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Abstract

In this paper, using entropy techniques, we study the rate of convergence of non-
negative solutions of a simple scalar conservation law to their asymptotic states in a
weighted L' norm. After an appropriate rescaling and for a well chosen weight, we
obtain an exponential rate of convergence. Written in the original coordinates, this
provides intermediate asymptotics estimates in L', with an algebraic rate. We also
prove a uniform convergence result on the support of the solutions, provided the initial
data is compactly supported and has an appropriate behaviour on a neighborhood of
the lower end of its support.
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1 Introduction and main results
Consider for some g > 1 a nonnegative entropy solution of

U+ Ue=0, £€R, 7>0,
(1)

To our knowledge, two results are known concerning the convergence of the solution U
to an asymptotic state. The first one, by T.-P. Liu & M. Pierre [12] asserts that, for
every p € [1,+00),

lim 7705 |U(r) — Use(r)]lp =0, (2)

T—00
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where Uy, the so-called self-similar solution, is defined by

vre) = ()™ o<e<em

0 elsewhere

with ¢(7) = ¢ (JJuol|1/(q — 1))(‘171)/(1 71/4, Here and in the remainder of this paper, we
use the notation || - ||, to denote the L9(IR) norm. Notice nevertheless that the above
result does not give any rate of convergence in L'. A second and actually much earlier
result is due to P. Lax [11] (also see [15, 7]) and says the following. If U is the unique
entropy solution to

with f € C? near the origin, f(0) = f/(0) = 0 and f” > 0, and if Uy > 0 is of compact
support in the bounded interval (s_, s, ), then the following estimate holds:

HU(T,-)—WOO(T,-—S,)Hl:O(T_l/Z) as T — 00, (3)

where Woo(7,6) = gy 71 i 0 < € < —s_ + s, + /2[Juolli f7(0) 7'/, and 0
elsewhere. Notice that the function W (+,- — s_) in (3) is not a self-similar solution of
the Burgers equation:

Uy + 5 007 =0

unless s_ = 0. Although sign-changing initial data can be considered [12], for simplicity
we will only deal with nonnegative solutions. From now on, we assume that

qc (172]

without further notice. Our first main result is the following.

Theorem 1 Let U be a global, piecewise C' entropy solution of (1) with a finite number
of discontinuities, corresponding to a nonnegative initial data Uq in L' N L>(IR) which
is compactly supported in (§9,+00) for some & € IR and such that

. Uo(§)
liminf ———— > 0.
2258 |€ — &Y/ (a—D)
Then, for any « € (0, (Fil) and € > 0,
d
imoup = [ [U(7,6) U6 ~ )] = =0, (4)
T—+00 R |§ - §0|

If a = #, then there exists a constant k > 0 big enough such that

R
Ta—1

e
| —&ol—T

Sufficient conditions on the initial data for the existence of the solutions considered in
Theorem 1 may be found in [16] and references therein. For instance, this regularity
holds if Uy has a finite number of C! smooth regions and in each of these regions a
finite number of decreasing inflection points.

A straightforward consequence of the above result is the following corollary, which
improves (3) as soon as 1 < a(1—1/q) <= ¢/(2(¢ — 1)) < «, although it is not optimal
(see [9] and comments below).

lim sup
T—-+00 logT

[ |61 = Ut = )| g7+ &~ tox(é — )1+
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Corollary 1 Under the same assumptions as in Theorem 1, for any e > 0, there exists
a positive constant C. such that

[U(T,") = Uso(7,€ — &0)|l1 < Co7 ' (log 7). (5)

The proof of this result, and further decay estimates in weighted L' norms will be given
in Section 5. At some point, we will need a uniform estimate, which is our second main
result. Let us introduce some notations which will be usefull throughout this paper.
To a solution U of (1) with initial data Uy, we associate

qf]R Uy d¢ (¢—1)/q
q—1 '

M::/IRUO d¢ and ¢y = ( (6)

Theorem 2 Under the same assumptions as in Theorem 1,

lim sup TV |U(1,€) — Uso(7,- — &0)| =0 (7)
T=H cesupp(U(r,))

and p(7) = max [supp(U (7, ))] satisfies as T — 400
lim (1+q7) V(1) =cnr, p(r) 2 (Lqn)%en 1+0(71) . (8)

T—+00
The proof of this result is based on elementary estimates which are stated in Section 3.
Improving (2) by Holder interpolation is then straightforward and left to the reader.

