
Non-existene for travelling waves with smallenergy for the Gross-Pitaevskii equation indimension N ≥ 3André de Lairedelaire�ann.jussieu.frUPMC Univ Paris 06, UMR 7598,Laboratoire Jaques-Louis Lions,F-75005, Paris, FraneAbstratWe prove that the Ginzburg-Landau energy of non-onstant travellingwaves of the Gross-Pitaevskii equation has a lower positive bound, de-pending only on the dimension, in any dimension larger or equal to three.In partiular, we onlude that there are no non-onstant travelling waveswith small energy.RésuméNon existene pour les ondes progressives d'énergie petitepour l'équation de Gross-Pitaevskii en dimension N ≥ 3. Ondémontre que l'énergie de Ginzburg-Landau des ondes progressives nononstantes de l'équation de Gross-Pitaevskii est bornée inférieurement parune onstante positive qui ne dépend que de la dimension, pour toutedimension supérieure ou égale à trois. En partiulier, on en déduit qu'iln'existe pas d'onde progressive non onstante d'énergie petite.1 Version française abrégéeOn s'intéresse aux ondes progressives non onstantes d'énergie �nie pour l'équationde Gross-Pitaevskii i∂tΨ = ∆Ψ + Ψ(1 − |Ψ|2) dans RN × R, en dimension
N ≥ 3. Les ondes progressives pour ette équation sont des solutions de laforme Ψ(x, t) = v(x1 − ct, x⊥), x⊥ = (x2, . . . , xN ), où la fontion v véri�el'équation

ic∂1v +∆v + v(1 − |v|2) = 0 dans RN . (1)Grâe aux résultats de Gravejat [3℄, on peut supposer que la vitesse c del'onde progressive est telle que 0 < c ≤
√
2. Le Hamiltonien assoié à (1) estl'énergie de Ginzburg-Landau donnée par

E(v) =
1

2

∫

RN

|∇v|2 + 1

4

∫

RN

(1 − |v|2)2.1



Tarquini a montré dans [9℄ l'existene d'une valeur minimale E(N, c) pourl'énergie de Ginzburg-Landau des ondes solitaires, qui ne dépend que de ladimension N et de la vitesse c, e qui implique que les seules solutions possiblesde (1) de vitesse c ave une énergie plus petite que E(N, c) sont les onstantes.Béthuel, Gravejat et Saut [2℄ ont amélioré e résultat en dimension trois, endémontrant qu'il existe une énergie minimale Ē indépendante de c. Dans etartile on montre qu'il est possible d'étendre e dernier résultat pour toutedimension N ≥ 3. Plus préisément,Théorème 1.1 Soit N ≥ 3. Il existe une onstante positive E(N), qui nedépend que de N , telle que pour toute solution non onstante v de (1), on ait
E(v) ≥ E(N). En partiulier, il n'existe pas de solution non onstante pour (1)d'énergie petite.2 IntrodutionThe Gross-Pitaevskii equation i∂tΨ = ∆Ψ + Ψ(1 − |Ψ|2) on RN × R, whoseHamiltonian is the Ginzburg-Landau energy given by

E(v) =
1

2

∫

RN

|∇Ψ|2 + 1

4

∫

RN

(1 − |Ψ|2)2,appears as a relevant model in several areas of physis: super�uidity, superon-dutivity, nonlinear optis and the Bose-Einstein ondensation (see e.g. [4, 5, 6,8℄). In this work, we investigate the energy of travelling waves to this equation,i.e. solutions of the form Ψ(x, t) = v(x1 − ct, x⊥), x⊥ = (x2, . . . , xN ). Here,the parameter c ∈ R orresponds to the speed of the travelling waves. Usingomplex onjugation, we may restrit to the ase c ≥ 0. The equation for thepro�le v is given by
ic∂1v +∆v + v(1− |v|2) = 0 on R

