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v1=V m cos (ω0 t )

v 2=Vm cos (ω0 t−
2 π
3 )

v 3=Vm cos (ω0 t−
4 π
3 )



  



  

v A=max (v1 , v 2 , v 3)

v B=min (v1 , v2 , v3 )

v A=
3√3
π

V m ( 1
2
+∑
n=1

+∞ (−1 )n+1

9n2−1
cos (3nω0 t ))

vB=
3√3
π

V m(−
1
2
+∑
n=1

+∞ 1

9n2−1
cos (3nω0 t ))

vC=−vA−vB

v1+v2+v3=0

vC=−
3√3
π

V m∑
k=1

+∞ 2

(6 k−3 )
2
−1

cos ( (6k−3 )ω0 t )

v AV=
1
2 (v A+v B )=−

1
2
vC

v AV=
3√3
π

V m∑
k=1

+∞ 1

(6k−3 )
2
−1

cos ( (6k−3 )ω0 t )



  



  

vOUT=vA−vB

vOUT=
3 √3
π

V m (1−∑
k=1

+∞ 2

36k 2−1
cos (6kω0 t ))

VOUT=
3√3
π

V m≈1 . 65V m≈2. 34V P RMS

v̂OUT=−
3√3
π

V m∑
k=1

+∞ 2
36k 2−1

cos (6 kω0 t )
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i p=IOUT (d2 p−1 (ω0 t )−d2 p (ω0 t ) )



  

PF=
P IN

SIN

=
3
π
=0 .9549

DPF=cosϕ1=1

THD=
√I RMS

2
−I 1 RMS

2

I 1RMS

THD=
1
3

√π 2
−9=31. 08 %



  



  



  



  



  



  



  

IOUT THD(vIN) THD(iIN) POUT SIN PF

4 A 3.17 % 29.47 % 909.8 W 946.8 VA 0.9610

7 A 3.34 % 28.65 % 1544.3 W 1607.8 VA 0.9605

10 A 3.42 % 27.94 % 2121.0 W 2212.1 VA 0.9588



  
How to patch the gaps?



  

The Method of Current Injection

OUTI

1v 2v 3v


D1

D2

D3

D4

D5

D6

1i

2i

3i

Av

Bv

OUTv





current
injection
network

current 
injection 
device

1Xi 2Xi 3Xi

Yi

YiYi

IAi

IBi

1Si

2Si

3Si

Nv

Ai

Bi



  

i1 (ω0 t )=d1 (ω0 t ) iA (ω0 t )−d2 (ω0 t ) iB (ω0 t )−iX 1 (ω0 t )

i2 (ω0 t )=d3 (ω0 t ) iA (ω0 t )−d4 (ω0 t ) iB (ω0 t )−iX 2 (ω0 t )

i3 (ω0 t )=d5 (ω0 t ) iA (ω0 t )−d6 (ω0 t ) iB (ω0 t )−iX 3 (ω0 t )

i1 (ω0 t )=i2(ω0 t−
2 π
3 )=i3(ω0 t−

4 π
3 )

d1 (ω0 t )=d3 (ω0 t−
2 π
3 )=d5 (ω0 t−

4 π
3 )

d2 (ω0 t )=d4 (ω0 t−
2π
3 )=d6(ω0 t−

4 π
3 )



  

iX1 (ω0 t )=iX2 (ω0 t−
2 π
3 )=iX3 (ω0 t−

4 π
3 )

iA (ω0 t )=iA(ω0 t−
2π
3 )= iA(ω0 t−

4 π
3 )

iB (ω0 t )=iB(ω0 t−
2π
3 )= iB(ω0 t−

4 π
3 )

iX1 (ω0 t )=iX2 (ω0 t )=iX 3 (ω0 t )=iX (ω0 t )

iX (ω0 t )=iX (ω0 t−
2 π
3 )=iX(ω0 t−

4 π
3 )

iX (ω0 t )=
1
3
iY (ω0 t )

iY (ω0 t )=iA (ω0 t )− iB (ω0 t )
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Third-Harmonic Current Injection 
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iIA= iIB=kIOUT cos (3ω0 t−ϕ )

i1
IOUT

={
1+

1
3
k cos (3ω0 t−ϕ ) for −60 °<ω0 t<60 °

−
2
3
k cos (3ω0 t−ϕ ) for 60 °<|ω0 t|<120 °

−1+
1
3
k cos (3ω0 t−ϕ ) for 120 °<ω0 t<240 ° ,

THD ( k , ϕ )=
√ IRMS

2
−I 1RMS

2

I 1RMS

∂ THD (k , ϕ )

