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1 Glossary

Variable Description

ik ik, Cik, Py | Momentum coefficients

@h,y g Horizontal and vertical axis scaling factors for elliptical pump curve

A, Maximum area of flow of orifice o

A Cross-sectional area of flow at link ik

Agg Cross-sectional area of flow at downstream end of superlink k

Ag 1k Area of water surface at junction Ik

Asj Area of water surface at superjunction j

Ayk Cross-sectional area of flow at upstream end of superlink &

B Top width of flow at link ik

C, Coefficient of discharge of orifice o

Cuk Coeflicient of discharge at downstream end of superlink &

Cuk Coefficient of discharge at upstream end of superlink k

CuwRr Rectangular weir discharge coefficient for weir w

Cur Triangular weir discharge coefficient for weir w

D, Er Continuity coefficients

g Acceleration due to gravity

hak Water depth at downstream of superlink &

hri Water depth at junction Ik

Rk Water depth at upstream of superlink k&

H; Head at junction j (invert elevation + water depth)

Hjqp, Head at junction downstream of superlink % (invert elevation + water depth)
Hjyp, Head at junction upstream of superlink & (invert elevation + water depth)
Hjyo Head at junction upstream of orifice o (invert elevation + water depth)
Hjqo Head at junction downstream of orifice o (invert elevation + water depth)
AHyy, Head difference at downstream end of superlink &

AH, Head difference at upstream end of superlink &

Ly, Length of transverse weir w

NBDj Number of superlinks with downstream end attached to superjunction j
NBUj Number of superlinks with upstream end attached to superjunction j
Qik Discharge in link ¢k

Q1 Discharge at junction Ik

Qo1 External flow input at junction Ik

Qo,j External flow input at superjunction j

Qo Discharge from orifice o

Qak Discharge at downstream end of superlink k

Quk Discharge at upstream end of superlink &




Variable

Description

Sw

So,ik
Stk
SLik
At

Urk
Uk, Vik, Wik
Xk Y1, Z1k
A:Eik
Ymaz,o
Ymaz,w
Zinv,j
Zinv,dk
Zinv,uk
Zinv,jdo
Zinv,juo
Zinv,jdp
Zinv,jup
Zinv,jdw
Zinv,juw
2o

Zp

Zw

Side slope (run/rise) for triangular portion of weir w
Channel bottom slope at link ¢k

Friction head loss slope at link ik

Local head loss slope at link ik

Time step

Velocity of flow at junction Ik

Forward recurrence relation coefficients

Backward recurrence relation coefficients

Length of link ik

Maximum height of orifice o

Maximum height of weir w

Invert elevation of superjunction j

Invert elevation at downstream end of superlink &
Invert elevation at upstream end of superlink &

Invert elevation of superjunction at downstream end of orifice o
Invert elevation of superjunction at upstream end of orifice o
Invert elevation of superjunction at downstream end of pump p
Invert elevation of superjunction at upstream end of pump p
Invert elevation of superjunction at downstream end of weir w

Invert elevation of superjunction at upstream end of weir w

Offset elevation of orifice o
Offset elevation of pump p
Offset elevation of weir w




2 Basic equations

The two governing equations for SUPERLINK are continuity and conservation of momentum.

Continuity:
94 9Q _
ot oxr 0
Conservation of momentum:
oQ 0 oh B
at—i-am(Qu)-i-gA(ax—So—l-Sf—i-SL) =0

3 Discretization of momentum

Starting with the equation for conservation of momentum:

oQ 0 oh -
&+m(Qu)+gA<%—So+Sf+SL> =0

The following discretization scheme can be applied to link ¢k:

Az,
t+AL t ik t+AL t+AL
Qi ™ — ik)iAt + UI+1kQ[+1k — urkQ7y,

+g AR — hEEAY) — g AuSo ik Ay, + gAik(Spak + SL) Az = 0

This equation can be written in terms of the following coefficient equation:

t+At t+At t+At _ t+At t+At
aisz;lk + bzszzk =+ C’iin+1k = P + gAik(h[k - h[+1k)

Where:

a;r = —max(ury, 0) ‘

ik = —max(—usy1x,0) ‘




Azi, | gnZ|QLlAzy,  AplQll
At e k4/3 12 05 = Qik — Cik (8)
Asz cik ik

bir =

sz + gAszo zkszk (9)

This coefficient equation can be verified by substituting the expressions for the coefficients:

