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Abstract
The use of recycled concrete aggregates is very attractive from the point of view of
reducing concrete production costs and of sustainability. A peculiar origin of such
aggregates is that of demolitions of pre-existing concrete buildings.
Scope of this work is to analyse the challenging aspects of recycled aggregates
modeling in concrete mixtures and to define a procedure to cope with them.
Particularly, numerical analyses dealing with the mechanical behaviour of concrete
mixtures made of natural and recycled aggregates are here performed at the mesoscale level, distinguishing between concrete paste and aggregates themselves.
Some compelling issues for the modeling phase are addressed, i.e.: i) the correct
reproduction of recycled aggregates within the concrete samples, which involves both
the acquisition of the external geometry of the aggregates and their random disposition
in the sample, ii) the characterization of the mechanical constitutive law of the
composite.
An elastic plastic damaged formulation is adopted for representing the constitutive
behaviour of mortar and cement matrix; the procedure is calibrated and validated so
proving its predictability features when describing damage triggering and spreading
within concrete samples subjected to compressive loads.
Keywords: Recycled aggregates, concrete behavior, three dimensional modeling,
elastoplastic-damaged constitutive law.

1 Introduction
According to Eurostat [1] nearly one eighth of the total waste generated in the European
Union in 2012 was covered by construction and demolition wastes (C&DW), that is 320
million tons, or 636 kilograms per capita. It is estimated that, in the same year, 41
million tons of C&DW reached landfill and almost 18 million tons were object of recovery
(i.e. backfilling). It becomes clear that wastes from construction and demolition activities
are a considerable amount of the total waste, so that the costs related to their final
disposal may be a high percentage of the construction costs and recycling can be an
opportunity.
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A way to recycle C&DWs consists in the partial substitution of natural aggregates (NAs)
in concrete mixtures, after crushing and generation of recycled concrete aggregates
(RCAs) from C&DWs. In this spirit, the European Union [2] has recently adopted a
policy meant to promote the use of recycled aggregates for concrete production up to
70% (excluding soils and rocks without hazardous substances) for 2020, even for
structural purposes. On the other hand, in recent years, concrete with recycled
aggregates has been proven to be commercially and technically valid for both nonstructural and structural applications [3][6].
In the international context there are a few guidelines for approaching RCAs
introduction in concrete mixes [7][11]; basically, they all include in this class different
sources of C&DW: crushed concrete, crushed masonry and mixed demolition debris. In
some cases a definition of a maximum percentage of replacement of NAs with RCAs is
recommended. The Italian standard [12] admits the use of RCAs for structural concrete
in a maximum amount, related to the design strength of the final concrete and based on
the origin of the recycled material.
It is commonly agreed that for high percentages of RCAs in the mixture, the effect of
this replacement on the physical or mechanical properties of the mixture itself may vary,
due to the presence in concrete of RCAs with adhered mortar around the aggregates, in
contrast with conventional concrete. This makes such a concrete a two-phase material
made of the original aggregates and a variable amount of attached mortar from preexisting cement paste.
Particularly, there is evidence that the old mortar is characterized by the presence of
microfractures due both to the original mix and to the undertaken demolition process,
therefore, a higher porosity is proper of this phase [13][14].
In general, when comparing a conventional concrete with a concrete incorporating
RCAs, being the slump and size distribution of the aggregates equal, there is no
consensual trend in the scientific literature in terms of compressive strength: in some
cases [15][16] the strength is shown to decrease at increasing fraction of coarse RCAs,
while in others there is no statistically-significant change [17][18]. On the contrary, the
modulus of elasticity significantly decreases linearly with the increasing fraction of
coarse RCAs, which can be explained by the greater deformability of the adhered
mortar [19].
A study made by Soares et al. [20] on the durability and mechanical performance of
RCAs from precast concrete elements proves that coarse recycled aggregates from
precast elements can be used to produce new concrete (up to 100% replacement ratio)
without losses in terms of compressive and tensile strength and abrasion resistance, if
combined with a superplasticizer.
The combined use of fine and coarse RCAs on short and long-term mechanical and
physical properties of new structural concrete is investigated in Manzi [21]. Indeed,
good workability and porosity can be achieved when fine RCAs are used in conjunction
with the coarse fraction. Also, values of compressive strength and elastic modulus
comparable to those of a conventional concrete are possible.
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Given that from experimental evidences the mechanical response of concrete made
with RCAs is quite complex, it can be conveniently investigated numerically via a mesoscale approach, and so at the scale of the RCAs composing the mix [22][24].
Meso-scale models can be developed by following the continuum theory or not (i.e.
discrete models). Continuum models [25][27] imply that concrete is explicitly modelled
via the Finite Element Method (FEM), in a way that specific material properties are
directly assigned to each phase. This approach has the advantage of dealing with
continuous fields of the state variables but may be computationally heavy.
Discrete models [28][33] in general can realistically predict crack patterns under various
loading conditions, and they have been recently improved to describe the tensile
cracking and the non-linear 3D response in compression, including the post-peak
softening and strain localization.
In the present study the meso-scale analyses are conducted in agreement with the
continuum theory; in particular, an elasto-plastic-damaged model is implemented as a
dedicated subroutine in Abaqus® environment [34] to perform mechanical analyses of
concrete made with RCAs in uniaxial compression.

