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1 Glossary

Variable Description

aik, bik, cik, Pik Momentum coefficients

ah, qq Horizontal and vertical axis scaling factors for elliptical pump curve

Ao Maximum area of flow of orifice o

Aik Cross-sectional area of flow at link ik

Adk Cross-sectional area of flow at downstream end of superlink k

As,Ik Area of water surface at junction Ik

Asj Area of water surface at superjunction j

Auk Cross-sectional area of flow at upstream end of superlink k

Bik Top width of flow at link ik

Co Coefficient of discharge of orifice o

Cdk Coefficient of discharge at downstream end of superlink k

Cuk Coefficient of discharge at upstream end of superlink k

CwR Rectangular weir discharge coefficient for weir w

CwT Triangular weir discharge coefficient for weir w

DIk, EIk Continuity coefficients

g Acceleration due to gravity

hdk Water depth at downstream of superlink k

hIk Water depth at junction Ik

huk Water depth at upstream of superlink k

Hj Head at junction j (invert elevation + water depth)

Hjdk Head at junction downstream of superlink k (invert elevation + water depth)

Hjuk Head at junction upstream of superlink k (invert elevation + water depth)

Hjuo Head at junction upstream of orifice o (invert elevation + water depth)

Hjdo Head at junction downstream of orifice o (invert elevation + water depth)

∆Hdk Head difference at downstream end of superlink k

∆Huk Head difference at upstream end of superlink k

Lw Length of transverse weir w

NBDj Number of superlinks with downstream end attached to superjunction j

NBUj Number of superlinks with upstream end attached to superjunction j

Qik Discharge in link ik

QIk Discharge at junction Ik

Qo,Ik External flow input at junction Ik

Qo,j External flow input at superjunction j

Qo Discharge from orifice o

Qdk Discharge at downstream end of superlink k

Quk Discharge at upstream end of superlink k
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Variable Description

sw Side slope (run/rise) for triangular portion of weir w

So,ik Channel bottom slope at link ik

Sf,ik Friction head loss slope at link ik

SL,ik Local head loss slope at link ik

∆t Time step

uIk Velocity of flow at junction Ik

UIk, VIk,WIk Forward recurrence relation coefficients

XIk, YIk, ZIk Backward recurrence relation coefficients

∆xik Length of link ik

ymax,o Maximum height of orifice o

ymax,w Maximum height of weir w

zinv,j Invert elevation of superjunction j

zinv,dk Invert elevation at downstream end of superlink k

zinv,uk Invert elevation at upstream end of superlink k

zinv,jdo Invert elevation of superjunction at downstream end of orifice o

zinv,juo Invert elevation of superjunction at upstream end of orifice o

zinv,jdp Invert elevation of superjunction at downstream end of pump p

zinv,jup Invert elevation of superjunction at upstream end of pump p

zinv,jdw Invert elevation of superjunction at downstream end of weir w

zinv,juw Invert elevation of superjunction at upstream end of weir w

zo Offset elevation of orifice o

zp Offset elevation of pump p

zw Offset elevation of weir w
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2 Basic equations

The two governing equations for SUPERLINK are continuity and conservation of momentum.

Continuity:

∂A

∂t
+
∂Q

∂x
= q0 (1)

Conservation of momentum:

∂Q

∂t
+

∂

∂x
(Qu) + gA

(
∂h

∂x
− S0 + Sf + SL

)
= 0 (2)

3 Discretization of momentum

Starting with the equation for conservation of momentum:

∂Q

∂t
+

∂

∂x
(Qu) + gA

(
∂h

∂x
− S0 + Sf + SL

)
= 0 (3)

The following discretization scheme can be applied to link ik:

(Qt+∆t
ik −Qtik)

∆xik
∆t

+ uI+1kQ
t+∆t
I+1k − uIkQ

t+∆t
Ik

+gA(ht+∆t
I+1k − h

t+∆t
Ik )− gAikSo,ik∆xik + gAik(Sf,ik + SL,ik)∆x = 0

(4)

This equation can be written in terms of the following coefficient equation:

aikQ
t+∆t
i−1k + bikQ

t+∆t
ik + cikQ

t+∆t
i+1k = Pik + gAik(h

t+∆t
Ik − ht+∆t

I+1k) (5)

Where:

aik = −max(uIk, 0) (6)

cik = −max(−uI+1k, 0) (7)
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bik =
∆xik
∆t

+
gn2

ik|Qtik|∆xik
AikR

4/3
ik

+
Aik|Qtik|
A2
cikC

2
ik

− aik − cik (8)

Pik = Qik
∆xik
∆t

+ gAikSo,ik∆xik (9)

This coefficient equation can be verified by substituting the expressions for the coefficients:

−max(uIk, 0)Qt+∆t
i−1k +

(
∆xik
∆t

+
gn2

ik|Qtik|∆xik
AikR

4/3
ik

+
Aik|Qtik|
A2
cikC

2
ik

+ max(uIk, 0) + max(−uI+1k, 0)

)
Qt+∆t
ik

−max(−uI+1k, 0)Qt+∆t
i+1k

= Qik
∆xik
∆t

+ gAikSo,ik∆xik + gAik(h
t+∆t
Ik − ht+∆t

I+1k)

(10)

Assuming uik > 0 and ui−1k ≈ uik ≈ ui+1k:

−uIkQt+∆t
i−1k +

(
∆xik
∆t

+
gn2

ik|Qtik|∆xik
AikR

4/3
ik

+
Aik|Qtik|
A2
cikC

2
ik

+ uIk

)
Qt+∆t
ik

= Qtik
∆xik
∆t

+ gAikSo,ik∆xik + gAik(h
t+∆t
Ik − ht+∆t

I+1k)

(11)

(Qt+∆t
ik −Qtik)