The proof of Theorem 1 turns out to be very simple. It is mainly based on the two
following tools:

1. A time-dependent rescaling which preserves the initial data and replaces the charac-
terization of the intermediate asymptotics by the convergence to a stationary solution.

2. A time-decreasing functional which plays the role of an entropy, in the sense that
it captures global informations on the evolution of the solution and controls its large
time asymptotics.

Rescalings are a usefull tool in the study of the long time behaviour which has been
applied to nonlinear parabolic equations [8], hyperbolic conservation laws [12] and more
recently to various equations of nonrelativistic mechanics [5]. Recently also, time-
dependent rescalings have been widely studied in the context of nonlinear parabolic
equations, in connection with entropy methods (see [1, 2, 3, 4] and references therein).

In case of Equation (1), we are going to work directly with a weighted L' norm
which we shall interpret as an entropy, in the above defined sense. The situation is
very similar to the generalized entropy approach which has been introduced by T.-P. Liu
and T. Yang in [13]. Note that this has nothing to do with the notion of entropy which
is used in hyperbolic problems to select an entropy solution to the Cauchy problem
[10, 14].

During the completion of this paper, we became aware of a study by Y.-J. Kim, who
kindly communicated us a preliminary version of his work [9]. His approach is based
on a detailed study of special self-similar solutions. Y.-J. Kim obtains a sharp L!-norm
convergence rate and we do not. Nevertheless, we believe that our method, based on
qualitative results and global integral estimates, and our results on the convergence in
weighted norms are of interest.

This paper is organized as follows. We first reduce the problem of intermediate
asymptotics to the question of the convergence to a stationary solution by using an
appropriate time-dependent rescaling. In Section 3, we establish a result of uniform
convergence on the support. In Section 4, we derive entropy estimates and establish
the convergence in L'. Further related results are stated in Section 5. The proof of a
result of graph convergence which is needed in Section 3 but is more or less standard
has been relegated in the Appendix.
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2 Time-dependent rescaling

This section is devoted to the proof of Theorem 1. Unless it is specified, we assume for
simplicity that £ = 0, which can be achieved by a translation of the initial data.

2.1 Notions of solution, time-dependent rescaling, entropy

As a first step, we consider a time-dependent rescaling which transforms the problem
of intermediate asymptotics into the study of the convergence to a stationary solution.

Proposition 2 Let U be a nonnegative piecewise C* entropy solution of (1), whose
points of discontinuity are given by the curves &1(7) < &(7) < -+ < & (7). Then the
rescaled function

~

u(t,z) = et U G(eqt - 1),et:c) 9

is a piecewise C* function, whose points of discontinuity are given by the curves s;(t) =
e & ((e1" —1)/q), which satisfy

(u)? — si(t) u;

+
K2

T () + s;(H) ur
(8) = L Pl (10)

u
u 7

foranyi=1,2,... n. Out of the curves x = s;(t) the function u is a classical solution of
ur = (xu —u?), , (11)

and across these curves it satisfies

uy = lim u(t,z) > lim wu(t,z):=u. (12)
x—s;(t x—s5,(t
m<s7;l((t) m>s:((t)

Moreover u and U have the same initial data Uy := U(0,-) = u(0,-) =: ug. Finally, if
U € LY(IR), then, for all t > 0, we have: ||u(t)||1 = ||Uo||1-

Proof. Tt is well known, cf. for instance [14] vol. 1, page 40, that under the hypothesis
above, the function U is a classical solution of (1) out of the curves & = &(7), i =
1,---,n. These curves moreover satisfy the Rankine-Hugoniot condition

(UH) - (U;)"

€lr) = S

and, across these curves, the function U satisfies:

U~ := lim U(r lim U(r = U,
¢ £—E5() (.€) > €€ () (7€) g
£<E;(7) £>€;(7)

Now, if we consider u given by U(7,£) = R~ u(t, R71¢) with (1) = log R(7), s;(t
& (1) and 7 — R(T) given by R*"*dR/dr = 1, R(0) = 1, which means R(7) = (
q7)*4, the result follows by straightforward calculus.