2 Geometrical reconstruction of RCAs
To realistically model a concrete sample made with NAs and RCAs at the meso-scale
level, a laser scanner has been used to get a digital 3D representation of the external
geometry of a few single samples of aggregates from recycled concrete. This
technology is ideal for the measurement and inspection of contoured surfaces and
complex geometries which require a massive amount of data for their accurate
description. Typically, with this method, point clouds are generated out of the capture of
free-form shapes by a laser probe, as it is driven around the object, while two sensor
cameras continuously record the changing distance and shape of the laser line in 3D.
The process is very fast and precise.
One of the scanned prototypes of RCAs is reported in Figure 1; it is evident that a RCA
looks quite irregular in shape and it is characterized by two phases: a natural aggregate
fully or partially embedded in the attached old mortar.

Figure 1:Typical recycled concrete aggregate, a two-phase material made of a natural aggregate
embedded in old mortar.
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The few scanned prototypes, for which a geometrical reconstruction was accomplished,
have been then properly scaled and used in combination with or without the attached
mortar to simulate a realistic set of NAs and RCAs in the mix design for the purposes of
the FEM analysis discussed in section 4.
In this section the procedure to fully reconstruct the geometry of the RCA object,
starting from the laser scanning, is explained in detail. Clearly, the 3D scanning
technique allows to identify with high precision the external surface of the object but not
the interface between the two phases, which remains unknown.
Particularly, Figure 2 outlines the whole procedure: a point cloud is collected and, via
the Geomagic® software package, it is merged into surfaces by producing a highprecision tessellation of the external area (Figure 2 b). Then, an external geometry is
generated (see e.g. Figure 2 c), with 545 surfaces), which is simplified into one made by
114 surfaces only (Figure 2 d) with the aid of a CAD tool; such remarkable simplification
is necessary to build up a FEM model with reduced computational times but with a
reasonably approximated surface. In fact it allows a general smoothing of those zones
characterized by local distortions, which might require a serious mesh refinement of the
solid model, so leading to a relevant increase in the number of elements.

a)

b)

c)

d)

Figure 2: 3D scan data output (point cloud) a); graphic elaboration into surfaces (tessellation) b); external
surface c); simplified geometry d).

At this point, the reconstruction of the inner boundary surface, between the embedded
NA and the mortar, which is unknown since the laser scanning detects only the external
surface, is mandatory for the generation of the corresponding solid model. This step has
been accomplished through the definition of a certain number of cutting planes (Figure 3
a); in correspondence of the intersection points between the two phases on the cut
sections the boundary curves on each cutting plane have been traced considering the
restriction for these curves to be of class C1 (i.e. differentiable, with continuous first
derivative) (Figure 3 b). The boundary curves, so defined on many cutting planes, are
auxiliary edges of an acceptable volume describing the embedded natural aggregates,
in this reconstruction procedure (Figure 3 c).
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b)

a)

c)

Figure 3: Characteristics cut planes a); perimeter of NAs in a cut plane b); NAs edges c).

The resulting solid model (Figure 4), now distinguished into closed volumes of NAs and
mortar, has been subsequently discretized in space.

a)

b)

Figure 4: Reconstructed aggregates a); new geometry with mortar and aggregates b).

In the numerical models no mesh compatibility is required at this step between mortar
and embedded aggregate composing the RCA, as well as between the surface of the
RCA and the surrounding cement matrix. In fact realistic adhesion properties have been
assigned to the two interfaces via a contact algorithm, as described in section 4.2.

