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eAbstra
tWe prove that the Ginzburg-Landau energy of non-
onstant travellingwaves of the Gross-Pitaevskii equation has a lower positive bound, de-pending only on the dimension, in any dimension larger or equal to three.In parti
ular, we 
on
lude that there are no non-
onstant travelling waveswith small energy.RésuméNon existen
e pour les ondes progressives d'énergie petitepour l'équation de Gross-Pitaevskii en dimension N ≥ 3. Ondémontre que l'énergie de Ginzburg-Landau des ondes progressives non
onstantes de l'équation de Gross-Pitaevskii est bornée inférieurement parune 
onstante positive qui ne dépend que de la dimension, pour toutedimension supérieure ou égale à trois. En parti
ulier, on en déduit qu'iln'existe pas d'onde progressive non 
onstante d'énergie petite.1 Version française abrégéeOn s'intéresse aux ondes progressives non 
onstantes d'énergie �nie pour l'équationde Gross-Pitaevskii i∂tΨ = ∆Ψ + Ψ(1 − |Ψ|2) dans RN × R, en dimension
N ≥ 3. Les ondes progressives pour 
ette équation sont des solutions de laforme Ψ(x, t) = v(x1 − ct, x⊥), x⊥ = (x2, . . . , xN ), où la fon
tion v véri�el'équation

ic∂1v +∆v + v(1 − |v|2) = 0 dans RN . (1)Grâ
e aux résultats de Gravejat [3℄, on peut supposer que la vitesse c del'onde progressive est telle que 0 < c ≤
√
2. Le Hamiltonien asso
ié à (1) estl'énergie de Ginzburg-Landau donnée par

E(v) =
1

2

∫

RN

|∇v|2 + 1

4

∫

RN

(1 − |v|2)2.1



Tarquini a montré dans [9℄ l'existen
e d'une valeur minimale E(N, c) pourl'énergie de Ginzburg-Landau des ondes solitaires, qui ne dépend que de ladimension N et de la vitesse c, 
e qui implique que les seules solutions possiblesde (1) de vitesse c ave
 une énergie plus petite que E(N, c) sont les 
onstantes.Béthuel, Gravejat et Saut [2℄ ont amélioré 
e résultat en dimension trois, endémontrant qu'il existe une énergie minimale Ē indépendante de c. Dans 
etarti
le on montre qu'il est possible d'étendre 
e dernier résultat pour toutedimension N ≥ 3. Plus pré
isément,Théorème 1.1 Soit N ≥ 3. Il existe une 
onstante positive E(N), qui nedépend que de N , telle que pour toute solution non 
onstante v de (1), on ait
E(v) ≥ E(N). En parti
ulier, il n'existe pas de solution non 
onstante pour (1)d'énergie petite.2 Introdu
tionThe Gross-Pitaevskii equation i∂tΨ = ∆Ψ + Ψ(1 − |Ψ|2) on RN × R, whoseHamiltonian is the Ginzburg-Landau energy given by

E(v) =
1

2

∫

RN

|∇Ψ|2 + 1

4

∫

RN

(1 − |Ψ|2)2,appears as a relevant model in several areas of physi
s: super�uidity, super
on-du
tivity, nonlinear opti
s and the Bose-Einstein 
ondensation (see e.g. [4, 5, 6,8℄). In this work, we investigate the energy of travelling waves to this equation,i.e. solutions of the form Ψ(x, t) = v(x1 − ct, x⊥), x⊥ = (x2, . . . , xN ). Here,the parameter c ∈ R 
orresponds to the speed of the travelling waves. Using
omplex 
onjugation, we may restri
t to the 
ase c ≥ 0. The equation for thepro�le v is given by
ic∂1v +∆v + v(1− |v|2) = 0 on R

N . (2)3 Main resultA result of Tarquini [9℄ states that there exists a minimal value E(N, c) for theGinzburg-Landau energy of travelling waves, depending only on N and c. Thislower bound for the energy fun
tional implies that non-
onstant �nite energysolutions of (2) of su�
iently small energy, with respe
t to their speed, areex
luded in dimension N ≥ 2. Furthermore E(N, c) → 0 as c → √
2. This resulthas been re
ently improved by Béthuel, Gravejat and Saut [2℄ in dimensionthree, proving that there exists some universal positive bound for the energyfun
tional for non-
onstant travelling waves.Our aim is to extend the result of Béthuel, Gravejat and Saut [2℄ in anydimension larger than three, and therefore also to improve the non-existen
etheorem of Tarquini [9℄. More pre
isely, our main result is2