Definition We shall say in the remainder of this paper that a function u is a solution
of (11) if and only if it is a piecewise C'* function whose discontinuity points are given
by a finite set of curves {s;(t)}7 satisfying (10), which solves (11) out of these curves
and such that (12) holds across them.

With this definition, if v is a solution of (11) then the function

e (1 3
U(r,&) = (1+qm)7Y v(alog(lJqu)’W)
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is an entropy solution of (1).

Consider the entropy solution of (1) corresponding to a nonnegative L! initial
data Uy such that M = ||Up|ly > 0 and the corresponding rescaled solution of (11)
with initial data ug = Up. For every ¢ > 0, let uS, be the stationary solution of (11)
defined by

2/ (@=1) <z<e,
uge () = (13)
0 ifzr<Oorz>c.

Ife=cp = (g M/(q— 1)V we call un := ulM. Notice that |[use|y = M. Based
on ul_, a relative entropy will be defined in Section 4. This entropy is the main tool

[o oh)

in the proof of Theorem 1.

2.2 Comparison results

To justify the use of the entropy, some integrations by parts and some intermediate
results on the rate of convergence, we are going to prove first some comparison results.

Lemma 3 Consider two solutions U and V of (1)
Ur=—U%e and Vy;=—(V9),

with nonnegative initial data Uy and Vo such that

Uy < Ay Vp ace.
for some positive constant Ag. Then

U(r,) < A V(AT 7, ) ae. VT eRT.

Proof. Tt is based on a scaling argument: W (r,&) = Ao V(AL '7,€) is a solution of

Wr = —(W9)e

with initial data Ap Vj. By the comparison principle for entropy solutions of (1) (cf. [14]
vol. 1, page 37), for any 7 > 0, U(7,§) < W(T,§). O

As a straightforward consequence of Lemma 3, we have the following result for u.
Corollary 4 Let u be a solution of (11) with a nonnegative initial data ug satisfying
ug < Agul, a.e.

for some positive constants Ay and c. Then
u(t,z) < A)ueP(z) ae. Vte R
Ap /(a1

i = = Ao
with A(t) = Ay D] 7D and c(t) = ¢ (A(‘;)
is supported in [0,c(t)] C [0, ¢ (max(Ag, 1)) =Y/] for any t > 0 and

(a=1)/aq
) . As a consequence, u(t,-)

(= 2"/9)4 oo < (A(t) = 1)s — 0 ast — +oc.

Proof. With the notations of Lemma 3, if v is a solution of (11) with initial data vg
such that ug < Agvg and v(t,x) = RV ((R? —1)/q, Rz) with R = €', then

q_ q_
u(t,z)RU(R . 1,Rz> §A0RV<A81R . 1,Rz>
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by Lemma 3. The right hand side is

Ao R 1 ¢
Ao RV = —F7—v|—-log(l _
0 (T;E) (1+q7_)1/q'0(q Og( +C]T)7 (1+q7_)1/q)
with 7 = A" (% — 1)/q and € = e'z. Conclusion holds with vy = uS, = v(t,-) for
any t > 0. a

We will see in the proof of Proposition 5 (c.f. the Appendix) that it is sufficient to
know that the initial data is bounded in order to obtain upper estimates like the ones
of Lemma 3 and Corollary 4.

3 Uniform estimates

In the rescaled variables, we prove a result of convergence to the asymptotic profile
(Theorem 3), which is strictly equivalent to Theorem 2 using the change of variables (9).
Recall that the initial data ug = Up is the same before and after rescaling. We need
precise estimates close to the shocks. This is the purpose of the following refined graph
convergence result (see [6] for previous results).