3 Random distribution algorithm
The statistical characterization of the microstructure and its effect on the physical
properties of the material have been treated fully in Torquato [35].
A so-called Random Sequential Adsorption algorithm is proposed in [36] to model
materials with randomly distributed inclusions. The method developed there is
hierarchical, in the sense that the well-known method of separating axis is designated
as the main engine for checking whether or not the inclusions intersect each other in 3D
space. However, due to the big computational cost of this method, to increase
computational efficiency a series of less costly methods precedes this one, i.e.: the
method of radial distances and the method of separating planes.
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In this work, the method of radial distances is implemented to reproduce a realistic
volume fraction of a concrete sample made with RCAs with satisfactory computational
speed and in line with the stochastic tecniques mentioned above.
The method involves the estimation of the radial distance between the aggregates being
currently added and all the previously generated inclusions. The larger set is reduced to
a small subset by considering the aggregates in the proximity being added and
excluding all those in the far field.
The method of radial distance implies that an inclusion of any shape (of NAs or RCAs)
can be inscribed into a “virtual” sphere (see Figure 5 a) of diameter equal to the
corresponding nominal diameter of the sieve passing in the assigned grading curve of
the mix design. The total number of spheres, necessary to fill the sample, corresponds
to the number of aggregates which can be evaluated in relation to the percentage of
volume, i.e. the design aggregate volume fraction.
Two inclusions that are at a radial distance greater or equal to the sum of the radii of the
two spheres (plus an offset distance defined for convenience in order to avoid contact)
from the center of the inclusion being added, do not intersect.
Therefore the algorithm requires the computation of the minimum distance between two
close spheres dmin:
𝑑

=𝑅 +𝑅 +𝑂

where Ri is the radius of the i-th sphere and O is the possible set between two spheres.
The distance between two spheres is, in general, computed as the square root of the
square distances of the Cartesian coordinates of the centers:
𝑑=

Σ

𝑥

,

−𝑥

,

where 𝑥 , is the j-th coordinate of the sphere i.

a)

b)

Figure 5: Aggregates surrounded by virtual spheres a); 3D rotation angle b).
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Through this procedure, inclusions of higher diameters are added, first. In fact, the
packing density depends on the sequence of aggregate addition. For example, if larger
aggregates are added first, the final packing density tends to be higher than if smaller
aggregates are placed first.
Once the volume fraction is attained for such diameters, inclusions with decreasing
diameters are gradually added.
The first aggregate is generated via a random allocation of the coordinates of the center
of the circumscribed sphere, i.e. via a random function, and so on for the next 𝑘 − 𝑡ℎ
sphere:
𝐶 (𝑘 )(𝑥, 𝑦, 𝑧) = 𝑟𝑎𝑛𝑑 (𝑘 )
Considering the irregular shape of the aggregates, a random solid rotation angle has
been defined also, with the use of a similar random function of components:
𝜗(𝑖) = 𝑟𝑎𝑛𝑑 (𝑖)

(𝑖 = 1,2,3)

where 𝑖 stands for the direction of the local axis of the 𝑘 − 𝑡ℎ sphere in space (Figure 5
b).
Therefore, each aggregate is made to vary randomly in function of two variables: its
center and its orientation.
From the second inclusion onwards, the inclusion being added is checked for
intersection with all the previously generated, nearby, via the radial distance method.
The new inclusion is successfully placed if there is no intersection, otherwise it is
discarded and a new one is generated.
A specific packing algorithm allows for the optimum use of space. In fact a forced
packing scheme is implemented, based on the computation of the minimum distance
between the current inclusion and all the previous ones, which leads to reject all the
configurations that prevent the highest possible packing. This check is made every n
aggregates included in the sample, where n is an input parameter of the algorithm.
Finally, the geometry at the meso-level is described by the coordinates of the center of
the circumscribed sphere and the angle of rotation of the inclusions.
The packing algorithm is schematically illustrated in Figure 6: once the minimum
distance deff,min between the current aggregate, with respect to all the other aggregates
in the sample, is detected, this distance is reduced to dmin, if this rigid motion does not
bring compenetration into existing bodies.
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a)

b)

Figure 6: Packing algorithm for aggregate #2: effective minimum distance deff,min with all the other
aggregates a); reduction of $deff,min to dmin b).

