective. Covid Economics 6. 65–103 (2020)
2. Pichler, A., Pangallo, M., del Rio-Chanona, RM., Lafond, F., Farmer, JD.: Production networks and epidemic spreading:
How to restart the UK economy? Covid Economics 23, 79–151 (2020)
3. Guan, D., Wang, D., Hallegatte, S., Davies, SJ., et al.: Global supply-chain effects of COVID-19 control measures. N
Human Behaviour 4, 577–587 (2020)
4. Miller, RE., Blair, PD. Input-output analysis: Foundations and extensions, Cambridge University Press (2009)
5. Dietzenbacher, E., and Miller, RE. Reflections on the inoperability input–output model. Economic Systems Research
27(4), 478–486 (2015)

Socially Responsible Investing in the Global Ownership
Network and its implications for International Security
Takayuki Mizuno1 , Shohei Doi12 , Takahiro Tsuchiya3 , and Shuhei Kurizaki4
1

3

1

National Institute of Informatics
2 Hokkaido University
Kyoto University of Advanced Science
4 Waseda University

Introduction

We connect the corporate ownership network to the network of financial instruments
that inject money into the ownership network. The ownership network in our data consists of 66 million nodes (i.e., companies and their shareholders) and over 90 million
ownership links among them. Recent studies on the ownership network often analyze
networks with more than 10 million nodes and estimate the structure of corporate control in the network based on the flow of equity stakes and associated control through
a sequence of subsidiaries [1–3]. The previous studies on the network of corporate
ownership and control emphasize the importance of roles played by banks and other
financial institutions in the network. However, it is left unanswered where the financial
institutions collect the capital from so that they can inject cash into the capital market (i.e., corporate ownership network). We therefore look into ETFs and mutual funds
as the financial instruments through which the investors (individual and institutional
alike) supply money in the shareholding network. In this way, we extend the existing
research on corporate control in the ownership network to the network of investment
funds purchased by investors (such as central banks) from asset managers and other the
institutional investors.
As the shareholding network has rapidly expanded at the global scale in the recent,
the international society has just begun to notice its impact on our society. Impacts of
globalized ownership network, however, are hard to measure because the structure of
this network has become increasingly complex with the rise of a passive investment
strategy and because diversified portfolio investing strategies call for complex financial
instruments such as a fund of funds and exchange-traded funds (ETF). Yet, the awareness of Environment, Social, and Governance (ESG) investing makes it more important
than ever before to understand the structure of the global shareholding network and
how capital flows therein to shape the distribution of corporate control and the associated risks and responsibilities.

2

Data and Method

We use three kinds of databases. (1) We obtain global corporate network data, including 66 million shareholders, from the Bureau van Dijk’s Orbis database. (2) We use

316

Investment
Investor
(Bank of Japan)

Investment Company
(Nomura Asset Management Co.,Ltd.)
Return

Investment

Voting Rights

Stock
(Softbank Group)

Dividend
Investment
Voting Rights

Military Industry
(Sense Time, Cloud Minds)

Dividend
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the data on ETFs and mutual funds that are traded in the US and Japan from Lipper database from Refinitiv. These are about 800 thousand financial instruments in our
database that supply money into the shareholding network through the asset management nodes (companies). A classic example that goes against the spirit of ESG is investment in military companies. (3) We have collected 3,793 companies globally whose
company profiles in the Orbis database indicate their corporate activities involve military productions. Of those, the Chinese companies with military ties turn out to be
designated by the US Department of Commerce as the companies that contribute to
the Chinese government’s procurement of commodities and technologies for military
end-use. As an example, we investigate how investment money in the form of financial
instruments such as ETFs flows from U.S. investors to Chinese munition companies
through the global shareholding network.
We estimate three quantities for our analysis. First, we measure the flow of investment from the investors into the military industry through the global shareholding network. As the second quantity of interest, we measure returns for investment in the form
of dividends from military industry to shareholders and in the form of profit distribution
from the fund managers to the investors. Here we use the page rank. Third, we use indicators of corporate control held by the shareholders based on the voting rights. We use
Network Power Index [4] rather than Network Control [1]. This is because ETFs and
mutual funds imply equity ownership is dispersed and voting rights are therefore fragmented among widely spread shareholders. The indicator for corporate control must
adequately account for how asset managers and other institutional investors might consolidate fragmented voting rights to establish corporate control. Further, if and when
investments made by ESG investors with preferences for SRI end up injecting capital
to vice industries, that would not be a result of their direct investment but as unintended
consequences through the indirect ownership paths. As we demonstrate elsewhere [4],
indirect corporate ownership can be established either through consolidation of dispersed ownership or through a sequence of transitive ownership, and NPI accounts for
both while Network Control accounts only for the latter (i.e., transitivity).
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3

The Result

The analysis of the shortest (not fastest) path from asset management companies to a
Chinese munition company reveals that no asset manager either in the US or Japan
directly invests in any Chinese munition companies with one link of ownership. That
is, no Chinese munitions company’s stock was included in the ETFs or mutual funds
listed in the US and Japanese markets. However, almost all the asset managers have at
least one path through which their equity stakes eventually reach a Chinese munitions
company with the second or further apart links in the global ownership network. This
includes ETFs purchased by the Bank of Japan from Nomura Asset Management Co.
Ltd., which comprise of, among others, shares of Softbank Group that in turn invests
in the military-related companies in China such as Sense Time and Cloud Minds (Fig.
1). In this particular example, Japanese citizens’ tax money is invested in the Chinese
military complex that poses security threat to the Japanese citizens themselves.
This result points to an important social consequence, namely causing the disparity between the power of corporate control and the stewardship responsibility. In the
ideal world where the investors who strive for socially responsible investing should be
empowered by their own equity stakes to make positive impacts on corporate activities
related to the ESG issues. However, our analysis suggests that two obstacles encourage decoupling of equity stakes and social responsibilities so that socially responsible
investors become incapable of making positive impacts with their investing strategy.
The first obstacle is the fact that ETFs and other similar financial instruments separate
capital and corporate control. Using our example in the figure, as Bank of Japan purchases ETFs to inject cash into the capital market, it incurs the cost of investment but
Nomura Asset Management company obtains all the voting rights attached to the ownership share. If Bank of Japan invested by itself rather than purchasing ETFs, it could
have obtained the power to control managerial decisions of the investing targets. The
second obstacle is the complexity of ownership network itself. While Nomura Asset
Management company may have the potential to control companies like Cloud Minds,
the complexity of the ownership network is likely to prevent the Nomura from knowing
its own potential.
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1

Introduction

The development and successful implementation of R&D policies depend on understanding patterns of scientific collaboration (SC). Existing studies on SC typically focus
on the individual level [1–4], despite SC occurring on many interdependent social levels
[5, 6]. Therefore, this research aims to provide a simultaneous insight into SC patterns
among researchers (individual level) and organizations (organizational level) from the
field of social sciences in Slovenia.
SC on the individual level is operationalized by co-authorship of a scientific paper,
whereas two organizations are said to collaborate if they collaborate on a joint research
project. The data on 788 researchers from the field of social sciences and the data about
their research papers (3,367 research papers, i.e. original scientific article, review article
and short scientific article) and corresponding research organizations (64 distinct organizations) were retrieved from Slovenian national information systems for the period
2006 – 2015. The 64 research organizations worked on 3,367 national and international
research projects in the defined period.
Based on these data, the two-level collaboration networks were formed. These networks were analyzed by using k-means-based blockmodeling approach for linked networks [7]. A blockmodeling is an approach for reducing large and complex networks
to a smaller and more interpretable structure. The nodes in a blockmodel are clusters of
equivalent (regarding their structure of links) nodes from the studied network. The term
block refers to a submatrix showing the link between two clusters [8].
The applied k-means based blockmodeling approach looks for homogenous blocks
in terms of tie values (i.e., row/column densities) and it is considerably faster compared
to the generalized blockmodeling for multilevel networks. One of the characteristics
of this blockmodeling approach is that the levels with a much higher number of nodes
can have a disproportionally high impact on the blockmodeling solution. Therefore, the
weighting was used to ensure that both network levels have a comparable influence on
the results. The number of clusters was chosen by observing the values of the criterion
function [8].

2

Results

The obtained blockmodel is visualized in Fig. 1. The chosen number of clusters on an
individual level is 15 (blue coloured nodes) while the number of clusters on an organizational level is 6 (red coloured nodes). Nodes’ sizes for individuals are proportional
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to the number of researchers in each cluster, while nodes’ sizes of organizations are
proportional to the total number of researchers from organizations belonging to a given
cluster. Widths and colour-intensity of the edges within individuals and within organizations are proportional to the blocks’ density which connect two given clusters of individuals or organizations. The widths and colour-intensity of the edges between clusters
from different levels are arranged to represent a share of individuals from a given cluster
of individuals who affiliate with a given cluster of organizations.

Fig. 1. Visualization of the blockmodeling solution in graph form. Nodes marked with letter “O”
(red-colored nodes) represent clusters of organizations (their sizes are proportional to the total
number of researchers from organizations belonging to a given cluster). Nodes marked with letter
“R” (blue-colored nodes) represent clusters of researchers (their sizes are proportional to the
number of researchers in each cluster). The legend corresponds to different considered scientific
fields and disciplines.

It can be seen that a global network structure of researchers consists of many internally more or less linked groups of researchers. Also, the clusters of organizations
are well-linked internally as well as to each other. Furthermore, SC between organizations is generally not manifested in co-authored publications between researchers from
these organizations. The latter can be seen by only a few links between the clusters of
researchers who are employed at organizations from otherwise linked clusters of organizations.
By looking at the obtained results, the two clusters (clusters O2 and O6 on Fig. 1)
of organizations with only one organization in each (i.e., School of Economics and
Bussines, University of Ljubljana and Faculty of Social Sciences, University of Ljubljana) can be identified. While all researchers from the Faculty of Social Sciences are
in a single cluster, the researchers from the School of Economics and Bussines are in
three distinct clusters with a low level of SC among them. The other cental organizations from the field of Social sciences in Slovenia are clustered in a single cluster (O1).
Some of the researchers from this cluster collaborate with the researchers that belong
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to another cluster of organizations (cluster O5) from the scientific disciplines Administrative and organizational sciences, Educational studies, Sport and Psychology. Next, a
cluster of organizations exists, which are geographically positioned at the coastal region
of Slovenia or run research activities in this region (cluster O3). The organizations in
the last cluster (cluster O4) are different faculties and institutes. These organizations are
less linked to each other, and the corresponding researchers are from different scientific
disciplines.
Summary. Formal incentives for SC between researchers from different organizations
might not be reflected in SC on an individual level. There is a high level of interorganization SC. Organizational SC is often not manifested in co-authored scientific
papers. Their organizational affiliations highly determine the clusters of researchers.
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1

Introduction

In Online Social Networks (OSN) numerous are the cases in which users create multiple accounts that publicly seem to belong to different people but are actually fake
identities of the same person. These fictitious characters can be exploited to carry out
abusive behaviors such as manipulating opinions, spreading fake news and disturbing
other users [2, 4]. In literature this problem is known as the ”Sockpuppet problem”.
In our work we focus on Telegram, a wide-spread instant messaging application, often
known for its exploitation by members of organized crime and terrorism, and more in
general for its high presence of people who have offensive behaviors. In Italy, for example, it stepped into the spotlight because of a revenge porn case in early 2020. In
this OSN users can chat both privately and in groups, and its peculiarity is that they can
interact anonymously, because the service allows you to display only your nickname
of choice, keeping any other personal information hidden. This feature facilitates the
emergence of various fake accounts, exploiting also free VoIP numbers to create a variety of sockpuppet accounts.
The detection of sockpuppet accounts is a challenging task and the approaches [5] that
have been tried during these years involve many different platforms and OSN; furthermore these techniques can be tailored or applied in a more general way. The majority
of them often relies on the use of Natural Language Processing (NLP) methods, OSNdependent features and mined behavioral patterns.
Thus we decided to tackle the problem in an innovative way to try and have more interesting results, that is by involving Network Science as a tool to match different virtual
users that are actually the same person offline. To do so we took several Italian public
groups on Telegram, choosing them because of the similarity in their academic contents
and the fact that these groups have some users in common (they actually belong to the
same virtual network of self-declared ”friends group”). We scraped these groups’ messages and exploited the replies between users, all this in a completely undetectable way
from the inside thanks to the fact that it is not necessary to join the groups to retrieve
the informations.
We then created a directed weighted network of user interactions that connects the users
who write a message, the source, to the users to whom they reply, the target. We took
17747 users as nodes and 191526 explicit replies to messages as edges, weighted by the
number of replies.
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2

Preliminar Results

We decided to investigate the power of Network Science applied on Sockpuppet Detection in Telegram. More in depth, we saw this problem as an instance of the link prediction task based on similarity measures, where the link has the meaning of ”same-as”.
In agreement to this the whole problem can be seen as an instance of the data linking
problem that, according to the particular scenario taken into account, can be named as
deduplication (w.r.t. databases), instance matching (w.r.t knowledge graphs) and entity
resolution: we decided to to treat it in a similar way, trying to find cluster of similar
instances.
We propose a scalable method that exploits neighbours as features. In order to assess
the similarity between the nodes we should compute the similarity matrix according to a
certain function and filter that need to be the closest possible to a given threshold. However this operation is very costly, both in memory and time, being O(n2 ) (where n is the
number of nodes). To tackle this scalability issue we involved a family of algorithms
known as Locality-Sensitive Hashing (LSH) [1] that create blocks in which similar entities are stored based on an hash function that takes each entity’s feature as input: similar
entities should lead to similar hash, so they should belong to the same cluster. Instead
of computing the similarity between each pair of nodes, using LSH algorithms we drop
from a complexity of O(n2 ) to O(n), allowing us to scale w.r.t the number of nodes. In
specific we use SimHash [3], to approximate the hamming distance between the the
nodes and get the clusters.
Before computing the similarity between nodes, we preprocessed the data in this way:
– we normalized neighbours’ weight according to each user
– we dropped links having weight less than 0.5 to only take into account the more
meaningful interactions
For each node we wanted to limit the number of similar ones to have few candidates: to
do this, we set the fingerprint size to 128 and the max distance to 20.
Using a real life scraped dataset we were not able to create a full ground truth;
moreover we only had a partial knowledge of all the users in it. Considering this, we
acted as an oracle and we tested our method on a small number of users that we knew
for sure being accounts of the same person.
With only this topological information (up to now we had just used the neighbours similarity) we have found both bidirectional exact match and one-to-many matches. For the
last case, we found also users that are not related, based on our knowledge. Varying the
value of the signature size and the max distance, we’re able to both find new correct
match and to lose them. We suggest to find a trade-off between these values, according
to the precision and the recall metrics.
Unfortunately the downside we encountered using this feature was the discovery of a
lot of false positives belonging to people that we know to be different from the main
sockpuppet account we were looking for.
Network Science can provide a very effective framework to tackle the search of
sockpuppet accounts in OSN, and it can be an interesting research direction because of
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the possibility of exploiting the structure of interactions that emerges with time. Furthermore this is something that is not OSN-dependent making it possible to hypothetically
create an interaction graph from every OSN.
As future works we also plan to extend the experimentation involving labeled datasets
and trying to combine other features mined from the graph. We have also started to explore the usage of lexical features that can be extracted from sent messages, using them
in combination with the previously described ones, in order to investigate the influence
of structural informations and linguistic ones. The first results are really promising and
we are continuing to improve our research on the subject.
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We analyze the evolution of Twitter activities in Slovenia in recent years. We construct networks, with Twitter users as nodes, and retweet relations as edges. We detect
communities and influential users in them, and track how they evolve during times of
political changes and start of the Covid-19 pandemic. We observe the following: Most
of the influential users around which communities emerge are related to politics, the
political polarization is increasing, and the right leaning Twitter users are considerably
more active.