Proposition 5 Let ¢ > 0, M = fuo dx and consider a piecewise C' nonnegative

initial data ug with compact support contained in [0,+00), such that

lim inf 2V =Dy (z) > 0.

2>0
Then there exists a positive T such that, for any t > T, if u is a solution of (11),
(i) the support of u(-,t) is an interval [0, s(t)].
(ii) inf e (o 50y) ©/ E~Du(z, ) > 0.
(i) there exists a constant Ag > 0 such that

A ealt=1)/(a—1)
u< At)ust  with A(t) = 0¢

1 -1) °
1+Agfl(eq(t71) - 1) /(q )

(iv) for any € > 0, there exists a constant k such that, with the notations (6),
u>(1—re TyusMe.

The proof of Proposition 5 is given in the Appendix.

Theorem 3 Let u be an entropy solution of
ug + (u? —zu)y, =0 (11)

corresponding to a piecewise C'' nonnegative initial data ug with compact support con-
tained in [0, +00) and assume that
lim inf V= Doy (z) > 0.

Tz —

x>0

Then

lim  sup |u(t,z) —usD| =0,

70 e (0,5(1)
where [0,s(t)] is the support of u(-,t) for t > 0 large enough. Moreover, with the
notations (6),

tHIJP s(t)=cy and s(t)>cy —O(e™ ) as t— +oo.
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u(z, 1) (1—k e~ 1)y A(t) 24/ (a=1)
zl/(a=1)

(1—k e=at) /(1)

< uCJVI

< u(x,t)

s(t)

Figure 1: For t > 0 large enough, the two cases s(t) < car and s(t) > ey are possible.

The remainder of this section is devoted to the proof of Theorem 3. We first derive
a system of ODEs to characterize the position of the last shock. Then we prove the
uniform convergence on the support of the solution and finally get an estimate of the
behaviour of the upper bound of the support.

Lemma 6 Consider a solution uw of (11) as in Theorem 3. Let s(t) be the upper
extremity of the support of u for t karge enough and consider h(t) := lim «—. u(x,t).

z<s(t)

Then J

a8 _ pq-1 _

7 h s

(14)
dh
=h(l-(u"1),
o = h=(w)e)

where by (u4~1), we denote the quantity lim .. (U4 1), (z,1).
x<s(t)

Proof. The equation for s is given by the Rankine-Hugoniot relation. By a direct
computation, we obtain

% %U(S,t) = m( ) +Ut(5 t)
= uy(s,t) % ( uq 1) )z
= Uy (s,t) (h1™ 1_ s)+ (uz(s — hq 1)) +h(1- (uqfl)z)
where s = s(t). .

Lemma 7 Consider a solution u of (11) as in Theorem 3. Then

(u?™), < (1 — e*qt)i
in the distribution sense.
Proof. If U is an entropy solution of
Ur 4+ (U")e =0,

then it is well known (see for instance [6]) that U satisfies the entropy inequality

(U1, <

qT
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in the distribution sense. Using the change of variables (9), the result follows. O

Using the graph convergence result of Proposition 5, we obtain the following result.

Lemma 8 Let uq(x) := 22/~ and consider a solution u of (11) as in Theorem 3.
Then

(i) For any € > 0, there exists t1 > 0 such that
s(t)>cy—€ V>t

(i1) For any e >0, 6 € (0,1), to > 0, there exists t; > to such that
h(t1) > (1 — ) uso(s(t1))

Proof. First, according to Proposition 5, (iv), s(t) > ¢y — € for all ¢ > ¢, = T'. Assume
now that (ii) is false: there exists a § € (0,1) and a to > 0 such that for any ¢t > tg,

with @ =1 — (1 —§)?"! € (0,1) by (14). This contradicts (i). O
We may now extend the estimate on h to a uniform one.
Lemma 9 Assume that h(t1) = h1 > 0 for some t; > 0. Then

R(t) > hy (1 —e M)V V>t .

Proof. Using Lemma 7 and (14), we get successively

dh h

L —

dt — et —1

d
7 logh > —— 7 (log (1 — efqt))
which gives
1—e—ati\1/q

h@)zhl(l_eﬂt) Vit

This is enough to get a uniform lower bound on u.