In order to implement the algorithm, the RCAs and NAs volume fraction, the grading
curve and the geometry of the inclusions are all user-defined parameters.
The random distribution algorithm is outlined by the flowchart in Figure 7 and it is
described below:
(i) For a randomly generated center C(x,y,z) of the circumscribed sphere and angle of
rotation Θ(𝜗 , 𝜗 , 𝜗 ) of the inscribed aggregate in 3D space, a first inclusion is
generated, starting from the bigger diameter, to allow the maximum compaction.
(ii) From the generation of the second inclusion up to the insertion of the last particle,
belonging to the lowest diameter range of the assigned grading curve, the random
scheme is applied for centers and angles of rotation of the next inclusions, checking at
each time whether any intersection occurs between the spheres, and so between the
aggregates.
(iii) If the newly generated inclusion satisfies the minimum distance algorithm, i.e. it
does not intersect with any other previously generated, then the inclusion is generated
in space. The aggregate volume fraction is updated and the algorithm moves on to
generate the next inclusion. If, after a predefined number of trials, the newly generated
inclusion has not found its place so that it does not overlap with existing inclusions, then
it is discarded and the algorithm calls back the random generation of centers and angles
of rotation of a next inclusion in the same manner.
(iv) If any part of the inclusion lies outside the sample edges, the inclusion is discarded
as well.
(v) Steps (i) to (iv) are repeated for all the fractions of all the nominal diameters of the
particles until the required aggregate volume fraction 𝑉 is achieved.
(vi) Once the geometry of the internal distribution has been reconstructed, mesh
discretization is possible for the next FEM analyses.
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Figure 7: Flowchart of the algorithm for a random inclusion distribution within a concrete sample made of
NAs and RCAs of assigned grading curve and volume fraction.

This algorithm has been developed in Visual Basic language and it has been equipped
with a user interface for the assignement of the necessary input data.
An example of the output of the presented algorithm, for a concrete sample made of
RCAs and NAs, randomly placed and oriented, and characterized by a trial grading
curve and a given volume fraction, is reported in Figure 8. This simulation corresponds
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to a volume fraction of aggregates of 78%, of which: 70% is made by NAs and 30% by
RCAs.

b)

a)

c)
Figure 8: Example of aggregate random distribution from assigned grading curve to a realistic 3D model
(sample 25x25x25mm; aggregate nominal diameter ranging: 0.9-28mm; aggregate volume fraction: 78%,
of which: 70% NAs and 30% RCAs).

The key feature of the proposed algorithm is the capability to quickly generate random,
high-packing fractions in volume of aggregates, with a wide range of diameters, and
with an assigned grading curve.
As already mentioned, the packing density depends on the addition sequence of new
inclusions, which is the reason why bigger aggregates are inserted first. Therefore, the
maximum number of trials of new inclusions satisfying the minimum radial distance
algorithm, as well as the maximum number of iterations necessary to reach the optimum
packing configuration, must be carefully chosen so to achieve a final volume fraction
closest to the theoretical one, in acceptable computational times.
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4 Numerical Analyses
4.1

Grading curve and mix design

The grading curve reported in Figure 9 is at the basis of the concrete mix design
adopted in the numerical analyses; this curve is expected to well reproduce the
optimum compaction of the aggregates in agreement with the Bolomey law, computed
for a maximum size of aggregates in the mixture of 22.4 mm and a coefficient,
depending on the shape of the aggregates and on the consistency class, equal to 12.
The mixture is composed of 350 𝑘𝑔⁄𝑚 of cement CEM I 52.5R with a 𝑤 ⁄𝑐 equal to
0.45. The global volume of aggregates is distributed as follows: 9.2% of RCAs, 39.8%
of NAs (gravel) and 51% of NAs (sand).

Figure 9: Grading curve adopted for the concrete mix design of the FEM analysis.

It is reasonable to model at the meso-scale only the coarse fraction (RCAs and NAs
gravel), neglecting all inclusions of diameter less than 5 mm, which can be considered
as part of the concrete matrix surrounding the aggregates as a homogeneous material,
since they are generally conceived as fine fraction.
) and water (𝑉
) in the total volume
The volumes corresponding to cement (𝑉
follow from the assumption of the cement and the water densities: 𝜌 = 3000 𝑘𝑔⁄𝑚 and
𝜌 = 1000 𝑘𝑔⁄𝑚 , respectively.
Therefore 𝑉

= 350⁄3000 ≈ 0.12 𝑚 ⁄𝑚 and 𝑉

= 157⁄1000 ≈ 0.16 𝑚 ⁄𝑚 .

