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Theoretical and experimental investigations of the relaxation rates of multiple-quantum coherences
during heteronuclear double resonance �HDR� pulse sequences are presented. Average Liouvillian
theory yields analytical expressions to describe the effective relaxation rates of multiple-quantum
coherences during HDR irradiation. Experiments were carried out on a 13C– 1H pair in glycerol to
measure the effective auto- and cross-relaxation rates of multiple-quantum coherences during HDR
schemes. The experimental results exhibit a very good agreement with theoretical predictions, even
when the average Liouvillian expansion is truncated to zeroth order.
© 2009 American Institute of Physics. �doi:10.1063/1.3269044�

I. INTRODUCTION

NMR is one of the most versatile tools to sample and
quantify the internal dynamics of molecules and, in particu-
lar, of biomolecules.1,2 NMR has proven to be suitable for
the characterization of processes such as conformational ex-
change and chemical reactions that occur on microsecond to
millisecond timescales which lead to so-called chemical ex-
change effects.3,4 The study of NMR relaxation caused by
chemical exchange has led to the determination of the kinet-
ics and thermodynamics of many exchange processes as well
as the structural characterization5–7 of the conformations that
are involved in exchange. An ever-growing range of methods
is available to measure chemical-exchange-induced relax-
ation of nitrogen-15 single-quantum �SQ� coherences.8,9 Cor-
related chemical exchange processes can be detected thanks
to their signature on the relaxation of multiple-quantum
�MQ� coherences.10,11 A breakthrough early in this decade
was achieved through the introduction of methods to quan-
tify such effects.12–14 Techniques derived from this approach
have opened the way to the interpretation of exchange pro-
cesses beyond the basic two-state model15 and provided evi-
dence for the correlation of conformational exchange be-
tween sequential residues.16,17

The two most common approaches to characterize
chemical-exchange-induced relaxation rates are measure-
ments of transverse relaxation rates under Carr–Purcell–
Meiboom–Gill trains of spin echoes18–20 and measurements
of rotating-frame relaxation rates under a continuous wave
�cw� irradiation.9,21–23 The former method is perfectly
adapted to the study of slow �millisecond� time-scale pro-
cesses and has been used to quantify both SQ and MQ
relaxation.24–26 While rotating-frame “spin-locking” methods
give access to a much broader range of time scales,27 they
were hitherto not suitable to study MQ relaxation.

We have recently introduced new HDR methods to pre-
serve MQ coherences.28 We have shown that spin locking or,
more accurately, “preservation” of MQ coherences can be
made effective over a range of offsets comparable to the
radio frequency �rf� amplitude for most scalar-coupling con-
stants found in biomolecules, with little sensitivity to rf field
inhomogeneities. Here, we present a detailed description of
relaxation during HDR sequences in the absence of chemical
exchange. In Sec. II we briefly introduce average Liouvillian
theory �ALT�29,30 and apply it to treat the effective relaxation
of MQ coherences under HDR sequences. In Sec. III, experi-
mental evidence of the validity of this theoretical approach is
demonstrated for isolated 13C– 1H pairs found in 98% per-
deuterated glycerol. These results are then briefly discussed
in Sec. IV.

II. THEORY

A. Introduction

The effective auto- and cross-relaxation rates in pairs of
spin-1/2 nuclei under homonuclear double-resonance irradia-
tion has been treated in the case of synchronous nutation,31,32

albeit without providing a simple analytical expression of the
effective relaxation superoperator. In the case of hetero-
nuclear cross polarization, a full Liouvillian superoperator
was derived to describe both coherent effects and relaxation
during mismatch-optimized transfer33,34 and during single-
transition cross polarization,35,36 in both cases in liquids. In
these two studies, a zeroth-order perturbation theory was
used, neglecting nonsecular terms in the relevant interaction
frames. This approach is robust when the coherent terms are
much larger than the relaxation rates, as in our HDR schemes
where the rf field amplitudes are generally larger than 1 kHz.
Here, we present a zeroth-order ALT approach to the study of
effective relaxation rates of MQ coherences during HDR se-
quences. As shown below, this method leads to compact ana-
lytical expressions for the average relaxation superoperators.a�Electronic mail: fabien.ferrage@ens.fr.

THE JOURNAL OF CHEMICAL PHYSICS 131, 224503 �2009�

0021-9606/2009/131�22�/224503/9/$25.00 © 2009 American Institute of Physics131, 224503-1

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp

http://dx.doi.org/10.1063/1.3269044
http://dx.doi.org/10.1063/1.3269044
http://dx.doi.org/10.1063/1.3269044


B. The average Liouvillian approach

Let us consider a scalar-coupled heteronuclear two-spin
system, with I=1 /2 �usually an isolated proton� and S=1 /2
�often a 13C or 15N nucleus�. The evolution of the density
operator ��t� is governed by a quantum mechanical master
equation,37 i.e., a Liouville–von Neumann equation including
relaxation, which may be written in terms of superoperators
in the convenient homogeneous form38

d

dt
��t� = − L̂��t� �1�

with the Liouvillian superoperator L̂ defined as

L̂ = iĤ + �̂ . �2�

In the above equation Ĥ is the commutator superoperator

defined as Ĥ�= �H ,��, where H is the doubly rotating frame

�DRF� Hamiltonian28 of the system, and �̂ is the relaxation
superoperator which includes the thermal correction for finite
temperature.29,30,39 In this paper carets will denote superop-
erators. The density operator ��t� can be expanded in an
orthonormal basis of operators Bi, with coefficients �i�t�,