Aﬁik_i_gnlﬂQ k|A$zk+ zk|Q |

— max(usg, )Qfﬂk + ( + max(usk, 0) + max(—uri1k, )) QHN

At AgR? Ao
—max(—us 1, O)Qﬁﬁf
sz + gAszo zkAfL‘zk + gAzk(h?]gAt hl}i%]ﬁ)
(10)
Assuming u;, > 0 and u;_1p = U &~ Ujr1k:
—uleH’ My <Aﬂfz‘k I gnlk|Q k’szk i Azk‘Qf}J >Qt+At
1—1
At A; kR4/3 Azzk‘CZQk (11)
Ax;
fk At + gAlkSo zkszk + gA'Lk(ht[—;;At hi’i?]i)
A:C ik
(QI ™ = Q)= + (@ = QIR um,
t+At t+AL
+gA( Zk|Q k|ig/3 + |% ikl Qur VAL (12)
A2 R/ 9O AL A,
= gAiSo Az + gAu (R — WA
t+AL A%k t+At t+At
Q=" — ik) +(Qir =" — Qi 1 )urk + gAik(Sik + Spik) ATk (13)
= gAiSoin Az, + g Az (hefA — WL
Which further simplifies to the original combined mass and momentum balance:
t+At _ Al’zk t+At t+At
(Q ) (Q lelk )UIk: (14)

+g A (R — WA + g Au(Spar — gAikSo,ikAxik + Spik) Az
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Alternatively, assuming u;; < 0 and u;_1x & Uik = Ujr1k:

Amip | gng|Qh Az Au|Qhl tHAL
uI+1kQ b < + = + Q
e At A; kR4/ s A2y C
A.CL"k
e Atz + gAnSo ik Az + g A (RTEA — hﬁ%ﬁ)
Ay,

A A
(Qt+At i) At +(Q§I1kt QS urak

WHIQUIQL | 100l
A?kRM 5 9CHAL AT

= gAiSo ik Az + g A (Wi — KR

+9A(

)Aacik

A:U
A ik
(Qi™" = Qi) =1,

(infif QLAY ur ik + gAw(Spik + Spk) Az

= gAirSoir Az, + gAp (WA — h'f_ﬁ;ﬁ)

Which simplifies to the original combined mass and momentum balance:

szk

(Qt+At ) (Q:_T_ﬁ;;t Qt+At)uI+1k

+g A (W — hEEAY) + g A (Spin — gAikSO,ikAfL‘ik + SL,ik) Azik

4 Discretization of continuity

Starting with the continuity equation:

0A  0Q
9t T T W

The following discretization scheme can be applied to junction Ik:

2 2 At

B Az Bi_1pAx,_ RiEAt _ pt
QtJrAt Q?lk +< ik ik + i—1k i—1k +As,lk‘> Ik Ik :QO,Ik

Through substitution, the discretized continuity equation can be represented as follows:

(15)

(17)

(18)

(20)



Q%At - Qﬁfﬁf + Elkh?;gm = Dy, (21)

Where:

ht BkAmk B'flkAx‘flk
Dr = Ik : - A 22
Ik QO,Ik+At< 5+ 5 + Ag 1k (22)
1 (BipAzy, Bi_1kAxi_1k
E — KA T (3 A A 2
Tk At( 5 5 + As 1k (23)

5 Recurrence relationships

The SUPERLINK algorithm uses a series of recurrence relationships to embed channel dynamics
into the solution matrix. In this section, the forward and backward recurrence relations for each
superlink are derived.

5.1 Forward recurrence

Starting at the upstream end of superlink k, the continuity and momentum equations can be written

as:
tﬂ;m - Qiﬁ“ + Ezkhé*,g“ = Doy, (24)
aleB*,;At =+ b1thJ;At + Cle;gAt = Py + gAlk(hﬁ;At - hé?;“) (25)
Assuming QSJ,gAt = tlJ,gAt, the continuity and momentum equations can be combined as follows:
ark QPR + b1 QA + 1 (QET A — Bophbi A + Do) = Pry, + gAsp(hEEAT — hETAT) (26)
(a1 + big + 1) QLA = Eapearhbi ™ + (Puy + c1pDag) + gA1g(RELAT — REFAT) (27)
(a1 + i + c1r) QLA = (Bogery — A1) RS2 + (Pry, — Dagerr) + gA1ghl A (28)



(Bokcir — gA1g)hEEA + (P, — Dagery,) + gArghl >

Qt+At
ag + big + cix

Thus for the upstream end of superlink k, the following equation holds:

Qt+At U th]gAt+Y1k+Z1kht+At

Where:

Tk = ag + big + cix

U Earciy 911 k
" 2kC1 - 1
Py — Doyc
Vik 1k 1k2k 1k
A
Wi g 1:6

(29)

(30)

(34)

For the next element downstream, the continuity and momentum equations can be written:

Qt+At Qt+At Egkhtg—};At — D3k:

t+AL t+At t+AL t+AL t+At
aok@QE 2 4 Dok Q512 + ok Q4h 2 = Poy + g Ao (12 — REEAY)

Combining the two equations together and simplifying yields the following equation:

azk(Q52" + Bophll A — Dog) + (bor) Q552 + cor(Qor — Bsihih ™ + Dag)
— P — 9A2k:(h§;gm - thAt) =0

t+At htJrAt

(agk + bag + co) Qo =" + (Eakagk — gAak)hy,
+(gAax, — corBa)hET A + (_DQkGZk + Dspcop — Por) =0

(35)



Multiplying h;};m by (Uix — Eak)/(Urk — Eoi) and rearranging yields:

(Barasy — gAor) (Ut — Eay) Pt
(Ui — Eoi)
+(g Aok — copBsi) 5 A + (= Pay, — Dagasy, + Dagear) = 0

(agk + bag, + Czk)QHAt

Note that:

Uiehbi™ = (QUF™ = Vig — Wiph{f™)

Ezkhtz-]‘gAt ( Qt-i-At + Qt-i-At)

Thus:

(agk + bag, + Cka)QHAt

FEoragr — gA
( (Qijlik_ Eg%)%) QA — Vi — Wightt20) — (Do — QLEA! 4 QLAY

+(g Aok — copBsp) R At + (= Pay, — Dagasy, + Dagear) = 0

Allowing Qﬁ;m to be eliminated:

(aor + box, + C2k)Qt+At (Baxan, — 9421) QHN

Uik — Eoy,
Eoraor — gA —W
Uir — Eop,
Vi —D
+(—=Poi, — Dogagy + Dspcor, + (Eogagy — 9A2k)M) =0
(Ui — Ea)

Rearranging:

Agi — Eopa
<a2k+b2k+c2k— gAok — Ey, 2k> 1AL

Ui — By, 2k
Ao — Eopasr)W-
+ (g Az ok a2k ) Wik ht+A + (gAgk — C%E?)k)hg-};m
Ui — Eop,
V] L+ D k
+ <_P2k — Dagagy, + Dsgcar + (9 A2k — EQkGQk)IQ> =0
Ui — Eay,
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(40)

(41)

(42)

(43)

(44)



gAoi, — Eopany,
<a2k + b2k + CQk - ) Qt+At

Ui — Eoy, 2k
= (Esgcor — gAap) W5
Vi + D
+ <P2k + Dogasy — Dsgcar — (gAok — EQkCLQk)M)
(U1 — Eo)
_ (gAzk — Bopazk) Wik i a
1k

Uir — Eop,

Generalizing for ¢ = 2, I = 2:

A — Erra;
(aik bt e 9k1kk> Qi

Ur-1k — Erx ik
= (Brsuncin — gAuw) W3
Viewk + ka)
Ur-1x — Erx
(9Aix — Erpa) W1 A
Ur-1x — Bk 1k

+ <sz + Dipair — Dryikcir — (9Aik — Eirair)

(45)

(46)

Condensing in terms of the coefficients yields the following recurrence relation for the mass and

momentum balance in the forward direction:

t+At t+At t+At
Qi ™ = Unkh 5y + Vik + Wiy,

Where:

E A

Upe = I+11<;Cjzf; gAik
i

Vi et D
Pii + Drgair, — Dryakcik — (9Ai — Elkaik)#—tjgfr:
Vi = T
(A
W — (gAir — Ergai)Wi—1k
k= —
Ur—1k — Erg

A, — EJkCLik)
Ur—1k — Enx

Ty = (aik + bk + ik, —

11

(48)

(49)

(50)



5.2 Backward recurrence

Starting at the downstream end of superlink k, the continuity and momentum equations can be

written as:
Qi — QLB + EnkhiJ = D (52)
A A A A A
nk Q=1+ bk Q™" + ek Qi = Pok + g An (R = W) (53)
Assuming QZEM = Qf;}ﬁi, the continuity and momentum equations can be combined and

simplified as follows:

ani(QETAY + Eniphi 2T — Divk) + bk QA" + conQFAT = Poge + g A (RIS — h%ﬁtl) (54)

(ank + bk + o) QLA = —EnpankhNET + (P + ank Dag) + gAni (R — hAESY) (55)

(@nk + bk + o) QL2 = (9Ank — Engank) WS + (Pak + Dkank) — gAnchiiah (56)

QUIAL = (9Ank — Expan) W + (Pak + Dgank) — gAnkhi\JfrkAJfl
n (ank + bnk + an)

(57)

Thus for the downstream end of superlink k, the mass and momentum balance can be repre-

sented by the following equation:

QLAY = XnehiJ2 + Yive + Znihif5 (58)

n

Where:

’ Onk = Qnk + bk + Cpk ‘ (59)

(9Ank — ENkank)
Onk

XNk =

12



P, D
Vg W (61)
n
A
Zni =5 (62)
n

For the next element upstream, the continuity and momentum equations can be written:

QLAY — QUEAY + Eng1 2 = Dk (63)

k-1 QAL 4 b1 QUFAY e QIR = Py + g A1 (WA — RIGEATY) (64)

ank—1(QEF2Y + Enp—t YA, — Dvi—1) + (b)) Q520 + i1 (Qui—1 — EnihiE" + Divg)

(65)
—Poi—1 — gAm1 (REY — BN =0
(@nk—1 + bnge—1 + Ck—1) QAT + (—Enkeni—1 + gAnk—1) WA (66)

H(ENk-1ank—1 — 9Ank—1)hNEY + (= DNg—1ank—1 + Dgcug—1 — Pag—1) =0

Multiplying h%r,?t by (Xnk + Enk)/(Xnk + Eng) and rearranging:

(9Ank—1 — Enkcnr—1)( XNk + Enk) LAt
(Xnk + En) e (67)

H(ENk—1ank-1 — GAnk—1) WAL + (= Pok—1 — DNg—1ank—1 + Dnkcag—1) = 0

(ank—l +bpp—1+ cnk—l)Qf{Zéi +

Note that:
Xnehiet = QLA = Y — ZniehiY) (68)
Enphi = (Dak — QLA + Q42D (69)
Thus:

13



(ank—l +bpp—1+ an—l)QflJ];éi
(9Ank—1 — EnkCnk—1)
(Xnk + Enk)

+(ENk—1nk-1 — §Ank—1) WA, + (= Pok—1 — DNg—1ank—1 + Dnkcag—1) = 0

(QLEA = Yivk — ZukhiJE) + (Dk — QLA + QLD (70)

Allowing Q%At to be eliminated:

(ank—l + bnk—l + an—l)QfL—Zéi
(9Ank—1 — EnkCpi—1) QAL 4 (9Ank—1 — EngCnk—1)(—Znk) AL
(X~ + Enk) nk— (Xnk + Enk) Ne+1

H(ENk—1ank—1 — gAnk—1) R

(9Ank—1 — Entcnk—1)(—YnNk + DNk)) _0
(Xnk + Enk)

+ <_Pnk—1 — DNk—1ank—1 + DygCpg—1 +

Rearranging:

A1 — Enrcnp_
<ank—1+bnk—1+0nk—1+ (9Ank—1 NkCnk 1)>Qt+m

(Xnk + Enk) nk—1
t+ At (gAnk—l - ENkan—l)ZNk t+At
H(ENk-1ank-1 — gAnk—1) Wi — (X + Eng) hNk+1 (72)

(Dne — Yne) |
(Xnk + ENk)) =0

+ <_Pnk1 — Dnj—16pk—1 + Dngcnk—1 + (9Ank—1 — ENkCrk—1)

A1 — Enrcnp—
<ank—1+bnk—1+cnk—1+ (9Ank—1 NkCnk 1)>Qt+m

(Xnk + Eng) nhet
= (gAnk:—l — ENk—lank—l)hﬁ\}FkA—tl

(D) (73)
(XNk: + ENk:)

(9Ank—1 — ENkCnk—1)ZNk AL
(XNk 4 ENk) Nk+1

+ <Pnk—1 + Dng—16nk—1 — DNiCnk—1 — (9Ank—1 — ENkCnk—1)

_l’_

Generalizing for i =nk — 1, I = Nk — 1:

14



+ <Pz'k + Drraix — Drtikcic — (9Aik — Ersikcik)

(aik + bir + cip +

(gAzk - El—i—lkcik)) t+At
(Xrs1k + Eryar) ) 5%

= (gAir — Epay) b

(Dry1k — Yryik)

+

( X141k + Eryir)
(A — Ervikcin) Zri1k AL

(X416 + Ers1r)

> (74)

NE+1

Condensing in terms of the coefficients yields the following recurrence relation for the mass and

momentum balance in the backwards direction:

Where:

t+At t+At t+At
Qir — = Xichp,™ + Y+ Zihy

9Air — Erragy

X =
Oik

(76)

Y=

Pig + Drraik — Dijancic — (9Aik — Erakcir) |

(Dr41—=Y141k)
Xry1e+FEriak)

Oik

9Aik — Ervikcir) Zrvak

iy = (
(X141k + Er411) Oi;

9Ai — Erpicik
X1k + Ergx

Oir, = <aik + big + cix +

)

15



6 Inlet hydraulics

6.1 Depth at upstream end of superlink

The discharge at the upstream end of a superlink is given by:

Quk - ukAuk: V 29AHuk‘

Where:

AEluk = Hjuk - huk — Zinv,uk

Squaring and rearranging provides the depth boundary condition at the upstream end:

|Q k|Qt+At = 2C2k:Auk:g( juk — hukz - Zinv,uk:)

A
QL@

huk =
202,429

+ Hjuk — Zinv,uk

6.2 Depth at downstream end of superlink

The discharge at the downstream end of a superlink is given by:

Qar = CarAar\/29AH gy,

Where:

AHg, = hai + Zinv,ak — Hjark

Squaring and rearranging provides the depth boundary condition at the downstream end:

Q% = 2C5, A% g(hak + Zinw.ax — Hjax)

16



|Qdk|@ﬂrAlt = 203, A%.9(hak + Zinw.arx — Hjax)

’Qdk ’QH-At

har =
203, A%

+ Hjgr — Zinv,dk

6.3 Superlink boundary conditions

From the recurrence relations:

Qt+At X hfj];At‘FYlkﬂ_ZlkhtkAt

t+At t+At t+At
ak = UNkhdk + Vg + WNkhuk

From the depth boundary conditions at the ends of each superlink:

t+At
h uk — ’Vqu + Hjuk — Zinv,uk

t+AL
ha = varQu, = + Hjak — Zinv,dk

Where:

Yuk = — ‘Q |
2CikAukg
e = Q%]
QCgkAdkg

Substituting into the recurrence relations:

Qt+At Xlk‘(’yuk’QtJrAt Hjuk - Zinv,uk) + Y + Zlk(ﬂ’deﬂAt + dek - Zinv,dk)

Z_‘];At = UNk ('deQZl—;;At + dek Zinv dk) + VNk’ + WNk (7qut+At Hjuk’ - zinv,uk’)

Expanding:

17
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(90)
(91)

(92)
(93)

(94)

(95)

(96)

(97)



t-+At t+At t+At t+At t+At
k= X1 Yuk @y +X1kHj:[k — X1 Zinuk + Y1k + Z1Yak QY +ZlkHj$k — Z1kZinv,dk (98)

QLA = Univas QU A+ Uni Hae — Uni Zinw,ak+ Ve Wk Yuk QL E A + Wk Hjuk— Wik Zinw.uk (99)

Rearranging:
0= (Xuyur — DQEA + Zuyarn Q502" + X1kH;1kat + Z1kH;;rkAt + (100)
0 = Wik @2 + (Univae — V)QGES + Wi Hjuk + UniHja + 2 (101)
Where:
1 = Yir — XikZinouk — Z1kZinv,dk (102)
72 = Ve — WiNkZinv,uk — UNkZinw,dk (103)
(104)
Writing as a matrix equation:
A A
(Xlkz'}/uk — 1) Zlk')/dk ijkit _ —XlkH;:kAt - ZlkH;;_kAt - (105)
WneYar  (Ungvae — 1) s ~WikH 5 = UniH >t —
Taking the matrix inverse:
QA _ L [Unikvae =1) = Zuwyar _XlkH;;—kAt - Z1kHﬁkAt —m (106)
QU Di | Waryak  (Xuwyur — 1| | =WarHAN = UniHIGR — 7
Where:
Dy = (Xueyur — 1) (Unkvar — 1) — (Zievar) Wk Yuk) (107)
Expanding:

18



dk

Qt-i-At
uk
t+At

_ 1| (UnkYar = 1)(—X1kHﬂkAt - Z1kH;IkAt —m) + (—Zlk'de)(_WNkH;IkAt - UNkH;;kAt
Dy, (_WNk'Yuk)(_Xlsz;IkAt — ZlkH;z{kAt — 1) + (Xt Yuk — 1)(_WNkH;:/€At — UNkH;jl_kAt — T2)

(108)

Arranging in terms of the unknown heads:

QA = [(Uniyar — 1)(—X1x) + (_Zlk'de)(_WNk)]H;z_kAt"i'
[(Univar — 1)(=Z1k) + (= Zaryar) (—Uni) | Higi + (109)
[(Unkyar — 1)(=m1) + (= Zievar) (—m2)]

QA" = (= Wiryur) (= X1k) + (Xieyur — 1) (= W) [H 5+
[(=WniYuk) (—Z1k) + (X1kYuk — 1)(_UNk)]H;j1_kAt+ (110)
[(=WxrYur)(—=71) + (X1kYuk — 1)(=72)]

Finally, the flow rates at the upstream and downstream ends of superlink k£ can be expressed

as:
Q™" = curHI I + BucH G + Xan (111)
QU = aanH N + BarHg™ + Xax (112)
Where:
(1 = Unrvar) X1k + Ziyas Wk
= 113
1-U VA VA U