Fig. 1. Volume of tweets (top) and evolution of the top communities (bottom) across the four periods analyzed, P1–P4. Considered are only communities with more than 2% of the Twitter users
in each period (S stand for the SPORTS, and C for the CENTER community). Size of a community corresponds to the number of its users. Black arrows show the flow of users between the
communities, and percents refer to fractions of the source community. Red arrows indicate users
leaving a community, and blue arrows indicate new users (or users from smaller communities)
joining a community (shown just for the LEFT and RIGHT communities).
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It turns out that the retweet communities very well reflect the actual political alignments. We already demonstrated that political parties and nationality of the members of
the European Parliament can be reconstructed solely from their retweet activities [3].
We also showed that there is a correspondence between the co-voting and retweeting
in the European Parliament, while higher Twitter activity was observed for the rightwing parties [2]. Also, in the case of Brexit, the Leave proponents showed much higher
activity and influence on Twitter than the Remain proponents [4].
We collected most of the tweets from the Slovenian users in recent years with the
TweetCat tool [6], built specifically for acquisition of Twitter data for “smaller” languages. For the current work, the collected tweets are split into four 6-months periods
corresponding to major political events:
– P1 (Mar. 2018 - Aug. 2018) - government resignation and snap parliamentary elections (on 14 Mar. and 3 Jun. 2018, respectively),
– P2 (Sep. 2018 - Feb. 2019) - left-wing government formation (on 13 Sep. 2018),
– P3 (Aug. 2019 - Jan. 2020) - left-wing government resignation (on 27 Jan. 2020),
– P4 (Feb. 2020 - July 2020) - right-wing government formation (on 13 Mar. 2020)
and emergence of the Covid-19 pandemic in Slovenia.
For each period, P1–P4, we detect communities by the Louvain method [1] which maximizes modularity. We identify influential users in terms of the Hirsch index (h-index)
[5], adapted to Twitter [4]. A user with an index of h has posted h tweets and each of
them was retweeted (RT) at least h times: h-index(RT) = maxi min(RT(i), i).
Table 1 shows basic network statistics for the four time periods. If we ignore smaller
communities which contain less than 2% of the users, the largest four communities comprise more than 92% of all the users. The communities are labeled as LEFT, SPORTS,
CENTER, and RIGHT by their most influential members.
P1
Period
Twitter users (nodes)
8,334
retweeted tweets
155,730
retweets (weighted edges)
448,962
6 (95%)
communities (> 1%)
communities (> 2%)
4 (92%)
modularity
0.40
Average h-index of the top 20 influencers
LEFT
15
SPORTS
7
CENTER
12
RIGHT
48

P2
7,952
146,806
412,434
5 (95%)
4 (93%)
0.38

P3
7,315
165,733
424,729
5 (96%)
3 (93%)
0.35

P4
9,760
410,206
1,648,807
2 (96%)
2 (96%)
0.32

14
5
11
46

13
/
18
43

27
/
/
66

Table 1. The Slovenian retweet networks during periods P1–P4. Size of the networks, the number
of communities with more that 1% or 2% of the users with corresponding fractions of all the users
covered (top), and average influence of the top 20 users in the largest communities (bottom).

Fig. 1 shows the transitions of the users between the communities across the time
periods P1–P4. We observe the dominance of the LEFT and RIGHT communities, and
how they eventually absorb the smaller communities (SPORTS is largely absorbed by
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Fig. 2. Inter-community retweeting between the top communities during each of the four periods,
P1–P4. Size of a community corresponds to the number of its users, and arrows correspond to
fractions of retweets. For example, in P3, 34% of all the retweets by CENTER are from the
RIGHT community, and 13% are from LEFT. The rest (53%, not shown) are retweets from the
CENTER community itself, i.e., defining it as a community.

LEFT, and CENTER by RIGHT). There is a relatively large fraction of the Twitter users
leaving the dominant communities or joint them anew (indicated by the red and blue
arrows, respectively). We did not yet exhaustively check the robustness of the Louvain
community detection algorithm on this data, but so far there are strong indications that
the cores of the communities, in terms of the influential users, remain stable.
Fig. 2 shows the retweeting activity between different communities. CENTER is
retweeting more from the RIGHT and is eventually absorbed by the RIGHT. However,
CENTER also acts as a link between LEFT and RIGHT (most pronounced in period
P3), and this link disappears in period P4. The last period, P4, is characterized not only
by an increase in Twitter activities, due to the Covid-19 pandemic, but also by increased
political polarization. Our preliminary experiments also indicate that the amount of
inappropriate, offensive and violent hate speech is increasing in this recent period.
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1

Introduction

Discovering meaningful topical clusters in online social networks (OSNs) has recently
occupied an overwhelming research interest owing to its diverse applications. Most existing approaches focus on the contents generated by the social users and link structure
of the underlying social network [1, 2]. However, the degree of users’ temporal topical
activeness has not been thoroughly studied to identify its effect on the formation of topical clusters. As a result, the resulting clusters may contain mix of high and low active
users as well as may contain users who have no inclination towards the query attributes.
This research investigates on how the users’ behaviors and topical activeness vary with
time and how these parameters can be employed in order to improve the quality of the
detected topical clusters for top-k trending topics at different time intervals. Our observation is that users have different degrees of topical activeness which vary widely over
time. The proposed approach is commenced on measuring the degree of activeness for
each candidate cluster member with respect to the given query attributes to enhance the
quality of the detected topical clusters. Instead of giving the query topics manually, our
system identify the top-k trending topics by taking into account the number of mentions
on that topics and the coverage of that topics in OSN.

2

Problem Statement and Proposed Framework

We introduce some relevant concepts before defining the problem statement.
Activity: Activity refers to an action that a user performs at a time point. For example,
a user u in Twitter posts a tweet (message) containing a specific topic Ti at time t j . This
activity is recorded as an activity tuple u, Ti ,t j .
Query: An input query Q = {Tq } consisting top-k trending Topics Tq = {Ti , Ti+1 ..., Tn }
at a particular time interval.
Topical Interest Score: For each user ui ∈ U, we compute her topical interest score
(denoted by Ω ) to measure the involvement of ui towards the given query attributes Tq
of Q, using Equation (where Qui ∈ Q) here below:
∑ui ∈U Q |ACT S(ui , Qui )|
|ACT S(ui , Qui )|
Im
ΩIm (ui , Qui ) =
, where Λ(Q,U Q ) =
(1)
Im
Λ(Q,U Q )
|UIQ |
Im

m

where, ACT S(ui , Qui ) indicates the set of activities related to Q performed by ui
and Λ(Q,U Q ) denotes the average number of activities related to Q performed by UIQm in
Im
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attributed graph G, where UIQm indicates only those users who posted tweets related to
Q at time interval Im . Then, the activeness (denoted as σ ) of u related to Q is
ΩIm (ui , Qui )
σ(ui ,Qu ) =
(2)
i
maxu ∈U Q {ΩIm (uz , Quz )}
z

Im

Problem Definition: Given an attributed graph G = (U, E, T ), an input query Q =
{Tq }, a positive integer k, and a threshold value of θ , we want to group users into three
different clusters (namely CH , CM and CL as high, medium and low active groups
respectively) based on their topical interest scores. We consider a threshold θ ∈ [0, 1]
so that each user has to show her inclination to at least |Q| . θ topics.
In our proposed model, we set the value of the query Q at each time interval Im as
the top-k trending (busty) topics at that Im . We define trending score ( η(Tz ,Im ) ) for each
topic Tz according to equation mentioned below::
η(Tz ,Im ) = α . ACT S(∗, Tz ) + (1 − α) . UTz ,Im
(3)
where ACT S(∗, Tz ) indicates the total number of activities related to topic Tz and
UTz ,Im represents the number of users who showed their interests on Tz at time interval
Im . The weighting parameter α ∈ [0, 1] balances the above two factors.

3

Experimental Evaluation

We use a Twitter dataset from SNAP 1 data collection repository and randomly choose
4,00,000 users and consider their tweets from June 16, 2009 to June 30, 2009. The
interest scores of active users (having at-least 10 activities related to Q at Im ) ranges are
greater than 0.75, between 0.41 to 0.75 and between 0.25 to 0.4 for CH (high), CM
(medium) and CL (low) clusters, respectively. We use two measures of entropy and
cluster topical expertise level to evaluate the quality of the detected clusters.
r

entropy({C j}rj=1 ) = ∑
j

|U(C j )|
entropy(C j ) , where
|U|

n

entropy(C j ) = − ∑ pi j log2 pi j (4)
i=1

|U(C j )|
is the weighted probability of a cluster’s user and pi j is the percentage of users
Here
|U|
in cluster C j which are active on query topic Ti .
The term entropy ({C j }rj=1 ) measures the weighted entropy considering all the query topics
over all the (r) clusters. Entropy indicates the randomness of topics discussed in clusters. Next,
we measure the semantic cohesion related to Q in each cluster considering the main topic of
interest of each user ui according to Equation given below.
ψ(ui ,Im ) = f reqmaxQ ACT S(ui , Qui )

(5)

Similarly, Equation ?? defines the most frequent topic in a cluster C j at Im .
λ(C j ,Im ) = f reqmaxQ ψ(ui ,Im )

(6)

Finally, we measure the expertise level of a cluster (denoted as ρ(C j ,Im ) ) for a particular topic
Tz at time interval Im (mentioned in Equation 7). Generally, a good topical cluster should have
low entropy value and high semantic cohesion towards the given Q.
ρ(C j ,Im ) =
1

#{ui ∈ C j , ψ(ui ,Im ) = λ(C j ,Im ) }

http://snap.stanford.edu/data/twitter7.html

|C j |

(7)
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(a) Entropy

(b) Average interest score

Fig. 1. (a) Entropy at time interval (26/06 - 30/06), (b) Average interest score at different time
intervals at each topical cluster for top-k trending topics (in all cases, k = 4, α = 0.5, θ = 0.5))
Fig. 1 (a) shows the entropy values at a particular time interval (26/06-30/06) where the
trending topics set Q is {Jobs, News, Father’s day and Politics}. Threshold θ values of 0.25 and
0.5 indicate that users have to active at-least 1 and 2 topics related to Q respectively. In both cases,
we see that entropy values are higher in CM and CL as not all the users show their inclination
to all the topics related to Q. On the other hand, as the members in CH have high degree of
activeness towards Q, so most of them have to pay attention to all the query topics. Fig. 1 (b)
shows that the members in high cluster (CH ) has higher average score than other clusters at
different time intervals.
Table 1. Semantic cohesion (ρ(C j ,Im ) ) for Top-k Trending Topics
θ = 0.25
CH = 0.750 (Business)
I1
C = 0.406 (Business)
(16 / 06 - 20 / 06) M
CL = 0.667 (Business)
CH = 0.50 (News)
I2
CM = 0.414 (News)
(21 / 06 - 25 / 06)
CL = 0.412 (Politics)
Time Window

θ = 0.50
CH = 0.692 (Business)
CM = 0.611 (Business)
CL = 0.633 (Business)
CH = 0.538 (News)
CM = 0.324 (Politics)
CL = 0.333 (Politics)

Table 1 shows the expertise level (ρ(C j ,Im ) ) of each cluster for the most frequent topic of
that cluster at different time intervals. We find that Business is the most frequent topic in all the
clusters at time interval I1 for θ values of 0.25 and 0.5, respectively. On the other hand, News
become most frequent topic at time interval I2 in most cases. In all the above cases, CH is found
as most coherent cluster.

4

Conclusion

Our observation is that the users’ individual activeness vary widely for different attributes. This
research outlined an activeness score function for the social users and developed methods to
effectively cluster them for top-k trending topics.
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Introduction

The advent of social media and microblogging platforms over the last decade has
brought fundamental changes to the way people access and share information, communicate, etc. According to Eurobarometer, the percentage of Europeans making daily
use of social networks to access news has increased from 18% in 2010 to 42% in 2017
[1]. So far, however, researchers have mainly focused on the behaviour of social media users, individuating several stylized facts. For example, it has been observed that
online users are more likely to select information adhering to their system of beliefs
and joining groups (the so-called “echo chambers”) supporting it; these groups, in turn,
are often found to be polarized, hence promoting an approach to discussions which is
strongly negatively biased [2]. Relatively less attention has, instead, been paid to the
semantic aspect of online conversations and its nexus with the relationships amongst
users participating to them.
Our contribution aims at overcoming the limitations of present studies [3] by exploring the structural properties of both the networks of actors and the networks of topics.
In other words, our approach allows us to combine both the behavioral and the semantic
aspect of online political debates to unveil the communication strategies and the backbone of the narratives developed by different political groups. Our data set consisted of
approximately 5 millions of tweets induced by the Italian debate about migration and
posted by 306.894 users across the period May-November 2019. For the present analysis, we have focused on Twitter, a choice driven by the evidence that it is massively
used during political debates [4], by the vast majority of public figures (e.g. political
leaders, journalists, official media accounts), to provide visibility to their statements.
Amongst all types of interaction modes characterizing the Twitter platform, the current
study grounds on retweets, i.e. a relational mechanism which is particularly insightful
when studying collective political identities [5].

2

Results

Following the approach of [6, 7], we have considered the bipartite networks of verified
users retweeted by non-verified users at a monthly time scale and proceeded in a twostep fashion. First, we have obtained the corresponding set of (monopartite) projections
on the layer of verified accounts, by comparing the empirical number of times any couple of verified users has been retweeted by the same non-verified users with the outcome
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Fig. 1. The monopartite projection on the layer of verified users “summing up” the entire observation period (i.e. May-November 2019). This network clearly spots out five largest communities
corresponding to the (members and supporters of) the major Italian political parties.

of a properly-defined benchmark model (in our case, the so-called Bipartite Configuration Model [8]); then, we have run the Louvain community detection algorithm on the
obtained projections.
Remarkably, the detected groups - named discursive communities and interpreted
as clusters of users sharing similar contents, in turn able to trigger a discussion - can
be identified with (members and supporters of) the main Italian political parties. As
reported in Figure 1, the projection “summing up” the entire observation period (and
obtained by properly combining the monthly projections) is characterized by the presence of five largest communities, i.e. the supporters of “Movimento 5 Stelle” (Five Star
Movement) (yellow), the supporters of far-right parties (green), the supporters of centerleft parties (red), a community of media and NGO accounts (purple) and a community
of politicians and supporters of the center-right party “Forza Italia” (Go Italy). Moreover, at a finer grained level (i.e., the monthly time scale), all the discursive communities
follow the evolution of the corresponding political coalitions. For instance, our analysis
clearly spots out the effects of the 2019 Italian government crisis, leading the center-left
leaning community to split into two sub-communities.
In order to provide a deeper insight into the online discussions characterizing each
discursive community, we have also analyzed the structure of the corresponding monthly
semantic networks which are obtained by projecting each bipartite user-hashtag network
on the layer of hashtags (as hashtags play a central role in the Twitter environment, we
have defined the nodes of our semantic networks to be precisely the hashtags extracted
from the text of the collected tweets). Out of the four different benchmarks employed
in our work to obtain the semantic networks, here we consider the so-called naı̈ve one
(prescribing to link any two hashtags sharing a non-negative number of users) and the
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Fig. 2. The July 2019 semantic network of the far-right leaning community obtained by employing two different filtering procedures, i.e. the naı̈ve one, prescribing to link any two hashtags
sharing a non-negative number of users (right panel) and the one defined by the Bipartite Partial
Configuration Model (left panel) [8].

one defined by the Bipartite Partial Configuration Model [8]. The projection obtained
by employing the latter lets the most persistent (groups of) hashtags emerge: as shown
in Figure 2, the bulk of the discussion characterizing the far-right leaning community,
in July 2019, is represented by keywords such as #portichiusi, #fuoridalcoro, #salvini.
Interestingly, the k-shell decomposition of the semantic networks obtained by applying the naı̈ve recipe has revealed the presence of a core-periphery structure (i.e. a bunch
of very well-connected vertices, linked to a group of low-degree, loosely inter-linked
nodes) characterizing the monthly activity of each discursive community.
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Introduction

Insofar surnames are associated with ancestry, they contain social information. Previous
research has used last names to uncover the genetic [1,2], ethnic [3,4], and linguistic [5]
composition of populations. Importantly, surnames can be a source of relational data.
Previous research constructs surname networks from geographic proximity; if two surnames tend to co-occur in space, then they are made to connect [6]. In countries where
individuals hold paternal and maternal surnames, last names are a direct source of relational data. For example, if Elena’s paternal last name is González and her maternal
last name is Muñoz, this is likely to mean that, at some point, a González and a Muñoz
— her parents — had a relationship.3
This article exploits the social and relational properties of surnames to produce a synthetic view of the population of Santiago, Chile. From administrative records of more
than four million names, it creates a network of paternal-maternal last names and associates them to an approximate socioeconomic index. It identifies the clusters that
emerge and describes them. The hypothesis is that socially similar surnames form clusters.