Lemma 10 Ast — +oo, s(t) converges to car and for any n € (0,1), there exists a
t1 > 0 such that
u(t) > (1 —n)u® V>t .

Proof. First of all, let us prove that s(t) converges to cps. Integrating the estimate of
Lemma 7 with respect to x, we get

s(t) —x

1(a-1)
1_€m> —u(m,t) Vaelew—esit).  (15)

ule,t) > ((h(t»“

Integrating u on (0, s(t)) and using Proposition 5, (iv), we obtain a lower estimate for

the mass:
cM—€ s(t)
Mz(l—n)/ uoodx—i—/ v dx
0 c

M —E€
as soon as t is large enough so that xe~9t < 5. Take hg = h(t;) with the notations of
Lemma 8, (ii), and apply Lemma 9:

(h(£)71 > (1= 8)1 s(ty) (1—e )TV =ipy Vst (16)
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If there exists a ¢ > 0 and a sequence (t,)p>1 With ¢, > t1, t; given by Lemma 8, (ii),
and lim,, ., t, = +00, such that

s(tn) >em+¢ Vn>1,

then, because of (15),

s(tn) ¢ y 1/(g—1)
/ vdr > / <h(fl — 7_15) dy ,
cyr—e€ 0 1—e an +

which is bounded from below by a positive constant, uniformly in n > 1. On the other
hand, the quantity M — (1 —n) OCM_S Uso d is small for € and 7 sufficiently small, and ¢
large enough, according to Proposition 5, (iii) and (iv), which gives a contradiction.
Thus, s(t) —cpr < ¢ for any ¢ > 0, ¢ > 0 large enough, and s(t) > cps — € for any € > 0
sufficiently small, ¢ > 0 large enough. This proves the first part of Lemma 10.

On (0, cpr —€), a lower estimate on w is given by Proposition 5, (iv). We may indeed

estimate u from below using (15) (the minimum is achieved at = cpr — €):

1/(g-1)
-1 S(t) —cm +e
u(x,t) > <h(t) S e .

+

Using again (16) and the convergence of s(t) to car, we complete the proof of Lemma 10.
O

A combination of Proposition 5, (iii) and Lemma 10 proves the uniform convergence of

u to us. To complete the proof of Theorem 3, it remains to estimate s(t). According

to Lemma 10, s(t) — cps. Proposition 5, (iv) implies that
u(,t) < usl) (1+0(e™™))
which like in the proof of Lemma 10 can be rephrased into
s(t) > car — O(e™ )

(such an estimate makes sense only if s(¢) < cpr). This ends the proof of Theorem 3
and as a consequence of the change of variables (9), also of Theorem 2. ad

4 L' intermediate asymptotics

Our main tool in this section is the relative entropy X of the solution u of the rescaled
equation (11) with respect to the stationary solution u$, given by (13). For any positive
constants ¢ and ¢/, this entropy is defined by

./ !

z(t)/(f u(xﬂu(t,z)u;(zndx/Ocu|uu;|dx+/° pude  (17)

for some nonincreasing function y, which is continuous on (0,400). As we shall see
in Section 4.2, the special choice ¢/ > sup,cp+ maxyer{suppu(t,z)} and ¢ = cpr will
provide exponential rates of convergence. We finally define

flv)=v— 01

for v > 0. Note that the uniform estimate of Theorem 3 will be needed to establish the
exponential decay rate in Section 4.2.

Before dealing with the entropy, let us state two elementary properties of f which
will be needed to establish rates of decay. Let ¢ € (1,+00) and f(v) := v — v9. Then
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(i) For any v > 0,
1
[f@)] = (g = Dlv = 1] = 5 (g = 1) max(q, 2)jv — 1]* . (18)
(ii) If ¢ € (1, 2], for any v > 0,

F@) < (= Dlv =1+ 3 (¢ = Dl 1. (19)

For simplicity, we will only consider the case a € (0, q%) in the next 3 subsections and

explain in subsection 4.4 how to adapt the proof to the case a = #.