The volume of the total aggregates for each m3 of concrete is evaluated, then as:
𝑉
= 1−𝑉
−𝑉
≈ 0.73 𝑚 ⁄𝑚 .
Therefore, the volume of the coarse fraction is: 𝑉
= (9.8% + 39,2%)𝑉
≈
,
3
0.36 𝑚 ⁄𝑚 or 36% per m of concrete, of which almost 20% consists of RCAs and 80%
of NAs.
4.2

ITZ definition with contact algorithm

After some RCAs have been laser-scanned, so that to reconstruct their overall
geometry and produce the corresponding solid models (as illustrated in section 2), the
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last have been introduced in a realistic concrete sample, which satisfies a given grading
curve and volume fraction, by combining NAs with RCAs of different sizes, randomly in
the sample domain.
An example of the combination of RCAs and NAs into a FEM model, with the
surrounding cement paste filling the sample, is reported in Figure 10, where the
discretization in space of the different volumes (matrix and inclusions) can be
appreciated.

Figure 10: Example of a FEM model of a concrete sample made of RCAs and NAs, obtained from the
solid model of laser scanned RCAs.

When modeling concrete at the meso-scale with the continuum approach (FEM), the
Interfacial Transition Zone (ITZ) between the aggregates and the cement paste is
generally not neglected [37][38], since this region has properties which are known to
influence the stress-strain relationship and the failure patterns of concrete [39]. The ITZ,
in the case of concrete made with RCAs, can also affect as a thin layer the interface
between the attached mortar and the embedded NAs, and not only the interface
between the aggregate and the cement matrix. As commonly agreed, the ITZ is
characterized by a higher porosity and a higher permeability with respect to the cement
paste [40][42], locally reducing the mechanical characteristics of the matrix.
In this paper, however, it has been chosen not to explicitly model ITZ; apart for saving
computational times, the main reason is twofold: as reported elsewhere in literature, the
influence of ITZ can be more appreciated when considering hygro-thermal issues,
having in fact in mind its more porous structure if related to cement paste. However, its
contribution is reduced if aggregates are porous (as in case of recycled aggregates),
having a reduced stagnation of water around them. Additionally, no hygro-thermal
analyses are performed in the paper.
Then, even considering just the mechanical behaviour and the lower strength of ITZ if
compared to cement paste, the spreading of damage within the sample is not affected
by ITZ but by aggregates and aggregates distribution. In case ITZ can affect the instant
of triggering for damage, but such an aspect cannot be caught by quasi-static analyses.
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4.3

Local confinement

It is well known, e.g. in confined concrete columns during compression loads [43][44],
that the stress-strain or the force-displacements relation changes at varying degree of
the lateral confinement. At different confinement levels, or different hydrostatic pressure,
a softening or a hardening behaviour may occur (see Figure 11); in fact, by increasing
the hydrostatic pressure, the softening branch progressively changes its slope up to a
hardening configuration.

Figure 11: Stress vs. strain curves at different levels of confinement.

In a meso-scale approach the presence of aggregates, with different stiffness with
respect to the surrounding matrix, implies a local confinement effect (LCE) of the
cement paste around the aggregates themselves. The LCE may vary considerably
within the concrete sample and it is related to the relative distance between the
aggregates, their stiffness and their dimensions.

a)

b)

Figure 12: Local confinement model in meso-scale a) and macro-scale b).

For example, let us consider two simplified cubes (see Figure 12), of dimensions
60x60x60 mm3, composed by 9 spheric aggregates having a diameter of 40,
symmetrically disposed. Table 1 reports the elastic constitutive properties for the macroand the meso-scale models. The sample is subjected to a compression load and under
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statically determinate boundary conditions. When plotting the hydrostatic pressure for
the two models (see Figure 13), the confinement is found to increase of about 72% in
the sample with aggregates if compared to the homogeneous model.

Model

Em [MPa]

m

Ea [MPa]

a

Macro

30000

0.15

--

--

Meso

30000

0.15

60000

0.15

Table 1: Mechanical characteristics for the macro- and meso-scale elastic models.