∆xik
∆t

+ (Qt+∆t
ik −Qt+∆t

i−1k )uIk

+gAik(
n2
ik|Qtik|Q

t+∆t
ik

A2
ikR

4/3
ik

+
|Qtik|Q

t+∆t
ik

gC2
ikA

2
cik∆xik

)∆xik

= gAikSo,ik∆xik + gAik(h
t+∆t
Ik − ht+∆t

I+1k)

(12)

(Qt+∆t
ik −Qtik)

∆xik
∆t

+ (Qt+∆t
ik −Qt+∆t

i−1k )uIk + gAik(Sf,ik + SL,ik)∆xik

= gAikSo,ik∆xik + gAik(h
t+∆t
Ik − ht+∆t

I+1k)
(13)

Which further simplifies to the original combined mass and momentum balance:

(Qt+∆t
ik −Qtik)

∆xik
∆t

+ (Qt+∆t
ik −Qt+∆t

i−1k )uIk

+gAik(h
t+∆t
I+1k − h

t+∆t
Ik ) + gAik(Sf,ik − gAikSo,ik∆xik + SL,ik)∆xik

(14)
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Alternatively, assuming uik < 0 and ui−1k ≈ uik ≈ ui+1k:

uI+1kQ
t+∆t
i+1k +

(
∆xik
∆t

+
gn2

ik|Qtik|∆xik
AikR

4/3
ik

+
Aik|Qtik|
A2
cikC

2
ik

− uI+1k

)
Qt+∆t
ik

= Qtik
∆xik
∆t

+ gAikSo,ik∆xik + gAik(h
t+∆t
Ik − ht+∆t

I+1k)

(15)

(Qt+∆t
ik −Qtik)

∆xik
∆t

+ (Qt+∆t
i+1k −Q

t+∆t
ik )uI+1k

+gAik(
n2
ik|Qtik|Q

t+∆t
ik

A2
ikR

4/3
ik

+
|Qtik|Q

t+∆t
ik

gC2
ikA

2
cik∆xik

)∆xik

= gAikSo,ik∆xik + gAik(h
t+∆t
Ik − ht+∆t

I+1k)

(16)

(Qt+∆t
ik −Qtik)

∆xik
∆t

+ (Qt+∆t
i+1k −Q

t+∆t
ik )uI+1k + gAik(Sf,ik + SL,ik)∆xik

= gAikSo,ik∆xik + gAik(h
t+∆t
Ik − ht+∆t

I+1k)
(17)

Which simplifies to the original combined mass and momentum balance:

(Qt+∆t
ik −Qtik)

∆xik
∆t

+ (Qt+∆t
i+1k −Q

t+∆t
ik )uI+1k

+gAik(h
t+∆t
I+1k − h

t+∆t
Ik ) + gAik(Sf,ik − gAikSo,ik∆xik + SL,ik)∆xik

(18)

4 Discretization of continuity

Starting with the continuity equation:

∂A

∂t
+
∂Q

∂x
= q0 (19)

The following discretization scheme can be applied to junction Ik:

Qt+∆t
ik −Qt+∆t

i−1k +

(
Bik∆xik

2
+
Bi−1k∆xi−1k

2
+As,Ik

)
·
ht+∆t
Ik − htIk

∆t
= Q0,Ik (20)

Through substitution, the discretized continuity equation can be represented as follows:
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Qt+∆t
ik −Qt+∆t

i−1k + EIkh
t+∆t
Ik = DIk (21)

Where:

DIk = Q0,Ik +
htIk
∆t

(
Bik∆xik

2
+
Bi−1k∆xi−1k

2
+As,Ik

)
(22)

EIk =
1

∆t

(
Bik∆xik

2
+
Bi−1k∆xi−1k

2
+As,Ik

)
(23)

5 Recurrence relationships

The SUPERLINK algorithm uses a series of recurrence relationships to embed channel dynamics

into the solution matrix. In this section, the forward and backward recurrence relations for each

superlink are derived.

5.1 Forward recurrence

Starting at the upstream end of superlink k, the continuity and momentum equations can be written

as:

Qt+∆t
2k −Qt+∆t

1k + E2kh
t+∆t
2k = D2k (24)

a1kQ
t+∆t
0k + b1kQ

t+∆t
1k + c1kQ

t+∆t
2k = P1k + gA1k(h

t+∆t
1k − ht+∆t

2k ) (25)

Assuming Qt+∆t
0k = Qt+∆t

1k , the continuity and momentum equations can be combined as follows:

a1kQ
t+∆t
1k + b1kQ

t+∆t
1k + c1k(Q

t+∆t
1k − E2kh

t+∆t
2k +D2k) = P1k + gA1k(h

t+∆t
1k − ht+∆t

2k ) (26)

(a1k + b1k + c1k)Q
t+∆t
1k = E2kc2kh

t+∆t
2k + (P1k + c1kD2k) + gA1k(h

t+∆t
1k − ht+∆t

2k ) (27)

(a1k + b1k + c1k)Q
t+∆t
1k = (E2kc1k − gA1k)h

t+∆t
2k + (P1k −D2kc1k) + gA1kh

t+∆t
1k (28)
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Qt+∆t
1k =

(E2kc1k − gA1k)h
t+∆t
2k + (P1k −D2kc1k) + gA1kh

t+∆t
1k

a1k + b1k + c1k
(29)

Thus for the upstream end of superlink k, the following equation holds:

Qt+∆t
1k = U1kh

t+∆t
2k + Y1k + Z1kh

t+∆t
1k (30)

Where:

T1k = a1k + b1k + c1k (31)

U1k =
E2kc1k − gA1k

T1k
(32)

V1k =
P1k −D2kc1k

T1k
(33)

W1k =
gA1k

T1k
(34)