Buk = ( NEYdk) lli + Z1kYdkUNE (114)

Dy

Yuk = (1 = Unkvae) Yie — X1k Zinouk — ZikZinv,dk) + (Z1kyar) Ve — Wk Zino,uk — UNEZine,dk)
U - D*
k

(115)

19
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(1 — X1kYuk) Wk + Wk yue X1k

Qap = Dy
(= Xuevuk)Unk + Wi vukZik

Bak = D

k

(116)

(117)

(1 — Xupvuk) (Ve — Wik Zino,uk — UNkZinv,dk) + WNkYur) Yie — XikZino,uk — Z1kZino,dk)

Xdk =

Dy

’DZ = (Xuevuk — D) (Univar — 1) — (Zievae) (WNkYuk) ‘

Qi

Yuk = —
b 2051:Aik9

Vak = Q]
2C§kAc21k9

7 Forming the solution matrix

The equations for the flows at the ends of each superlink are given by:

NBDj NBUj (ttAt
At t+At + o ASJ (Hj Hj)
Z Qdkz Z Qukm QOJ - At
=1 m=1

Substituting the linear expressions for the upstream and downstream flows:

J J/ t+At t+At
At = > (oan H50 + Ban HIGE" + Xak,)
=1
NBUj
= > (e Hfi 4 But Hig X + Xuk) + Qo

m=1

Because Hjq, = Hj and Hjy,, = Hj:

20

(118)

(119)

(120)

(121)

(122)

(123)



! = > (aan Hibet + Baw HIT2 + xan,)

At
=1
NBUj
t+At t+At
- Z (aukaj + Buk mHJ;;k +Xukm) +Qo,j
m=1
Rearranging:
NBUj NBDj NBDj NBUj
t+At t+ AL t-‘rAt
< Z Bdkl)Hj - Z adkl‘Hjuk’l + Z Bu K Jdk'm
=1 =
t NBDj NBU]
S_](H
= + Z Xk, = D Xuky, + Qo
m=1

(124)

(125)

The continuity equation for each superjunction can thus be redefined in terms of the following

coefficients.
NBDj NBUj
rpt+At N t+AL t+AL
FjH;™ + Z ;i juke H e, + Z W jdkm Hjgp, = G
(=1
Where:
NBDj NBUj

G Z Bak, + Z Quiky,

| @) juk, = —Cua, |

’ jdkm = ﬁukm‘

4 NBDj NBUj
sJ t
Gj= AtH + Qo,j — ;1 Xuk, + E_ Xk,
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Solution matrix equation for example network

For the example network in Ji (1998), the sparse matrix equation is given as:

Az =b (131)
(Fiy T, 0 0 0 0] [HM]  [64]
Dy Woo Wo3 0 Wos O HyTA Go
0 ®3,2 Fy3 W3y O35 0 | [HIA Gs
AL = (132)
o o o 1 o0 o0]||Ha G
0 Bs50 Us3 0 Fys Usg| |HIA Gs
0o 0 0 0 0 1| |HM™] |Ge
Expanding the coefficients:
(AL + ) Bur 0 0 0 0]
—aqy (%2 + oy + s — Bar) Bu2 0 Bua 0
A 0 — Qg (% + aus — Baz — Bas)  Bus — Qg 0
0 0 0 1 0 0
0 —Qdy Bus 0 (&8 + s+ ous — Baa)  Bus
0 0 0 0 0 1|
(133)
_ AL Ht -
ifl — Xu1 + Qo1
Aso HY
ng + Xd1 — (Xu2 + Xua) + Qo2
Az HY
b— A+ (Xa2 -|l-LIXd6) — xu3 + Qo3 (134)
4,bc
A5 HY
A+ Xaa — (Xus + Xus) + Qos
i Hg pe |

8 Representing orifices
For orifices, six different flow cases are possible:

e Side-mounted orifice with both sides submerged

e Side-mounted orifice with one side submerged
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Side-mounted orifice with weir-like flow

Bottom-mounted orifice with both sides submerged

Bottom-mounted orifice with one side submerged

No-flow condition

8.1 Governing equations for orifices

The governing equations for each condition are presented here:

Side-mounted orifice with both sides submerged

This flow regime occurs when both of the following conditions are met:

L maX(Hjuo — Zinv,juos deo - Zim},juo) > Zo + WYmaz,o

WYmaz,o

b min(Hjuo — Zinv,juo, deo - Zinv,juo) > 2o+ D)

The effective head is computed as:

Heo = |Hjuo — Hjgol (135)

)

And the flow is computed as:

QO = Sgn(Hjuo - deo) ' COAO V4 29He,o (136)

Side-mounted orifice with one side submerged

This flow regime occurs when both of the following conditions are met:

b maX<Hjuo — Zinv,juo, deo - zinv,jua) > 2o+ WYmaz,o

WYmaz,o

b min(Hjuo — Zinv,juos deo - Zinmjuo) < Zo+ 3

The effective head is computed as:
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w
He,o = [maX(Hjuo — Zinv,juo, deo - Zz'm),jdo) - (Zo + %)] (137)

And the flow is computed as:

Qo = sgn(Hjuo — Hjgo) - CoAor/29Hc o (138)

Side-mounted orifice with weir-like flow

This flow regime occurs when both of the following conditions are met:

b maX(Hjuo — Zinv,juos deo - Zim},juo) > Zo

b maX<Hjuo — Zinwv,juos deo - Zinv,juo) < Zo+ WYmaz,o

The effective head is computed as:

He,o = maX(Hjuo — Zinv,juo, deo - Zinv,juo) — 2o (139)

And the flow is computed as:

Qo = M\/ He,o (140)

WYmaz,o

Bottom-mounted orifice with both sides submerged

This flow regime occurs when both of the following conditions are met:

b maX<Hjuo — Zinwv,juos deo - zinv,jua) > Zo

b mln(Hjuo — Zinv,juos deo - Zinv,juo) > Zo

The effective head is computed as:

Heo = |Hjuo — Hjgol (141)

And the flow is computed as:
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Qo = Sgn(Hjuo - deo) : COAO V 29He,0

Bottom-mounted orifice with one side submerged

This flow regime occurs when both of the following conditions are met:

b maX<Hjuo — Zinw,juos deo - Zinv,juo) > Zo

b mln(Hjuo — Zinv,juos deo - Zirw,juo) < Zo

The effective head is computed as:

Heo = '[maX(Huo — Zinvuos Hdo — Zinv,do) - zo]

)

And the flow is computed as:

Qo = Sgn(Hjuo - deo) : Cvo V 29He,o

No-flow condition

This flow regime occurs when the following condition is met:
b maX(Hjuo — Zinv,juos deo - Zinv,juo) <z

In this case, the effective head and flow are both zero:

H.,=0

)

QO:O

8.2 Representing orifice equations in the solution matrix

Orifices can be represented in the solution matrix as follows.
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Define the following indicator functions:

17 Hjuo > deo

Q<Hju07deo) = (147)

0, o/w

1, orifice o is side-mounted
7(0) = (148)
0, orifice o is bottom-mounted

Similarly, define boolean-valued functions to represent the following flow conditions:

Submerged on high-head side

@071 _ 17 QI—Ijuo + (1 - Q)];deo > 20+ Zinv,juo + TWYmaz,o (149)
0, o/w
Submerged on low-head side
Oun = 1, (1= Q) Hjuo+ QHjdo > 2o + Zinw juo + —2zeze (150)
0, o/w
Above bottom rim on high-head side
@073 _ 1, QI_Ijuo + (1 - Q)I{jdo > 2o + Zinv,juo (151)

0, o/w

The flow through an orifice can now be represented using the following linearized coefficient

equation:
Q5 = aoHI3 + BoHi ™ + X0 (152)
Where:
'70(‘}27 @o,l A 60,2

,709(71)1—90\}2’ 90,1 A _‘90,2
LQ(—l)I_Q, ﬁ@O,l A\ 9073
0, _‘90,3

(153)
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o, ©o,1 A Op2
Yo(1 = Q)(=1)1%w?, 0,1 A =6,
" e (1= Q1) 20,1/ O,
0, —0,,3
0, ©0.1 A O
_ el O o — 20 = PEgE=), - @0 A ~O0au”
Xo = Qﬁ;/ﬁ(_zmv,uo — Zo), 1 A Ous
> =6,,3
_ 29C5 A7
Yo = W

(154)

(155)

(156)

These equations can be added to the solution matrix in much the same way as the linearized

superlink coefficients (ayk, Buks Xuk, Qdk, Bk, Xdk)- The system of equations is now represented by

the following matrix equation:

(A+O)x=b+b,

(157)

With the A matrix and b vector representing the original SUPERLINK system. The O matrix

and b, vector represent the orifice equat
coefficients:

ions. The elements of O are defined by the following

NBDj

NBUj

FJ'OJ:_ Z Bo, + Z Aoy,
/=1 m=1

And the elements of b, defined by:

Go=—

o —
L5 juo, = —Cto,

o —
qjjmjdom - Bo’m
NBDj NBUj

(=1

> Xoet D Xom
m=1
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9 Representing weirs

This section discusses the governing equations for weirs, and explains how weirs can be incorporated

into the solution matrix. Only transverse weirs will be considered.