In this example the distance between the aggregates is of about 20 mm (this value does
not meet the maximum compaction condition, generally assumed in a concrete mixing),
sufficient to observe that a meso-scale approach is affected by a LCE, which is not
caught by a macro-scale formulation. This LCE is responsible for a variation in the local
stiffness of the cement matrix in presence of a compression load.
Obviously, the confinement condition can additionally increase if the distance between
aggregates is reduced and/or statically indeterminate boundary conditions occur.

a)

b)

Figure 13: Hydrostatic pressure: meso-scale a) and macro-scale b) models.

4.4

Constitutive law

The performed numerical analysis simulates a uniaxial compression test and it is aimed
to assess the mechanical behaviour of a concrete sample made partially of NAs and
RCAs.
A clear distinction in the volume fractions has been achieved through the reconstruction
procedure illustrated in section 3, then the volumes have been discretized in space, as
discussed in section 4.
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At this point a specific constitutive behaviour has been assigned to each phase: NAs
have been considered to behave elastically while an elasto-plastic law with damage has
been assigned to the attached mortar and the cement matrix, which are likely to crack
first, under compression loads.
Particularly, a damage-plasticity model consists in the combination of non associated
plasticity [45] and a scalar (isotropic) damage model that allows to describe the
irreversible damage process occuring during load evolution.
The constitutive model assumes the following stress-strain relationship:
𝝈 = (1 − 𝜔)𝑫𝒆 : 𝜺 − 𝜺𝒑𝒍
where  is the Cauchy stress tensor;  is the scalar damage parameter [46][48]; De is
the elastic stiffness material tensor; pl is the plastic strain, and  is the total strain
tensor, so that - pl is the elastic strain el.
The plasticity model for concrete is based on Menétrey-Willam plastic surface (see
[45][49]), where the yield surface is described in function of the second and the third
deviatoric invariants of the stress tensor, J2 and J3, based on the Haigh-Westengard
(HW) coordinates (𝜉, 𝜌, 𝜃):
𝜉=

𝐼
√3𝑓

; 𝜌=

2𝐽 ; cos(3𝜃) =

3√3 𝐽
2 𝐽 /

where I1 is the first invariant of the stress tensor 𝝈; (𝐼 = 𝜎 ). Let us name the deviatoric
stress tensor S, of components 𝑠 , then the second and the third invariants are defined
as:
𝐽 =

1
1
𝑠 𝑠 ; 𝐽 = 𝑠 𝑠 𝑠
2
3

The yield surface takes the following expression:
3
𝜌𝑟(𝜃 )
𝜉
𝑓 = 𝜌 +𝑞∙𝑚
+
−𝑞 ≤0
2
√6
√3
where 𝑞 is the plastic softening law [50], function of the equivalent strain 𝑞 = 𝑞 (𝜀 ). In
this work 𝜀 has been taken equal to the volumetric plastic strain 𝜀 = 𝐼 (𝜀 ) = 𝜀( , ) .
The 𝑟 parameter is an elliptic function depending on the lode angle (𝜃 ) and on the
material eccentricity 𝑒:
𝑟(𝜃, 𝑒) =

4(1 − 𝑒 )cos (𝜃 ) + (2𝑒 − 1)
2(1 − 𝑒) cos(𝜃 ) + (2𝑒 − 1) 4(1 − 𝑒 )cos (𝜃 ) + 5𝑒 − 4𝑒
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The eccentricity 𝑒 gives the roundness of the yield surface, while the parameter 𝑚 is
defined as:
𝑚=3

𝑓 −𝑓
𝑓𝑓

𝑒
𝑒+1

In Figure 14 the yield surface in the deviatoric plane for different hydrostatic pressures
is reported.

Figure 14: Yield surface at different hydrostatic pressures.

A non-associated flow rule is considered and the plastic potential is defined in
agreement with [49]:
𝑔 = −𝐴

𝜌
𝑞

−𝐵

𝜌
𝑞

+

𝜉
𝑞

=0

where 𝐴 and 𝐵 are experimentally derived coefficients.
The plastic law has been coupled with damage, where the damage variable 𝜔 is a
stiffness degradation parameter which gives the reduction of the initial (undamaged)
modulus of the material 𝐸 , both in tension and in compression: 𝐸 = (1 − 𝜔)𝐸 , in
uniaxial state.
The implemented isotropic damage law is in agreement with Mazars' theory, i.e. 𝜔 is a
combined expression of damage in tension 𝜔 and in compression 𝜔 :
𝜔 =𝛼 𝜔 +𝛼 𝜔
where 𝛼 and 𝛼 are weight functions; they take values between 0 and 1 [46].
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The two damage variables are assumed to be functions of the plastic strains and their
evolution laws depend on the material parameters 𝐴 , 𝐴 , 𝐵 , 𝐵 , that can be estimated
through uniaxial compression (𝑖 = 𝑐) or tension (𝑖 = 𝑡) tests:
𝜔 (𝜀̅) = 1 −