��t� = �
i=1

D

�i�t�Bi. �3�

For a system of two spin-1/2 nuclei, the dimension of the
Liouville operator space, or simply Liouville “superspace,”
is D=16. The density operator is thus represented in the
Liouville superspace as a column vector with 16 elements
corresponding to the 16 coefficients �i. We found it to be
convenient for our applications to choose a basis set of
Cartesian product operators, including the unity operator �see

Appendix�. The elements of the matrix representation of the

coherent part iĤ of the master Eq. �1� are given by39

iĤ�s,r� = �Bs�iĤ�Br� = �Bs��iH,Br�� = iTr�Bs
†�HBr − BrH��

�4�

with s ,r=1, . . . ,16, while the matrix elements of the relax-
ation superoperator can be calculated in the framework of
Redfield theory,40 as clearly described by Cavanagh et al.41

Explicit matrix forms of iĤ and �̂ can be found in the
Appendix.

In order to evaluate the perturbations to the dominant

interaction, the Liouvillian superoperator L̂ is transformed
into the interaction frame of the corresponding Hamiltonian

iĤ. This frame transformation can be accomplished in anal-
ogy to Hamiltonians.41 One may thus define a transformed
density operator in the new interaction frame �denoted by the
subscript if� as

�if�t� = Û0�t���t�, with Û0�t� = exp�iĤt� . �5�

The master Eq. �1� can then be rewritten in the interaction
frame as

d

dt
�if�t� = − L̂if�t��if�t�, where L̂if�t� = Û0�t�L̂Û0

†�t� − iĤ .

�6�

It is straightforward to verify that L̂if�t�= Û0�t��̂Û0
†�t�. If iĤ is

periodic with a period T, the effect of the relaxation super-

operator �̂ in the interaction frame can be described by av-
erage Liouvillian theory,29,30 provided the system is sampled
stroboscopically. The formalism is very similar to the one of
average Hamiltonian theory42,43 that we have outlined in a
preceding publication on the same subject.28 The average

TABLE I. Experimental values of relaxation rates of the isolated 13C2– 1H2 pair in D8-glycerol �98%� in 2H2O.
All values are given in s−1. Experiments were carried out on two different samples and at different temperatures,
as described in the text. Four different data sets were recorded, as shown in the leftmost column. The first three
data sets were obtained with a TCI cryoprobe, while the fourth set was recorded with the TBI probe. The
relaxation rates �IS, �S

a, �I
a, and �MQ were measured with the methods shown in Fig. 1. The values of the

effective MQ autorelaxation rates �xx
MLEV and �yy

MLEV predicted by ALT �second column from the right� were
derived from these four relaxation rates using Eqs. �13a� and �13b�. These two effective autorelaxation rates
under MLEV-32 HDR were measured �rightmost column� with the sequence shown in Fig. 1�f�. The compari-
son between ALT predictions and experimental MLEV-32 HDR rates, shown in the last two columns on the
right, is also rendered graphically in Fig. 3.

�IS �S
a �I

a �MQ

i
�2HiCi�

�ii
MLEV

ALT HDR

1. T=281.5 K
sample 1

2.58�2� 3.50�5� 3.15�12� 2.61�11�
x 2.69�8� 2.68�8�
y 2.78�5� 2.73�15�

2. T=284.0 K
sample 2

2.66�2� 4.10�3� 4.21�11� 2.55�4�
x 2.77�3� 2.84�4�
y 2.99�3� 3.02�11�

3. T=281.0 K
sample 2

2.69�2� 4.93�3� 4.85�11� 2.72�2�
x 2.99�2� 3.03�3�
y 3.25�2� 3.28�4�

4. T=273.0 K
sample 1

2.58�2� 5.10�3� 5.26�3� 2.98�9�
x 3.18�2� 3.15�8�
y 3.38�3� 3.46�9�
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Liouvillian may be defined using the Magnus expansion as

L̂if
�av� = L̂if

�0� + L̂if
�1� + L̂if

�2� + . . . , �7�

where the zeroth-order term is defined as

L̂if
�0� =

1

T
	

0

T

L̂if�t�dt . �8�

In this paper we shall treat only the lowest order term of the
average Liouvillian.