2

Data and methods

The Chilean electoral registry of 2012 contains the full name, the unique identifying
number,4 and the address of all individuals eligible to vote for political authorities in
Chile.5 Only residents of Santiago were included in this analysis, totaling 4,652,933
individuals. An initial surname network was made using all paternal and maternal surname pairs and weighting them after their occurrence. For example, if the electoral
registry contains 100 individuals named González Muñoz, then the González-Muñoz
3 On

some occasions this is not the case. For example, when people change their last names,
or when the identity of the father is not known.
4 Registro Único Tributario: RUT, in Chilean administrative parlance
5 Persons over 18 years of age, including Chilean citizens and foreigners that have resided in
Chile more than five years
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pair is given an initial weight of 100.
Ties that do not seem to express affinity are dropped. The González and Muñoz of
Santiago may possess multiple connections; however, if their occurrence (nss ) is less
than expected given their large sizes, then their tie is not indicative of affinity. In contrast, two rare surnames — say Yarur and Manzur — may have fewer connections, but
still more than expected given their reduced numbers; if so, this connection is preserved.
Following [7], we remove surname pairs if their nss falls below a threshold defined by
nss > kns1Nns2 , where K is a constant, ns1 is the occurrence of the first surname, ns2 is the
occurrence of the second surname, and N is the total number of individuals. Constant
k establishes a threshold for tie unexpectedness, and is determined by the researcher.
We chose a k = 25. Finally, if nss is above 1, then the pair is kept. In a second filtering step, all nodes (surnames) that fall below a network coreness threshold equal to 4
are dropped. The resulting graph contains 3728 nodes/surnames. Clusters are identified
using the Louvain community detection algorithm [8].
The second source of data is the Índice de Bienestar Territorial (IBT) of 2012 [9],
which indexes the mean socioeconomic level of every census administrative unit down
to the block level. The data building phase involved geocoding every address contained
in the electoral registry using the Google Maps API, which yields four types of definitions: approximate, geometric center, range interpolated, rooftop. Only addresses
geocoded with rooftop- and range interpolated-level precision were kept in the analysis, leaving 3,720,431 registers. Then each address was matched with a census block,
and the socioeconomic status of individuals was imputed based on the mean socioeconomic level of the block they live in.

3

The clusters

The community structure of the resulting graph contains 10 clusters. Three of these
clusters facilitate an intuitive interpretation. In Table 1, clusters 0 and 5 possess a high
socioeconomic level, and cluster 2 possesses low socioeconomic status. The latter is
formed by Mapuche surnames such as Collio, Painen, Curiqueo, and Curı́n (see Appendix A for a detail of representative surnames per cluster). The most representative
surnames of cluster 5 are Larraı́n, Vial, and Errázuriz, which contextual familiarity
with Chilean surnames suggests represent the traditional upper class. The most representative surnames of cluster 0 are Jadue, Nazar, Awad, and Manzur, all Palestinian
surnames. The upper-class and Palestinian clusters possess similar socioeconomic levels, but, historically, the former has been dominant in politics. Figure 4 represents the
proportion of parliamentarians holding surnames belonging to each cluster; we see that
cluster 5 has been dominant throughout two centuries, especially in the nineteenth century.6
The clusters also differ in their geographical distribution. Figure 1 through Figure 3
visualize where in Santiago individuals holding the most representative surnames of
6 The list of Chilean parliamentarians from 1834 to 2018 was extracted from the site of the
Chilean congress at www.bcn.cl (accessed on 20 May 2020).
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each cluster live. Both the aristocratic and Palestinian clusters are concentrated in the
north-east quarter of the city.7 The Mapuche cluster is overrepresented in the lowerincome neighborhoods of Cerro Navia in the north-west, and La Pintana in the south
part of Santiago.

4

Conclusion

This paper builds a network of paternal-maternal surname pairs to reveal the community structure of the population of Santiago, Chile. It reveals 10 clusters, three of which
are intuitively interpretable, those representing the Mapuche people, the descendants of
Palestinians, and the traditional Chilean upper class. Individuals holding Mapuche surnames were considerably more deprived economically than the Palestinian and upperclass clusters. The two latter possess similar socioeconomic status and live in the same
part of Santiago, but the upper-class cluster is better represented in politics.
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Appendix A: figures and tables
7 Palestinians are also overrepresented in Patronato, a lower-income neighborhood specialized
in commerce. Historically, this is where Palestinians migrating to Santiago arrived.
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Table 1. Descriptive statistics per cluster
N Percent of population Mean NSE Mapuche Palestinian Jewish
0
1
2
3
4
5
6
7
8
9

345
482
769
56
486
874
315
79
147
175

2.4
8.4
3.8
0.8
9.0
6.8
5.4
0.7
1.7
1.9

77.9
61.3
41.6
67.6
62.4
77.3
61.9
63.4
60.7
69.3

0.9
3.1
86.2
1.8
4.1
0.8
5.1
2.5
5.4
2.3

15.7
0.0
0.0
0.0
0.0
0.2
0.3
0.0
0.0
0.0

2.9
0.6
0.3
5.4
3.3
3.0
1.6
0.0
0.0
16.6

Fig. 1. Geographical distribution of aristocratic cluster (representative surnames)

Fig. 2. Geographical distribution of Palestinian cluster (representative surnames)

Fig. 3. Geographical distribution of Mapuche cluster (representative surnames)

Fig. 4. Political representation of clusters
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1

Introduction

Open-source, distributed decentralized online social networks (DOSNs) are emerging
as alternatives to the popular though centralized platforms – i.e., hosted and controlled
by a single company – like Facebook or Twitter. In DOSNs, everyone is allowed to
get the code and set up their own server. A particularly relevant model is the federated
one, whereby each server can communicate with the others using the same protocol,
meaning that if a user is signed up for a certain server, s/he is still able to interact with
users on another server – in a similar fashion as for the email service. In addition, any
platform that implements the common protocol, such as ActivityPub, becomes part of a
massive social network, called Fediverse, thus enabling individuals to use their accounts
on a platform to follow users on other platforms without needing an account there.
The Fediverse currently provides several services, such as Mastodon and Friendica
for microblogging, PeerTube and Funkwhale for video hosting, PixelFed for image
hosting. To our knowledge, Mastodon is the only platform in the Fediverse that has received relative attention from the research community [1–6]. From a network science
perspective, the studies by Zignani et al. [3, 5] are particularly relevant: they are the
first to analyze a large portion of the Mastodon user-network, focusing on degree distribution, triadic closure, and assortativity aspects, and comparing such characteristics
to those in Twitter [3]; also, in [5], they investigate how the decentralization process
affects relationships between users, unveiling that instances show individual footprints
(based on degree distribution and clustering coefficient statistics observed on the top10 instances in Mastodon) that influence relationships. However, several open questions
still remain to address on Mastodon, which motivated us to focus on this platform in
this work. Our major contribution is to fill a gap in the understanding of the mesoscopic
structure of Mastodon: in fact, unlike existing works, our study builds upon a network
model over the instances and exploits it to provide insights into connections among instances, and hence their users, over the detected modularity-based community structure
as well as core-decomposition. Given the versatility of our analysis methodology, we
believe our study can serve as a starting point to analyze the entire Fediverse of DOSNs.

2

Methodology and Results

To conduct our study, we referred to the Mastodon data provided in [3], which contains about 6.5 million following relations for 566 000 users, covering 4 015 instances
– which is more than half of the Mastodon instances created to date.1 Upon this data,
1 Source:

https://instances.social/.
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Fig. 1. (On the left) Community structure of the instances network detected by the directed Louvain method. (On the right) Core decomposition of the instances network, based on vertex indegrees: vertices having the same core-index are assigned the same color (inner-most, resp. outermost core correspond to red, resp. blue); edge width is drawn proportionally to the edge weight

we derived the instances network as a directed, weighted network with set of nodes
as instances, set of edges (95 221) each modelling a follow relation from a user in an
instance to a user in another instance, and edge weights each storing the count of users
in a source instance following users in a target instance.
Basic structural statistics on this network, such as the high values of clustering coefficient (0.848) and reciprocal edges (70.9%), already provide hints at the presence
of a federation structure. Nonetheless, our goal is to gain insights into the mesoscopic
structure of the instances network to unveil whether and to what extent the federated
mechanism actually holds in Mastodon. To this aim, we leveraged on two main exploratory tools, namely community detection and core decomposition.
We used the well-known modularity-maximization-based Louvain algorithm for
discovering communities in the instances network, also employing its directed variant.2 Figure 1 shows a graphical illustration of the 6 communities found, where two
macro-communities stand out (colored in green and yellow in the figure), containing
about 89% of the instances. This also couples with a modularity of 0.397, which hints
at dense connections existing between instances within the same community, though
the top-3 Mastodon instances by relevance separately lay on these macro-communities.
Like previous studies have shown, communities tend to be geographically distinct, as a
result of different cultures and languages of their users. However, a deeper analysis of
the instances in the communities allowed us to draw more interesting remarks.
The decentralized mechanism enables the creation of instances based on specific
topics. While this allows users to select which instance best fits her/his interest, a “sec2 https://github.com/nicolasdugue/DirectedLouvain.
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torization” bias of the instances network could occur. However, we found out that the
community structure of the instances network is not strictly topically-induced: in fact,
in every community, the description of most instances share Not-specified or Generic
as main “topics” (followed by actual topics, e.g., Technology, Gaming). We believe
such looseness of topics should also positively be interpreted together with the adoption
by most instances of the content-prohibition feature concerning a variety of undesired
contents (e.g., spam, advertising), which works out to ensure reciprocal respect between
users of the same or different instances. As a side yet relevant remark, the instances network also exhibits a degree assortativity significantly negative (-0.291): this is another
distinctive trait of Mastodon w.r.t. most of the centralized social networks, which might
be ascribed to the opportunity given to the users of following and interacting with users
in different instances, regardless of the popularity of their home-instances.
Our analysis of core decomposition the instances network revealed more peculiarities of this network which further strengthens our hypothesis of federation. First, the
instances network has a degeneracy of 141 (resp., 69 and 70) w.r.t. full-degree (resp., indegree and out-degree). One major finding is a significant presence of instances not only
in the periphery but also in the inner cores of the network. In particular, the full degree
(resp., in-degree and out-degree) based inner-most core contains about 120 (resp., 123
and 115) instances. Also, besides the expected high density (0.76-0.79) and clustering
coefficient (0.87-0.88), we observed an extremely high reciprocity (above 90%).
Further interesting findings are drawn from the observation of Fig. 1, whose display
of the cores unveils evidence of solid radial lines, which means there is a significant
amount of connections between users of instances in the inner-most core and users of
peripheral instances. This relates to the negative degree assortativity we previously discussed, and it represents quite a novel pattern in social networks, which do not actually
show direct links of any type between core-users and periphery users.
Summary. Our study based on mesoscopic structural analysis has confirmed a clearly
federative status characterizing Mastodon, which is today the most important platform
in the Fediverse. Nonetheless, our study also paves the way for future research on the
understanding of relevant features that might be shared among the various platforms of
the Fediverse of DOSNs, unveiling new social patterns expressed by DOSN users.
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1

Introduction

While it is a given that private entities play a crucial role in allowing the government
to engage in mass surveillance, whether through “backdoors” [1] or “revolving doors”
[2], we know far less about how this vast assemblage of public and private organizations
actually operates. Because of the tight-lipped nature of the US government, as well
as the private corporations involved in surveillance activities, the study of what some
have termed the “surveillance-industrial complex” has struggled to “unmask” the actors
involved.
This study introduces a new methodological approach to the study of surveillance
that I call digital sousveillance – the co-optation of digital data and the use of computational methods and techniques to resituate technologies of control and surveillance on
individuals to instead observe the organizational observer. To illustrate the potential of
this methodological approach, I employ quantitative network analytic methods to trace
the changes and development of the vast network of public and private organizations
involved in surveillance operations in the United States – what I term the US surveillant
assemblage – from the 1970s to the 2000s. The results of the network analyses suggest
that the US surveillant assemblage is becoming increasingly privatized and that the line
between “public” and “private” is becoming blurred as private organizations are, at an
increasing rate, partnering with the US government to engage in mass surveillance.

2

Data and Methods

As noted above, this study uses network analytic techniques to map the historical
development of the US surveillant assemblage, and its public-private linkages, across
four decades spanning from the 1970 to the 2000s. The primary sources of network data
for this article are drawn from the Transparency Toolkit’s “ICWatch” database. The data
employed here are scraped from individual profiles from LinkedIn.com. The scraper
collected public profile information based on a list of search terms that consisted of the
names of surveillance programs identified in the Snowden documents. If an individual’s
profile contained terms or names from one of these programs, the scraper collected the
entire profile, including job history (job title, company, start/end date, and description
for each job), skills, educational history, and location/area. These historical job data
were used to create organizational networks, where individuals’ employment histories
were used to identify organizations involved in surveillance programs from the 1970s
to the 2000s.
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3

Results

As noted above, the data are analyzed in four distinct sections representing each
decade from the 1970s through the 2000s. This study begins its analysis with a mapping of each decade. These visualizations are helpful for providing a glimpse into the
scope of these networks and how the relations between public and private surveillance
organizations have evolved over time. These visualizations alone are insufficient to draw
robust empirical conclusions, however. To compensate for this, network statistics and
measures are also provided to allow for a more clear, empirical means of comparison
between each network. I thus rely upon statistical network analyses, including measures
of network structure as well as measures of homophily for each decade, to support and
expand upon the insights gained from the graphical network representations.
The most striking feature of the network graph in Figure 1, below, is the overwhelming presence of private organizations as the dominant nodes in terms of degree within
the network. There is strong clustering of public-private ties, most noticeable on the private side of the graph, with two major groups of public-private ties clustered together.
There also seem to be, proportionately speaking, fewer public-public and private-private
ties than there were in previous decades. This would seem to indicate that connections
between public and private organizations were more frequent during this period. In
the following section, I rely upon statistical network analytic methods to support these
graphical illustrations and to draw more direct empirical conclusions about the structure
of the US surveillant assemblage from the 1970s to the 2000s.

Fig. 1. Network Graph, 2000-2009

Table 1, below, displays the results of the quantitative network analyses with regard to network connectivity and homophily for the 1970s, 1980s, 1990s, and 2000s
networks. The results suggests that the US surveillant assemblage became more centralized and highly connected over time. Measure such as the number of connected
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Table 1. Measures of Network Connectivity and Homophily.
Measure
1970-1979 1980-1989 1990-1999 2000-2009
Nodes
743
2443
6961
31,015
Edges
10,189
95,939
708,517 1,048,575
Connected Components
13
9
14
1
Clustering Coefficient
0.838
0.856
0.834
0.966
Network Centralization
0.783
0.911
0.919
0.976
Attribute Assortativity
-0.001
0.081
0.090
-0.064
Degree Assortativity
-0.171
-0.144
-0.112
-0.590
Public-Public Ties (%)
22%
21%
22%
17%
Private-Private Ties (%)
47%
58%
57%
47%
Public-Private Ties (%)
46%
38%
38%
48%
Odds-Ratio: Public-Private Tie
0.72
0.38
0.36
0.85

components, clustering coefficient, and network centralization suggest that there is a
considerable shift in the structure of the US surveillant assemblage over time. Also,
the measures of homophily and heterophily displayed in Table 1 seem to indicate that
there were a greater tendency and likelihood of public-private connections in the 1970s
and 2000s networks compared to the 1980s and 1990s. This supports the graphical evidence that suggested the 2000s network is quantitatively different from prior decades.
The 2000s network is highly centralized, well-connected, and heterophilic – that is,
the 2000s network had a greater tendency for public-private partnerships than previous
years, as well as a greater tendency for connections between nodes of differing degree
values.