For the next element downstream, the continuity and momentum equations can be written:

Qt+∆t
3k −Qt+∆t

2k + E3kh
t+∆t
3k = D3k (35)

a2kQ
t+∆t
1k + b2kQ

t+∆t
2k + c2kQ

t+∆t
3k = P2k + gA2k(h

t+∆t
2k − ht+∆t

3k ) (36)

Combining the two equations together and simplifying yields the following equation:

a2k(Q
t+∆t
2k + E2kh

t+∆t
2k −D2k) + (b2k)Q

t+∆t
2k + c2k(Q2k − E3kh

t+∆t
3k +D3k)

−P2k − gA2k(h
t+∆t
2k − ht+∆t

3k ) = 0
(37)

(a2k + b2k + c2k)Q
t+∆t
2k + (E2ka2k − gA2k)h

t+∆t
2k

+(gA2k − c2kE3k)h
t+∆t
3k + (−D2ka2k +D3kc2k − P2k) = 0

(38)

9



Multiplying ht+∆t
2k by (U1k − E2k)/(U1k − E2k) and rearranging yields:

(a2k + b2k + c2k)Q
t+∆t
2k +

(E2ka2k − gA2k)(U1k − E2k)

(U1k − E2k)
ht+∆t

2k

+(gA2k − c2kE3k)h
t+∆t
3k + (−P2k −D2ka2k +D3kc2k) = 0

(39)

Note that:

U1kh
t+∆t
2k = (Qt+∆t

1k − V1k −W1kh
t+∆t
1k ) (40)

E2kh
t+∆t
2k = (D2k −Qt+∆t

2k +Qt+∆t
1k ) (41)

Thus:

(a2k + b2k + c2k)Q
t+∆t
2k

+
(E2ka2k − gA2k)

(U1k − E2k)
[(Qt+∆t

1k − V1k −W1kh
t+∆t
1k )− (D2k −Qt+∆t

2k +Qt+∆t
1k )]

+(gA2k − c2kE3k)h
t+∆t
3k + (−P2k −D2ka2k +D3kc2k) = 0

(42)

Allowing Qt+∆t
1k to be eliminated:

(a2k + b2k + c2k)Q
t+∆t
2k +

(E2ka2k − gA2k)

U1k − E2k
Qt+∆t

2k

+
(E2ka2k − gA2k)(−W1k)

U1k − E2k
ht+∆

1k + (gA2k − c2kE3k)h
t+∆t
3k

+(−P2k −D2ka2k +D3kc2k + (E2ka2k − gA2k)
(−V1k −D2k)

(U1k − E2k)
) = 0

(43)

Rearranging:

(
a2k + b2k + c2k −

gA2k − E2ka2k

U1k − E2k

)
Qt+∆t

2k

+
(gA2k − E2ka2k)W1k

U1k − E2k
ht+∆

1k + (gA2k − c2kE3k)h
t+∆t
3k

+

(
−P2k −D2ka2k +D3kc2k + (gA2k − E2ka2k)

V1k +D2k

U1k − E2k

)
= 0

(44)
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(
a2k + b2k + c2k −

gA2k − E2ka2k

U1k − E2k

)
Qt+∆t

2k

= (E3kc2k − gA2k)h
t+∆t
3k

+

(
P2k +D2ka2k −D3kc2k − (gA2k − E2ka2k)

V1k +D2k

(U1k − E2k)

)
−(gA2k − E2ka2k)W1k

U1k − E2k
ht+∆

1k

(45)

Generalizing for i = 2, I = 2:

(
aik + bik + cik −

gAik − EIkaik
UI−1k − EIk

)
Qt+∆t
ik

= (EI+1kcik − gAik)ht+∆t
I+1k

+

(
Pik +DIkaik −DI+1kcik − (gAik − Eikaik)

VI−1k +DIk

UI−1k − EIk

)
−(gAik − EIkaik)WI−1k

UI−1k − EIk
ht+∆

1k

(46)

Condensing in terms of the coefficients yields the following recurrence relation for the mass and

momentum balance in the forward direction:

Qt+∆t
ik = UIkh

t+∆t
I+1k + VIk +WIkh

t+∆t
1k (47)

Where:

UIk =
EI+1kcik − gAik

Tik
(48)

VIk =
Pik +DIkaik −DI+1kcik − (gAik − EIkaik)VI−1k+DIk

UI−1k−EIk

Tik
(49)

WIk = −(gAik − EIkaik)WI−1k

UI−1k − EIk
(50)

Tik =

(
aik + bik + cik −

gAik − EIkaik
UI−1k − EIk

)
(51)
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5.2 Backward recurrence

Starting at the downstream end of superlink k, the continuity and momentum equations can be

written as:

Qt+∆t
nk −Qt+∆t

nk−1 + ENkh
t+∆t
Nk = DNk (52)

ankQ
t+∆t
nk−1 + bnkQ

t+∆t
nk + cnkQ

t+∆t
nk+1 = Pnk + gAnk(h

t+∆t
Nk − ht+∆t

Nk+1) (53)

Assuming Qt+∆t
nk = Qt+∆t

nk+1, the continuity and momentum equations can be combined and

simplified as follows:

ank(Q
t+∆t
nk + ENkh

t+∆t
Nk −DNk) + bnkQ

t+∆t
nk + cnkQ

t+∆t
nk = Pnk + gAnk(h

t+∆t
Nk − ht+∆t

Nk+1) (54)

(ank + bnk + cnk)Q
t+∆t
nk = −ENkankht+∆t

Nk + (Pnk + ankDNk) + gAnk(h
t+∆t
Nk − ht+∆t

Nk+1) (55)

(ank + bnk + cnk)Q
t+∆t
nk = (gAnk − ENkank)ht+∆t

Nk + (Pnk +DNkank)− gAnkht+∆t
Nk+1 (56)