C. Average Liouvillian during HDR pulse sequences

Recently, we have presented28 two new HDR sequences
based on the well-known MLEV-32 and WALTZ-32 decou-
pling schemes,44–48 and we have shown that, in the absence
of relaxation, these HDR sequences render MQ coherences
such as 2IxSx and 2IySy effectively stationary over a reason-
ably wide range of offsets and scalar-coupling constants. In
the present work, relaxation is taken into account but scalar
couplings are neglected, and both rf fields are applied on
resonance. We may start with the expression of the Liouvil-

lian superoperator L̂ of Eq. �2� in the DRF

L̂ = iĤrf + �̂ , �9�

where the rf Liouvillian superoperator iĤrf is obtained by
replacing H by Hrf��I�t� ,�S�t�� �Ref. 28� in Eq. �4�. The

explicit matrix representation of iĤrf can be found in the

Appendix. We shall assume that the superoperator L̂ is time
independent. This condition is fulfilled during each pulse of
the sequence provided the phases �I and �S are constant. The
effect of relaxation during the pulse sequence can be studied
by rewriting the relaxation superoperator in the interaction
frame of the rf fields.34 The calculations are the same as for
Hamiltonian operators, described in detail elsewhere.28

One can show that the zeroth-order average Liouvillian �̂if
�0�

of Eq. �8� can be calculated over a period T=64� /�1 or
T=96� /�1, as the sum of 96 or 72 integrals corresponding
to the number of pulses of the MLEV-32 or WALTZ-32 HDR
sequences, respectively. The forms of both MLEV-32 and
WALTZ-32 HDR sequences lead to a coincidence of the rf
interaction frame and the DRF at the end of each period T.
The average effect of relaxation over an integer number of
periods T may then be obtained by the integration of

d

dt
��t� = − �̂if

�0���t� . �10�

D. The zeroth-order effect

In the absence of rf fields, the dynamics of MQ coher-

ences under the relaxation superoperator �̂ are described by
the following differential equations:

d

dt

2IxSx

2IySy
� = − 
�MQ − �MQ

− �MQ �MQ
�
2IxSx

2IySy
� , �11�

where �MQ and �MQ are the auto- and cross-relaxation rates,
respectively. The average Liouvillian of Eq. �10� yields for

the dynamics of MQ coherences during either MLEV-32 or
WALTZ-32 HDR sequences

d

dt

2IxSx

2IySy
� = − 
 �xx

K − �MQ
K

− �MQ
K �yy

K �
2IxSx

2IySy
� , �12�

with K=MLEV or WALTZ, and

�xx
MLEV =

1

16
�11�MQ + �I

a + �S
a + 3�IS� , �13a�

�yy
MLEV =

1

16
�6�MQ + 2�I

a + 2�S
a + 6�IS� , �13b�

�MQ
MLEV =

1

16
��MQ + 4�MQ − �I

a − �S
a + �IS� , �13c�

�xx
WALTZ = �MQ, �14a�

�yy
WALTZ =

1

8
�3�MQ + �I

a + �S
a + 3�IS� , �14b�

�MQ
WALTZ = �MQ/2, �14c�

where �I
a��S

a� is the transverse autorelaxation rate for spin I
�S� coherence in antiphase with respect to spin S �I�,
2IxSz�2IzSx�, and �IS is the autorelaxation rate of the longitu-
dinal two-spin order 2IzSz.

39 These equations show that the
HDR pulse sequences induce effective MQ auto- and cross-
relaxation rates. Note that the effective relaxation matrices
associated with both MLEV-32 and WALTZ-32 HDR
schemes are symmetric, i.e., the effective rates are the same
for the two directions of the cross-relaxation pathway be-
tween the MQ coherences 2IxSx and 2IySy.

The effective relaxation rates are linear combinations of
several auto- and cross-relaxation rates of SQ and MQ co-
herences as well as of the decay rate of two-spin order, and
can be associated with density operator terms evolving dur-
ing the pulse sequences in a seven-dimensional subspace of
the Liouville superspace, i.e., in a subspace spanned by the
operators 2IzSx, 2IxSz, 2IzSy, 2IySz, 2IxSx, 2IySy, and 2IzSz.
Note that the MLEV-32 HDR sequence attenuates the true
cross-relaxation rate �MQ by a factor of 4, while the
WALTZ-32 HDR sequence only scales down �MQ by a fac-
tor of 2. Moreover, one may also observe that �MQ

WALTZ is
directly proportional to the “natural” cross-relaxation rate
�MQ, whereas �MQ

MLEV is “contaminated” by a combination of
several other relaxation rates. The exploitation of effective
cross-relaxation rates measured under HDR sequences is
therefore more straightforward with the WALTZ-32 HDR
rather than MLEV-32 HDR sequence. One should notice that
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the effective autorelaxation rates for the two MQ coherences
of interest are different: �xx

MLEV��yy
MLEV and �xx

WALTZ

��yy
WALTZ. This feature is of particular importance in cross-

relaxation experiments, as it makes the use of symmetrical
reconversion49,50 necessary to average the auto-relaxation
rates of the two observed MQ coherences.
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FIG. 1. Pulse sequences used for the measurement of relaxation rates. �a� Generic pulse sequence for the preparation and the detection of various two-spin
coherences or longitudinal two-spin order 2HzCz. ��b�–�g�� Pulse sequences used during the relaxation delay 	 for the measurement of relaxation rates: �b� �IS

of the two-spin order 2HzCz; �c� �I
a of the SQ antiphase proton coherence 2HxCz; �d� �S

a of the SQ antiphase carbon-13 coherence 2HzCx; �e� �MQ of the MQ
coherence 2HyCy; and for the measurement of �f� the effective autorelaxation rates �xx