4

Discussion

The results of the network analysis indicate that the US surveillant assemblage is
becoming increasingly privatized; indeed, the line between “public” and “private” is
becoming blurred as private organizations are, at an increasing rate, partnering with the
US government to engage in mass surveillance. More work, by activists and scholars
alike, is needed to continue to unmask these actors and to allow the public to better
understand their entanglement with this vast surveillant assemblage.
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1

Introduction

In March and April 2020 all the world was involved in a pandemic lockdown due to
the Covid-19 emergency. During that period, people used social networks not only as
entertainment channels, but above all as a place for expressing moods, collecting news
and sharing passions through ‘hashtags’. The research is aimed to verify, by examining the hashtags network of the online music platform ‘SoundCloud’ 1 , whether the
‘hashtag’ is not only an index of the track, but a real form of communication between
users. To achieve this target, DEMON [1] was used as a Community Discovery (e.g.,
CD) algorithm; the choice is based on the sociological hypothesis that a node can belong to different communities, accurately reproducing the multiple scenario in which
the quarantined world was divided and united at the same time and hashtags can have
the explanatory power of covering a number of semantic areas. The network on which
the analysis was carried out consists of 29862 nodes and 406651 edges, where the latter
are given by the co-presence of two hashtags within a track. The CD was started on it
and at first parameters ε, the merging threshold in [0,1], and κ, the minimum community size, have been set: the value κ = 10 was set in order to have a minimum size of
the communities not too high ensuring a proper level of coverage, the value ε = 0.4 has
been set for several reasons: first, to guarantee an accurated semantic study of them and
then to bring out more than one aspect of the same phenomenon.Therefore, DEMON
found 1422 communities and we selected and analyzed those containing the hashtag
‘quarantine’ to verify their ability to reflect the multiple realities, in terms of interests,
passions, moods, that the quarantine was able to put together.

2

Results and Discussion

The algorithm found 152 communities containing the hashtag ‘quarantine’, among
which thirteen categories have been discovered from a more in-depth study of community partition. All the categories found are shown in Fig. 1 but we are analyzing the
most interesting ones.
1 An online audio distribution platform and music sharing that enables its users to upload,
promote, and share audio, https://soundcloud.com/

2
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Fig. 1. Categories of communities

Music & Social Media. As expected, this is the most frequent category, with 72
communities. Music has always been said to break down many barriers and this is exactly what happened during the lockdown period. The CD highlighted the hashtags
‘Travisscott’ and ‘Fortnite’, the first a famous American rapper who during the quarantine shared with his fans a concert on the gaming platform ‘Fortnite’, recording a
world record and becoming one of the possible future scenario for music. Among hashtags concerning musical genres and artists, the hashtags ‘GetMorePlays’ and ‘SCxiamOTHER’ stand out. SoundCloud launched these two promotional activity for users,
linked to these hashtags, in order to give more visibility to emerging and unknown
artists. The company, together with the well-known singer Pharrell Williams, decided
to publish a compilation in aid of charity, through the hashtag ‘SCxiamOTHER’, the
entire proceeds of which have been donated to some musician organizations.
Lifestyle. Another interesting aspect that emerged from CD concerns everyday life.
The lockdown period has forced people to change their habits and lifestyles. Many
of them took the opportunity to rediscover the pleasures of family life, and this has
been shared on digital platforms. Hashtags in related communities include words such
as ’daughter’, ‘mum’, ‘stay home’, ‘family’, ‘netflix’ ‘workingfromhome’, ‘coloring’,
‘cooking’, ‘drawing’, ‘home and family’, ‘sleep’, ‘keeping kids engaged’, ‘nature walks’,
‘student life’, ‘unemployment’, and ‘thingstodo’ that effectively sums up their purpose.
Obviously, mixed feelings also come out: ‘boredathome’, ‘isolation’, ‘funny’, ‘positivity’ etc. In an emergency like COVID-19 pandemic, the fear of the new and unexpected
situation and its potential impact on health, combined with the need for social isolation,
causes an inevitable feeling of desolation with time running slowly, but can help people
regain control of their lives, increasing the capacity to respond in a positive way at distress caused and to ‘fill the gaps’ left by the hectic life to which they were accustomed.
Podcast. During the Lockdown, the world of podcasting recorded an increase in
ratings of 53% across Europe [2] . The topics most listened to were mainly family,
politics and health and hashtags like ‘family’, ‘epidemic’ and ‘conversation’ were the
most shared in this category of communities. On the other hand, there has been an
opposite trend in the USA, where podcasting is mainly linked to commuting, stopped
due to the pandemic. However, one argument that affected many communties was the
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discussion about Microsoft’s founder, Bill Gates, with hashtags like ‘BillGatesDidIt’,
‘5G’, ‘conspiracy’ and ‘QAnon’.
Sex & Distance Relationship. The category ‘Sex & Distance Relationships’ highlights new and safe ways that people found to reconnect intimately and sexually using
digital technologies, due to forced isolation. In fact, hashtags like ’tinder’, ’online dating’, ‘facetime’, ‘Facebook’, ‘zoom’, ‘bumble’, reflect exactly this new virtual reality.
Also ‘online dating’, ‘virtualdating’, ‘sex uninterrupted’, ‘socialdistancing’, ‘love lost’,
‘safe sex’, ‘acceptance’, ‘physicalhealth’, put in evidence that in times of technological advancement, the lockdown has not prevented from forming romantic and platonic
connections with other people, albeit virtually.
Feelings. Several are the communities identified that enclose a set of emotions and
moods, even very contrasting with each other, which faithfully reflect the tumult of feelings from which the world community was invaded suddenly. The hashtags themselves,
such as ‘emotions’, ‘anxiety’, ‘happiness’, ‘frustrated’, ‘courage’, ‘sad’ and ‘fun’ emphasize the nature. Not surprisingly feelings such as ‘hope’, the externalization of wellbeing, ‘stress’ and ’vulnerability’, but also more challenging issues such as ‘suffering’,
‘support’ and ‘depression’ were strongly felt and shared by users, through the numerous
presence of the respective hashtags.
Online work & School. The closure of schools and offices due to the pandemic has
revolutionized the way we work and teach all over the world. Some companies already
knew smart working and distance learning, others were unprepared for this kind of work
and had to adapt quickly: it has a strong presence of hashtags such as ‘remoteworking’,
‘working remote’, ‘onlinelearning’, ‘homeschooling’ and ‘distancelearning’ and slogan
as ‘DoBusinessBetter’.
The research is only the first step of a larger study of the role of hashtags within musical
tracks. However, as noted at least in part, DEMON’s communities partition, and the
categories identified starting from this, exactly reflects the quarantined people’s lives
and feelings all over the world. Therefore, given the use that users make of hashtags
on social platforms, as a further means of moods expression and ways of living, the
analysis could be considered an alternative way to investigate society, increasing the
target sample and deepening the identified thematic categories.
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1

Introduction

In many political scenarios, public opinion is often divided into two extreme and
opposite positions. In sociological terms, this process is called polarization, and has
important social consequences. Political polarization generates strong effects on society, driving controversial debates and influencing the institutions. Territorial disputes
are one of the most important polarized scenarios and have been consistently related
to the use of different languages [4]. In this work [1], the polarized system studied is
centered around the Catalan independence issue and has been analyzed through a Twitter dataset. The dataset is made up of tweets about the topic published in the period
between 09/15/2017 and 03/11/2017. During this period important events occurred, the
most relevant being the celebration of a referendum on independence not approved by
the Spanish Government. Some of these events were clearly reflected as activity peaks
in the time series of the conversation.

2

Results

In order to infer the users’ opinion, we analyze their interactions. Among them, we
choose the retweet interaction because it is a broadcasting mechanism that usually implies that the user endorses the original tweet. We build the retweet networks and adopt
a model[2] based on the De Groot process to infer the opinion of a user in a network as
the average of her neighbor’s opinions. This model requires to define two sets of users:
users with a fixed opinion to be used as opinion seeds, called elite, and users whose initilal opinion is neutral and it is to be inferred by their connections in the social network
they are embedded, called listeners. The first step is to find these elite users. To do that,
we first search for highly infuential and engaged users, i.e., users with a high number of
retweets that participate over 95% of the days, and we study the community structure
of these users with a hierachical stochastic block model [3]. The elite users are made up
by the two communities that include the largest number of users where all politicians
contained are from political parties completely in favor of the Catalan independence, or
completely against it, respectively. The elite users of the pro-independence community
have an opinion index of 1 and those from the against indepedence community have
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an opinion index of -1. The rest of users, called listeners, iterativety update their opinions as the average of their neighbors’ opinions. This process quickly converges to an
opinion index between -1 and 1.
As we estimate the users opinions based on their retweets, in order to minimize noise
in the opinion distribution, we only consider users that have posted at least 10 times so
they provide a less noisy opinion distribution. This distribution is shown in Fig 1 and
it presents a mainly bimodal behavior with an intermediate third pole that shows a less
polarized society due to the presence of not only antagonist opinions. In this case, the
third pole can be explained by the existence of political parties that defend a middle
ground. Complementarily, we have studied users that tweet a high number of tweets
(active users) users that participate a high proportion of days (engaged users) and users
that received a large number of retweets (influential users). These three types of users
are practically the same subset and hold more extreme positions.

Fig. 1. Opinion distribution of the users with an activity corresponding to more than 10 tweets in
the Catalan independence conversation.

By looking at the temporal behavior, we have seen that, whenever the number of
users that participate in the conversation is low, the daily opinion distributions are
mostly bimodal with most of the users concentrated on the two extremes. However,
when the number of users increases, the opinion distribution becomes more diverse.
There are two co-official languages in Catalonia that are involved in the conversation:
Catalan and Spanish. It has been proven that, as in many other social categories, the use
of language in the context of a territorial conflict is related to certain political positions.
For this reason, we have studied the interplay between the inferred political opinion and
the language used. This use of language is quantified by the language index that measures the Spanish-Catalan usage ratio of each user. We have shown that there is a clear
relationship between the political opinion and the use of language (see Fig 2): users
with an opinion index ranging from completely against-independence to slightly proindependence speak almost exclusively Spanish. On the other hand, for users with an
opinion index closer to the pro-independence pole, the range of values of the language
index is wider, i.e., they speak Catalan and Spanish almost indistinctly. Finally, we have
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applied three different activity thresholds to the analysis of the opinion-language relationship. Although the global opinion- relationship pattern remains similar for the three
thresholds, there are three regions that stand out, corresponding to the three political
poles. Users of the most against-independence pole and users of the pole with the most
central opinion index speak almost exclusively Spanish. Conversely, users of the pole
with an opinion index nearer to the pro-independence extreme present a wider range of
language use between Catalan and Spanish.

Fig. 2. Interplay between language and opinion indices of the users of the Catalan independence
Twitter conversation. Language index = -1 when the user speaks only in Spanish and 1 when she
speaks only in Catalan. Opinion index=1 when the user is completely pro-independence and -1
when she is completely against it. Color measures the number of users located in the 2D bin.

Summarizing, our results show that the proposed methodology is able to reveal the
complex patterns of the ideological landscape in a polarized context. It is worth emphasizing the detection of a third pole that naturally emerged from the application of the
opinion inference model, although the elite considered was only bipolar, as well as the
richness of the information extracted from the study of the interplay between language
and ideology.
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Introduction

The COVID-19 pandemic prompted all sectors of society to recognize the importance
of comprehensively establishing medical science and technology innovation systems.
However, the empirical analysis built on scientific literature data focusing on virology
is still insufficient, given the severity of the COVID-19 pandemic. Understanding virology provides important basic information on science and technology to establish
virological discipline and public health systems. On the other hand, limited by the traditional methods of topic identification, the current studies generally lack a worldwide
comparison on topic identification, domain development patterns, and specialties built
on a relatively complete corpus of papers in the virology field. In this study, we use
a well-established academic dataset, MAG, and the document representation learning
methods, Doc2Vec and UMAP, as literature analysis tools to detect Virology’s global
research topics from 1989 to 2019.

2

Results

We finally identified 27 core research subfields, and compared various countries’ key
research directions and development trends in virology and its subfield, ”Coronavirus”.
Figure 1 shows the accumulated topical landscape of various virology subfields based
on document representation learning. Figure 1a presents the transformation of literature information in virology into a semantic knowledge map of this field. Figure 1b is a
large-scale citation graph in virology obtained by the edge bundling technique. Depending on the ability of manifold learning algorithm UMAP in preserving the global semantic information of the text and that of the edge bundling method in the optimization of
the topological structure of the large-scale network, the citation network among 140,000
papers on different subfields explicitly manifests the research sub-branch within virology. Figure 2a shows the topical density of virological papers in six countries, including the top five most-cited countries (the United States, the United Kingdom, France,
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Fig. 1. Topical landscape in virology (a) The 3D topical landscape of virology based on the
Doc2Vec,UMAP and kernel density estimation (KDE); (b) A citation network of virology
grouped by the paper citation relationships among 27 identified subfields based on edge-bundling
techniques (the width and color depth of edges reflect the citation strength between the subfields)

Germany, and Japan) and China, which shows the global virological research status.
It can be seen from the overall landscape of virology in Figure 1 and Figure 2 that
the United States leads this field with the widest range of research subfields and the
deepest scientific inquiry in all 27 subfield areas. The second-tier countries, Britain,
France, Germany, and Japan experience a wide range of research, but they each focus
differently on specific research directions. Besides, China’s current research focuses
only on a few subfields such as ”Swine fever,” ”H5N1 influenza,” ”Coronavirus,” and
”Enterovirus/Poliovirus.” Figure 2b shows the distribution of 1,553 research institutions which publish virological papers, as well as the citation network among papers
published by each institution. In this citation graph, the node represents each research
institution, and the number of cited research papers of that institution determines the
strength of the edge. The institutions ranked in the top 100 most citation counts are
marked with circles. As Figure 2b shows, in virology, the world’s influential scientific
research institutions are mainly located in North America and Europe, especially along
the east coast of the United States. In Asia, Japan occupies four of the top 100 research
institutions.
In summary, this overview investigates the science community’s global awareness and
preparedness before this pandemic outbreak. Through examining the content of explosive growth, we identified 27 core research subfields, their mutual knowledge connections in this field, compared the breadth and depth of each country’s scientific exploration in this field, and presented the distribution of the global influential scientific research institutions. The worldwide significantly unbalanced development in virology is
revealed by comparing the global virological subfields, publications and impact. Comprehensive measures such as strengthening international cooperation and collaboration, adjusting the discipline layout, and increasing resource investment are still very
urgent since the impact risk of new viruses in the future still exists under the current
circumstances.

