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ABSTRACT
In radiation therapy, tumor motion induced by patient’s
respiration may lead to significant differences between the
planned and delivered radiation dose. Compensating for tumor motion is therefore crucial for accurate and efficient
treatment. The focus of the presented research is on real-time
tumor tracking, due to its potential to overcome the limitations of other approaches, such as margin expansion, breathholding, and gating. A real challenge in tumor tracking is
the presence of delays in the treatment system. Prediction of
tumor displacement is then necessary to overcome such delays. In this paper, we propose a method for the prediction
of breathing signals based on a Nonlinear Set Membership
(NSM) algorithm. The algorithm does not require the choice
of a predefined functional form for the prediction model, and
addresses the issue of measurement noise with minimal assumptions on its statistical properties. The NSM method was
tested on nine clinical signals and its performance compared
favorably with reported results as well as an optimized nonlinear neural network predictor.
1. INTRODUCTION
Tumor motion induced by respiration represents a real challenge for the accurate delivery of conformal radiation treatment. In fact, a tumor embedded in organs that are subject
to respiratory motion appears to be deformed during respiratory cycle [1]. Such deformation may result in large displacements of treatment sites from their planned position.
As a result, healthy tissue may be exposed to radiation, and
the actual dose distribution delivered using external-beam radiotherapy may significantly differ from the prescribed distribution. Methods for compensation of respiration-induced
organ motion may be classified into four categories: (1) margin expansion [2, 3], (2) breath-holds (voluntary and forced)
[4, 5], (3) gating [6, 7] and (4) real-time tracking [8, 9, 10].
Margin expansion increases the volume of exposed healthy
tissue surrounding the tumor. The breath-hold approach requires the patient to hold respiration during treatment, which
may be poorly tolerated by pulmonary compromised patients. Gated radiotherapy consists of synchronizing the radiation beam with the patient breathing cycle and turning the
beam on only during a precise time window. This increases
the treatment time. The real-time tracking approach has the
potential to overcome the limitations of the above mentioned
techniques. The presence of delays in the real-time tracking system (up to several hundred milliseconds) requires the
capability to predict the tumor position. An estimate of the
tumor position is usually obtained from the measurement of
an external marker placed on the patient’s chest. Therefore,
an algorithm for the prediction of the breathing pattern is

needed.
Due to the diversity and complexity of the breathing cycle [11, 12], the prediction algorithm must be sophisticated
enough to handle a variety of possible breathing signals, [13].
The prediction problem can be summarized as follows: given
a set of breathing signal measurements, yt , t = 1, 2, ..., T ,
compute a predicted value ŷT +k of yT +k , such that the prediction error |ŷT +k − yT +k | is small. The parameter k ≥ 1 is
called the prediction horizon. The measurements yt are assumed to be generated by a dynamic system of the form:
yt+1 = f0 (wt )

(1)

where wt = [yt , yt−1 , ..., yt−ny +1 ] is the regressor vector, ny >
0 is the model order, and f0 (.), is a function to be determined.
A conventional approach in tumor motion prediction is
to employ a predefined functional form for f0 , in Equation
(1). In [14], the author developed a bio-mechanical model
for the breathing process. In [15], [16], and [17], simple harmonic functional forms have been considered. Such models
have difficulty capturing transients and highly irregular patterns in the breathing signal. The use of linear and nonlinear
filters as functional forms for f0 has also been investigated.
In [18, 19, 17], the authors concluded that adaptive filters
and neural networks (NN) with coefficients updated using
the Least Mean Square (LMS) algorithm performed better
than the Kalman filter for non-stationary breathing signals.
It was also noted that nonlinear adaptive filters outperformed
linear filters for signals with a high degree of irregularity.
Nonlinear NN with a single neuron [20], multiple neurons
[21], and with fuzzy logic training [22] have been proposed,
but have not been tested on extremely irregular breathing signals. It is therefore premature to conclude on their suitability
for real life breathing behavior. In [23], an LMS algorithm
and a nonlinear NN were tested on highly irregular breathing. The nonlinear NN, with weights updated using the LMS
algorithm, was in general found to be more robust and have
a better prediction performance than the LMS filter. In [24],
the Recursive Least Square (RLS) algorithm was found to
perform better than the LMS filter when applied on quasiregular breathing signals. In addition, the LMS approach is
very sensitive to the choice of the step size, which prevents it
from achieving consistent performance for a wide variety of
breathing signals.
All the above mentioned algorithms constrain f0 to have a
predetermined form. This constraint can limit the prediction
performance, especially for large prediction horizons. In this
paper we propose an alternative method, the Nonlinear Set
Membership (NSM) [25], which does not assume to know
the functional form of f0 , but uses some information on its
regularity, given by bounds on the gradients of f0 . In addition
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the measurements are assumed to be corrupted by bounded
noise, in contrast with statistical methods, which rely on assumptions such as, regularity, ergodicity, uncorrelation, type
of distribution, etc, [26], which validity may be difficult to be
reliably tested in practice. In this paper, the NSM method is
tested on nine real clinical data and its performance is compared with reported results as well as the performance of an
optimized Neural Networks predictor.
This paper is organized as follows. In Section 2 the NSM
algorithm is introduced. Afterwards, in Section 3, the experimental setup for NSM and NN prediction is described. Prediction performance experimental results are presented and
discussed in Section 4. Concluding remarks are given in Section 5.
2. THE NSM PREDICTION ALGORITHM