N . (2)3 Main resultA result of Tarquini [9℄ states that there exists a minimal value E(N, c) for theGinzburg-Landau energy of travelling waves, depending only on N and c. Thislower bound for the energy funtional implies that non-onstant �nite energysolutions of (2) of su�iently small energy, with respet to their speed, areexluded in dimension N ≥ 2. Furthermore E(N, c) → 0 as c → √
2. This resulthas been reently improved by Béthuel, Gravejat and Saut [2℄ in dimensionthree, proving that there exists some universal positive bound for the energyfuntional for non-onstant travelling waves.Our aim is to extend the result of Béthuel, Gravejat and Saut [2℄ in anydimension larger than three, and therefore also to improve the non-existenetheorem of Tarquini [9℄. More preisely, our main result is2



Theorem 3.1 Let N ≥ 3. There exists some positive onstant E(N), dependingonly on N, suh that any non-onstant �nite energy solution v of (2) satis�es
E(v) ≥ E(N). In partiular, there are no non-onstant solutions of (2) withsmall energy.4 Proof of main resultIn dimension N ≥ 3, it follows from [3℄ that the speed of non-onstant �niteenergy solutions of (2) satisfy 0 < c ≤

√
2. From Lemma 3 in [9℄, we deduethat ‖1− |v|2‖L∞(RN ) ≤ K(N)E(v)

1
2(N+1) , where K(N) is a positive onstant,depending only on N . Therefore, hoosing a possibly smaller onstant E(N),we may assume that v satis�es

inf{|v(x)|, x ∈ R
N} ≥ 1

2
. (3)We reall that v is a smooth funtion (see e.g. [1℄), and then in view of (3),

v may be expressed as v = ρeiϕ, where ρ and ϕ are salar funtions, and ϕ isde�ned modulo a multiple of 2π. De�ning also the quantity η = 1−ρ2, we have
∆2η − 2∆η + c2∂2

1η = −2∆(|∇v|2 + η2 − cη∂1ϕ)− 2c∂1 div(η∇ϕ). (4)Applying the Fourier transform to (4), we obtain
η̂(ξ) = Lc(ξ)F̂ (ξ), (5)where

F̂ (ξ) = 2R̂0(ξ)− 2c

N∑

j=2

ξ2j

|ξ|2 R̂1(ξ) + 2c

N∑

j=2

ξ1ξj

|ξ|2 R̂j(ξ), (6)
R0 = |∇v|2 + η2, Rj = η∂jϕ, j ∈ {1, . . . , N}, and

Lc(ξ) =
|ξ|2

|ξ|4 + 2|ξ|2 − c2ξ21
. (7)Now we reall two results of Béthuel, Gravejat and Saut. The �rst oneorresponds to Lemma 2.9 in [2℄, and the seond one is an immediate extensionto RN of some part of the argument used in Lemma 2.15 (see inequality (2.65)in [2℄).Lemma 4.1 Let v be a non-onstant �nite energy solution to (2) satisfying (3).Then,

E(v) ≤ 7c2‖η‖2L2(RN ).Lemma 4.2 For any 1 < q < ∞, there exists a positive onstant K(N, q),depending only on N and q, suh that
‖F‖Lq(RN ) ≤ K(N, q)E(v)

1
q .3



We denote Lc the operator given by L̂c(f) = Lcf̂ , ∀f ∈ S(RN ). We reall that inthe ase that there exists a onstant K suh that ‖Lc(f)‖Lq(RN ) ≤ K‖f‖Lp(RN ),
Lc is alled a Fourier multiplier from Lp to Lq. We notie that identity (5)implies that η is the value of the multiplier operator assoiated to Lc, evaluatedin the funtion F given by (6), that is

Lc(F ) = η. (8)In order to omplete the proof of Theorem 3.1, we need the following lemma,whose proof we postpone to the next setion.Lemma 4.3 Let c ∈ (0,
√
2]. For any 2