MLEV and �yy
MLEV, defined in Eq. �13�; and �g� the effective cross-relaxation

�MQ
WALTZ or �MQ

MLEV between the MQ coherence 2HxCx and 2HyCy. Narrow �filled� and wide �open� rectangles represent 90° and 180° pulses, respectively. Pulse
phases are along the x axis of the rotating frame unless specified otherwise. The bell-shaped pulse represents a 1.2 ms Gaussian inversion pulse. The delays
are 	a=50 ms, 	b=1.786 ms, 
=1.4 ms, and 
�=1.3 ms. Strong pulses were applied with a rf amplitude of 14.2 kHz on the proton channel and 15.1 kHz
on the carbon-13 channel. Spin lock and HDR irradiations were applied with an amplitude of 1.5 kHz on both channels. Decoupling during acquisition with
a duration of 130 ms was carried out with a GARP �Ref. 58� scheme and a 2.27 kHz rf amplitude. The delay between experiments was 1.5 s. The carrier was
set at 3.49 ppm on the 1H channel and 71.61 ppm on the 13C channel. For each spectrum, 384 transients were accumulated. The pulsed field gradients had
sine-bell-shaped amplitude profiles. Their durations and peak amplitudes over the x, y, and z axes were, respectively: G1; 500 �s, 0, 0, 11 G cm−1; G2;
500 �s, 8 G cm−1, 0, 0; G3; 500 �s, 40 G cm−1, 40 G cm−1, 25 G cm−1; G4; 1.5 ms, 0, 0, −15 G cm−1; G5; 1 ms, 0 G cm−1, 0 G cm−1, 40 G cm−1; G6;
500 �s, 0 G cm−1, 6 G cm−1, 0 G cm−1; G7; 500 �s, 5 G cm−1, 0 G cm−1, 0 G cm−1; G8; 1 ms, 0 G cm−1, 0 G cm−1, 10 G cm−1; G9; 500 �s,
25 G cm−1, 20 G cm−1, 0 G cm−1; G10; 500 �s, 20 G cm−1, 0 G cm−1, 28 G cm−1; G11; 300 �s, 9 G cm−1, 0 G cm−1, 9 G cm−1; G12; 300 �s,
0 G cm−1, 8 G cm−1, 8 G cm−1. Gradient pulses employed on the TCI cryoprobe had the same shapes, durations, and comparable amplitudes but were
all applied along the z axis. The phase cycles were: �b� �1= �y ,−y
; ��c�–�g�� �1= �y
; ��b�–��d�� �2= �x
; ��e�–�g�� �2=4�x
 ,4�−x
; ��b�–�d�� �3

=2�x
 ,2�y
 ,2�−x
 ,2�−y
; ��e�–�g�� �3= �x
; �b� �4=8�x
 ,8�−x
; ��c� and �d�� �4= �x
; ��e�–�g�� �4=8�x
 ,8�−x
; �b� �5=8�−y
 ,8�y
; ��c� and �d�� �5=−y;
��e�–�g�� �5=8�y
 ,8�−y
; ��c� and �d�� �6= �y ,−y
; �e� �6= �x ,−x
. To generate the MQ coherence 2HxCx at the beginning of the relaxation period, the phases
in experiments �f� and �g� were �6= �y ,−y
 and �7=2�y
 ,2�−y
. To generate the MQ coherence 2HyCy the phases in experiments �f� and �g� were �6= �x ,
−x
 and �7=2�x
 ,2�−x
. To detect the MQ coherence 2HxCx at the end of the relaxation period, the phase in experiments �f� and �g� was �8= �y
. To detect
the MQ coherence 2HyCy at the end of the relaxation period, the phase in experiments �f� and �g� was �8= �x
. Finally, the phase cycles for acquisition were
�b� �acq=2�x ,−x ,−x ,x
 ,2�−x ,x ,x ,−x
; ��c� and �d�� �acq=2�x ,−x ,−x ,x
; �e� �acq=4�x
 ,8�−x
 ,4�x
; ��f� and �g�� �acq= �x ,−x ,−x ,x
 ,2�−x ,x ,x ,−x
 , �x ,−x ,
−x ,x
.
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III. EXPERIMENTS

A. MQ autorelaxation rates

All experiments were carried out on the residual �about
0.02%� isolated 13C2– 1H2 pair in 98% perdeuterated D8-
glycerol �CD2OD13CHODCD2OD� mixed with 2H2O. Two
different samples, 1 and 2, were prepared with �w/w� ratios
of glycerol and 2H2O of 75/25 and 80/20, respectively. The
viscosities of samples 1 and 2 are about 35 and 65 cP, re-
spectively, at T=293 K. All data were collected in a static
magnetic field B0=14.1 T with a Bruker Avance 600 MHz
spectrometer, equipped either with a triple resonance inverse
probehead �TBI� or with a triple resonance cryoprobe �TCI�.
The use of the cryoprobe improves the sensitivity of the
experiments but imposes serious limitations on the stability
of the sample temperature below 281 K. Therefore, we have
used the cryoprobe in three series of experiments at T
=284 K �with sample 2�, T=281.5 K �sample 1�, and T
=281 K �sample 2�. Below 281 K, we observed oscillations
of the temperature on the order of �1 K. An additional series
of experiments at T=273 K �with sample 1� was run with
the more stable TBI probe. The four series of experiments
are summarized in Table I.