352

Fig. 2. The worldwide development status in the virology discipline (a) Topical landscape of the
top five most cited countries (US, GB, FR, DE, JP) and China in virology based on the identified
subfields in fig 1(a)(the main subfields are labeled for each country); (b) A citation graph of
papers constructed from citation relationships of 1,553 institutions in virology using the edge
bundling technique; circled 100 research institutions with the most cited papers and squared the
worldwide main research regions
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Introduction

Migration has been one of the most debated topics in Italy during the last decade [1],
hogging the attention of politics and citizens,thanks to the ever extensive media coverage, to the social-economic challenges of migrants’ integration in a complex society,
and to the rising of right-wing nationalist political parties. In general, immigration is
a very polarising topic: the Italian public debate is sharply divided between those in
favour and those against, often transcending the actual topic and escalating into ideological quarrels. We decided to study the interactions between social media users posting
about immigration during the period between August 2018 and July 2019, when it was
one of the main focus of the Government - and, therefore, of news media. In particular,
we want to investigate the structural aspects of the interactions, focusing on some key
research questions:
– is this really a strongly divisive topic? Who are the actors driving the debate, and
are we able to identify factions with different stances? Is the size of such clusters
somehow proportional to the popularity of their leaders?
– What is the role of clusters in the diffusion of opinions and news? Do locally popular
news and contents have the chance to reach also distant clusters? Do clusters act as
barriers or accelerators for content diffusion?

2

Methods and Results

To answer those questions we rely upon Twitter data, the renowned micro-blogging
platform, widely used by politicians and news media as well as by common citizens.
We collected almost 6 millions tweets posted between 2018 and 2019, and we build and
study the retweet network, since retweets constitute the vast majority of the collected
data. This allows us to identify communities whose stance should be internally coherent,
since retweets (and quotes) are often an expression of endorsement [2–4]. Community
detection is carried out using the Louvain method: as expected, we find a small number
of macro-communities (Tab. 1), whose stance can be easily guessed by inspecting the
top 10 nodes for in-degree, all famous politicians and journalists. We enrich this qualitative information by combining it with an analysis of the most used bi-grams in each
community (Tab.1) to corroborate our results: we find communities (RT2-3-4) aligned
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ID

Size

Internal link density No. of #migranti

RT1 116,831

1.5 · 10−3

51,639

RT2 34,174

1.93 · 10−2

62,980

RT3 27,845

2.4 · 10−3

4,575

RT4 9,553

3.5 · 10−3

8,887

RT5 9,225

2.4 · 10−2

6,193

Highest in-degree nodes (usernames)
Top Bi-grams (EN)
Gad Lerner, Roberto Saviano, La Repubblica,
Linkiesta, Udo Gümpel, Fabio
Safe Harbor, Closed Harbors,
Niccolò Zancan, jacopo iacoboni,
Human Beings, Human Rights
Nello Scavo, laura boldrini.
Giorgia Meloni, Cesare Sacchetti,
Francesca Totolo, Diego Fusaro,
Abetment Immigration, Uncontrolled Immigration,
La Verità, ImolaOggi,
Economic Migrants, Illegal Migrants,
Giank-deR, Claudio Perconte,
Human Beings
Il Sofista, Antonio M. Rinaldi .
Matteo Salvini, Lega - M. Salvini Premier,
Noi con Salvini, TG2,
Abetment Immigration, Uncontrolled Immigration,
Attilio Fontana, Generazione Identitaria,
Economic Migrants, Illegal Migrants
Marco Morini, Cittadina Italiana,
Don Alphonso, Matteo SALVINI
Il Fatto Quotidiano, Danilo Toninelli,
Abetment Immigration, Uncontrolled Immigration,
Peter Gomez, Carlo Sibilia,
Economic Migrants, Illegal Migrants,
Movimento 5 Stelle, Franco Bechis, Andrea Franchini,
Fatto Quotidiano (Italian newspaper)
Le Frasi di Osho, Elio Lannutti.
SkyTg24, ANSA, Tgcom24,
Merde Alors (French), Thousands Italians, Colorful Merde,
RaiNews, Agorà Estate, Agi Agenzia Italia,
Italians Came, Ends Expression,
Adkronos, Dagospia, Ultime Notizie,
Patience Snaps, Luxembourg Dear
Il Messaggero.

Table 1: Table describing the communities of the RT network and the top bi-grams in
each.

on a negative stance towards migrations, while RT1 is the only cluster with a positive
stance. RT5 can be traced back to news media.
This alignment in the stance is evident also by inspecting the weighted adjacency
matrix of the community-induced directed RT network (Fig. 1). RT2-3-4 display a much
higher number of connections between themselves rather than towards other communities with different stance: there is a clear segregation in the network, due to the relatively
small communication between factions with different stance.

Fig. 1: The adjacency matrix of the RT community-induced network (normalised by
row) and its graphical representation. The direction in the graph is given clockwise.

The diffusion of content is not unaffected by segregated behaviour. To measure it,
we select all the URLs with at least 100 shares and we look at the distribution of their
shares among the communities. To each URL we can associate a sequence (a vector) of
communities sharing it over time. Inspired by [5], in order to quantify the diversity in
communities sharing an URL, i.e. how heterogeneous is the reach of an URL, we can
compute the entropy H(URLi ) of the associated vector simply as
H(URLi ) = − ∑ uc ln(uc )
c∈C
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where uc is the fraction of shares by community c over the total. Now that every
URL is assigned its own entropy, we can finally characterise the communities by the
entropy distribution of all the URLs they shared (Fig.2). We observe how two areas that
are at the odds with respect to their stance towards the topic of immigration (RT1 and
RT2) share a similar behaviour: their stance and their cultural background are different,
yet they both seem to be tightly folded in on themselves, sharing URLs that can hardly
ever be found in other communities and giving rise to some sort of echo-chamber effect
that slows down and limits the diffusion of content.

Fig. 2: Distribution of the URL entropy for each community.
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Introduction

While complex networks have shown great applications for the analysis of human phenomena, recent trends now bring a new level of complexity to handle even more complex systems through the use of multilayer networks [8]. Visualizing and interacting
with networks, especially when complex, tremendously help to understand their structure, and to identify particular entities or links [11].
Social network modelling is a powerful tool to investigate criminal networks [6][3][4],
in particular human trafficking, such as in [2] for which affiliation networks are used
to model individual–event participation, and derive co-participation one-mode projections. In [10], the roles of madam in a telephone-based sex trafficking social network is
investigated. In [12], the complex balance between control and cooperation is studied
from the position of prostitutes in the construction of their relationships with pimps and
other prostitutes. More recently [7], the combination of wiretap ego-networks has been
supporting the investigation a large human smuggling network.
While the roles of certain actors in these networks is clearly identified (the sex
worker, the client, and the procurer), extended social networks also show us third parties at the edge of the networks. These persons are rarely directly involved with the
sex workers and remain in a grey area as they profit from these activities in a manner
that is not punishable by the law. Identifying those actors is key to dismantle a human
trafficking network.
The data accumulated to find these individuals is often sparse, incremental, and
extremely varied. While Borgatti [1] 4 types of ties (social relations, interactions, flows,
and homophily) notes captured to document these networks often belong to the first
three categories. The challenge then becomes to propose a holistic approach to, from
such varied and sparse information, accompany experts to build and interrogate the
network such that they can identify specific individuals from their role and similarities.
Multilayer networks are natural candidates to capture such varied interactions.

2

Model and visualization

This work is made in close collaboration with jurist and law enforcement experts. Their
first step is to obtain from the Prosecutor Office access to material from closed legal
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Fig. 1. User interface of Avres

cases (e.g. transcripts of the court proceedings, witness interviews, etc.). These are gathered by hand, and modelling the problem as a network requires a shift of perception. As
a consequence, several rounds of model refinements have been necessary to converge
toward a stable model. The nature of nodes, and of the edges, families of nodes and
edges, forming the multilayer network are in constant evolution, requiring a flexible
way to model the issue.
We have identified 3 different node type: persons representing physical actor of the
network, geolocations which can have different levels of precision (i.e. a street name,
a region or a country), and time, which also can be either a specific day or a period.
We have also identified 6 most important types of interactions between people: accommodation, acquaintance, action, blood, financial, sexual, and support forming our 6
different layers.
We denote the meta-model as the graph G = (V, E) where V is the set of meta
nodes that represent different node types from our network (i.e. Person, Cotation, Geolocation), and a meta edge e = (v1 , v2 ) ∈ V 2 , e ∈ E where e exists if at least one edge
between a node of type v1 and a node of type v2 exist in the network. This meta-model
has many roles: it helps the experts to keep uniformity during the input process, each
new element or relation being required to fit to the current meta-model. It also provides
basic typing to help customise the interface (i.e. building inline queries and store user
visual preferences including element colour and size). This meta-model can be changed
interactively by the user to add any new type of entities or relations.
To explore such networks, our tool sits on a network node-link visual representation. The expert uses this layer to visualise the network but also to input new elements
while staying in context, that helps him remaining focus during the reading process and
still observe peripheral information. In addition, we rely on the use of a non-relational
database to provide the necessary flexibility to refine the model during the query pro-
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cess. Such database – i.e. Neo4J, https://neo4j.com – can be explored with declarative
graph query language – such as Cypher, https://www.opencypher.org/.
Once the information is stored in the database, users can explore the network by
querying any particular layer – i.e. family of relationships – group of layers, or all the
network by using an inline query based on this meta-model. For example the query: Person - Financial - Person will display the financial layer, i.e. any interaction belonging
to the Financial family that connects two entities of the type Person.
In order to support their exploration, users dispose of multiple graph views. Each
query creating a new window that can be operated independently. Basic operations can
be applied independently: zoom, pan, and details on-demand by clicking on individual
elements (displaying its characteristics).
The tool is built on top of javascript and Sigma http://sigmajs.org for the front-end,
with a back-end written in Python using Tulip https://tulip.labri.fr/TulipDrupal/, and
Flask https://palletsprojects.com/p/flask/. It is freely available on github at https://github.com/norbertFeron/graph-ryder-dashboard-v2. An example of Avres interface is available in Fig. 1. This interface has helped the analysis of a Nigerian human trafficking
networks in France [5] [9].
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10. Mancuso, M.: Not all madams have a central role: analysis of a nigerian sex trafficking
network. Trends in Organized Crime 17(1-2), 66–88 (2014)
11. McGee, F., Ghoniem, M., Melançon, G., Otjacques, B., Pinaud, B.: The state of the art in
multilayer network visualization. In: Computer Graphics Forum. vol. 38, pp. 125–149. Wiley
Online Library (2019)
12. Morselli, C., Savoie-Gargiso, I.: Coercion, control, and cooperation in a prostitution ring.
The ANNALS of the American Academy of Political and Social Science 653(1), 247–265
(2014), https://doi.org/10.1177/0002716214521995

The opinions of a few: A cross-platform study
quantifying usefulness of reviews
Osnat Mokryn†
University of Haifa

1

Introduction

Online reviews for products and services have surged in popularity, becoming a trusted
and influential factor in consumers’ decision process [1]. The fast adoption of reviews
in the online world by both sites and consumers introduced scalability problems for
sites and an overload of information to the searching consumers. As a means to ease the
load, sites placed a useful voting button per review, enabling readers to indicate which
reviews they find useful. The number of votes is counted and presented, and reviews
indicated as useful are commonly presented at the top of the relevant page. This voting
system had an enormous effect on both sites and consumers. Consumers prefer useful
reviews, indicating they contribute significantly to their decision process; useful reviews
also have a positive impact on sales [2]. Given their clear influence, both researchers
and the industry are intrigued with the following question: What characteristics, if any,
make a review useful?
Previous research has identified predictive characteristics of the review metadata
and text, reviewer, specific emotions expressed, style of writing and information quality, and peripheral cues. Recent works, however, identified that the literature contains
conflicting findings [3, 4].
Here, we investigate the attributes of over 1.2M reviews written by more than 327K
users over three different review platforms. We explore three hypotheses.
Our first hypothesis, H1 : Emotional reviews are useful, was previously investigated
for specific emotions, Anger and Anxious [5]. Emotional experiences trigger people to
share them with others [6]. Social media has become an additional venue in which people are willing to share their personal experiences and emotions with strangers [7]. To
find whether emotional reviews are more useful we employ a lexicon-based approach,
word-emotion association lexicon (NRC) [8] for detecting eight basic emotions (Joy,
Sadness, Anger, Fear, Disgust, Surprise, Trust, and Anticipation) and the sentiment of
the review.
Our second hypothesis builds on previous research and correlations we found in the
data1 . H2 : Longer reviews containing more nouns than other parts of speech are more
useful.
Our third hypothesis concerns the impact of the reviewers themselves. Review platforms award active reviewers and display this awarded reviewer reputation in a prominent way. In Yelp, ‘Elite members’ are elected each year based on ‘good Yelp citizen† Corr.
1 See

author: ossimo@gmail.com
full paper for relevant references [9]
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ship’; In Amazon the ‘Top-1000’ reviewers have a special tag displayed next to their
name; In IMDb reviewers have a special badges, for example ‘IMDb Champ’, and ‘Top
Reviewer’. To capture the perceived impact of a reviewer, we borrow from a known
metric used to assess the impact of scientists and scholars, the h-index [10].We define
two variables to capture a reviewer’s history: h-index, i5 -index.
Reviewer h-index : Reviewer has index h if h of her N p reviews have at least h useful
votes each, and the other (N p − h) reviews have no more than h useful votes each.
Hence, an h-index of 10 means the reviewer has at least 10 reviews, which were
voted useful by at least 10 other people, and the rest of her reviews have less than
10 useful votes each.
Reviewer i5 -index : The number of reviews that received at least 5 votes.
Our third hypothesis is then H3 : High impact reviewers’ reviews are more useful.

2

Results

The data in our research is comprised of four different datasets, as depicted in Table 1.
Our study is comprised of two different experiments. The first is a binary classification
of the usefulness of reviews (over SMOTE balanced datasets). The second is an exact
score prediction algorithm.
Table 1. Summary of statistics for each of the datasets - original, and after SMOTE
Total
Users
327638
Items
84274
Reviews 1242580
Useful
Original
%Useful
Useful
SMOTE Not Useful
%Useful

Amazon Yelp Bay Area Yelp challenge
21087
95296
43873
2103
66803
11537
23868
488805
229907
12877
63074
14422
53.9%
12.9%
6.2%
13105
422595
209119
10763
425731
215479
54.9%
49.8%
49.2%

IMDb
167382
3831
500000
63789
12.7%
433744
436215
49.8%

To classify whether a review is useful or not, we use a supervised learning based
on a training set containing labeled data. Each review in the training set is represented
by multi dimensional feature vectors, and is labeled as ‘useful’ or ‘not useful’ (normalized across sites). Reviewer information is calculated in the train set. The test set contains reviews represented as multi-dimensional feature vectors. The best results were
obtained for XGBoost, reported here, on a stratified 6-fold cross validation. We performed different series of binary classification experiments for evaluating our different
hypotheses separately and combined, as detailed here. Each of the hypotheses is evaluated separately, while the first experiment, referred to as All, uses all the features from
all hypotheses.
Summary. We have shown over several datasets that a good predictor for predicting
whether a review is voted useful is the reviewer’s impact and that adding as features
the emotions expressed in the reviews and textual features improves the prediction.
Additional analyses showed that (1) Linear regression to predict the useful count further
supports the above findings; (2) We find that reviewers that frequently write and for a
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Dataset

Experiment
Accuracy AUC
All
0.944
0.886
Emotions
0.864
0.527
Yelp Bay Area Text
0.859
0.537
Emotions-Text 0.869
0.521
Reviewer
0.876
0.889
All
0.980
0.978
Emotions
0.582
0.578
Amazon
Text
0.584
0.571
Emotions-Text 0.608
0.604
Reviewer
0.978
0.977
All
0.925
0.878
Emotions
0.795
0.632
Yelp Challenge Text
0.862
0.597
Emotions-Text 0.917
0.555
Reviewer
0.846
0.879
All
0.892
0.740
Emotions
0.842
0.507
IMDb
Text
0.866
0.500
Emotions-Text 0.866
0.500
Reviewer
0.757
0.801
Table 2. Accuracy and AUC for the Usefulness Classifiers

long period of time tend to garner useful votes for their reviews, and that they for a
small, yet influential, subset of the reviewers. Further details can be found in the full
paper [9].