4.1 Decay of the entropy

Using the comparison results of Section 2.2, the entropy X is now well defined and
integrations by parts can be performed in order to compute its time derivative.

Proposition 11 With the above notations, consider a nonnegative solution u of (11)
with initial data ug, with compact support in [0,400), such that

up(x) < Ag /(Y vz eR*T

for some Ay > 0. Assume that limg,_o, x>0 p(x) ul,(x) = 0. Let ¢ > 0 and suppose that
the functions p'ul, and pue are integrable on (0,c¢’). Then for every fized ¢ € (0,¢'),
with ¥ defined by (17), for t > 0 a.e.,

dZ ¢ . u ¢ 1 q U
< I, c \4 _ 1/, ¢C
=< /Ou(uoo> f(ugo)’dm /Cu<uoo>f(ug;)dx

e {1 (22) |1 (D) wireren s (1)

c
where u™(c) = lm | o= u(xz). If c= ¢/, then

dx ¢
= < I(,,¢ \4
7 _/O ' (ug,)

Proof. We first notice that

(t) :/ o —uS] Musue, — Nycue | da -l-/ pu(t) de .
0 c

We assume for simplicity that u(t,.) has exactly one shock at = = s(t). Let u® =
ut(t) = ui and vF = ut(t)/u, where ul, stands for uS, (s(t)): v~ > vt and

1 S = F0T)

(1) = —(uge)rt B

If 0 < s(t) < ¢, one has to take into account the variation of s(¢) and the boundary
terms corresponding to the shock. If ¢ < s(t) < ¢/, there is no contribution of the
shock, for the following reason. Let us compute

/
’

d c y d (/S(t) p c’ . )
— nu ax — nu +/ nudr
dt J. dt \ J. s(t)

s(t)
= u(s(t))g’(t)(u—qu)Jr/ Ut d+/(t)uut dz .

10
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Using Equation (11) and integrations by parts, the boundary terms at « = s(t) sum
up to
p(s(8) 8" () (u—u™) + u(s(t) s'(t) [(wu = (u))p=s@)- — (@ = (u))p=s@y+] =0,

because of the Rankine-Hugoniot condition (10).
Consider the case 0 < s(t) < ¢. Then, with s = s(t),

’

= oy e ) dot [ det [l ()50 ]
T = [ n ), M, ] ot [ "),
+ [us)lu = use(s)] - 5'(0) |2
Jo (sl GE)l) e [ (00 ().
[l — ()] /(1) 1V

After one integration by parts, we get
dx ¢
' < /0 p' (uge)"

— p(c) T [ ‘f (cfﬁ u‘(t,c))‘ +f (07ﬁ uﬂt,c))}

()] e+ o) (om0

oo

-/ " W 7 () o+ p(e) @0 g ()

o (¢/)T-1
where
vt —1] = J[v~ — 1]

vt —o—

U™, v") = [f0h) = fv7)] -

HIf WO =17
Since v < v~, we have to distinguish three cases:

H1<ovt <v™: fv7) < flvT) <0and ¥(v™,vT) =0.

(i) vt <1 <v™: f(v7) <0< f(vh) and by concavity of f(v) = v — v?

BT 0h) = Bk fh) + 2 f(07)

v-—vt v-—ovt

<f (;f;ﬁ vt = v*) =f1)=0.

(iii) v* <v™ <1: f(v7)>0and f(vt) >0, U(v™,vT) =0.

In case s(t) = ¢, a further discussion is needed. Either s'(t) # 0, and up to a term
of zero-measure in t, we can neglect the effect of the shock in the computation of ‘%
(which is the reason why the inequality in Proposition 11 only holds a.e. in t) or

§'(t) = 0 and we are left with only the boundary terms, exactly as if there was no
shock.

The computations in presence of more than one shock are exactly the same, while the
above identity becomes an equality if there is no shock. a

Remark The term f(vt)+|f(v™)| with v* = ¢~/(¢=Y 4*(c) which appears in Propo-
sition 11 is nonnegative since v < v~ and f(vT) <0 = f(v™) < f(v") < 0.