Qt+∆t
nk =

(gAnk − ENkank)ht+∆t
Nk + (Pnk +DNkank)− gAnkht+∆t

Nk+1

(ank + bnk + cnk)
(57)

Thus for the downstream end of superlink k, the mass and momentum balance can be repre-

sented by the following equation:

Qt+∆t
nk = XNkh

t+∆t
Nk + YNk + ZNkh

t+∆t
Nk+1 (58)

Where:

Onk = ank + bnk + cnk (59)

XNk =
(gAnk − ENkank)

Onk
(60)
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YNk =
Pnk +DNkank

Onk
(61)

ZNk = −gAnk
Onk

(62)

For the next element upstream, the continuity and momentum equations can be written:

Qt+∆t
nk−1 −Q

t+∆t
nk−2 + ENk−1h

t+∆t
Nk−1 = DNk−1 (63)

ank−1Q
t+∆t
nk−2 + bnk−1Q

t+∆t
nk−1 + cnk−1Q

t+∆t
nk = Pnk−1 + gAnk−1(ht+∆t

Nk−1 − h
t+∆t
Nk ) (64)

ank−1(Qt+∆t
nk−1 + ENk−1h

t+∆t
Nk−1 −DNk−1) + (bnk−1)Qt+∆t

nk−1 + cnk−1(Qnk−1 − ENkht+∆t
Nk +DNk)

−Pnk−1 − gAnk−1(ht+∆t
Nk−1 − h

t+∆t
Nk ) = 0

(65)

(ank−1 + bnk−1 + cnk−1)Qt+∆t
nk−1 + (−ENkcnk−1 + gAnk−1)ht+∆t

Nk

+(ENk−1ank−1 − gAnk−1)ht+∆t
Nk−1 + (−DNk−1ank−1 +DNkcnk−1 − Pnk−1) = 0

(66)

Multiplying ht+∆t
Nk by (XNk + ENk)/(XNk + ENk) and rearranging:

(ank−1 + bnk−1 + cnk−1)Qt+∆t
nk−1 +

(gAnk−1 − ENkcnk−1)(XNk + ENk)

(XNk + ENk)
ht+∆t
Nk

+(ENk−1ank−1 − gAnk−1)ht+∆t
Nk−1 + (−Pnk−1 −DNk−1ank−1 +DNkcnk−1) = 0

(67)

Note that:

XNkh
t+∆t
Nk = (Qt+∆t

nk − YNk − ZNkht+∆t
Nk+1) (68)

ENkh
t+∆t
Nk = (DNk −Qt+∆t

nk +Qt+∆t
nk−1) (69)

Thus:
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(ank−1 + bnk−1 + cnk−1)Qt+∆t
nk−1

+
(gAnk−1 − ENkcnk−1)

(XNk + ENk)
[(Qt+∆t

nk − YNk − ZNkht+∆t
Nk+1) + (DNk −Qt+∆t

nk +Qt+∆t
nk−1)]

+(ENk−1ank−1 − gAnk−1)ht+∆t
Nk−1 + (−Pnk−1 −DNk−1ank−1 +DNkcnk−1) = 0

(70)

Allowing Qt+∆t
nk to be eliminated:

(ank−1 + bnk−1 + cnk−1)Qt+∆t
nk−1

+
(gAnk−1 − ENkcnk−1)

(XNk + ENk)
Qt+∆t
nk−1 +

(gAnk−1 − ENkcnk−1)(−ZNk)
(XNk + ENk)

ht+∆t
Nk+1

+(ENk−1ank−1 − gAnk−1)ht+∆t
Nk−1

+

(
−Pnk−1 −DNk−1ank−1 +DNkcnk−1 +

(gAnk−1 − ENkcnk−1)(−YNk +DNk)

(XNk + ENk)

)
= 0

(71)

Rearranging:

(
ank−1 + bnk−1 + cnk−1 +

(gAnk−1 − ENkcnk−1)

(XNk + ENk)

)
Qt+∆t
nk−1

+(ENk−1ank−1 − gAnk−1)ht+∆t
Nk−1 −

(gAnk−1 − ENkcnk−1)ZNk
(XNk + ENk)

ht+∆t
Nk+1

+

(
−Pnk−1 −DNk−1ank−1 +DNkcnk−1 + (gAnk−1 − ENkcnk−1)

(DNk − YNk)
(XNk + ENk)

)
= 0

(72)

(
ank−1 + bnk−1 + cnk−1 +

(gAnk−1 − ENkcnk−1)

(XNk + ENk)

)
Qt+∆t
nk−1

= (gAnk−1 − ENk−1ank−1)ht+∆t
Nk−1

+

(
Pnk−1 +DNk−1ank−1 −DNkcnk−1 − (gAnk−1 − ENkcnk−1)

(DNk − YNk)
(XNk + ENk)

)
+

(gAnk−1 − ENkcnk−1)ZNk
(XNk + ENk)

ht+∆t
Nk+1

(73)

Generalizing for i = nk − 1, I = Nk − 1:
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(
aik + bik + cik +

(gAik − EI+1kcik)

(XI+1k + EI+1k)

)
Qt+∆t
ik

= (gAik − EIkaik)ht+∆t
Ik

+

(
Pik +DIkaik −DI+1kcik − (gAik − EI+1kcik)

(DI+1k − YI+1k)

(XI+1k + EI+1k)

)
+

(gAik − EI+1kcik)ZI+1k

(XI+1k + EI+1k)
ht+∆t
Nk+1

(74)

Condensing in terms of the coefficients yields the following recurrence relation for the mass and

momentum balance in the backwards direction:

Qt+∆t
ik = Xikh

t+∆t
Ik + YIk + ZIkh

t+∆t
Nk+1 (75)