References
1. Mudambi, S.M., Schuff, D.: What makes a helpful review? a study of customer reviews on
amazon. com. MIS quarterly 34(1) (2010) 185–200
2. Zhu, F., Zhang, X.: Impact of online consumer reviews on sales: The moderating role of
product and consumer characteristics. Journal of marketing 74(2) (2010) 133–148
3. Yin, D., Mitra, S., Zhang, H.: Research note—when do consumers value positive vs. negative
reviews? an empirical investigation of confirmation bias in online word of mouth. Information Systems Research 27(1) (2016) 131–144
4. Hong, H., Xu, D., Wang, G.A., Fan, W.: Understanding the determinants of online review
helpfulness: A meta-analytic investigation. Decision Support Systems 102 (2017) 1–11
5. Yin, D., Bond, S.D., Zhang, H.: Anxious or angry? effects of discrete emotions on the
perceived helpfulness of online reviews. Mis Quarterly 38(2) (2014) 539–560
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Introduction

Online social networks create a digital footprint of human interaction naturally by the
way they function. Thus, they allow a large scale analysis of human behavior which
was previously infeasible for social scientists. Consequently, social networks have been
studied intensely in the last decade. The core of most social networks is the relationship
between users which can be described as a graph. The graph can be either undirected, as
is the case for the friendship relation of Facebook, or directed, which is the case of the
follower relation on Twitter. The relationship is readily visible, e.g. on the user interface
the social networks themselves. However, these edges are unweighted expressions of interest and reflect how individuals have chosen to relate to each other rather than how
they actually interact with each other. For studying information propagation, comparing interaction properties is crucial and, therefore, using models based on connections
that reflect different dimensions and strengths of acquaintance seems appropriate. Thus,
there is a need for obtaining weighted edges from the communication that occurs on the
social network. In this paper, we present a novel method to calculate an acquaintance
score between pairs of Twitter users and use the resulting networks to enable the analysis of interaction based information propagation. By understanding the frequency and
velocity with which individuals share content as a measure of acquaintance, it becomes
possible to predict, compare communication patterns, and detect unusual communication. In contrast to previous work which assigns edge weights based on tie strength
[3], our score considers the response time as a crucial factor and, therefore, enables
time-based spreading comparisons.

2

Building an empirical social network with weighted
acquaintances: beyond the follower-network of Twitter

To build an empirical social network with weighted acquaintances from Twitter, we introduce two functions, which estimate a “strength” to measure the level of acquaintance
between pairs of Twitter users. The first function evaluates the effect of the acquaintance
between two users, i and j, in the waiting time Ti j between retweets among them. We
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assume that as more acquainted two users are, as faster they will retweet each other.
Thus, we define the function
ni j
1
1
αi j =
·∑
.
(1)
ni j k=0 Ti jk
where ni j is the total number of messages that j shared from i and Ti jk = tik − t jk where
tik and t jk are the timestamps of user i or j for a tweet k. In Figure 1b we show the
intervals between successive retweets in a sample of 60k retweets. We observe that the
distribution of waiting times Ti j follows approximately a power-law with an exponent
of −3/5.

Fig. 1. The figure on the left shows to what extent the existence of an edge in the Twitter follower
network correlates with the existence of a ci j-score > 0. The figure on the right shows to what
extent the distribution of time differences between tweets and retweets corresponds to the model
function t −3/5 .

The second function evaluates the effect of the acquaintance between two users on
the frequency of retweets. Here, we assume that the more acquainted two user are, the
more frequently they will retweet each other. Thus, we define the function
βi j (t) =

2ni j
.
ni + n j

(2)

where ni and n j represent the amount of messages authored by i and j, respectively.
Having these two functions, we define the “strength of acquaintance” between two users
as
Ci j (t) = αi j βi j .

(3)

Even though the Ci j -score is semantically different from the follower-network, there
is a correlation between Ci j -score > 0 and Twitter’s follower edges. Figure 2a supports this hypothesis by plotting the histogram of all Ci j -scores and compare it to the
corresponding histogram containing just the scores which are backed-up by an actual
follower relationship.

3

Discussion and conclusions

We have applied this method to approx. 830 million statuses (532,254,060 tweets,
299,053,952 retweets), building a network with approx. 120 million estimated weighted
acquaintances among 73,061,739 users. Such network can now be taken as a framework for investigating the structure of real social networks, in what concerns its degree
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Fig. 2. This figure shows in the upper left corner the distribution of the average time between
tweets and retweets of a user pair (see equation 1). In the upper right corner the distribution of
the frequencies (see equation 2) is shown and in the lower right corner. Finally, the distribution
of all Ci j-scores (equation 3).

distribution, degree-degree correlations, average shortest paths and betweenness. The
resulting scores constitute a dense representation of acquaintances for all pairs of users.
Due to the size of typical social networks, such a representation is only practical for
communities of interest in the study of social phenomena, such as the spread of misinformation or hate speech. However, within such communities, the likely spread of
information can easily be derived from the Ci j -scores, which is not possible from the
link structure of the social network alone. For larger communities, it will be necessary
to sparsify the representation by omitting negative scores from the representation.
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Introduction

Extreme inequality is present in multiple human activities. This inequality gives rise to
so-called heavy tail distributions whereby few elements are responsible for the vast majority of the observations. Examples include the size of cities, the distribution of friends
in a social network, wealth and even the frequency with which words are used [1, 2].
There has been intense discussion on the exact shape of the tail of the size distributions: whether they are closer to lognormal, power law or others [3, 4]. The choice of
statistical distribution may be solved by using more data and more robust tests but it is
not clear whether that is the case. Moreover, even if we know the shape of the distribution, estimating its parameters or performing statistical tests on heavy tails is extremely
challenging. An alternative approach to heavy tail distributed data is to build mechanistic models from basic principles. A number of them have been proposed for specific
examples [5, 1, 2] but quantitative fits are rare and a general formulation applicable to
different systems is lacking. Here we focus on the spread of information in social media
to build a model that explains the observations well and whose parameters are readily
interpretable.
With the advent of the internet, and particularly of social media, the creation of information (whether factual or not) and its massive spread are at the fingertips of many.
Whether in social media [7] or academia [8], the attention information receives is distributed according to a heavy tail: most posts and scientific articles receive the attention
of few people, while a hand-full are extremely popular. One of the most used social
media platforms is Twitter where the easiest way to measure information spreading is
to quantify re-tweet cascades. These are groups of tweets which originate in one user
and contain the exact same text, along with the indication that it is a “re-tweet” and the
original author’s identifier. Most tweets are not retweeted at all, while others give rise to
very long cascades. When looking at the overall distribution, again we find a heavy tail
which is well approximated by a power law [6, 7]. It has been shown that the structure
of the network is sufficient [7, 9] but not that it is necessary to generate the heavy tailed
distribution.

2

Results

Our dataset comprises tweets obtained using Twitter’s REST API [10] between the
26th of March and the 25th of May, 2020 with the keywords “Covid” or “Corona” in
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Portuguese. The choice of keywords was related to finding a popular topic; the choice
of language was to make sure we could get full cascades without reaching Twitter’s rate
limits. Tweets were extracted daily with the free version of the API without reaching the
maximum daily limit. Therefore we expect to have obtained nearly all tweets meeting
the criteria [11]. In total we obtained 4 970 489 unique tweets, where unique means it
contained a unique text. Of those, 85% were single copy and hence did not generate any
cascades. We analyzed the 1516 (or 0.3%) cascades which contained at least 1000 retweets. As can be seen in figure 1 A, the total size of the cascades follows a power law
with exponent -1.96. We then grouped data hourly and counted how often each tweet
was re-tweeted per hour.
We model tweet cascades as growing exponentially (the more copies of a tweet
there are, the bigger the probability it will get re-tweeted) with an exponential popularity
decay: as time passes the rate growth decreases. As such the size N of cascade i follows:
dNi
= Ni (t)ai e−gi t
dt

(1)

The parameters ai and gi measure the initial popularity and its subsequent decay
and ki is the size of the cascade at infinity. We fit all three of these parameters to each
tweet. Much like any other human activity, twitter usage is not constant through time
and shows a strong circadian rhythm (figure 1B). In order to account for that, the time
scale we use is not that measured by our clocks but that measured by how much twitter
activity there is. As such, during the night barely any time passes, while during the day
it goes faster. Time in “generations” of tweets is then given by:
tc

t=

Ntotal (n) − Ntotal (n − 1)
g
∆
N
n=0

∑

(2)

g
where Ntotal is the sum of all tweets that were produced in that hour, ∆
N is the mean
number of total tweets produced per hour and serves as a normalizing constant; tc is
chronological time measured in hours. With this transformation, the total number of
g
tweets increases by ∆
N per time unit.
Equation 1 was fitted to each of the 1516 tweet cascades independently and in 98.7%
of them the R2 of the fit was larger than 0.90. The 18 cascades where it was not showed
two waves, a small first one followed by a much higher second one. The fact that these
cascades do not fit the model is interesting in itself but is beyond the scope of the current
work. We focused on the 1498 where the fit was good. Figure 1C shows four examples
of cascades and their fits. The parameters g and a measure different aspects of popularity
but are highly correlated (Spearman correlation 0.52 p < 0.001), figure 1D, in large part
due to the structure of equation 1. On the other hand, a is not correlated with the total
size of the cascade (Spearman correlation p > 0.1 - figure 1E) and g is weakly correlated
(Spearman correlation -0.18 p < 0.001)), indicating they are representing something
else than just the the number of re-tweets. Importantly, it means that looking at the size
of twitter cascades is different from looking at popularity. Indeed the distribution of a
is not well approximated by a simple power law ( figure 1F). Instead, the distribution is
much closer to a lognormal which has finite variance.
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Fig. 1. A Distribution of sizes of twitter cascades larger than 10 re-tweets. The distribution is well
approximated by a power law with exponent -1.96. B Number of new tweets in Portuguese with
either the word Covid or Corona. Counts are grouped by hour. C Example of three tweets (dots)
and their respective fits to equation 1 (lines). D Relationship between the fitted parameters a and
g. Each dot represents the value of the two variables in a cascade. E Relationship between the
maximum size of each cascade and its fitted parameter a. F Distribution of parameter a.
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Introduction

In 2003, in a landmark paper, Cohen et al [2] introduced a new random vertex sampling
method that gives a higher expected degree than naı̈ve random sampling. Instead of
using a randomly selected vertex, the random vertex’s neighbors are collected and one
of these is selected at random. Based on Feld’s ‘friendship paradox’ [3], the neighbor’s
degree is presumed to be higher than the original vertex, and it has been demonstrated
that this is in fact the case [2, 4].
It seems to be ignored, however, that the method is computationally expensive compared to naı̈ve random sampling. One is required to sample twice as many vertices in
order to accumulate a collection of the same size. The method was originally conceived
in a scenario where there are a limited number of immunizations that need to be administered and the goal is to give them to the highest degree vertices possible. Under these
circumstances, it is of course natural to ignore a constant factor increase in computational cost. But if the method is generalized to apply to scenarios where computational
efficiency cannot be ignored, a fairer comparison should be sought.
The concept is best explained with an example. Consider a scenario where some
budget, b, allows us to sample vertices from the network, with the goal of maximizing
the highest degree found when the budget has been exhausted. The typical comparison between random neighbor sampling and naı̈ve vertex sampling would compare b
random vertices to b neighbors of vertices. However, the correct comparison should be
between b random vertices verses a collection comprised of b/2 random vertices and
b/2 neighbors. In Fig. 1 we plot the average max-degree found over multiple experiments for a given budget in a Barabási Albert graph [1] with n = 10, 000 and m = 20.
The green dots are max-degrees found with naı̈ve random sampling. The blue dots are
max-degrees found for a full b neighbors, implying no cost for sampling the first vertex.
The red dots represent the true results of a budget b, a collection comprised of one-half
random vertices and one-half random neighbors. It is telling that the red dots lie closer
to the blue dots than the green dots. One should not attribute the entire gain in neighbor
sampling to the fact that more vertices have been sampled. As we noted, it has been
proven that the half of the collection containing neighbors will have a higher expected
degree. However, the red dots tell a more complete story then the blue dots because they
reflect the effectiveness of the method in light of the extra cost.
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Fig. 1. The average max-degree returned for multiple experiments where vertices are collected up
to a given budget.

2

Results

Our study considers multiple possible costs of sampling methods, such as the cost of
collecting neighbors or the cost of compromising privacy by learning about neighbors.
Using these concepts, we build cost models that allow for a robust comparison between
methods.
We also consider additional sampling methods that address these new costs. For
example, we find an advantage in sampling methods that take more than one neighbor
of a selected vertex, which allows us to further capitalize on the ‘price’ already paid for
the first vertex. Alternatively, in situations where the degrees of the individual vertices
can be determined, we consider taking the highest-degree vertex from some subset of
the first vertex’s neighbors. We find a significant improvement with the inclusion of a
single additional neighbor, but the gains quickly become insignificant with the inclusion
of additional neighbors.
Through these analyses, we are able to better understand the strengths and weaknesses of different methods and determine the scenarios to which they are best suited.
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1

Introduction

The rise of digitalisation and remote working, accelerated by the COVID-19 crisis, has
created an environment where the volume and the adoption of online communication
and productivity tools have increased rapidly. As an example, Microsoft has revealed
that its Teams daily active users have jumped by 70 per cent to 75 million [1]. Effectively understanding and managing employee interactions and having a real-time
view on how an organisation is functioning across its underlying networks was already
trendy, but it has now become critical.
Organisational Network Analysis, or ONA, is arguably one of the best solutions to
tackle this issue. ONA is the study of how communications, information and decisions
flow through an organisation. As a consequence of the growing remote and digital culture, organisations are now sitting on a huge and untouched amount of data, including
emails exchanges, calendar invites, instant messaging applications, and other productivity applications. By collecting the data, and examining the strength, frequency and
nature of interactions between people in those networks, practitioners can gain a better understanding of the relationships that affect the effectiveness of individuals and
groups, helping them to make better decisions for their business.
By presenting organisational networks using graph structures, where nodes are actors and edges are relationships between them, it is possible to apply graph theory methods and to deduce meaningful information about an organisational network.
There are two challenges in this problem. Firstly, we need to evaluate the relationship between people to know how to connect them in the graph. Although many authors
have proposed different methods for building a communication graph, the measures proposed are usually only deduced from the volume of communications between people as described in [2] - and a lot of information that can be found in the logs is ignored.
Secondly, to query partial subgaphs with specific characteristics - department, grade,
location, etc. - it is necessary to add information based on other datasets.
In our approach, we define a relationship as a function based on multiple measures
deduced from the communication logs such as the response time and the tenure of
the relationship. We only focus on metadata based on the logs of the communication
without looking at the content. Additionally, we explain the value of crossing the data
from different sources to answer very fast specific business questions.
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2

Construction of the relationship graph

Over the last few years, more and more online communication and management tools
have started to provide API access for their users, making it possible for any organisation to access and work on the data very easily. ([3], [4], [5], [6]). Organisations can
extract metadata from emails, instant messaging applications and video conference applications and they can know who communicated with whom, when, for how long, etc.
The data can be pulled and stored in a database and organisation can have a real-time
view of their organisational health.
Unfortunately, the methods used to draw connections between people based on communication are usually only deduced from the volume of messages (count of messages
sent by a node i to a node j, number of e-mails sent by a node i to a node j divided
by the total number of e-mails sent by member i [7], geometric mean of sent-received
counts [8], etc.). The problem with this approach is that it doesn’t tell you much about
the relationships’ quality. Are your people responding to each other? How long do they
take to reply? Is the employees’ communication balanced?
Organisations should be able to encompass whatever they consider as factors for
their employees’ relationship in a unique score (the relationship score) and not just the
volume of message. This is why in our approach, we propose to create a custom formula
taking into account any measure deduced from the logs.
R(t1 ,t2 )((α1 , M1 ), (α2 , M2 ), ..., (αn , Mn ))

(1)

Where M1 , M2 , ...Mn are measures of the communication network (deduced from employees’ logs, e.g: response time, reciprocity, tenure of the relationship, etc.), α1 , α2 , ...αn
are weights of importance of these measures, and t1 ,t2 are two timestamps where t1 < t2
that define the time range of the communications.
Once the function R (1) is defined and the values have been computed for all pairs
of employees, the next step is to choose different thresholds for different categories of
relationships based on the distribution of the relationship scores and limits sets by the
experts. For example:

Negligible relationship



Weak relationship
R(t1 ,t2 )((α1 , M1 ), (α2 , M2 )) =

Medium relationship



Strong relationship

R < x1
x1 ≤ R < x2
x2 ≤ R < x3
x3 ≤ R

Where x1 < x2 < x3 .