A series of independent experiments were carried out to
measure the auto-relaxation rates �MQ, �S

a, �I
a, and �IS. All

these rates were measured with pulse sequences derived from
our original HDR sequence28 by replacing the HDR block
with the sequences shown in Fig. 1. The signal of the central
13C2– 1H2 pair in glycerol was selected while suppressing the
signals of the two 13C1– 1H1 isotopomers. The latter show a
faster transverse relaxation due to a large contribution of
scalar relaxation of the second kind.22,51 Indeed, the one-
bond 1J�13C1– 2H1� scalar coupling is significantly larger
than the two-bond 2J�13C2– 2H1� scalar coupling. Selection
was carried out by two complementary mechanisms. First, to
make use of the faster autorelaxation of the 1Hy

1 coherence
compared to the 1Hy

2 coherence, a 100 ms echo was inserted
at the beginning of the sequence. Second, a selective 1.2 ms
Gaussian inversion pulse was applied to the carbon channel
in the first sequence based on ‘Insensitive Nuclei Enhanced
by Polarization Transfer’ �INEPT�. To measure the autorelax-
ation rate constant �IS of the two-spin order term 2HzCz we
replaced the original HDR block with the scheme52 of Fig.
1�b�. In our sample, coherences have a rapid autorelaxation
rate because of the scalar relaxation of the second kind in-
duced by the one bond or two-bond scalar coupling with 2H
nuclei. In order to suppress this contribution all relaxation
rates of coherences were measured under a continuous irra-
diation with rf fields with an amplitude �1 / �2�� of 1.5 kHz.
We have measured the relaxation rates �S

a��I
a� of the an-

tiphase coherences 2HzCx�2HxCz� with a cw spin-lock field
applied to 13C�1H�, and the autorelaxation rate �MQ of the
MQ coherence 2HxCx with two cw spin-lock fields applied to
both nuclei simultaneously �see Figs. 1�c�–1�e��. Experi-
ments designed for the measurement of anti-phase coher-
ences �Figs. 1�c� and 1�d�� feature a pair of inversion pulses
to suppress cross-relaxation pathways due to

the cross-correlation of chemical shift anisotropy �CSA� and
dipole-dipole �DD� interactions.53,54 Similarly, a single inver-
sion pulse was applied in Fig. 1�e� to suppress the effects of
the weak cross-relaxation between the operators 2HyCy and
2HxCx. A far off-resonance irradiation was added at the be-
ginning of all sequences featuring a continuous irradiation
during the relaxation delay �Figs. 1�c�–1�g�� to ensure com-
parable heating by rf fields for all durations of the relaxation
delays.55,56

In order to verify the validity of ALT predictions, we
have also carried out direct measurements of the two autore-
laxation rates �xx

MLEV and �yy
MLEV �rightmost column of Table

I�. These rates were measured with the modified HDR pulse
sequence shown in Fig. 1�f�, by selecting either 2HxCx or
2HyCy before the relaxation block. The HDR sequence,
which consists of a windowless sequence of rf pulses applied
simultaneously on both nuclei 13C and 1H, allows one to
preserve the coherences of interest and suppress scalar-
relaxation effects. The original HDR sequence was modified
�see Fig. 1�f��, in addition to the temperature compensation
scheme, by inserting a single � pulse in the middle of the
relaxation delays to remove cross-relaxation effects so that
the decays of the coherences of interest can be fitted by mo-
noexponential functions.53,54

B. MQ cross-relaxation rates

As discussed at the end of Sec. II D, measurements of
effective cross-relaxation rates with the MLEV-32 HDR se-
quence are rather impractical compared to the WALTZ-32
HDR method. We have thus applied the latter scheme to
measure the effective cross-relaxation rate �MQ

WALTZ. This rate
is simply proportional to the “true” cross-relaxation rate in
the absence of any rf irradiation, �MQ, as shown in Eq. �14c�.
The experiments were run with sample 2, with an rf field
strength �1 / �2�� of 1.5 kHz, at a temperature T=281 K,
using the cryoprobe. The pulse sequence is shown in Fig.
1�g�. As discussed in Sec. II D, we used symmetrical
reconversion49,50 in order to compensate for the different ef-
fective autorelaxation rates �xx

WALTZ and �yy
WALTZ. By selecting

either 2HxCx or 2HyCy before and after the relaxation delay,
one obtains four different measurements for each relaxation
delay 	. Thus we first selected 2HxCx at the beginning and
measured 2HxCx �signal s1� and 2HyCy �signal s2� after the
delay 	, then we selected 2HyCy at the beginning and mea-
sured 2HxCx �signal s3� and 2HyCy �signal s4� after relax-
ation. The signal S�	� �Fig. 4� is given by

S�	� =�s2s3

s1s4
. �15�

This observable can be fitted with the function

f�	� = tanh��MQ
WALTZ	� = tanh��MQ

2
	� , �16�

represented by a dashed line in Fig. 4. In the above equation
we have exploited the fact that �MQ

WALTZ=�MQ /2.
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IV. RESULTS AND DISCUSSION

A. Autorelaxation rates

Examples of experimental decays due to autorelaxation
of two-spin order, antiphase, and MQ coherences are shown
in Figs. 2�a�–2�d�. If we insert the experimental autorelax-
ation rates in Eqs. �13a� and �13b� we obtain the values of
�xx

MLEV and �yy
MLEV predicted by zeroth-order ALT �see Table

I�. Here we shall consider mostly the MLEV-32 HDR
scheme rather than the WALTZ-32 HDR because the former
is less sensitive to scalar-coupling constants28 1JCH. This
makes the use of WALTZ-32 HDR potentially less accurate
in the 13C– 1H pairs of glycerol with scalar-coupling con-
stants 1JCH�140 Hz.