2N−1 ≤ α ≤ 2
N

and 1
1−α

< q < ∞,
Lc given by (7) is a Fourier multiplier from Lp to Lq, with 1

p
= 1

q
+ α. Morepreisely, there exists a positive onstant K(N,α, q), depending only on N , αand q, suh that

‖Lc(f)‖Lq(RN ) ≤ K(N,α, q)‖f‖Lp(RN ), ∀f ∈ Lp(RN ). (9)In view of (8), applying Lemma 4.3, with α = 2
2N−1 and q = 2, we deduethat there exists a positive onstant K(N), depending only on N , suh that

‖η‖L2(RN ) ≤ K(N)‖F‖
L

2(2N−1)
2N+3 (RN )

. (10)Combining Lemma 4.1, Lemma 4.2 and (10), we onlude that
E(v) ≤ 7c2‖η‖2L2(RN ) ≤ 7c2K(N)E(v)

2N+3
2N−1 . (11)Sine c ∈ (0,

√
2], inequality (11) implies that E(v) ≥ (14K(N))

1−2N
4 , whih�nishes the proof of Theorem 3.1.5 Proof of Lemma 4.3Here we use the standard multi-index notation, i.e. if k = (k1, . . . , kN ) ∈ NN ,

ξ = (ξ1, . . . , ξN ) ∈ RN thenDk = ∂k1

ξ1
· · · ∂kN

ξN
, |k| = ∑N

j=1 kj and ξk =
∏N

j=1 ξ
kj

j .Lemma 5.1 Let c ∈ (0,
√
2]. For any k = (k1, . . . , kN ) ∈ {0, 1}N , m = |k|,

1 ≤ m ≤ N , Lc is a smooth funtion on RN\{0} and
DkLc(ξ) =

ξk

(|ξ|4 + 2|ξ|2 − c2ξ21)
m+1

Pm,c(|ξ|2, ξ21), (12)where Pm,c is a two-variable polynomial of degree m + 1. More preisely, for
x, y ∈ R,

Pm,c(x, y) = γm(c)xm+1 +

m∑

1≤i+j≤m

γm,i,j(c)x
iyj , (13)4



where {γm,i,j}mi,j=1 and γm are polynomial funtions of the variable c. Fur-thermore, in the ase k1 = 1, setting αm = γm,1,0, βm = γm,0,1 and λm(c) =
αm(c)+βm(c)

2−c2
, we have
αm(c) = (−1)m+122m−1(m− 1)!c2, (14)
βm(c) = (−1)m+122m−2(m− 1)!c2

(
c2(n− 1)− 2n

)
, (15)

λm(c) = (−1)m+122m−2(m− 1)!(m− 1)c2. (16)In partiular, λm is a well de�ned and bounded funtion on (0,
√
2).proof 1 The di�erentiability of Lc is immediate. The ase m = 1 is hekedexpliitly, sine we have

∂iLc(ξ) =
2ξi

(|ξ|4 + 2|ξ|2 − c2ξ21)
2

(
− |ξ|4 − c2ξ21 + c2δ1,i|ξ|2

)
. (17)We �x now m, with 1 < m ≤ N . Let us suppose that (12) and (13) arevalid for some 1 ≤ n < m. We take any r = (r1, . . . , rN ) ∈ {0, 1}N suh that

|r| = n + 1 and de�ne j∗ = max{1 ≤ j ≤ N | rj = 1}. Then j∗ > 1, and weonsider r̃ = (r̃1, . . . , r̃N ) ∈ {0, 1}N given by r̃i = rj(1−δi,j∗), i, j ∈ {1, . . . , N}.Therefore, |r̃| = n and we have,
DrLc(ξ) = ∂1