∂ k
=0

k opt (ϕ )=
48 cosϕ

√576 ( cosϕ )
4
+624 (cos ϕ )

2
+25+24 (cosϕ )

2
+5

THD (k opt (ϕ ) , ϕ )=
√6 ( 4 π2−45 ) ( cosϕ )

2
+5 π2−45+(π 2−9 )√576 ( cosϕ )

4
+624 (cos ϕ )

2
+25

3√√576 (cosϕ )
4
+624 (cos ϕ )

2
+25+30 (cos ϕ )

2
+5



  



  

kOPT=kopt ( 0 )=
3
4

THDmin=THD ( 3
4
, 0)=√32π 2

315
−1≈5.12 %

THD (0 , 0 )=
1
3

√ π2
−9≈31 . 08 %

P INJ=
3√3
8π

V m IOUT k cos ϕ

POUT=VOUT IOUT=
3√3
π

V m IOUT

η (k , ϕ)=
8

8+k cos ϕ
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P INJmax=
9 √3
32π

Vm IOUT=
3

32
POUT=

3
35

P IN≈8 .57 % P IN

ηmin=
32
35

=91. 43 %



  

Normalized amplitude spectra of the input currents; black bars: current 
injection is not applied; gray bars: the optimal third‑harmonic current injection 
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Q=
1
R √ L

C

Dependence on the Q-factor?
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σ=
V m

IOUT R

THD (σ )=
√ ( 4 π 2−27 ) σ2+96 ( 9−2√3 π )σ+768 (π 2−9 )

(2 π−3√3 )σ +48 √3

THDmin=THD (
4 π

√3 )=√4 π 4−27 π 2+216 √3π−1296

2 π2−3 √3 π+36
≈4 . 01 %

σ=
4 π

√3

d (THD (σ ) )

dσ
=0

P INJ=
π (2 π−3√3 )

36+π (2 π−3√3 )
P IN≈8 . 66 % P IN
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i1+i2+ i3=0

iX=
1
3
iY=

1
3 ( iA−iB )

i1=d1 iA−d2 iB−
1
3 ( iA−iB)

i2=d3 iA−d 4 iB−
1
3 (iA−iB )

i3=d5 iA−d6 iB−
1
3 (iA−iB )

[
i1
i2
i3

]=[
d1−

1
3

−d2+
1
3

d3−
1
3

−d4+
1
3

d5−
1
3

−d6+
1
3

][ iAiB ]

[
iA
iB ]=[

d1−
1
3

−d2+
1
3

d3−
1
3

−d4+
1
3

]
−1

[
i1
i2 ]

The Optimal Current Injection 



  



  

iIA=
3 √3
π

Im∑
n=1

+∞ 1−2 (−1 )
n

9n2−1
cos (3nω0 t )

iIB=
3√3
π

I m∑
n=1

+∞ 2− (−1 )
n

9n2−1
cos (3nω0 t )

1−2 (−1 )
n
={ 3 , for odd n

−1 , for even n ,

2− (−1 )
n
={ 3 , for odd n

1 , for even n .

iIA= iODD+iEVEN iIB=iODD−iEVEN

iODD=
3 √3
π

Im∑
k=1

+∞ 3

(6k−3 )
2
−1

cos ( (6 k−3 ) ω0 t ) iEVEN=−
3 √3
π

Im∑
k=1

+∞ 1
36 k2−1

cos (6 kω0 t )

v AV=
3√3
π

V m∑
k=1

+∞ 1

(6k−3 )
2
−1

cos ( (6 k−3 ) ω0 t ) v̂OUT=−
3√3
π

V m∑
k=1

+∞ 2
36 k 2−1

cos (6kω0 t )

vAV

iODD
=

1
3
RE

v AV

iY
=

1
6
RE

iY=iIA+iIB=2iODD

v̂OUT
iEVEN

=2RE

RE=
Vm

Im



  