The experimental decays of 2HxCx and 2HyCy are shown
in Figs. 2�e� and 2�f�, while the resulting values of �xx

MLEV

and �yy
MLEV are shown in Table I. The two rightmost columns

of Table I allow us to compare the experimental effective
relaxation rates observed during the MLEV-32 HDR se-
quence with the predictions of the zeroth-order ALT of Sec.
II D. A graphical representation of these results is given in
Fig. 3. We found a good global agreement between experi-
ments and theory.

It is interesting to note that the demonstration of the
agreement of experiments with ALT depends on the differ-
ence of the effective autorelaxation rates associated with the
MQ operators 2HxCx and 2HyCy. This difference depends on
the various auto-relaxation rates that appear in the expres-
sions of �xx

MLEV and �yy
MLEV �see Eqs. �13a� and �13b��. We

observed that the separate determination of the two relax-
ation rates, and thus the quality of our results, can be im-
proved significantly by increasing the viscosity of the
sample, i.e., either by reducing its temperature or by increas-
ing the concentration of glycerol. At T=293 K, the viscosity
of sample 1 is about 35 cP, while it is 65 cP for sample 2. A
similar increase in viscosity can be achieved by reducing the
temperature of either sample by about 10 K. For example, at
T=283 K, the viscosity of sample 1 is about 65 cP, while for
sample 2 it is about 120 cP. These effects are visible in Fig.
3.

The agreement between the effective relaxation rates
measured with the MLEV-32 HDR sequence and the effec-
tive rates predicted by ALT is excellent, both for �xx

MLEV and
�yy

MLEV under all conditions. These results strongly support
the zeroth-order ALT approach as well as the conclusions of
our earlier study of the coherent evolution of MQ coherences
under the MLEV-32 HDR sequence.28 Indeed, the suppres-
sion of coherent evolution is a prerequisite for measuring
clean autorelaxation rates. Here, the effective rates measured
with MLEV-32 HDR are not systematically larger than those
predicted by ALT based on independent relaxation measure-
ments. This shows that the pulse sequence preserves all MQ
coherences very well and cancels the effects of scalar cou-
plings or rf inhomogeneities even for durations as long as
100 ms.

B. Cross-relaxation rates

Figure 4 shows the buildup of the observable of Eq. �15�
resulting from symmetrical reconversion using the
WALTZ-32 HDR scheme of Fig. 1�g�. The fit of the
experimental data points �see Eq. �16�� gives �MQ

=0.76�0.07 s−1.
This estimate of the true cross-relaxation rate can be

incorporated into the expression of the effective cross-
relaxation rate under the MLEV-32 HDR sequence, �MQ

MLEV of
Eq. �13c�. From the measured auto-relaxation rates in
Table I, one can estimate

a

c

b

d

fe

FIG. 2. Examples of experimental decays of various two-spin terms: �a�
2HzCz, with rate �IS, �b� 2HxCz, with rate �I

a, �c� 2HzCx, with rate �S
a, �d�

2HxCx, with rate �MQ, measured with the pulse sequences ��b�–�e�� of Fig. 1.
�e� Effective autorelaxation of the MQ coherence 2HxCx, with rate �xx

MLEV,
and �f� decay of 2HyCy, with rate �yy

MLEV, measured with the HDR pulse
sequences �f� and �g� of Fig. 1. All relaxation rates �in boxes� were obtained
by fitting the experimental decays with monoexponential functions, shown
as dashed lines. All data refer to experiments on sample 2 �relative w/w
concentration of glycerol and 2H2O of 80/20� at T=281 K. The error bars
are smaller than the symbol size.

xx,yy

x
x
,y

y

MLEV

M
L

E
V

FIG. 3. Comparison between zeroth-order ALT predictions �horizontally�
and experimental results obtained with MLEV-32 HDR pulse sequences
�vertically�. The data shown here correspond to the last two columns of
Table I. Filled �blue� and open �red� symbols correspond to MQ coherences
2HxCx and 2HyCy, respectively. Referring to Table I, diamonds correspond
to data set �1�, squares to set �2�, circles to set �3�, and triangles to set �4�.
Details about these different data sets are given in Table I and in the text.
The dashed line represents the ideal agreement of ALT predictions and ex-
perimental HDR data.
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�MQ
MLEV�ALT� = 0.072 � 0.025 s−1. �17�

It is remarkable that the auto- and cross-relaxation rates that
appear in the expression of �MQ