3

Integration of other sources of data

Being able to measure the relationships in an organisation is great, but giving more
background to the employees’ data brings even more value. Indeed, organisations usually have access to a diverse type of data points about their employees coming from
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human resource information systems (HRIS), applicant tracking systems (ATS), payroll systems, task management systems, performance systems, customer relationship
management (CRM), and so on and so forth. For instance, by bringing together the
relationship score and data from an HRIS - data points such as the starting date, gender, department, location, job title, managers etc. - organisations can do very specific
queries to retrieve a partial subgraph with specific characteristics. Once we have merged
the data together, we see that it is very easy to query a partial subgraph that verifies a
list of properties. The variety of questions that can then be answered is huge:
– How is the relationship between managers and their direct reports by department?
– How well engaged are employees with up to 3 months tenure by manager?
– How are different departments collaborating together?

4

Conclusion

By building a relationship score, organisations have access to new ways of measuring engagement and the collaboration between employees over time. Additionally, by
merging the relationship with other employee data, organisations can perform powerful
queries to generate a partial subgraph.
There are several benefits:
– The relationship formula (1) has been defined by the organisation itself and therefore is not a black box, managers can understand the exact reason why a relationship
score is low or high, allowing them to take appropriate and actionable decisions.
– Analysis can done very fast, as we don’t work on the whole graph.
– Analysis are very precise, as we work only on a partial subgraph that verify specific
proprieties.
Eventually, managers have a real-time view of their organisational health and can
see the consequences that can have an internal or an external decisions or events like
the COVID-19 pandemic.
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Introduction

Gentrification occurs in urban zones where a financial gap between people exists. In this
situation real state investors tend to expand its area looking for economical profit. This
creates pressure over the less economically favoured class who is socially and monetarily coerced to move out. As can be inferred, gentrification implies a segregationist
trend. A comprehensive model of segregation was introduced by Schelling in [7]. The
model considered two different social groups (red and blues) distributed over a square
lattice with some vacancies. Agents were able to be relocated in an empty place if this
movement increased their happiness. Several variations of this pioneer work have been
developed: in [3] the key parameter is the tolerance, T, defined as T = Nd /(Nd + Ns )
where Nd and Ns are the number of different and similar neighbors, respectively. Another interesting variant is the so called open city [4], where agents could leave or enter
the lattice, thus internal and external moves are possible. Whereas these models consider fixed values for wealth or tolerance, here we characterize how changes in the
economic environment for both kind of agents affect the urban structure.
In this communication, which essentially is a brief overview of our recently published work [6], we extend the model of open city [4] by adding an external magnetic
field H. This field can be interpreted as a financial gap between the agents. The considered network is a 100 × 100 square lattice with free boundary conditions, where
each agent is connected with its actual closest neighbors (Moore neighborhood). The
transference rule that allows the displacement of agents is defined as a function of a
dissatisfaction index Idis that can be written as:
Idis = Nd − T (Ns + Nd ) + D ± H ≤ 0,

(1)

Lower values of Idis correspond to a high value of happiness and contrarily. The first
two terms of Eq. (1) accounts for social preferences, considering the type of agents in
his/her neighborhood. D is associated with the average economic status of the system.
If D < 0,the system is attractive for agents, and some unhappiness arising from neighbors can be balanced. Finally, we assume that wealth levels of the two kinds of agents
considered are not equal, so H is substracted from red agents and added to blue ones. In
this way, a situation where blue agents leave the lattice and red agents are coming into
can be described easily, using H > 0.
As we increase H, some blue agents may feel dissatisfied, being Idis > 0, and are
forced to leave the city. The empty places generated are occupied by red agents coming

375

from outside. After that, some blue agents close to them may feel frustrated making
the process goes on in a self-sustained way, giving rise to an avalanche.This is what we
called a blue avalanche, because it originates with blue agents leaving the lattice. Yet,
there is another way to generate an avalanche. We depart from an equilibrium situation
with some vacancies in the lattice. Before H is strong enough to force blue agents out,
red agents may be able to fill these vacancies up, provoking an avalanche. As this process starts with the incoming red agents is defined as a red avalanche. Finally, a purple
avalanche occurs when both kind of avalanches, red and blue ones, act simultaneously
over different neighborhoods.

2

Results

To characterize avalanches we have depicted the histogram (CCDF) and fitted a power−x
law cutoff function, Cx−α e x0 . The power-law exponents from Fig. 1a and Fig. 1b are
in the range [−1.781, −1.381]. Values in this numeric interval were previously reported
in references [1, 2, 5], concerning self-organized criticality in different systems.

(a)

(b)

(c)
Fig. 1. In (a) and (b) the CCDF of the avalanche distribution sizes for T = 1/4 are depicted. For
each curve the D value is specified. Treshold values are given as λn,k where n is the avalanche set
index and k its kind: r for reds, b for blues and p for purple ones. For purple avalanches upper
and lower tresholds are expressed as D ± λ1,p . The fitted power-law cutoff functions are depicted
with lines. In Fig (c) system evolution for T = 1/4 and D = 0.875. From left to right: equilibrium
(left), 6 MC steps (center) and 13 MC steps (right).

For different values of T and D a wide range of phenomena with social interpretations appear. For T = 1/4 and D = −2.125 (see Fig. 1a), up to three blue avalanches
are needed to deplete the system from blue agents. The social meaning is clear: the less
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favoured agents will try to stand on an economic advantageous environment despite
their income gap with the other group. To achieve this goal diverse neighborhood structures will be created (ghettos). Blue, red and purple avalanches arise for T = 1/4 and
greater values of D (see Fig. 1b). These red solid and blue dashed curves are dissimilar,
pointing out different neighborhoods involved in their respective avalanches. The last
analyzed values in this communication are T = 1/4 and D = 0.875. Now the city can
be considered an economically deprived area which produces a predominant vacancy
state [6]. In this regime only small clusters remain on the system (see left panel on Fig.
1c). Socially, the situation might be compared to the one in the Chicago suburbs where
the population could increase their personal ties via a community network [3] to overcome monetary issues. However, in our model, the evolution of the system departs in
two opposite directions: blue agents, which does not cooperate, are removed from the
system, in contrast to red agents, which increase their population.
Although several connections with social situations are established in [6] future extensions of this research might study its application over real-world scenarios. Another
way to complete this study is to characterize the system behaviour with different economical zones in the lattice or consider another type of neighborhood.
Summary. In this communication we have extended the Schelling segregation model,
including in it economic terms. The studied network is a 100 × 100 lattice with free
boundary conditions. Each agent is connected with its eight closest neighbors. When an
agent is relocated only the actual neighborhood is considered. For different parameters
values a wide range of phenomena with social interpretations appear, i.e. gentrification.
This social reality occurs in urban zones where a economical gap between people exists
and the financially handicapped ones are forced to leave. Another interesting scenario
happens when the environment is economically deprived and only small clusters remain on it. This case higlights the importance of cooperation to overcome monetary
issues. Both situations evolves trough avalanches which are fitted to power-law curves.
The exponents of these curves are in the range of other works related to self-organized
criticality.
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Introduction

Traffic has been extensively studied in recent years with a focus on the free-flow to
congestion transition. Several models have been employed, from microscopic to coarsegrained approaches [1]. Very recently, a new perspective, based on percolation [2], has
been proposed to study traffic flows in large cities with real GPS data. This approach
disregards vehicle dynamics, by focusing on the ability of each road to guarantee transportation efficiency above some minimum threshold. What emerged from these studies
was that, beyond the well known passage from free-flow to the congested state, a percolation transition exists: when observing the network as a whole, it progressively decomposes from a single giant (strongly connected) component to a set of separated clusters, each able to sustain traffic within its boundaries above some threshold speed, but
functionally disconnected from the others [2]. It is known that a urban network graph
undergoes a critical percolation transition when a fraction of its edges is removed. The
resulting strongly connected components form a structure of clusters whose size distribution follows a power law with critical exponent τ [2]. This exponent changes under
different traffic regimes [3]. A complete explanation of which factors affect τ is still
lacking. We argue that spatial correlations may play a major role influencing the τ behavior since their range is known to grow when going from free-flow to congested real
traffic [5]. We show that values of τ for random noise with increasing spatial correlations and those from GPS data for increasing congestion follow a similar behavior.

2

Methods

We obtained the transportation networks (only roads open to cars) from OpenStreetMap
in the form of directed weighted graphs centered on New York City and London (1600
km2 each). To perform random percolation, edges are uniformly removed whereas, for
real data, they are deleted when the local average speed is under a critical threshold
(congested). In both cases, we localize the critical probability threshold pc , which determines the average number of remaining edges, by performing a set of percolation
instances for p ∈ (0, 1) and choosing p that leads to the maximum size of the second
largest cluster. In the synthetic, uncorrelated case we use a uniform random generator
in (0, 1) to assign a ”speed” value to each edge, while to induce spatial correlation, we
compute the graph Laplacian and its spectrum via a fast approximated method [7], then
we perform a Graph Fourier Transform of the uncorrelated noise and filter it [10] by
multiplying the eigenvalues with a power-law f (q) ∼ q−λ : a rapid decay (λ → 2) leads
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to long spatial correlations, while λ → 0 is equivalent to uncorrelated noise. For the
real data, we first compute the average speed value on each edge for the relevant time
span (UBER data has a one hour granularity) and then divide it by the maximum speed
observed on that edge over six months. We compared the existing results from Ref. [2]
(based on undisclosed data) with our percolation analysis conducted both on real traffic (from the UBER Movement datasets) and for synthetic data with increasing spatial
correlation. To compute the critical exponent τ we perform a linear fit on a log plot of
the binned distribution of the cluster sizes for each percolation instance [12]. Finally,
to produce a spatial map of the city areas associated to the main clusters, we plot the
number of times that, over several percolation replicas, each edge belongs to the 1st,
2nd and 3rd largest cluster, respectively.

3

Results

We first use real data to perform percolation runs on a monthly basis for London and
New York City networks: during low congestion periods (0AM-3AM), τ is close to
the one associated to percolation in mean-field networks (τ ∼ 2.5), while during rush
hours (6AM-9AM) the exponent approaches the one observed for a regular square lattice (τ ∼ 2.05), as shown in Fig. 1. We subsequently analyze random percolation with

Fig. 1. Monthly average τ for London(left) and NYC(right) (rush hours(red) and off-peak(blue))

increasing spatial correlations. For each city, τ slowly decreases with longer correlations. For both cities τ ranges from ∼ 2.2 for λ = 0 to ∼ 2.0 for λ ∼ 2.0. These results
show that a simple random percolation is able to capture the basic properties of real
uncongested traffic (higher τ similar to mean field networks), and that increasing spatial correlations leads to a different cluster size distribution (lower τ similar to lattice
percolation), typical of rush hours. We believe this to be a useful result for a better
understanding of how traffic clusters behave over large urban areas under different congestion levels.
We finally present some preliminary evidence that, at criticality, the largest clusters
display spatial predictability and that cluster configurations from 2000 replicas lead to
a small number of breakup patterns, specific for each city. This holds both for random
percolation and real traffic. Results obtained from synthetic percolation (uncorrelated)
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are shown in Fig.2 for London and NYC, where the three largest clusters are well localized and spatially distinct. Results from correlated percolation and from real traffic
data are qualitatively similar, but the statistics for the latter is limited to one sample per
week. This consistent cluster organization appears to be strongly influenced by local
topographical structures such as rivers and bridges. The maps help visualizing how frequently city areas belong to the main functional traffic clusters and could be useful for
city planners to improve city connectivity by easily comparing different road topologies. Moreover, citizens could better choose where to buy a house by selecting an area
belonging (on average) to the same efficiently connected cluster as their workplace.

Fig. 2. From left to right: 1st, 2nd and 3rd largest cluster spatial distributions for NYC (top) and
London (bottom). Blue (red) means that an edge was associated to the cluster in 80% (100%) of
the replicas.
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Introduction

To effectively improve service reliability, it is essential to understand how delays spill
over the network. However, little is known about the properties of delay propagation in
public transport networks as experienced by passengers. Past work on train delay propagation has approached the problem from the perspective of the operator of the network,
rather than the passenger [1,2]. Past work on robustness analysis were performed based
on an analytical or simulation-based public transport assignment model rather than using empirical passenger flow data, e.g. [3,4]. Few past studies investigated delay propagation in train networks from the passenger perspective, even though a shift towards
interest in measuring passenger delays rather than vehicle delays has been observed [5].
However, such efforts were until recently limited but are now increasingly enabled by
passively collected smart card data. There is lack of empirical knowledge on passenger
delay properties and in particular the relations between delays occurring across the network and their relation to the underlying complex network structure. To this end, this
study develops a passenger delay propagation model by estimating a Bayesian Network
using extensive empirical data. In the context of train operations,
We adopt a data-driven method without making assumptions about the underlying
phenomenon of passenger delay propagation in public transport networks. This allows
us to potentially unravel unexpected relationships and consider all possible dependencies. Data on passenger delays at different stations can be used by the Bayesian
Network method to determine the relationships with respect to delay between the
different stations in the network. This would establish the extent to which a given station state in terms of the amount of passenger delay observed there can provide information on the state of other stations. These relations are a way of representing the propagation of passenger delay, as such relations will only exist if stations experience delays
from the same cause and at approximately the same time, meaning those delays have
propagated. Knowledge on the relations between stations can then be condensed into a
set of indicators, hereafter called informativity indicators. These indicators quantify
stations’ capability of providing information on the delay state of the rest of the network.
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2

Method

Our method consists of two key steps. First, based on the available data, a Bayesian
Network (BN) is constructed. It is assumed that passenger delay attributed to each station is available as input to the process of constructing the BN. In this study, the mean
passenger waiting time delay per station was available as input and was obtained from
an estimation algorithm applied to individual passenger trajectories as detailed in [6].
Using the conditional probability tables, the arcs of the BN can be labelled, according
to the strength of the dependence.
Second, the structure of the BN and the arc labels can then be used to calculate the
informativity indicators for each node, which can be considered the second step in the
process. We introduce a set of original indicators. Three different indicators are proposed as they could have different uses, and might lead to different observations: (i)
outgoing node degree (𝑑𝑛+ ) - indicates how many nodes information can be provided
on; (ii) expected direct informativity (𝑒𝑛 ) - describes how informative this node is expected to be on any node it is connected to, and; (iii) total informativity (𝑡𝑛𝑚𝑖𝑛 , 𝑡𝑛𝑚𝑎𝑥 )the upper and lower bounds of the total information a node can provide on the delay
state of the rest of the network by integrating information from further descendants
through higher order relations. This can be accounted for by multiplying the link
weights along the path to a descendant. When multiple possible paths exist, we consider
two options: the most informative path can be taken into account, or all paths can be
taken into account as different paths can provide novel information.