Taking ¢ = ¢py and letting ¢’ go to +oo, we get the following estimate.

11
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Proposition 12 Let pu be a nonnegative bounded weight. If u is a solution of (11)
corresponding to a nonnegative initial data ug € L* N L*°(IR), then

+oo
lim p(x)u(t,z) de =0.

t—+o00 Cur

Proof. For any t > 0, u(t,-) is nonnegative and uniformly bounded in L!(IR) by M =
|uoll1. Since u(t,-) converges to us := uSH in L™(IR) as t — +o00 and [ u(t,-) do =
fIR Uso dz, the convergence is also strong in L1. O

However, we will see in Corollary 14 that, using Proposition 11, we can get a much
better estimate.

4.2 Rates of decay

To emphasize the dependence in «, we denote by X, the quantity ¥ in case u(x) =
|z]~®. For this special weight, we are going to prove an exponential decay of the
entropy, when ¢ and ¢’ are appropriately chosen.

Proposition 13 Assume that ¢ < cpr, ¢ < ¢ and ¢ = cpp if ¢ > c. Under the same
assumptions as in Proposition 11, if

plz) =2 V>0

for some a € (0, qiﬁ), then lim;—, 4 o X0 (t) =0 and
S, ¢ ,
T—F(q—l)aza(t)—a ™ %udr —r(d) =0(Sa(t)) ast— +oo

with r(¢') = p(e’) ()@  ((¢)~V@D y= ().
Proof. By Proposition 11,

dzoz < _a/cxfocflﬁ’q%l

’

/ (i) ] dota [ amttitny ( > ) dz + ().
UOO (& UOO

’ ’

o’ c c c
—a—14 -1 U — —a— —
/ za1+q1f<c,>dx/ xo‘udx—/ xo‘luqug/ x udr .
C UOO c c (&

On the other hand, since u/u, — 1 a.e. on (0, s(¢)), for z € (0,s(t)), we may write a
Taylor expansion of f around 1 with an integral remainder

f<u1;> —(1-¢) <u1; —1>+q(1—q)‘é—1 /01(1_9) <9é+1—9>q_2d9,

from where we get, according to (18),

On one hand,

2

/:c—a—lﬂ%l f(i)‘ dxz(qfl)zaf(qfl)/ et | 1] de
0 USs 0 use
if s(t) > c(t), and
/ ot f( Z )’ de > (¢g—1) Ea—/ wul, dz
0 Uso s(t)
s(t) 2
—(q—l)/ S Z —1| dz
0 Uso

12
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if s(t) < ¢. Thus, with ¢(t) := min(s(¢), ¢),

dx e(®) 1| 2 ¢
dta +(g-1) aXa(t)—r(d) < (q—l)/ o7 | — — 1| da+ qa/ x”%u de+x(t)
0 ugo c

where x(t) = 0 if s(t) > c(t) and x(t) := fsc(t) pul de if s(t) < e(t).
By Proposition 5, (iii) and (iv),

1‘ <0 (e—q%t) vz el0,s(t) N[0, cnr — e .

-

Combining this with the result of Theorem 3, this proves that

= —0 as t— 400, (20)
oo L>(0,c(t))
so that
¢ o (u 2 u ¢ :
/ xo‘+q1( ; —1) dr = ||— -1 / wlu —us, | dx
0 Uso Uso Lo (0,c(t)) 40
is neglectible compared to 3 (t). O

Note that the result of (20) is slightly stronger than the one of Theorem 3.
Corollary 14 Under the assumptions of Proposition 13, if c = cpy and if

suppu(t,r) € (0,) Vt>0,
then for any e > 0, there exists a positive constant Cy(€) such that
So(t) < Cy(e)e”lla=Dazdt i >,