Theorem 3.1 Let N ≥ 3. There exists some positive 
onstant E(N), dependingonly on N, su
h that any non-
onstant �nite energy solution v of (2) satis�es
E(v) ≥ E(N). In parti
ular, there are no non-
onstant solutions of (2) withsmall energy.4 Proof of main resultIn dimension N ≥ 3, it follows from [3℄ that the speed of non-
onstant �niteenergy solutions of (2) satisfy 0 < c ≤

√
2. From Lemma 3 in [9℄, we dedu
ethat ‖1− |v|2‖L∞(RN ) ≤ K(N)E(v)

1
2(N+1) , where K(N) is a positive 
onstant,depending only on N . Therefore, 
hoosing a possibly smaller 
onstant E(N),we may assume that v satis�es

inf{|v(x)|, x ∈ R
N} ≥ 1

2
. (3)We re
all that v is a smooth fun
tion (see e.g. [1℄), and then in view of (3),

v may be expressed as v = ρeiϕ, where ρ and ϕ are s
alar fun
tions, and ϕ isde�ned modulo a multiple of 2π. De�ning also the quantity η = 1−ρ2, we have
∆2η − 2∆η + c2∂2

1η = −2∆(|∇v|2 + η2 − cη∂1ϕ)− 2c∂1 div(η∇ϕ). (4)Applying the Fourier transform to (4), we obtain
η̂(ξ) = Lc(ξ)F̂ (ξ), (5)where

F̂ (ξ) = 2R̂0(ξ)− 2c

N∑

j=2

ξ2j

|ξ|2 R̂1(ξ) + 2c

N∑

j=2

ξ1ξj

|ξ|2 R̂j(ξ), (6)
R0 = |∇v|2 + η2, Rj = η∂jϕ, j ∈ {1, . . . , N}, and

Lc(ξ) =
|ξ|2

|ξ|4 + 2|ξ|2 − c2ξ21
. (7)Now we re
all two results of Béthuel, Gravejat and Saut. The �rst one
orresponds to Lemma 2.9 in [2℄, and the se
ond one is an immediate extensionto RN of some part of the argument used in Lemma 2.15 (see inequality (2.65)in [2℄).Lemma 4.1 Let v be a non-
onstant �nite energy solution to (2) satisfying (3).Then,

E(v) ≤ 7c2‖η‖2L2(RN ).Lemma 4.2 For any 1 < q < ∞, there exists a positive 
onstant K(N, q),depending only on N and q, su
h that
‖F‖Lq(RN ) ≤ K(N, q)E(v)

1
q .3



We denote Lc the operator given by L̂c(f) = Lcf̂ , ∀f ∈ S(RN ). We re
all that inthe 
ase that there exists a 
onstant K su
h that ‖Lc(f)‖Lq(RN ) ≤ K‖f‖Lp(RN ),
Lc is 
alled a Fourier multiplier from Lp to Lq. We noti
e that identity (5)implies that η is the value of the multiplier operator asso
iated to Lc, evaluatedin the fun
tion F given by (6), that is

Lc(F ) = η. (8)In order to 
omplete the proof of Theorem 3.1, we need the following lemma,whose proof we postpone to the next se
tion.Lemma 4.3 Let c ∈ (0,
√
2]. For any 2

2N−1 ≤ α ≤ 2
N

and 1
1−α

< q < ∞,
Lc given by (7) is a Fourier multiplier from Lp to Lq, with 1

p
= 1

q
+ α. Morepre
isely, there exists a positive 
onstant K(N,α, q), depending only on N , αand q, su
h that

‖Lc(f)‖Lq(RN ) ≤ K(N,α, q)‖f‖Lp(RN ), ∀f ∈ Lp(RN ). (9)In view of (8), applying Lemma 4.3, with α = 2
2N−1 and q = 2, we dedu
ethat there exists a positive 
onstant K(N), depending only on N , su
h that

‖η‖L2(RN ) ≤ K(N)‖F‖
L

2(2N−1)
2N+3 (RN )

. (10)Combining Lemma 4.1, Lemma 4.2 and (10), we 
on
lude that
E(v) ≤ 7c2‖η‖2L2(RN ) ≤ 7c2K(N)E(v)