FSST 6=0/

As introduced in [25], the Nonlinear Set Membership (NSM)
algorithm for time series prediction relies on some assumptions on the functional form f0 defined in Equation (1), and
on the noise sequence. Consider that a set of noise corrupted
data Ỹ T = [ỹ1 , ỹ2 , ..., ỹT ] and W̃ T = [w̃1 , w̃2 , ..., w̃T ] generated
by Equation (1) is available. Then ỹt+1 = f0 (w̃t ) + d t for
t = 1, 2, ..., T − 1, where the term d t accounts for the fact that
yt+1 and wt are not exactly known.
The following prior assumptions are made on the function f0 and the noise:
• f0 is continuous and has a finite gradient:
.
f0 ∈ K = { f ∈ C1 (W ) : kO f k ≤ γ }
where W ⊆ R ny and k.k is the Euclidean norm.
• the noise components are finite:

(2)
n

.
DT ∈ D = {[d 1 , d 2 , ..., d T ] : |d t | ≤ ε t + γδ t ,t = 1, 2, ..., T }
(3)
where ε t is the bound on noise affecting the measurement
yt , |yt+1 − ỹt+1 | ≤ ε t , and δ t is the bound on noise affectn
ing the regressor vector wt , kwt − w̃t k ≤ δ t .
It is necessary to define the set of systems that are consistent
with prior assumptions and measured data.
Definition 1 The feasible system set FSST is
.
FSST = { f ∈ K : |ỹt+1 − f (w̃t )| ≤ ε t + γδ t ,t = 1, 2, ..., T −1}
(4)
n
The feasible set FSST summarizes all the information (measured data and prior assumptions on f0 and d) that is available up to time T about the signal’s dynamics. If the data
validate the assumptions made on f0 and d, then the FSST
is said to be not empty, (FSST 6= 0),
/ and prediction can be
performed using such assumptions.
In order to define the necessary and sufficient condition
for the assumptions to be validated, the following functions
are introduced:
t
.
(5a)
f (w) = min (h + γ kw − w̃t k)
.
f (w) =

t=1,...,T −1

max (ht − γ kw − w̃t k)

t=1,...,T −1

t .
.
where h = ỹt+1 + ε t + γδ t and ht = ỹt+1 − ε t − γδ t .

Theorem 1 : [27], [25]:
a) A necessary condition for prior assumptions to be validated is
f (w̃t ) ≥ ht ,
t = 1, ..., T − 1
b) A sufficient condition for prior assumptions to be validated is
f (w̃t ) > ht ,
t = 1, ..., T − 1
n
Theorem 1 can be used to find the values of ε t , δ t , and γ
that validate the prior assumptions. In order to simplify the
algorithm, constant bounds can be considered, i.e. ε t = ε and
δ t = δ for all values of t.
In the space (ε , δ , γ ), the function
.
(6)
γ ∗ (ε , δ ) = inf γ