3

Application and Results

For this study, a year’s worth of train movement and passenger-train assignment output
from the Washington DC metro system managed by the Washington DC Area Metro
Transit Authority (WMATA) is available. This data was pre-processed to obtain estimated passenger delay per network element as detailed in [6]. The input available to
this study consists of the estimated average initial and transfer passenger delay per station for 30 minutes time window throughout the analysis period.
The results of the Bayesian Network construction, displayed using a geographical
map of the metro network, can be seen in Figure 1. Several observations can be made,
namely that connections exist predominantly between nearby stations, and between
nodes that are going into the same direction. This corroborates the underlying assumption in constructing BN for sectors. Notwithstanding, there are also a few connections
over large distances. Furthermore, the results for different folds of the data set (the data
was split into several training and test sets for a k-fold approach to calculate the errors
of the model) showed that the mean percentage errors for all nodes were below 10%
when compared for different partitioning of the dataset. We also examined the resulted
attained for different folds and in all results similar observations were made regarding
the types of dependencies found. namely that most dependencies occur between nearby
stations and nodes going into the same direction.
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Fig. 1. The recombined BN mapped onto the geographical map of the stations. No distinction is
made between transfer and initial stations in the presentation. Nodes that are not connected are
shown in light pink, while nodes that are connected are dark red.
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Introduction

Collective behavior, such as massive adoption of new technologies is a complex social
contagion phenomenon [1]. Individuals are influenced both by media and by their social
ties in their decision-making. This feature was first modelled in the 1960s with the Bass
model of innovation diffusion [2]. The model distinguishes between exogenous and
peers’ influence and reproduces the observation that few early adopters are followed by
a much larger number of early and late majority adopters, and finally, by few laggards
[3].
Only in the past two decades, the importance of the social network structure has
become increasingly clear in the mechanism of peers’ influence. In spreading phenomena, individuals perform a certain action only when a sufficiently large fraction of their
network contacts have performed it before [4]. Complex contagion models, in which
adoption depends on the ratio of the adopting neighbors, often referred to as adoption threshold [1], have been efficiently applied to characterize the diffusion of online
innovations [5]. In order to incorporate the role of social networks in technology adoption, the Bass model has been implemented through an agent-based model (ABM) version [6]. This approach is similar to other network diffusion approaches regarding the
increasing pressure on the individual to adopt as network neighbors adopt; however,
spontaneous adoption is also possible in the Bass ABM. Nevertheless, understanding
how physical geography affects social contagion dynamics is still lacking

2

Results

In this paper, we analyze the adoption dynamics of iWiW, a social media platform
that used to be popular in Hungary, over its full life cycle (2002-2012). This unique
dataset allows us to investigate two major geographical features that characterize spatial
contagion dynamics: town size described by the urban scaling law [7] and distance
decay described by the gravity law [8].
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Fig. 1. Spatial diffusion over the OSN life-cycle. A. Top: Number of new users and the cumulative fraction of registered individuals among total population over the OSN life-cycle. White
background maps: Coloured dots depict towns; their size represent the number of adopters over
the corresponding period. Black background maps: Links depict the number of invitations sent
between towns over the corresponding periods. B. Adoption scales super-linearly with town population. C. The Probability of Invitations to distant locations is relatively high in the Inventors
stage but decreased over the product life-cycle while diffusion became more local.

We find empirical evidence (Figure 1) that early adoption is concentrated in large
towns and scales super-linearly with town population but late adoption is less concentrated. Diffusion starts across distant big cities such that distance decay of spread is
slight and becomes more local over time as adoption reaches small towns in later stages
when distance decay becomes strong.
To better understand the spatial characteristics of complex contagion in social networks, we develop a Bass ABM of new technology’s adoption on a sample of the empirical network preserving the community structure and geographical features of con-
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nections within and across towns. The data allows us to measure individual adoption
thresholds that we can use to parameterize the likelihood of adoption at given fractions
of infected social connections. We compare how the ABM and the Bass differential
equation (DE) model fit to the empirical urban scaling and distance decay characteristics. Finally, we evaluate model accuracy in predicting the time of local adoption peaks
and assess the bias induced by local network structures, or geographical features of
towns. These analyses enable us to evaluate the role of geography in complex contagion models at local scales.
We find that the scaling of the number of earliest adopters with town population is
best reflected by the ABM when threshold parameters are incorporated. None of our
models can reproduce the high probability of diffusion across distant peers in the early
stages of the life-cycle. Certain features of the network within towns - eg. high network
density and transitivity - accelerate the ABM diffusion and make predictions of adoption peaks early, which can be overcome when controlling for threshold distributions.
Meanwhile, other features of the network - eg. modularity and average path length delay the prediction of adoption peaks, and cannot be eliminated with the threshold
control. Nonetheless, we assess that contagion models cannot cure the bias of physical
geography, such as distance from the innovation origin and town size, on the predictions
of adoption peaks.
The threshold mechanisms introduced to the Bass ABM allow us to reproduce aggregated effects in relation to the number of adopters per population size. However, as
expected, it is hard to predict the location of the social ties when an adoption occurs.
This is in turn, affects the prediction of when the different towns reach their tipping
point. Unfolding these aforementioned empirical features, we were able to capture the
limitations of the standard model of complex contagion in predicting adoption at local scales and to describe key elements of diffusion in geographical space through the
contact of local and distant peers.
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Introduction

Cities are artefacts of many human interventions over long periods of time, that can
either come from top-down planning where the placement of every road, junction and
park are dictated, or grown organically from the bottom-up where places evolve and
change by adding a street, a square or a bridge where required. In this work we explore, to what extent we can capture these differences leveraging works from transport
geography (walkability), network science (graphlet counts) and complexity (entropy).
Until fairly recently, research on urban street networks, a class of planar networks
embedded in two dimensional Euclidean space, had largely been studied within the
confined domains of architecture and transport geography [1, 5, 6]. Due to the growing
availability of network databases and computation resources, there is a growing interest
in network science in addressing the further characterization of urban street networks
quantitatively. For example, [4] uses the number of dead-ends and unfinished crossings
as an indicator to discriminate whether a city is planned or less planned. In another
example, [3] characterised urban street patterns using both local and global network
properties. Locally, the authors of [3] proposed a meshedness coefficient, which takes
the ratio between the number of faces relative to its maximal number in a planar graph
where grid-like and organic cities both exhibited high levels of meshedness in comparison to the more tree-liked counterparts. Globally, the authors found that the relative
cost and efficiency of a street network have certain capacity to characterise cities from
different periods. Following these earlier works, [2] was able to characterised a hundred cities around the world based on a measure of entropy using the orientation of the
street network. He found that grid-like North American cities exhibited lower angular
orientation entropy.
A limitation of the approach is that the orientation of a regular grid need not have
a constant angular orientation. A case in point is Pittsburgh in the US, which has a
regular grid system with different orientations. Some additional limitations remain. For
example, recent research did not characterise cities using network statistics at a meso
level, for example, based on a walking region in capturing how humans experience
the city as inspired from the urban planning literature [?]. Furthermore, recent research
also did not consider the appearance of more complex sub-structure configurations such
as graphlet counts. This research could be important because the structural features of
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street networks, such as grids or cul-de-sacs, are more common and repeated in modern
planned cities as opposed to cities that are less planned and have evolved over longer
periods of time.
Our Approach To alleviate these limitations, we propose a new method to characterise
the plannedness of a city. We note that planned cities may have repeated motifs or
structures, and we further hypothese that these structures should occur at the scale that
humans interact with a city, i.e. walking distances. Thus, we propose a set of novel
meso level sub-structure street network statistics to capture the plannedness of cities
based on graphlet counts (4-nodes) within a walkable region of each road (400m, and
800m equivalent to 5 and 10 minutes walking time) which we term a walkinghood.
More specifically, for each walkinghood we count the occurances of each graphlet,
and then we compute the entropy over the set of walkinghoods to give a measure of
regularity. We compute the entropy independently for each type of graphlet and sum
to obtain an overall measure of regularity between the walkinghoods thus helping us to
characterise the plannedness, or cities or indeed parts of cities. We display our pipeline
schematically in Fig. 1.

Fig. 1. Street network analysis pipeline. (image taken from OpenStreetMap under CC BY-SA see
[7]).

2

Results

We first explore the performance of our method using a novel one parameter synthetic
model which varies from highly planned to highly organic, and test how well our methods can uncover the underlying nature.
Second, we test the proposed measure with real data from OpenStreetMap [7]. We
test how well our method can distingulish between the highly planned new towns in the
United Kingdom and older less planned towns, and we compare to other several other
approaches from the literature.
Finally, we explore the ability of our method to uncover similarities and differences
between different areas of the same city, in this case the Boroughs of London, the Arrondissements of Paris and the Special Wards of Tokyo. Further research on comparison
with other network statistics and on street networks across time is necessary to validate
this exploratory research.
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Summary. We construct a novel method to characterise the plannedness of a city based
on walking regions, graphlet counts and entropy. To explore our novel measure we
construct a novel one parameter synthetic model, and we further explore our measure
on a real world dataset of very planned new towns and older less planned towns and
cities.
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Introduction

There is an extensive literature studying and modeling human mobility at large scales.
Models such as the gravity law [1] or the radiation law [2] have been successful at
explaining mobility patterns across cities, administrative regions or countries. However, investigating human mobility inside urban areas is more challenging, as granular
enough data is often proprietary or lacking. Moreover, the micro-geography of social
networks inside cities is also less understood. Previous works suggest that distance or
other geographical obstacles inside and across cities matter for network tie formation
[3, 4], and that urban mobility influences contacts [5, 6].
Apart from the geographical constraints, assortativity is also a key property of both
urban mobility and social networks. Driven by homophily, people having similar socioeconomic status are more prone to maintaining a mutual social relationship [7], which
in the end intensifies already existing segregation or opinion polarization patterns [8].
Thus, it is important to understand the extent of homophily in these relationships, and
to characterize how physical mobility reinforces or reduces the homophilic effect.
In this work, we investigate geolocated urban social networks combined with mobility information for almost 1 million users. Our dataset is unique in its spatial resolution, in containing a rich social network structure, and in its large spatial coverage.
Our findings show that commuting to distant locations increases the number of connections people can develop and acts against closed, highly clustered social ties. However,
commuting to a distant workplace does not change the pattern that people most likely
develop connections towards others from similar socio-econonomic background.

2

Results

We construct an aggregated daily timeline for the three most frequently visited locations
of users posting geolocated messages on the online social networking platform Twitter.
By identifying clusters of tweets where the time of tweeting is predominantly during
or out of working hours, we were able to assign a home and work cluster to almost
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1 million users in the top 50 US metro areas. Moreover, we also constructed their ego
networks based on mutual followership on the platform. We connected each user’s home
and work location to census tracts and included annual household income information
from the American Community Survey.
Additionally, we created income deciles for every metropolitan area, and sorted
census tracts into 10 different income classes following these deciles. Home location
of each user was connected to the income classes of their metro areas. Furthermore, we
calculated the probability pi j that a user from income decile j commutes to a tract, or
forms a mutual follower relationship to a user in a tract with a particular income decile
i. Thus, we get 10x10 commuting (Ci j ) and friendship (Fi j ) assortativity matrices for
the top 50 metropolitan areas of the US.
First, we find that the commuting assortativity matrix Ci j shows less homophily than
the friendship assortativity matrix Fi j for almost every metropolitan area. It means that
even though physical mobility might connect people with different backgrounds within
a city, this does not necessarily enforce the creation of ties across different income
classes.
Second, we see that commuting distance affects the ability to create social ties in
the income space. We divide our users into groups that commute more of less than 5
km inside cities. Figure 1 shows these restricted friendship assortativity matrices for 3
selected cities. As rows 3 and 4 show, the matrices mostly differ in the diagonal area,
namely that people commuting less tend to form more assortative relationships. Because
in most cities, the annual income values in neighboring census tracts are correlated, less
commuting leads to more enclosed social relationships and more social segregation in
our dataset.
To translate our findings to an individual level, we show that the ego networks of
these two groups of people are also different in almost every investigated city. We observe that people commuting more also have more ties (have a higher degree), a less
closed ego network structure (lower local clustering coefficient), and the difference to
their friends’ home income is higher. This later result suggests that they have a topologically and socio-economically more diverse network. The generality of the above trends
across metro areas are also supported by regression models.
Our results suggest that even though commuting has a heterogeneizing effect on
human relationships within a metropolitan area, a strong socio-economic homophily
still exists in tie formation. Moreover, the social networks of users commuting more
differs at the micro-level from those being spatially more confined. These observations
also provide new insights for urban inequality or opinion divergence research.
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Fig. 1. Income assortativity matrices of users commuting more and less than 5 km. In rows 1 and
2, color represents the probability of a mutual followership, given that the ego is in the income
decile given by the horizontal axis. Row 3 shows the difference in the probabilities of the two
groups, row 4 is the distribution of the differences in the diagonal, upper and lower triangle areas
of row 3.
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1

Introduction

Understanding the development of the urban fabric originally belongs to the human and
social sciences (architecture, geography, history, town planning). Our aim is to study
city growth through its roads networks with complex system science and graph theory.
To do so, the first step is to reduce the road network to a geometrical graph (intersections as nodes and street segments, or arcs, as edges connecting them). We seek to find
the existing, intuitive [4], roads through a geometric approach[2, 6] by creating the way,
a continuous set of arcs and nodes producing a multi-scale object going from the dead
end to the main avenues crossing the city. By applying classical graph theory indicators
(closeness, betweeness...) and others (orthogonality, accessibility...) on this object, we
obtain information on the structure and organization of this network (figure 1), without
being constrained by the limits of the analyzed graph as opposed to a calculation performed only on arcs [5]. The meaningfulness of the results supports this approach and
hints at the fact that the turns, defining a topological distance, are more meaningful than
the metric distance along the network.
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Fig. 1. Closeness indicator applied to the network of reconstructed ways of the city of Paris. This
indicator reveals in parts the history of this network: The oldest ways and main piercings have a
high score (in red), they are the most accessible in a small number of turn for the whole. network.
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The distributions of indicators such as length, closeness or degree of ways each reveal patterns similar across the studied cities studied (log-normal distribution for length,
see fig. 2, normal distribution for closeness, power distribution for degree). The question is to understand the appearance of such particular shapes of distribution for one
of these indicators in order to better understand the dynamics of construction of such
networks. We have chosen to look at the length of the ways. Indeed, contrary to closeness, it is a more accessible data, its calculation does not need to be integrated into the
whole graph, it is also an indicator less studied in graph theory compared to the degree,
which power laws can already be reproduced by several type of models (small world
or citations[3]). It also presents a more original distribution (fig. 2). We seek to build
a model that runs through all the processes of creating ways [1] and that can generate
length distributions close to what is observed.

Fig. 2. Ways’ length distribution (log-log scale) for cities of Avignon, Paris and Manhattan island.
We find a parabolic form (log-normal distribution in linear scale) for the three cities.

2

Results

Our models are based on the hypothesis that creating a ways by perpendicular cutting
of parcels could explain this type of distribution. Each new way cuts a parcel into two
smaller areas. This process is justified by the observations made in cities (the grid in
the oldest urban areas in particular, like Saint-Michel or Chatelet district in Paris), and
physical network like clay cracks - we measured for the cracks also a length distribution
close to a log-normal. We rely on models with similar dynamics in order to find this
statistic, just varying the criteria for the selection of next parcel to cut. Several processes
have been carried out, dividing the plots according to different characteristics (fig. 3):
the longest side, the density of intersections in the vicinity of each plot or the number
of turns to be made to access them (the integrated topological distance over the entire
network).
The results showed that our first hypothesis, a cut process to depend of the longest
side is not enough to explain the log-normal distribution. With the density of crossroads
in the proximity of each parcel, we obtain forms of networks similar to the cities (polar
form) but the length distribution is still different. By substituting this density by the
topological distance, we find a distribution closer to what is observed, validating the
importance of this parameter in the development of roads networks.
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Fig. 3. Four models of ways network creations are represented. The lane creation processes depend on the density of intersections in the vicinity of each parcel as well as on its longer side
(polar model), the topological distance (topological 2) which can also be coupled to the longer
side (topological 1). Finally, we have also developed a model without selection process cutting
all the plots at each iteration (Generation). On these 4 models, only the polar model giving more
realistic network shapes is far from a log-normal distribution. For the three others, we obtain
distributions as illustrated on the right for the topological model 1, distribution (in log-log scale)
and parabolic fit are superposed on a large part around their maximum.
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