2N+3
2N−1 . (11)Sin
e c ∈ (0,

√
2], inequality (11) implies that E(v) ≥ (14K(N))

1−2N
4 , whi
h�nishes the proof of Theorem 3.1.5 Proof of Lemma 4.3Here we use the standard multi-index notation, i.e. if k = (k1, . . . , kN ) ∈ NN ,

ξ = (ξ1, . . . , ξN ) ∈ RN thenDk = ∂k1

ξ1
· · · ∂kN

ξN
, |k| = ∑N

j=1 kj and ξk =
∏N

j=1 ξ
kj

j .Lemma 5.1 Let c ∈ (0,
√
2]. For any k = (k1, . . . , kN ) ∈ {0, 1}N , m = |k|,

1 ≤ m ≤ N , Lc is a smooth fun
tion on RN\{0} and
DkLc(ξ) =

ξk

(|ξ|4 + 2|ξ|2 − c2ξ21)
m+1

Pm,c(|ξ|2, ξ21), (12)where Pm,c is a two-variable polynomial of degree m + 1. More pre
isely, for
x, y ∈ R,

Pm,c(x, y) = γm(c)xm+1 +

m∑

1≤i+j≤m

γm,i,j(c)x
iyj , (13)4



where {γm,i,j}mi,j=1 and γm are polynomial fun
tions of the variable c. Fur-thermore, in the 
ase k1 = 1, setting αm = γm,1,0, βm = γm,0,1 and λm(c) =
αm(c)+βm(c)

2−c2
, we have
αm(c) = (−1)m+122m−1(m− 1)!c2, (14)
βm(c) = (−1)m+122m−2(m− 1)!c2

(
c2(n− 1)− 2n

)
, (15)

λm(c) = (−1)m+122m−2(m− 1)!(m− 1)c2. (16)In parti
ular, λm is a well de�ned and bounded fun
tion on (0,
√
2).proof 1 The di�erentiability of Lc is immediate. The 
ase m = 1 is 
he
kedexpli
itly, sin
e we have

∂iLc(ξ) =
2ξi

(|ξ|4 + 2|ξ|2 − c2ξ21)
2

(
− |ξ|4 − c2ξ21 + c2δ1,i|ξ|2

)
. (17)We �x now m, with 1 < m ≤ N . Let us suppose that (12) and (13) arevalid for some 1 ≤ n < m. We take any r = (r1, . . . , rN ) ∈ {0, 1}N su
h that

|r| = n + 1 and de�ne j∗ = max{1 ≤ j ≤ N | rj = 1}. Then j∗ > 1, and we
onsider r̃ = (r̃1, . . . , r̃N ) ∈ {0, 1}N given by r̃i = rj(1−δi,j∗), i, j ∈ {1, . . . , N}.Therefore, |r̃| = n and we have,
DrLc(ξ) = ∂1

j∗

(
∂ r̃1
1 ∂ r̃2

2 . . . ∂ r̃N
N Lc

)
(ξ) =

ξr

(|ξ|4 + 2|ξ|2 − c2ξ21)
n+2

Pn+1,c(|ξ|2, ξ21),where
Pn+1,c(|ξ|2, ξ21) = 2∂xPn,c(|ξ|2, ξ21)(|ξ|4+2|ξ|2−c2ξ21)−(n+1)(4|ξ|2+4)Pn,c(|ξ|2, ξ21).(18)Using this indu
tive argument, we 
on
lude the �rst part of the lemma, thatis, identities (12) and (13). In order to dedu
e, in the 
ase k1 = 1, that the
oe�
ients of lower terms are expli
itly given by (14) and (15), we use thesame indu
tive argument but we repla
e the polynomial expression (18) by thefollowing one
Pn+1,c(x, y) = γ̄n(c)x

n+2+

n+1∑

i,j=0
2≤i+j≤n

γ̄n,i,j(c)x
iyj−4nαn(c)x−(2c2αn(c)+4(n+1)βn(c))y,for some {γ̄n,i,j}ni,j=1, γ̄n, polynomial fun
tions of the variable c. The formulas(14) and (15) allow us to �nish the indu
tion. Finally we noti
e that identity(16) is an immediate 
onsequen
e of (14) and (15).An important property that follows from identities (14)-(16) is that for smallvalues of ξ, we may 
ompute an expli
it bound for Pm,c, that is5