Where:

XIk =
gAik − EIkaik

Oik
(76)

YIk =
Pik +DIkaik −DI+1kcik − (gAik − EI+1kcik)

(DI+1k−YI+1k)
(XI+1k+EI+1k)

Oik
(77)

ZIk =
(gAik − EI+1kcik)ZI+1k

(XI+1k + EI+1k)Oik
(78)

Oik =

(
aik + bik + cik +

gAik − EI+1kcik
XI+1k + EI+1k

)
(79)
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6 Inlet hydraulics

6.1 Depth at upstream end of superlink

The discharge at the upstream end of a superlink is given by:

Quk = CukAuk
√

2g∆Huk (80)

Where:

∆Huk = Hjuk − huk − zinv,uk (81)

Squaring and rearranging provides the depth boundary condition at the upstream end:

Q2
uk = 2C2

ukA
2
ukg(Hjuk − huk − zinv,uk) (82)

|Qtuk|Qt+∆t
uk = 2C2

ukA
2
ukg(Hjuk − huk − zinv,uk) (83)

huk = −
|Qtuk|Q

t+∆t
uk

2C2
ukA

2
ukg

+Hjuk − zinv,uk (84)

6.2 Depth at downstream end of superlink

The discharge at the downstream end of a superlink is given by:

Qdk = CdkAdk
√

2g∆Hdk (85)

Where:

∆Hdk = hdk + zinv,dk −Hjdk (86)

Squaring and rearranging provides the depth boundary condition at the downstream end:

Q2
dk = 2C2

dkA
2
dkg(hdk + zinv,dk −Hjdk) (87)
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|Qtdk|Qt+∆t
dk = 2C2

dkA
2
dkg(hdk + zinv,dk −Hjdk) (88)

hdk =
|Qtdk|Q

t+∆t
dk

2C2
dkA

2
dkg

+Hjdk − zinv,dk (89)

6.3 Superlink boundary conditions

From the recurrence relations:

Qt+∆t
uk = X1kh

t+∆t
uk + Y1k + Z1kh

t+∆t
dk (90)

Qt+∆t
dk = UNkh

t+∆t
dk + VNk +WNkh

t+∆t
uk (91)

From the depth boundary conditions at the ends of each superlink:

huk = γukQ
t+∆t
uk +Hjuk − zinv,uk (92)

hdk = γdkQ
t+∆t
dk +Hjdk − zinv,dk (93)

Where:

γuk = −
|Qtuk|

2C2
ukA

2
ukg

(94)

γdk =
|Qtdk|

2C2
dkA

2
dkg

(95)

Substituting into the recurrence relations:

Qt+∆t
uk = X1k(γukQ

t+∆t
uk +Hjuk − zinv,uk) + Y1k + Z1k(γdkQ

t+∆t
dk +Hjdk − zinv,dk) (96)

Qt+∆t
dk = UNk(γdkQ

t+∆t
dk +Hjdk − zinv,dk) + VNk +WNk(γukQ

t+∆t
uk +Hjuk − zinv,uk) (97)

Expanding:
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Qt+∆t
uk = X1kγukQ

t+∆t
uk +X1kH

t+∆t
juk −X1kzinv,uk+Y1k+Z1kγdkQ

t+∆t
dk +Z1kH

t+∆t
jdk −Z1kzinv,dk (98)

Qt+∆t
dk = UNkγdkQ

t+∆t
dk +UNkHjdk−UNkzinv,dk+VNk+WNkγukQ

t+∆t
uk +WNkHjuk−WNkzinv,uk (99)

Rearranging:

0 = (X1kγuk − 1)Qt+∆t
uk + Z1kγdkQ

t+∆t
dk +X1kH

t+∆t
juk + Z1kH

t+∆t
jdk + π1 (100)

0 = WNkγukQ
t+∆t
uk + (UNkγdk − 1)Qt+∆t

dk +WNkHjuk + UNkHjdk + π2 (101)

Where:

π1 = Y1k −X1kzinv,uk − Z1kzinv,dk (102)

π2 = VNk −WNkzinv,uk − UNkzinv,dk (103)

(104)

Writing as a matrix equation:

[
(X1kγuk − 1) Z1kγdk

WNkγuk (UNkγdk − 1)

][
Qt+∆t
uk

Qt+∆t
dk

]
=

[
−X1kH

t+∆t
juk − Z1kH

t+∆t
jdk − π1

−WNkH
t+∆t
juk − UNkH

t+∆t
jdk − π2

]
(105)

Taking the matrix inverse:

[
Qt+∆t
uk

Qt+∆t
dk

]
=

1

D∗k

[
(UNkγdk − 1) −Z1kγdk

−WNkγuk (X1kγuk − 1)

][
−X1kH

t+∆t
juk − Z1kH

t+∆t
jdk − π1

−WNkH
t+∆t
juk − UNkH

t+∆t
jdk − π2

]
(106)

Where:

D∗k = (X1kγuk − 1)(UNkγdk − 1)− (Z1kγdk)(WNkγuk) (107)

Expanding:
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[
Qt+∆t
uk

Qt+∆t
dk

]
=

1

D∗k

[
(UNkγdk − 1)(−X1kH

t+∆t
juk − Z1kH

t+∆t
jdk − π1) + (−Z1kγdk)(−WNkH

t+∆t
juk − UNkH

t+∆t
jdk − π2)

(−WNkγuk)(−X1kH
t+∆t
juk − Z1kH

t+∆t
jdk − π1) + (X1kγuk − 1)(−WNkH

t+∆t
juk − UNkH

t+∆t
jdk − π2)

]
(108)

Arranging in terms of the unknown heads:

Qt+∆t
uk = [(UNkγdk − 1)(−X1k) + (−Z1kγdk)(−WNk)]H

t+∆t
juk +

[(UNkγdk − 1)(−Z1k) + (−Z1kγdk)(−UNk)]Ht+∆t
jdk +

[(UNkγdk − 1)(−π1) + (−Z1kγdk)(−π2)]

(109)

Qt+∆t
dk = [(−WNkγuk)(−X1k) + (X1kγuk − 1)(−WNk)]H

t+∆t
juk +

[(−WNkγuk)(−Z1k) + (X1kγuk − 1)(−UNk)]Ht+∆t
jdk +

[(−WNkγuk)(−π1) + (X1kγuk − 1)(−π2)]

(110)

Finally, the flow rates at the upstream and downstream ends of superlink k can be expressed

as:

Qt+∆t
uk = αukH

t+∆t
juk + βukH

t+∆t
jdk + χuk (111)

Qt+∆t
dk = αdkH

t+∆t
juk + βdkH

t+∆t
jdk + χdk (112)

Where:

αuk =
(1− UNkγdk)X1k + Z1kγdkWNk

D∗k
(113)

βuk =
(1− UNkγdk)Z1k + Z1kγdkUNk

D∗k
(114)

χuk =
(1− UNkγdk)(Y1k −X1kzinv,uk − Z1kzinv,dk) + (Z1kγdk)(VNk −WNkzinv,uk − UNkzinv,dk)

D∗k
(115)
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αdk =
(1−X1kγuk)WNk +WNkγukX1k

D∗k
(116)

βdk =
(1−X1kγuk)UNk +WNkγukZ1k

D∗k
(117)

χdk =
(1−X1kγuk)(VNk −WNkzinv,uk − UNkzinv,dk) + (WNkγuk)(Y1k −X1kzinv,uk − Z1kzinv,dk)

D∗k
(118)

D∗k = (X1kγuk − 1)(UNkγdk − 1)− (Z1kγdk)(WNkγuk) (119)

γuk = −
|Qtuk|

2C2
ukA

2
ukg

(120)

γdk =
|Qtdk|

2C2
dkA

2
dkg

(121)

7 Forming the solution matrix

The equations for the flows at the ends of each superlink are given by:

NBDj∑
l=1

Qt+∆t
dkl

−
NBUj∑
m=1

Qt+∆t
ukm

+Qo,j =
Asj(H

t+∆t
j −Hj)

∆t
(122)

Substituting the linear expressions for the upstream and downstream flows:

Asj(H
t+∆t
j −Ht

j)

∆t
=

NBDj∑
l=1

(αdklH
t+∆t
jukl

+ βdklH
t+∆t
jdkl

+ χdkl)

−
NBUj∑
m=1

(αukmH
t+∆t
jukm

+ βukmH
t+∆t
jdkm

+ χukm) +Qo,j

(123)

Because Hjdkl = Hj and Hjukm = Hj :

20



Asj(H
t+∆t
j −Ht

j)

∆t
=

NBDj∑
l=1

(αdklH
t+∆t
jukl

+ βdklH
t+∆t
j + χdkl)

−
NBUj∑
m=1

(αukmH
t+∆t
j + βukmH

t+∆t
jdkm

+ χukm) +Qo,j

(124)

Rearranging:

(
Asj
∆t

+

NBUj∑
m=1

αukm −
NBDj∑
l=1

βdkl

)
Ht+∆t
j −

NBDj∑
l=1

αdklH
t+∆t
jukl

+

NBUj∑
m=1

βukmH
t+∆t
jdkm

=
Asj(H

t
j)

∆t
+

NBDj∑
l=1

χdkl −
NBUj∑
m=1

χukm +Qo,j

(125)

The continuity equation for each superjunction can thus be redefined in terms of the following

coefficients.

Fj,jH
t+∆t
j +

NBDj∑
`=1

Φj,juk`H
t+∆t
juk`

+

NBUj∑
m=1

Ψj,jdkmH
t+∆t
jdkm

= Gj (126)

Where:

Fj,j =
Asj
∆t
−
NBDj∑
`=1

βdk` +

NBUj∑
m=1

αukm (127)

Φj,juk` = −αdk` (128)

Ψj,jdkm = βukm (129)

Gj =
Asj
∆t

Ht
j +Q0,j −

NBDj∑
`=1

χuk` +

NBUj∑
m=1

χdkm (130)
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Solution matrix equation for example network

For the example network in Ji (1998), the sparse matrix equation is given as:

Ax = b (131)



F1,1 Ψ1,2 0 0 0 0

Φ2,1 Ψ2,2 Ψ2,3 0 Ψ2,5 0

0 Φ3, 2 F3,3 Ψ3,4 Φ3,5 0

0 0 0 1 0 0

0 Φ5,2 Ψ5,3 0 F5,5 Ψ5,6

0 0 0 0 0 1





Ht+∆t
1

Ht+∆t
2

Ht+∆t
3

Ht+∆t
4

Ht+∆t
5

Ht+∆t
6


=



G1

G2

G3

G4

G5

G6


(132)

Expanding the coefficients:

A =



(As1
∆t + αu1) βu1 0 0 0 0

−αd1 (As2
∆t + αu2 + αu4 − βd1) βu2 0 βu4 0

0 −αd2 (As3
∆t + αu3 − βd2 − βd6) βu3 −αd6 0

0 0 0 1 0 0

0 −αd4 βu6 0 (As5
∆t + αu5 + αu6 − βd4) βu5

0 0 0 0 0 1


(133)

b =



As1Ht
1

∆t − χu1 +Q0,1
As2Ht

2
∆t + χd1 − (χu2 + χu4) +Q0,2

As3Ht
3

∆t + (χd2 + χd6)− χu3 +Q0,3

H4,bc
As5Ht

5
∆t + χd4 − (χu5 + χu6) +Q0,5

H6,bc


(134)