(5b)

represents a surface that separates falsified values of ε , δ and
γ from the validated ones. For the purpose of prediction, the
triplet (ε , δ , γ ) must be chosen in the validated parameters
region.
Theorem 2 : [25]: The predicted value ŷT +k is computed
as:
1
ŷT +k = [ f (w̃T ) + f (w̃T )].
(7)
2
A detailed proof and an optimality analysis of the algorithm
can be found in [25].
The NSM algorithm compares the current signal history, wT
with the previous history vector, wt , t = 1, ..., T − 1 stored in
W t , and finds the two closest matching vectors corresponding
to the two metrics Equations (5a), and (5b). Then it computes
the predicted value ŷT +k using Equation 7.
3. THE EXPERIMENTAL SETUP
3.1 The breathing data
The breathing patterns used in this work have been collected
R
while the patients breathed freely. The Synchrony°
respiR
ratory tracking subsystem, part of the Cyberknife°
system
at Georgetown University Medical Center, was used to capture the signals [23]. The patients were neither coached in
breathing technique nor otherwise subjected to breathing regulation. Therefore the data can be considered a fair record of
each patient’s normal breathing. The signals were sampled at
30 Hz and further downsampled to 10 Hz to allow a fair comparison with results reported in [23]. We used the breathing
data for nine different patients to analyze the ability of the
NSM algorithm to predict respiratory signals up to 500 ms in
advance. As reported in [23], these examples were selected
arbitrarily (i.e., without prejudice as to how well or poorly
the prediction algorithm might work) to represent a variety
of breathing behaviors.
For the purpose of evaluating prediction performance,
each patient’s breathing data was divided into three consecutive subsets. An estimation set, Iest , composed of samples
in the first 40 s, a calibration set, Ical , formed of the samples
in the following 40 s, and a validation set, Ival , composed of
samples in the last 80 s of the signal. For each of the prediction methods, Iest is used to train or design the predictor,
Ical for its calibration, and finally Ival is used to measure its
prediction performance. The above time interval subdivision
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is adopted to allow a fair comparison with reported results,
[23]. The prediction performance is measured using the Normalized Root
r Mean Square Error (NRMSE), computed as
N (yk+t −ŷk+t )2
∑t=1
NRMSE =
N (yk+t −Y )2 , where N is the total number of
∑t=1

predicted samples, Y the arithmetic mean of yt .
3.2 The NSM prediction procedure
During the NSM prediction procedure, for simplicity, the
measurement devices are assumed to be perfect, i.e. ε t = 0
for all t, and in addition it is supposed that δ t = δ , for all t.
The NSM prediction experiment consists of three parts: estimation, calibration and validation. In the estimation phase,
the assumptions, Equation (2) and Equation (3) are validated
through verification of the condition defined in Theorem 1b.
The separation curve, γ ∗ (δ ) defined in Equation (6), separating the falsified region form the validated one, is computed,
using the estimation data, Iest . In the calibration phase prediction performance is computed using the calibration data,
Ical , using Equation (7) for each pair (γ , δ ) in the validated
region. At the end of this phase the pair (γ̂ , δ̂ ) with smallest
prediction error on Ical is chosen to be used during the final
phase. During the validation phase, NSM prediction is performed on the validation data, Ival , using (γ̂ , δ̂ ) in Equation
(7) and the corresponding prediction performance is evaluated. This last phase corresponds to the prediction algorithm
used during the actual treatment.
3.3 The Neural Networks prediction procedure
In this work we tested a feed-forward backpropagation NN
composed of one input layer with ny neurons, a hidden layer
with 2 neurons, and an output layer with 1 neuron. A sigmoid activation function of the form, f (x) = 1/(1 + e−x ) is
used to transfer information form the hidden layer to the output layer. A simple identity function ( f (x) = x) is used to
connect the output layer neurons to the network’s output.
Each NN weight is updated using the Least Mean Square
(LMS) algorithm, Bt+1 = Bt + µ et wt , where et = ŷt+k − yt+k
is the current prediction error and µ is the update step size.
The network uses the well-known Widrow-Hoff learning approach, and the Levenberg-Marquardt algorithm is used as a
training method.
To avoid the situation where the NN prediction performance is dependent on the network initialization, all the
weights are initialized with fixed values. Thus, before network training, the three biases are initialized with zero values, the weight matrix connecting the input layer to the hidden layer is set to a(ny × 2) matrix formed of ones in the
first row and zeros for the remaining (ny − 1) rows, and the
weights connecting the hidden layer to the output layer are
all set to one.
The predictor is optimized by training the NN for a number of epochs ranging form 1 to 50, with µ ∈ [10−5 , 2], and
a step size of 10−5 using the estimation data, Iest . After each
training, the NN predictor performance is evaluated using
the calibration data, Ical . We then chose the best NN predictor,(i.e. with smallest prediction error on the calibration set),
and its performance is then evaluated by performing prediction using the validation set, Ival . Using a number of epochs
greater than 50 resulted in overtraining.