Lemma 5.2 For any c ∈ [0,
√
2] and 0 < |ξ| ≤ 1, k = (1, k2, . . . , kN ), m = |k|,we have |Pm,c(|ξ|2, ξ21)| ≤ K(N)(|ξ|4 + 2|ξ|2 − c2ξ21), where K(N) is a positive
onstant depending only on N .proof 2 The only deli
ate terms of Pm,c to estimate are the ones asso
iated to

|ξ|2 and ξ21 , this is αm(c)|ξ|2+βm(c)ξ21 . Indeed, the other terms of Pm,c(|ξ|2, ξ21)are easily bounded by K(N)|ξ|4, for some 
onstant K(N) depending only on N .For example,
|γm,1,1(c)|ξ21 |ξ|2 ≤ 1

2
‖γm,1,1‖L∞[0,

√
2](ξ

4
1+|ξ|4) ≤ K(N)|ξ|4 ≤ K(N)(|ξ|4+2|ξ|2−c2ξ21),where we used that the L∞-norm in [0,
√
2] of the fun
tions γm,i,j only dependson the dimension. Next we derive the bound for αm(c)|ξ|2 + βm(c)ξ21 . Denoting

ξ = rσ, where 0 < r ≤ 1 and σ = (σ1, σ⊥) ∈ SN−1, this is equivalent to provethat
∃K > 0, ∀c ∈ [0,

√
2], ∀σ1 ∈ [0, 1], ∀r ∈ (0, 1], |αm(c)+σ2

1βm(c)| ≤ K(r2+2−c2σ2
1).(19)Using the 
ontinuity of αm and βm, inequality (19) automati
ally follows from

∃K > 0, ∀c ∈ [0,
√
2), ∀ρ ∈ [0, 1], |αm(c) + ρβm(c)| ≤ K(2− c2ρ). (20)We shall prove (20) arguing by 
ontradi
tion. If (20) were false, there wouldexist sequen
es

Kn → ∞, cn ∈ [0,
√
2), cn → c̄ ∈ [0,

√
2], ρn → ρ̄ ∈ [0, 1], (21)su
h that

|αm(cn) + ρnβm(cn)| > Kn(2− c2nρn) ≥ 0. (22)In parti
ular,
lim
n→∞

2− c2nρn

|αm(cn) + ρnβm(cn)|
= 0. (23)From the 
ontinuity of αm and βm, the denominator in (23) is bounded, so that(23) implies c̄2ρ̄ = 2, and hen
e c̄ =

√
2 and ρ̄ = 1. Setting εn = 1 − ρn and

sn = εn
2−c2n

, we write
2− c2nρn

|αm(cn) + ρnβm(cn)|
=

1 + snc
2
n

|λm(cn)− snβm(cn)|
. (24)Passing possibly to a subsequen
e, sn → s̄, with s̄ ∈ [0,∞]. We note fromLemma 5.1 that βm and λm are bounded fun
tions of c. If s̄ ∈ [0,∞), we takethe limit in (24), so that in view of (23), we dedu
e that s̄ = − 1

2 , whi
h isa 
ontradi
tion. We may handle the 
ase s̄ = ∞ in a similar way, with thedi�eren
e that we �rst divide the numerator and the denominator of the r.h.s.of (24) by sn. Then passing to the limit, we dedu
e that c̄ = 0, whi
h gives usagain a 
ontradi
tion. 6



Now we are able to dedu
e an uniform bound (with respe
t to the speed)for Lc.Proposition 5.1 Let c ∈ (0,
√
2] and k = (k1, k2, . . . , kN ) ∈ {0, 1}N , with

|k| ≤ N . Then for any |ξ| ≥ 1,
|DkLc(ξ)| ≤

K(N)

|ξ||k|+2
, (25)and for any 0 < |ξ| ≤ 1,

|DkLc(ξ)| ≤
K(N)|ξk|

(|ξ|4 + 2|ξ|2 − c2ξ21)
|k|+1

(
(1− k1)|ξ|2 + k1(|ξ|4 + 2|ξ|2 − c2ξ21)