(1 − 𝐴 )𝐾
𝐴
−
𝜀̅
𝑒𝑥𝑝[𝐵 (𝜀̅) − 𝐾 ]

(𝑖 = 𝑡, 𝑐 )

where 𝜀̅ is the average equivalent strain as defined in Mazars and Pijaudier-Cabot [47].
The plasto-damage combination theory based on the effective stress has been followed
[51]. By taking the loading function vector 𝐟 and the internal variable vector 𝛌 as:
𝐟̇ =

𝑓̇
𝑓̇

𝜆̇
𝛌̇ =
𝜆̇

the Kuhn-Tucker condition is satisfied:
𝐟̇ ≤ 𝟎,

𝛌̇ ≥ 𝟎,

𝛌̇𝑻𝐟̇ = 𝟎

with 𝐟̇ defined as 𝐟̇ = 𝐛 − 𝐀𝛌̇, where:
𝜕𝑓
𝜕𝑔
⎡
:𝐃 :
𝜕𝝈
𝜕𝝈
𝐴 = ⎢ 𝜕𝑓 𝜕𝑔
⎢−
:
⎣ 𝜕𝜀 𝜕𝝈
4.5

0 ⎤
⎥
𝜕𝑓 ⎥ ;
𝜕𝑘 ⎦

𝜕𝑓
: 𝐃 : 𝛆̇
𝜕𝝈
𝑏=
𝜕𝑓
: 𝛆̇
𝜕𝜀

Model calibration

To calibrate the composite sample at the meso-scale level, the calibration of its single
constituents is mandatory. Therefore a homogeneous sample of cement matrix (CM) is
first considered; specific compression tests on CM samples have been carried out to
evaluate the stress-strain curve and consequently calibrate the mechanical behaviour of
the matrix. A cubic sample, 350 mm of sides, of C50 cement type has been subjected to
a compression load. The comparison between experimental evidences [52] and
numerical curves in terms of stress vs. strain is reported in Figure 15.
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Figure 15: Numerical calibration of CM in terms of stress vs. strain curve.

The elasto-plastic parameters obtained through this calibration are reported in Table 2.
Young modulus [MPa]
Poisson’s coefficient

20000
0.15

fc [MPa]

-50.00

ft [MPa]

5.00

e

0.52

𝜀

0.0017

K0

0.20

A

6.427

B

-12.827

Table 2: Cement matrix parameters after calibration.

The damage parameters are assumed in agreement with the ranges suggested by
Mazars, relative to ordinary concrete (see Table 3):

K0,c

0.00124

K0,t

0.0

Ac

1.0

At

1.0

Bc

300.0

Bt

1000.0

Table 3: Damage parameters after calibration.
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Once the cement matrix has been characterized, for the remaining components the
following reasonable assumptions have been made: the mechanical characteristics of
the mortar around the RCAs have been assigned equal to those of a damaged concrete
with a low compression strength fc,RA=3 MPa and an initial elastic modulus equal to
ERA=20 GPa, while a compression strength equal to fc,NA=45 MPa and an initial Young
modulus equal to ENA=50 GPa have been assigned to the NAs.
The calibration of the composite has been conducted on a cubic sample of dimensions
35x35x35mm3 and a grading curve corresponding to the one of the tested sample.
Inerts having dimensions greater than 4mm have been included in the model.

Figure 16: Meso-scale calibration in terms of stress vs. strain curve.

4.6

Numerical results

After the calibration phase, the overall behaviour of the composite has been validated
for a prismatic concrete sample 70x70x140 mm3; the grading curve for the mix design
corresponds to the one reported in Figure 9.
The sample consists in 373 aggregates in total, among which are NAs and RCAs, of
different size (comprised between 4 mm and 16 mm); their position inside the sample is
determined via the random distribution algorithm previously described. The aggregates
which have not been explicitly modeled, due to their negligble dimensions, have been
taken into account by averaging their properties over those proper of the cement matrix.
The constitutive characteristics are derived from the calibration phase illustrated in the
previous section, for each constituent.
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Figure 17: Load vs. displacement response.