j∗

(
∂ r̃1
1 ∂ r̃2

2 . . . ∂ r̃N
N Lc

)
(ξ) =

ξr

(|ξ|4 + 2|ξ|2 − c2ξ21)
n+2

Pn+1,c(|ξ|2, ξ21),where
Pn+1,c(|ξ|2, ξ21) = 2∂xPn,c(|ξ|2, ξ21)(|ξ|4+2|ξ|2−c2ξ21)−(n+1)(4|ξ|2+4)Pn,c(|ξ|2, ξ21).(18)Using this indutive argument, we onlude the �rst part of the lemma, thatis, identities (12) and (13). In order to dedue, in the ase k1 = 1, that theoe�ients of lower terms are expliitly given by (14) and (15), we use thesame indutive argument but we replae the polynomial expression (18) by thefollowing one
Pn+1,c(x, y) = γ̄n(c)x

n+2+

n+1∑

i,j=0
2≤i+j≤n

γ̄n,i,j(c)x
iyj−4nαn(c)x−(2c2αn(c)+4(n+1)βn(c))y,for some {γ̄n,i,j}ni,j=1, γ̄n, polynomial funtions of the variable c. The formulas(14) and (15) allow us to �nish the indution. Finally we notie that identity(16) is an immediate onsequene of (14) and (15).An important property that follows from identities (14)-(16) is that for smallvalues of ξ, we may ompute an expliit bound for Pm,c, that is5



Lemma 5.2 For any c ∈ [0,
√
2] and 0 < |ξ| ≤ 1, k = (1, k2, . . . , kN ), m = |k|,we have |Pm,c(|ξ|2, ξ21)| ≤ K(N)(|ξ|4 + 2|ξ|2 − c2ξ21), where K(N) is a positiveonstant depending only on N .proof 2 The only deliate terms of Pm,c to estimate are the ones assoiated to

|ξ|2 and ξ21 , this is αm(c)|ξ|2+βm(c)ξ21 . Indeed, the other terms of Pm,c(|ξ|2, ξ21)are easily bounded by K(N)|ξ|4, for some onstant K(N) depending only on N .For example,
|γm,1,1(c)|ξ21 |ξ|2 ≤ 1

2
‖γm,1,1‖L∞[0,

√
2](ξ

4
1+|ξ|4) ≤ K(N)|ξ|4 ≤ K(N)(|ξ|4+2|ξ|2−c2ξ21),where we used that the L∞-norm in [0,
√
2] of the funtions γm,i,j only dependson the dimension. Next we derive the bound for αm(c)|ξ|2 + βm(c)ξ21 . Denoting

ξ = rσ, where 0 < r ≤ 1 and σ = (σ1, σ⊥) ∈ SN−1, this is equivalent to provethat
∃K > 0, ∀c ∈ [0,

√
2], ∀σ1 ∈ [0, 1], ∀r ∈ (0, 1], |αm(c)+σ2

1βm(c)| ≤ K(r2+2−c2σ2
1).(19)Using the ontinuity of αm and βm, inequality (19) automatially follows from

∃K > 0, ∀c ∈ [0,
√
2), ∀ρ ∈ [0, 1], |αm(c) + ρβm(c)| ≤ K(2− c2ρ). (20)We shall prove (20) arguing by ontradition. If (20) were false, there wouldexist sequenes

Kn → ∞, cn ∈ [0,
√
2), cn → c̄ ∈ [0,

√
2], ρn → ρ̄ ∈ [0, 1], (21)suh that

|αm(cn) + ρnβm(cn)| > Kn(2− c2nρn) ≥ 0. (22)In partiular,
lim
n→∞

2− c2nρn

|αm(cn) + ρnβm(cn)|
= 0. (23)From the ontinuity of αm and βm, the denominator in (23) is bounded, so that(23) implies c̄2ρ̄ = 2, and hene c̄ =