4. RESULTS AND DISCUSSION
A key parameter of the prediction algorithm is the choice of
the regressor’s size, ny . In fact, this parameter determines
the number of samples in the past that are to be used to predict future samples. Several regressor sizes ranging from 1
to 30 have been tried, and a value of ny = 25 appeared to give
the best average prediction performance in term of NRMSE
for the nine breathing signals and for both the NSM and NN
approaches. The prediction performance of the NSM algorithm is presented here and compared to the optimized NN
algorithm and to the results reported in [23]. The latency is
varied from 100 ms to up to 500 ms. Plots of three examples
of NSM prediction performance, for a 300 ms prediction, are
also presented.
I In Figure 2(a) the original and predicted breathing signals of patient 1 for a 300 ms latency are shown, and the
corresponding prediction error is presented in 2(b). The
separation curve, the chosen parameter γ , δ and corresponding NRMSE (when prediction is performed on Ical )
can be seen in Figure 1. This signal features a long, complicated transient interrupting regular breathing. Both the
NSM and optimized NN performed better than the simple NN [23], but for latencies greater than 200 ms, the
NSM predictor performs better than the optimized NN.
II The original and predicted breathing signal, and corresponding prediction error for patient 2 are presented in
Figure 3(a) and 3(b), respectively. This signal corresponds to regular breathing with a slightly time-varying
period. Here the optimized NN performs better than both
the regular NN and the NSM. As the latency increases,
the performances of the NSM and the optimized NN become similar.
III The signals for patient 3 are presented in Figure 4(a)
and the corresponding prediction error is shown in Figure
4(b). This signal corresponds to highly irregular breathing that is difficult to predict using a simple NN. The
NSM appears to perform better than the optimized NN,
as well as the normal NN.
A summary of the prediction performance for the three prediction algorithms is presented in Table 1, for latencies up
to 500 ms. In general, the NSM performed better than the
optimized NN as well as the NN proposed in [23].
5. CONCLUSION
In this paper, an NSM algorithm was used to predict regular
and irregular breathing. Compared to existing approaches,
this method does not rely of the assumption of a predefined
functional form for the model used for prediction, which can
limit prediction performance, especially for large latencies.
The NSM method has been applied to nine real clinical signals. The method compares favorably with other reported results, for a wide variety of breathing scenarios, at least for latencies up to 500 ms. Due to its robustness, the NSM method
is a valid approach to consider when attempting real-time tumor motion compensation.
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Figure 1: Separation curve for patient 1 for a 300 ms prediction
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Table 1: Prediction performance, NRMSE × 100.
Patient case number

Prediction

Latency

algorithm

(ms)

1

NSM

100
200
300
400
500

Optimized NN

NN in [23]

Tumor displacement
(cm)

(a)

2

3

4

5

6

7

8

9

23.56%
27.01
30.04
32.27
35.13

16.14
19.70
23.91
26.73
29.98

5.60
5.96
6.19
6.37
6.55

22.02
25.38
28.17
30.67
32.65

29.01
36.65
42.16
47.65
52.91

22.94
27.80
32.46
36.54
40.41

26.23
34.69
46.45
53.14
58.54

15.86
19.32
22.98
26.56
29.96

31.32
32.92
35.60
39.66
40.78

100
200
300
400
500

13.73%
25.41
38.26
51.68
63.79

6.99
10.86
16.44
21.78
25.50

07.56
19.12
32.71
46.25
59.49

30.33
50.22
95.67
131.3
164.3

59.11
151.2
266.4
283.3
330.5

13.72
28.76
49.74
76.59
90.05

29.00
49.00
70.00
70.00
92.00

08.81
14.40
24.67
34.06
41.73

28.69
43.78
108.2
156.8
206.58

100
200
300
500

32.00%
50.00
63.00
92.00

12.00
18.00
23.00
32.00

30.00
50.00
68.00
84.00

19.00
32.00
38.00
66.00

19.00
37.00
47.00
61.00

23.00
35.00
45.00
62.00

29.00
49.00
70.00
92.00

17.00
27.00
34.00
50.00

40.00
65.00
86.00
100.0
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Figure 2: 300 ms prediction result for patient 1
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Figure 4: 300 ms prediction result for patient 3