MLEV tend to cancel each other,
leading to a very small effective cross-relaxation rate. In-
deed, measurements of the effective cross-relaxation rate un-
der the MLEV-32 HDR method turned out to be difficult. As
expected, the nearly vanishing effective cross-relaxation rate
caused the intensity of the cross-relaxed signal to emerge
barely above the noise. The resulting poor signal-to-noise
ratio �between 1.5 and 2� caused an obvious deterioration of
the quality of the build-up curve, compared to the equivalent
WALTZ-32 HDR experiment �see Fig. 4�. We have carried
out several measurements of �MQ

MLEV with symmetrical recon-
version, following the scheme outlined in Sec. III B, by
selecting either 2HxCx or 2HyCy at the
beginning and at the end of the fixed relaxation delay
T=128 ms. The average value of the effective relaxation
rate was

�MQ
MLEV�HDR� = 0.034 � 0.020 s−1. �18�

This is in good agreement with the estimate given in Eq.
�17�. If one excludes the accidental compensation of system-
atic errors in both HDR measurements, this result validates
both the ALT prediction of cross-relaxation rates and the
measurement of effective cross-relaxation rates using either
of the two HDR sequences.

The accuracy of the measurement of cross-relaxation
rates under symmetrical reconversion is very robust. For in-
stance, even if the cross-relaxing operators are allowed to
undergo a small effective coherent evolution, the experimen-
tal rates are hardly affected, provided the coherent evolution
does not lead to an interconversion between the two opera-
tors. Similarly, it does not require the quenching of all other
cross-relaxation pathways, provided that there is no other
pathway for the interconversion between cross-relaxing
operators.50 As seen in our previous study28 and the preced-
ing section, relaxation studies using the MLEV-32 HDR se-
quence do not suffer from any of these potential drawbacks.
On the other hand, the preservation of MQ coherences under
the WALTZ-32 HDR sequence is not expected to be perfect
when the scalar-coupling constant is significantly larger than
100 Hz. Nevertheless, our experimental observations show

that cross relaxation between the operators 2HxCx and 2HyCy

can be measured accurately with symmetrical reconversion.

V. CONCLUSIONS

We have demonstrated that relaxation of MQ coherences
under HDR sequences could be predicted accurately by av-
erage Liouvillian theory. A number of effective auto- and
cross-relaxation rates have been determined separately in the
subsystem comprising the two operators 2HxCx and 2HyCy.
The simple relationship between the effective cross-
relaxation rate during the WALTZ-32 HDR sequence
�MQ

WALTZ and the true cross-relaxation rate in the absence of
any irradiation �MQ makes the analysis of WALTZ-32 HDR
data straightforward. The effect of coherent interactions and
relaxation processes on MQ coherences during HDR se-
quences is well understood. Systems undergoing chemical
exchange, where the contribution of exchange to the effec-
tive relaxation rates depends on the amplitude of the rf fields,
will be investigated in a complementary study.
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APPENDIX: LIOUVILLE SUPEROPERATORS

In Liouville operator space, or simply Liouville super-
space, the density operator ��t� describing a system of N
spin-1/2 nuclei is expanded in an orthonormal basis of op-
erators Bi, with coefficients �i�t�, as shown in Eq. �3�, where
D=4N is the dimension of the Liouville superspace. Here we
consider the case of a heteronuclear scalar-coupled two-spin
system, I=1 /2 and S=1 /2, for which D=16. Consequently,
the Liouville representation of the density operator is a
column vector of 16 elements, which correspond to the
coefficients �i of Eq. �3�. We have chosen a basis set
B= �Bi
i=1,. . .,16 of Cartesian product operators,57 including the
unity operator E

B = �E/2,Ix,Iy,Iz,Sx,Sy,Sz,2IxSz,2IySz,2IzSx,2IzSy,

2IxSx,2IxSy,2IySx,2IySy,2IzSz
 . �A1�

Moreover, the usual Dirac bracket product has to be rede-
fined in the larger Liouville superspace as

�Br�Bs� = Tr�Br
†Bs� . �A2�

An element �s ,r� of the matrix representation of the Hamil-

tonian superoperator iĤ of the master equation �Eq. �1�� of
the two-spin system is given by37,39 Eq. �4�. In the Cartesian

basis �Eq. �A1�� of the DRF, iĤ can be written as

0 0.05 0.10 0.15 0.20 0.25 0.30

0.02

0.04

0.06

0.08

0.10

0.12

Relaxation delay � [s]

S
[s

]
-1

FIG. 4. Measurement of the effective cross-relaxation rate �MQ
WALTZ that gov-

erns the interconversion of the operators 2HxCx and 2HyCy. The definition of
the symmetrical reconversion observable S is given in Eq. �15�. The dashed
line represents the fitting function of Eq. �16�.
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⎣
⎢
⎢
⎢
⎡

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 �I − �1SI 0 0 0 0 �JIS 0 0 0 0 0 0 0

0 − �I 0 �1CI 0 0 0 − �JIS 0 0 0 0 0 0 0 0

0 �1SI − �1CI 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 �S − �1SS 0 0 0 �JIS 0 0 0 0 0