√
2 and ρ̄ = 1. Setting εn = 1 − ρn and

sn = εn
2−c2n

, we write
2− c2nρn

|αm(cn) + ρnβm(cn)|
=

1 + snc
2
n

|λm(cn)− snβm(cn)|
. (24)Passing possibly to a subsequene, sn → s̄, with s̄ ∈ [0,∞]. We note fromLemma 5.1 that βm and λm are bounded funtions of c. If s̄ ∈ [0,∞), we takethe limit in (24), so that in view of (23), we dedue that s̄ = − 1

2 , whih isa ontradition. We may handle the ase s̄ = ∞ in a similar way, with thedi�erene that we �rst divide the numerator and the denominator of the r.h.s.of (24) by sn. Then passing to the limit, we dedue that c̄ = 0, whih gives usagain a ontradition. 6



Now we are able to dedue an uniform bound (with respet to the speed)for Lc.Proposition 5.1 Let c ∈ (0,
√
2] and k = (k1, k2, . . . , kN ) ∈ {0, 1}N , with

|k| ≤ N . Then for any |ξ| ≥ 1,
|DkLc(ξ)| ≤

K(N)

|ξ||k|+2
, (25)and for any 0 < |ξ| ≤ 1,

|DkLc(ξ)| ≤
K(N)|ξk|

(|ξ|4 + 2|ξ|2 − c2ξ21)
|k|+1

(
(1− k1)|ξ|2 + k1(|ξ|4 + 2|ξ|2 − c2ξ21)

)
,(26)where K(N) is a onstant depending only on N .proof 3 From (12) and (13), with m = |k|, we onlude that for any |ξ| ≥ 1,

|DkLc(ξ)| ≤ K(N)|ξ|−3m−4|Pm,c(|ξ|2, ξ21)| ≤ K(N)|ξ|−3m−4|ξ|2(m+1),whih proves (25). To derive (26), we note that in view of (12), it is enough toprove that for any 0 < |ξ| ≤ 1,
|Pm,c(|ξ|2, ξ21)| ≤ K(N)((1− k1)|ξ|2 + k1(|ξ|4 + 2|ξ|2 − c2ξ21)). (27)If k1 = 0, inequality (27) is trivial. In the ase k1 = 1, this bound orrespondsexatly to Lemma 5.2.proof 4 (Proof of Lemma 4.3) Firstly, we notie that the ondition N ≥ 3implies 0 < α < 1, so that the set of valid pairs p ≥ 1 and q ≥ 1 is not empty.From Proposition 5.1 we onlude that, for any |ξ| ≥ 1, k = (k1, . . . , kN ) ∈

{0, 1}N , |k| ≤ N ,
N∏

j=1

|ξj |α+kj
∣∣DkLc(ξ)

∣∣ ≤ K(N)

|ξ|2−Nα
≤ K(N), (28)provided that α ≤ 2

N
, for some onstant K(N) depending only on N . On theother hand, if 0 < |ξ| ≤ 1, we set ξ = rσ, with r > 0 and σ = (σ1, σ⊥) ∈

SN−1. Then we have that |ξj | ≤ r|σ⊥|, for any j ∈ {2, . . . , N}, and also that
|ξ|4 + 2|ξ|2 − c2ξ21 ≥ r2(r2 + 2σ2

⊥), for any c ∈ (0,
√
2]. From (26), we onludethat

N∏

j=1

|ξj |α+kj
∣∣DkLc(ξ)

∣∣ ≤ K(N)
r2(|k|−k1+1)+αN |σ⊥|α(N−1)+2(|k|−k1)

r2(|k|−k1+1)(r2 + 2σ2
⊥)

|k|−k1+1

≤ K(N)max{r, |σ⊥|}α(2N−1)−2 ≤ K(N), (29)7



for any k = (k1, . . . , kN ) ∈ {0, 1}N , |k| ≤ N , on ondition that α ≥ 2
2N−1 .Finally, from (28) and (29) we have that for every 2

2N−1 ≤ α ≤ 2
N
,

sup{|ξk1+α
1 · · · ξkn+α

1 DkLc(ξ)|, ξ ∈ R
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