  



  

P INJ=P IN−POUT=(1−( 3
π )

2

)P IN=8 . 81% P IN

η=
POUT

P IN

=( 3
π )

2

≈91. 19 %

Δη=
32
35

−( 3
π )

2

=0 . 24%
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S L=
2

35
POUT≈5 . 71% POUT

ST 1 :1=
2

35 (√π 2−9−3arccos
3
π )POUT=0 .16 % POUT

RX=
Vm

IOUT max

CS=
π

3√3
1

ω0R X

LS=
1

π √3

R X

ω0

STRE=
π

140 (1+
√3
2 )POUT≈4 . 19 % POUT

n=
8

3π



  



  



  

α=
IOUT

IOUT max



  



  

Recovery of the Current Injection Network Power 
Applying A Voltage‑Loaded Resistance Emulator 
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THD ( k ,n )=
√3√ k2 (n2 ( 32π 2−27 )+540n+12 (32 π2−225 )−96 kn (9n+2 (16 π−45 ) )+768 n2 (π 2−9 ) )

9 (k (n−10 )+16 n )

iY=kIOUT cos (3 ω0 t )

n=10

kIOUT=
3√3
8 π (1−

10
n )

V m

R

d THD (k , 10 )

d k
=0

k=
30
7 π

≈1 .36

THD=
1
3 √π 2

−
69
7

≈3 .72 %

Analysis . . .  



  



  

∂ THD (k , n )

∂ k
=0

k opt (n )=
3n (πn−2 (5 π−16 ) )

2 (πn2+3n+6 (2π−5 ) )

d THD (kopt ( n ) , n)
d n

=0

kOPT=
3 (π2−8 )

π (2π−5 )
≈1.39

nOPT=
6 (π2−8 )

π (16−5 π )
≈12.23

THDMIN=THD (kOPT , nOPT )=
1
3 √ 8 π 4

−199 π2
+360 π+54

15π 2−40 π−6
≈3 .64 %

ROPT=
π (2 π−5 ) (7 π2−20 π−6 )

18 (π 2−8 )
2

VOUT

IOUT
≈1. 64 %

VOUT

IOUT

PR=
7 π2

−20 π−6
4 π (2 π−5 )

POUT≈1 .58 % POUT



  

THDDCM (nDCM OPT )=
√936 π 4−3424 π3−16377π 2+89640 π−104976

9 (13 π−36 )
≈7 . 71%

THDDCM (10 )=
1
9 √61π 2−36 π−486

6
≈7 .79 %

lim
n→∞

(THDDCM (n ) )=
1

27 √224 π 2−2187
3

≈10 . 43 %
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nOPT=4√3−6≈0 . 9282

THDmin=THD (nOPT )=
√ (2+√3 )π 2−36

6
≈15 . 22 %

vOUT=Vm
24√3−36

π (1−2∑
k=1

+∞ 1

144 k2−1
cos (12kω0 t ))

P INJ

P IN

=
2−√3

4
≈6 . 70 %

ST 1 :1=
√6
48 (√ π2

−9−3 arccos ( 3
π ))POUT≈0 .145 % POUT

ST n:n :1=
(2−√3 ) (1+√2 ) π
48 √2

POUT≈2 .99 % POUT



  

Square‑Wave Current Injection Rectifier that 
Applies Voltage‑Loaded Resistance Emulator 
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nOPT=6+4√3≈12 .93

THDmin=THD (nOPT )=
√ (2+√3 )π 2−36

6
≈15 .22 %

ST 1 :n=
π √2
48

(1+√3−√6 ) POUT≈2 .62 % POUT

ST 1 :1=(√3
8

arcsin
3√2 (√3−1 )

π
+

3+√3
48√2

√π 2+36√3−72−
2 π √3
32 ) POUT

ST 1 :1≈0 . 025 % POUT



  

ρ=
RIOUT
V m
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Finally: Conclusions

• Current injection methods to improve THD and 
PF in three-phase rectifiers

• Three methods: third-harmonic, optimal, square-
wave

• Several circuits that implement the method
• Resistance emulation
• The list of circuits exhausted?
• Which solution is the best?
• Is there a best solution?