0 0 0 0 − �S 0 �1CS 0 0 − �JIS 0 0 0 0 0 0

0 0 0 0 �1SS − �1CS 0 0 0 0 0 0 0 0 0 0

0 0 �JIS 0 0 0 0 0 �I 0 0 �1SS − �1CS 0 0 − �1SI

0 − �JIS 0 0 0 0 0 − �I 0 0 0 0 0 �1SS − �1CS �1CI

0 0 0 0 0 �JIS 0 0 0 0 �S �1SI 0 − �1CI 0 − �1SS

0 0 0 0 − �JIS 0 0 0 0 − �S 0 0 �1SI 0 − �1CI �1CS

0 0 0 0 0 0 0 − �1SS 0 − �1SI 0 0 �S �I 0 0

0 0 0 0 0 0 0 �1CS 0 0 − �1SI − �S 0 0 �I 0

0 0 0 0 0 0 0 0 − �1SS �1CI 0 − �I 0 0 �S 0

0 0 0 0 0 0 0 0 �1CS 0 �1CI 0 − �I − �S 0 0

0 0 0 0 0 0 0 �1SI − �1CI �1SS − �1CS 0 0 0 0 0 ⎦
⎥
⎥
⎥
⎤

�A3�

with Sk=sin��k�t�� and Ck=cos��k�t��, where �k �k= I ,S� is the phase of the rf fields �as defined in our preceding
publication28�, �1 is the angular nutation frequency of the rf fields, �k=�k−�rf

k �k= I ,S� is the angular frequency offset, �k and
�rf

k �k= I ,S� are the Larmor and carrier angular frequencies, respectively, and JIS is the scalar coupling constant. We have
assumed that the angular nutation frequency �1 is the same for spin I and S.

The explicit matrix representation of the Liouville rf superoperator iĤrf can be obtained by applying Eq. �4�, with H
replaced by the rf Hamiltonian operator28 Hrf��I�t� ,�S�t��. Practically, one can simply retain in Eq. �A3� only the terms that are
proportional to the rf nutation angular frequency �1 and set all the others equal to zero.

The matrix elements of the relaxation superoperator �̂ can be calculated in the framework of Redfield theory,40 as clearly
described by Cavanagh et al.41 We have carried out explicit calculations assuming that the spin system experiences relaxation
due to the direct dipole-dipole coupling of spins I and S �DD autocorrelation contribution� and to the chemical shift anisotropy
of either spin I or S �CSA autocorrelation contributions�. Moreover, we have taken into account the contributions due to cross
correlation between DD and CSA interactions, and the contribution to the autorelaxation of spin I of DD couplings of spin I
�typically a proton� with neighboring spins other than S �typically other protons�. Following the notation of Allard et al.,39 the

calculations yield for �̂

�̂ =

⎣
⎢
⎢
⎢
⎡

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 �I
in 0 0 0 0 0 
I 0 0 0 0 0 0 0 0

0 0 �I
in 0 0 0 0 0 
I 0 0 0 0 0 0 0

− 2�I 0 0 �I 0 0 � 0 0 0 0 0 0 0 0 
I

0 0 0 0 �S
in 0 0 0 0 
S 0 0 0 0 0 0

0 0 0 0 0 �S
in 0 0 0 0 
S 0 0 0 0 0

− 2�S 0 0 � 0 0 �S 0 0 0 0 0 0 0 0 
S

0 
I 0 0 0 0 0 �I
a 0 0 0 0 0 0 0 0

0 0 
I 0 0 0 0 0 �I
a 0 0 0 0 0 0 0

0 0 0 0 
S 0 0 0 0 �S
a 0 0 0 0 0 0

0 0 0 0 0 
S 0 0 0 0 �S
a 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 �MQ 0 0 − �MQ 0

0 0 0 0 0 0 0 0 0 0 0 0 �MQ �MQ 0 0

0 0 0 0 0 0 0 0 0 0 0 0 �MQ �MQ 0 0

0 0 0 0 0 0 0 0 0 0 0 − �MQ 0 0 �MQ 0

− 2�IS 0 0 
I 0 0 
S 0 0 0 0 0 0 0 0 �IS ⎦
⎥
⎥
⎥
⎤

. �A4�

224503-8 Ulzega et al. J. Chem. Phys. 131, 224503 �2009�

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



The leftmost column of �̂ has been introduced ad hoc and
represents the thermal correction,29 which accounts for the
longitudinal polarization at thermal equilibrium and allows
one to write the master equation of the system in its homo-
geneous form. In Eq. �A4�, �I,S and � are longitudinal au-
torelaxation and cross-relaxation rates, respectively; �I,S

in and
�I,S

a are transverse in-phase and antiphase relaxation rates,
respectively; �MQ and �MQ are autorelaxation and cross-
relaxation rates of MQ coherences, respectively; �IS is the
relaxation rate of longitudinal two-spin order; 
I,S and 
I,S

are longitudinal and transverse cross-correlation relaxation
rates, respectively, due to the interference between DD and
CSA relaxation mechanisms. There is also a CSA/CSA cross-
correlation contribution, which appears only in the MQ
cross-relaxation rate �MQ. Explicit analytical expressions for
the various relaxation rates can be found elsewhere.39
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