8 Representing orifices

For orifices, six different flow cases are possible:

• Side-mounted orifice with both sides submerged

• Side-mounted orifice with one side submerged
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• Side-mounted orifice with weir-like flow

• Bottom-mounted orifice with both sides submerged

• Bottom-mounted orifice with one side submerged

• No-flow condition

8.1 Governing equations for orifices

The governing equations for each condition are presented here:

Side-mounted orifice with both sides submerged

This flow regime occurs when both of the following conditions are met:

• max(Hjuo − zinv,juo, Hjdo − zinv,juo) > zo + ωymax,o

• min(Hjuo − zinv,juo, Hjdo − zinv,juo) > zo +
ωymax,o

2

The effective head is computed as:

He,o = |Hjuo −Hjdo| (135)

And the flow is computed as:

Qo = sgn(Hjuo −Hjdo) · CoAo
√

2gHe,o (136)

Side-mounted orifice with one side submerged

This flow regime occurs when both of the following conditions are met:

• max(Hjuo − zinv,juo, Hjdo − zinv,juo) > zo + ωymax,o

• min(Hjuo − zinv,juo, Hjdo − zinv,juo) < zo +
ωymax,o

2

The effective head is computed as:
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He,o = ·
[
max(Hjuo − zinv,juo, Hjdo − zinv,jdo)− (zo +

ωymax,o
2

)
]

(137)

And the flow is computed as:

Qo = sgn(Hjuo −Hjdo) · CoAo
√

2gHe,o (138)

Side-mounted orifice with weir-like flow

This flow regime occurs when both of the following conditions are met:

• max(Hjuo − zinv,juo, Hjdo − zinv,juo) > zo

• max(Hjuo − zinv,juo, Hjdo − zinv,juo) < zo + ωymax,o

The effective head is computed as:

He,o = max(Hjuo − zinv,juo, Hjdo − zinv,juo)− zo (139)

And the flow is computed as:

Qo =
CoAo

√
g

ωymax,o

√
He,o (140)

Bottom-mounted orifice with both sides submerged

This flow regime occurs when both of the following conditions are met:

• max(Hjuo − zinv,juo, Hjdo − zinv,juo) > zo

• min(Hjuo − zinv,juo, Hjdo − zinv,juo) > zo

The effective head is computed as:

He,o = |Hjuo −Hjdo| (141)

And the flow is computed as:
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Qo = sgn(Hjuo −Hjdo) · CoAo
√

2gHe,o (142)

Bottom-mounted orifice with one side submerged

This flow regime occurs when both of the following conditions are met:

• max(Hjuo − zinv,juo, Hjdo − zinv,juo) > zo

• min(Hjuo − zinv,juo, Hjdo − zinv,juo) < zo

The effective head is computed as:

He,o = ·
[
max(Huo − zinv,uo, Hdo − zinv,do)− zo

]
(143)

And the flow is computed as:

Qo = sgn(Hjuo −Hjdo) · CoAo
√

2gHe,o (144)

No-flow condition

This flow regime occurs when the following condition is met:

• max(Hjuo − zinv,juo, Hjdo − zinv,juo) ≤ zo

In this case, the effective head and flow are both zero:

He,o = 0 (145)

Qo = 0 (146)

8.2 Representing orifice equations in the solution matrix

Orifices can be represented in the solution matrix as follows.
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Define the following indicator functions:

Ω(Hjuo, Hjdo) =

1, Hjuo ≥ Hjdo

0, o/w
(147)

τ(o) =

1, orifice o is side-mounted

0, orifice o is bottom-mounted
(148)

Similarly, define boolean-valued functions to represent the following flow conditions:

Submerged on high-head side

Θo,1 =

1, ΩHjuo + (1− Ω)Hjdo > zo + zinv,juo + τωymax,o

0, o/w
(149)

Submerged on low-head side

Θo,2 =

1, (1− Ω)Hjuo + ΩHjdo > zo + zinv,juo +
τωymax,o

2

0, o/w
(150)

Above bottom rim on high-head side

Θo,3 =

1, ΩHjuo + (1− Ω)Hjdo > zo + zinv,juo

0, o/w
(151)

The flow through an orifice can now be represented using the following linearized coefficient

equation:

Qt+∆t
o = αoH

t+∆t
juo + βoH

t+∆t
jdo + χo (152)

Where:

αo =



γoω
2, Θo,1 ∧Θo,2

γoΩ(−1)1−Ωω2, Θo,1 ∧ ¬Θo,2

γo
2y2max,o

Ω(−1)1−Ω, ¬Θo,1 ∧Θo,3

0, ¬Θo,3

(153)
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βo =



−γoω2, Θo,1 ∧Θo,2

γo(1− Ω)(−1)1−Ωω2, Θo,1 ∧ ¬Θo,2

γo
2y2max,o

(1− Ω)(−1)1−Ω, ¬Θo,1 ∧Θo,3

0, ¬Θo,3

(154)

χo =



0, Θo,1 ∧Θo,2

γo(−1)1−Ω(−zinv,uo − zo − τωymax,o

2 ), Θo,1 ∧ ¬Θo,2u
2

γo
2y2max,o

(−zinv,uo − zo), ¬Θo,1 ∧Θo,3

0, ¬Θo,3

(155)

γo =
2gC2

oA
2
o

|Qto|
(156)

These equations can be added to the solution matrix in much the same way as the linearized

superlink coefficients (αuk, βuk, χuk, αdk, βdk, χdk). The system of equations is now represented by

the following matrix equation:

(A+O)x = b+ bo (157)

With the A matrix and b vector representing the original SUPERLINK system. The O matrix

and bo vector represent the orifice equations. The elements of O are defined by the following

coefficients:

F oj,j = −
NBDj∑
`=1

βo` +

NBUj∑
m=1

αom (158)

Φo
j,juo`

= −αo` (159)

Ψo
j,jdom = βom (160)

And the elements of bo defined by:

Goj = −
NBDj∑
`=1

χo` +

NBUj∑
m=1

χom (161)
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9 Representing weirs

This section discusses the governing equations for weirs, and explains how weirs can be incorporated

into the solution matrix. Only transverse weirs will be considered.