9.1 Governing equations for weirs

First, without loss of generality, assume all weirs can be represented as trapezoidal weirs (given

that both rectangular and triangular weirs are special cases of the trapezoidal weir).

The effective head on a weir can be defined as:

He,w = max (maX (Hjuwa dew) - (zw + Zinv,juw T (1 - w)yma:v,w>7 0)

(162)

The flow through a trapezoidal weir is the sum of the flow through the rectangular and triangular

sections:

Qw = wRLngy/u? + CwTSwHE,/g

The flow at the next time step can thus be estimated as:

CwRLwHé,w + Cursw (Hé,w)Q
Q%]

t+At
Qw -

t+ At
He,w

9.2 Representing weirs in the solution matrix

Define the following indicator function:

Similarly, define boolean-valued functions to represent the following flow conditions:
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Submerged on high-head side

17 QI{juw + (1 - Q)dew > Zy + Zinv,juw + (1 - w)ymam,w

Ou,1 = (166)
0, o/w
Submerged on low-head side
L, 1 —Q)Hjy + QH gy > 2o + Zinw,juw + (1 — W)Ymaz,w
Ous = ( )H; Jjd i ( )Ymaz, (167)

0, o/w

The flow through a weir can now be represented using the following linearized coefficient equa-

tion:
QuF A = aw HILD + BuHIE + X (168)
Where:
Yw> ew,l A 6w,2
Qyy = ’YwQ(_l)lis% 9w,l A _‘Gw,Q (169)
07 _‘@w,l
—Yw> @w,l A @w,Q
Bw = ’Yw(]- - Q)(_l)l_ﬂv @w,l A ﬁ611),2 (170)
0, ﬂew71
07 G)w,l A 611),2
Xw = 'Yw(_l)l_g[_zinv,juw — 2w — (1 - w)ymax,w]a ®w,1 A _‘@w,Q (171)
O, _‘®w,3
CwRLwHé,w + CwTSw(Hé,w)2
Yw = " (172)
Q%
Thus, a system with weirs can be represented as:
(A+W)z=b+by (173)
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With the A matrix and b vector representing the original SUPERLINK system. The W matrix
and b, vector represent the weir equations. The elements of W are defined by the following

coefficients:

NBDj NBUj

Fi== Y Bu+ Y ou, (174)
/=1 m=1

O juw, = — 0w (175)
Jridwn = Bun (176)
And the elements of b,, defined by:
NBDj NBUj

GY == Xut D Xum (177)
/=1 m=1

10 Representing pumps

10.1 Governing equations for pumps

The relationship between flow and head in a pump is usually defined by a pump curve. For this
implementation, we assume that the flow/head relationship can be approximated by an ellipse

centered at the origin defined over the support [Hmin p, Hmaz,p)-

First, define the effective head for the pump as follows:

Hmaa:,p; dep - Hjup > Hma;r,p
He,P = dep - Hjupy Hmin,p < dep - Hjup < Hmaa:,p (178)
Hmm,pa dep - Hjup < Hmz’n,p

Then, using the elliptical approximation, the flow through the pump can be represented as:

H2
Qp =wyfaz(1 - —F) (179)
h
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10.2 Representing pumps in the solution matrix

Define boolean-valued functions to represent the following flow conditions:

Submerged inlet

@p,l =

Head in pump curve range

1, Hjyup

0, o/w

0, o/w

> Zinv,jup + Zp

17 Hmin,p < dep - Hjup < Hmax,p

(180)

(181)

The flow through a pump can now be represented using the following linearized coefficient

equation:

QZ—FAt _ ath+At + /Bth+At + Xp

Jup

Jjdp

’7pW2v Op,1 A Op2

ap =40, @p71 A _‘®p,2
0, —0).1
—’pr27 Op,1 A Op,2
,Bp =40, @p,l VAN —\@pg
0, -0,
ag
mv ep,l A ep,Q
e )2
Xp = v ag(l - %)’ Op1 A 7O
0, —0p1
2 t t
N = ag|Hay — Hyp
=
az|Qy)

Thus, a system with pumps can be represented as:
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(A+P)z=b+b,

(187)

With the A matrix and b vector representing the original SUPERLINK system. The P ma-
trix and b, vector represent the weir equations. The elements of P are defined by the following

coeflicients:

NBDj NBUj

Fﬁj:_ Z B, + Z QXpy,
/=1 m=1

——
Jrjupe

—ayp

{4

p _
\Iljvjdpm - Bpm

And the elements of b, defined by:

NBDj NBUj

G§=— Z Xpe T Z Xpm
/=1 m=1
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