Bottom and top surfaces have been fixed in order to avoid in-plane translations and a
monotonic axial compression load has been assigned to the sample until failure.
The obtained load-displacement behaviour of the sample is reported in Figure 17.
Figure 18 illustrates damage evolution in the sample, the red zone representing the
region with a damage variable greater than 80%; an irregular distribution of the damage
zone is envisaged, which must depend on the aggregates distribution. Notably, damage
is shown to trigger near the core aggregates, due to the non-homogeneous stress field
taking place here, under the external load, and due to a considerable local confinement
effect, which can be appreciated via a meso-scale modeling approach, only.

a)

b)

c)

Figure 18: Damage evolution in the sample at different times: at 30% a); 80% b); 100% c) of the total
applied load.
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Particularly, the development of damage from the core aggregate to the surrounding
cement matrix is evident (see Figure 19 a and b). Damage is shown to evolve into
“random” damaged zones (RDZs), which depend on many factors such as the shape of
the aggregates and the differential stiffness between RCAs and NAs.
At a low load, the RDZ is small and the global concrete stiffness is not much influenced;
therefore it is expected that the homogeneous behaviour does not differ too much from
the homogeneous mesoscopic one. At a further increase of the compression load,
damage propagates within the cement matrix (see Figure 19 c) until the RDZ converges
into a “macro” damaged zone (MDZ) (see Figure 19 d-f); consequently, the global
stiffness of the sample is reduced and softening occurs. This second part of the
evolution of damage strongly depends on the local confinement effect given by the
presence of the aggregates, in a meso-scale approach; this is the reason why a proper
calibration of the model at this scale was necessary.

a)

b)

c)

d)

e)

f)

Figure 19: Damage evolution in a local zone of the sample at different times: at 30% a); 50% b); 60% c);
80% d); 90% e); 100% f) of the total applied load.

The RDZ evolution can be better caught if a local portion around a single recycled
aggregate is considered (Figure 20 a). Damage starts at the interface between natural
aggregate and mortar (Figure 20 b), i.e. the zone characterized by the maximum
variation in stiffness between the components of the RCA. At increasing load, damage
migrates towards the mortar first, which represents the weaker fraction of the RCA
(Figure 20 c, d), then it develops into the cement matrix (Figure 20 e-i), evidencing the
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typical crushing failure of a sample, with cracks first spreading around the aggregates
up to detachment of aggregates themselves and complete fragmentation of the matrix.

a)

b)

c)

d)

e)

f)

g)

h)

i)

Figure 20: Geometric configuration of a single RCA a); damage evolution during the compression test
analysis in a local zone around the RCA b-i).

5 Conclusions
The challenging aspects of modeling recycled aggregates from demolition waste in
concrete mixtures are pointed out in this paper and a formalized procedure is suggested
to address such a complex composite material at the meso-scale level.
An accurate reproduction of the geometry of these aggregates has been accomplished
through the aid of a 3D laser scanning technique. The obtained geometry has been
reasonably simplified via a CAD software to decrease the computational effort; starting
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from the external surface geometry, a method to distinguish the inner volumes of these
multiphase objects has been studied, which allowed the generation of a solid model and
its use for FEM analyses.
A realistic concrete mix design has been defined, partially composed of natural
aggregates and partially of recycled aggregates. At this purpose, an ad-hoc random
algorithm has been developed to place and orient the inclusions within a concrete
sample, satisfying the volume ratio of the aggregates and the given grading curve. Only
the coarse fraction of the aggregates has been numerically modelled, which is a
reasonable choice when modeling concrete at the meso-scale level.
A specific elasto-plastic-damaged formulation has been implemented and calibrated on
a sample of concrete made with RCAs, in a given amount, and subjected to uniaxial
compression. The plasticity model is based on Menétrey-Willam plastic surface, where
the yield surface is described in function of the second and the third deviatoric invariants
of the stress tensor, while the scalar isotropic model by Mazars is considered for
damage.
The proposed constituive law has been found to correctly describe the mechanism of
triggering and spreading of damage at a meso-scale level, in which local confinement
effects can explain the softening behaviour of the composite at this scale.
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