9.1 Governing equations for weirs

First, without loss of generality, assume all weirs can be represented as trapezoidal weirs (given

that both rectangular and triangular weirs are special cases of the trapezoidal weir).

The effective head on a weir can be defined as:

He,w = max

(
max (Hjuw, Hjdw)− (zw + zinv,juw + (1− ω)ymax,w), 0

)
(162)

The flow through a trapezoidal weir is the sum of the flow through the rectangular and triangular

sections:

Qw = CwRLwH
3/2
e,w + CwT swH

5/2
e,w (163)

The flow at the next time step can thus be estimated as:

Qt+∆t
w =

CwRLwH
t
e,w + CwT sw(Ht

e,w)2

|Qtw|
Ht+∆t
e,w (164)

9.2 Representing weirs in the solution matrix

Define the following indicator function:

Ω(Hjuw, Hjdw) =

1, Hjuw ≥ Hjdw

0, o/w
(165)

Similarly, define boolean-valued functions to represent the following flow conditions:
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Submerged on high-head side

Θw,1 =

1, ΩHjuw + (1− Ω)Hjdw > zw + zinv,juw + (1− ω)ymax,w

0, o/w
(166)

Submerged on low-head side

Θw,2 =

1, (1− Ω)Hjuw + ΩHjdw > zo + zinv,juw + (1− ω)ymax,w

0, o/w
(167)

The flow through a weir can now be represented using the following linearized coefficient equa-

tion:

Qt+∆t
w = αwH

t+∆t
juw + βwH

t+∆t
jdw + χw (168)

Where:

αw =


γw, Θw,1 ∧Θw,2

γwΩ(−1)1−Ω, Θw,1 ∧ ¬Θw,2

0, ¬Θw,1

(169)

βw =


−γw, Θw,1 ∧Θw,2

γw(1− Ω)(−1)1−Ω, Θw,1 ∧ ¬Θw,2

0, ¬Θw,1

(170)

χw =


0, Θw,1 ∧Θw,2

γw(−1)1−Ω[−zinv,juw − zw − (1− ω)ymax,w], Θw,1 ∧ ¬Θw,2

0, ¬Θw,3

(171)

γw =
CwRLwH

t
e,w + CwT sw(Ht

e,w)2

|Qtw|
(172)

Thus, a system with weirs can be represented as:

(A+W )x = b+ bw (173)
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With the A matrix and b vector representing the original SUPERLINK system. The W matrix

and bw vector represent the weir equations. The elements of W are defined by the following

coefficients:

Fwj,j = −
NBDj∑
`=1

βw`
+

NBUj∑
m=1

αwm (174)

Φw
j,juw`

= −αw`
(175)

Ψw
j,jdwm

= βwm (176)

And the elements of bw defined by:

Gwj = −
NBDj∑
`=1

χw`
+

NBUj∑
m=1

χwm (177)

10 Representing pumps

10.1 Governing equations for pumps

The relationship between flow and head in a pump is usually defined by a pump curve. For this

implementation, we assume that the flow/head relationship can be approximated by an ellipse

centered at the origin defined over the support [Hmin,p, Hmax,p].

First, define the effective head for the pump as follows:

He,p =


Hmax,p, Hjdp −Hjup > Hmax,p

Hjdp −Hjup, Hmin,p < Hjdp −Hjup < Hmax,p

Hmin,p, Hjdp −Hjup < Hmin,p

(178)

Then, using the elliptical approximation, the flow through the pump can be represented as:

Qp = ω

√
a2
q

(
1−

H2
e,p

a2
h

)
(179)
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10.2 Representing pumps in the solution matrix

Define boolean-valued functions to represent the following flow conditions:

Submerged inlet

Θp,1 =

1, Hjup ≥ zinv,jup + zp

0, o/w
(180)

Head in pump curve range

Θp,2 =

1, Hmin,p < Hjdp −Hjup < Hmax,p

0, o/w
(181)

The flow through a pump can now be represented using the following linearized coefficient

equation:

Qt+∆t
p = αpH

t+∆t
jup + βpH

t+∆t
jdp + χp (182)

αp =


γpω

2, Θp,1 ∧Θp,2

0, Θp,1 ∧ ¬Θp,2

0, ¬Θp,1

(183)

βp =


−γpω2, Θp,1 ∧Θp,2

0, Θp,1 ∧ ¬Θp,2

0, ¬Θp,1

(184)

χp =


a2q
|Qt

p|
, Θp,1 ∧Θp,2

ω

√
a2
q

(
1− (Ht

e,p)2

a2h

)
, Θp,1 ∧ ¬Θp,2

0, ¬Θp,1

(185)

γp =
a2
q |Ht

dp −Ht
up|

a2
h|Qtp|

(186)

Thus, a system with pumps can be represented as:
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(A+ P )x = b+ bp (187)

With the A matrix and b vector representing the original SUPERLINK system. The P ma-

trix and bp vector represent the weir equations. The elements of P are defined by the following

coefficients:

F pj,j = −
NBDj∑
`=1

βp` +

NBUj∑
m=1

αpm (188)

Φp
j,jup`

= −αp` (189)

Ψp
j,jdpm

= βpm (190)

And the elements of bp defined by:

Gpj = −
NBDj∑
`=1

χp` +

NBUj∑
m=1

χpm (191)
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