)
,(26)where K(N) is a 
onstant depending only on N .proof 3 From (12) and (13), with m = |k|, we 
on
lude that for any |ξ| ≥ 1,

|DkLc(ξ)| ≤ K(N)|ξ|−3m−4|Pm,c(|ξ|2, ξ21)| ≤ K(N)|ξ|−3m−4|ξ|2(m+1),whi
h proves (25). To derive (26), we note that in view of (12), it is enough toprove that for any 0 < |ξ| ≤ 1,
|Pm,c(|ξ|2, ξ21)| ≤ K(N)((1− k1)|ξ|2 + k1(|ξ|4 + 2|ξ|2 − c2ξ21)). (27)If k1 = 0, inequality (27) is trivial. In the 
ase k1 = 1, this bound 
orrespondsexa
tly to Lemma 5.2.proof 4 (Proof of Lemma 4.3) Firstly, we noti
e that the 
ondition N ≥ 3implies 0 < α < 1, so that the set of valid pairs p ≥ 1 and q ≥ 1 is not empty.From Proposition 5.1 we 
on
lude that, for any |ξ| ≥ 1, k = (k1, . . . , kN ) ∈

{0, 1}N , |k| ≤ N ,
N∏

j=1

|ξj |α+kj
∣∣DkLc(ξ)

∣∣ ≤ K(N)

|ξ|2−Nα
≤ K(N), (28)provided that α ≤ 2

N
, for some 
onstant K(N) depending only on N . On theother hand, if 0 < |ξ| ≤ 1, we set ξ = rσ, with r > 0 and σ = (σ1, σ⊥) ∈

SN−1. Then we have that |ξj | ≤ r|σ⊥|, for any j ∈ {2, . . . , N}, and also that
|ξ|4 + 2|ξ|2 − c2ξ21 ≥ r2(r2 + 2σ2

⊥), for any c ∈ (0,
√
2]. From (26), we 
on
ludethat

N∏

j=1

|ξj |α+kj
∣∣DkLc(ξ)

∣∣ ≤ K(N)
r2(|k|−k1+1)+αN |σ⊥|α(N−1)+2(|k|−k1)

r2(|k|−k1+1)(r2 + 2σ2
⊥)

|k|−k1+1

≤ K(N)max{r, |σ⊥|}α(2N−1)−2 ≤ K(N), (29)7



for any k = (k1, . . . , kN ) ∈ {0, 1}N , |k| ≤ N , on 
ondition that α ≥ 2
2N−1 .Finally, from (28) and (29) we have that for every 2

2N−1 ≤ α ≤ 2
N
,

sup{|ξk1+α
1 · · · ξkn+α

1 DkLc(ξ)|, ξ ∈ R
N\{0}, k ∈ {0, 1}N , |k| ≤ N} ≤ K(N),and therefore Lemma 4.3 is now an immediate 
onsequen
e of Lizorkin's multi-plier theorem (see e.g. [7℄).A
knowledgementsThe author is grateful to Fabri
e Béthuel for helpful 
omments and suggestionson this work.Referen
es[1℄ A. Farina, From Ginzburg-Landau to Gross-Pitaevskii, Monatsh. Math.139 (4) (2003), 265-269.[2℄ F. Béthuel, P. Gravejat and J.-C. Saut, Travelling waves for the Gross-Pitaevskii equation II, Comm. Math. Phys. 285 (2) (2009) 567-651.[3℄ P. Gravejat, A non-existen
e result for supersoni
 travelling waves in theGross-Pitaevskii equation, Comm. Math. Phys. 243 (1) (2003), 93-103.[4℄ E. Gross, Hydrodynami
s of a Super�uid Condensate, J. Math. Phys. 4 (2)(1963), 195-207.[5℄ C. A. Jones and P. H. Roberts, Motions in a Bose 
ondensate IV. Axisym-metri
 solitary waves, J. Phys. A, Math. Gen. 15 (8) (1982), 2599-2619.[6℄ C. A. Jones, S. J. Putterman and P. H. Roberts, Motions in a Bose 
on-densate V. Stability of solitary wave solutions of non-linear S
hrödingerequations in two and three dimensions, J. Phys. A, Math. Gen. 19 (15)(1986), 2991-3011.[7℄ P.I. Lizorkin, (Lp, Lq)-multipliers of Fourier integrals, Dokl. Akad. NaukSSSR. 152 (1963), 808-811.[8℄ L.P. Pitaevskii, Vortex lines in an imperfe
t Bose gas, Sov. Phys. JETP 13(2) (1961), 451-454.[9℄ E. Tarquini, A lower bound on the energy of travelling waves of �xed speedfor the Gross-Pitaevskii equation, Monatsh. Math. 151 (4) (2007), 333-339.
8