Proof. Take first ¢ = ¢’ = ¢js. The estimate of Proposition 13 then reduces to

d Cnm
lim sup 7 <e[(q1) a=e/2t / plu — oo dx) <0
0

t——+o0

for any € > 0 or, in other words, that

Cm
/ wlu —ueo| de =0 (e*[(Q*l)afe/Q]t) .
0

As a consequence,
Cm Cn
/ |U—Uoo|dx§0%/[/ [ |u — Uso| dx < C e~ lla=1)ame/2]t
0 0

for some positive constant C'. Thus
Cm Cm Cm
/ udzZ/ Uoo das—/ |u7uoo|dzZMfCe_[(q_l)a_e/g]t,
0 0 0

which means that
¢ Cnr
/ uwdr =M — / udr < Ce lla—Da—e/2t
c 0

Now,
/ " %udx < CEIO‘/ udr < CXF Ce*[(Q*l)afe/Q]t .
C

M Cm

13
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Applying Proposition 13 with ¢ = ¢pr < supsuppu(t, ) < ¢, we get that

d
L (lla=a—e/21t 52 4 )
dt (e a(t)
is uniformly bounded, which proves the result. O

Written in terms of the unscaled problem with ¢(7) = log R(7), this means

Corollary 15 Consider a piecewise C1 entropy solution U of (1) with a nonnegative
initial data Uy which is compactly supported in (0,+00) and such that €~/(4=DUy(€)
is bounded. Then for any « € (0, #) and € > 0, there exists a positive constant Cy(€)
such that

/ |§|70¢ |U(7_7£) - Vm(Ta§)| d§ < Ca(e) (1 +q7')7°‘+6/q VT > 0.
R

where VOO(T7£) = ]lzuoo(%); with R = R(T) = (1 + qT)l/q'

Proof. We first notice that, by the hypothesis on Uy and the comparison principle,
suppU(7) C (0,¢'R(7)) with ¢’ such that suppUy C (0,¢’). This and Corollary 4
readily implies that the function u, defined by (9) satisfies Corollary 14, which gives
the conclusion when written in the unscaled variables. O

4.3 End of the proof of Theorem 1

To complete the proof of Theorem 1, we proceed as follows. First, since Uy is bounded
and compactly supported in (§p, +00), there exist positive constants A and ¢’ such that,
for all £ € R, supp Up(- + &) C (0,¢') and

Uo(€ + &) < Aug(§)
Then, by Corollary 15 applied to the solution with initial data Ug(€ + &), we obtain:

' R(T)
/0 17U (7,6 + £0) = Vio (1, )] d€ < Cale) (1 +q7) >4 V>0,

and, since the supports of Vo (7, ) and U (7, - + &) are contained in (0, ¢’ R) we deduce,

+oo
/ 7 U (7,€ + &0) = Vio (1, €)] d€ < Cale) (1 +gm)~°F/9 V1 >0,

— 00

or equivalently, for any 7 > 0,

+oo
/ € =& U1, &) — Voo(T, € — &0)| d€ < Cule) (1 + qT)foc+e/q .

— 00
Then, one has to check that it is possible to replace the function V, by the self-similar
solution Us,. But this follows from the fact that, as it is easily checked explicitly,

Eo+Crm R(T)
4 l—a £—%
/50 |€ €0| R(T)

UOO(E_EO’T)_R(lT)Uoo( )’dﬁéqu%l.
O

Remark Unless o < 1/(q — 1), we cannot replace the translated self-similar solution
Uoso(7,- — &) by the self-similar solution Uso(T,-) itself. This has already been noted
in the introduction in the case ¢ = 2. The problem is due to the fact that as T — o0,

Eo+c(T)
/ € — €017 Uso (7,€ — &0) — Uso(7, &) d§ ~ 7= (D)1

and 7(@+t1/4 = o(7=) if & > 1/(q — 1). On the contrary, for any o € (0,1/(q — 1)),
we can replace Uy (T, — &) by Uso(7,+) in (4) and (5), as it may be explicitely checked.

14
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4.4 The limit case
In order to treat the limit case a = ¢/(¢ — 1), we modify the weight and consider
w(x,t) =z~ “(at + k —logx)~'17°

with @ > ¢ — 1 and & > 0. For k sufficiently big, this weight is positive for any
t > 0 since the solution u(-,t) of (11) has a uniformly compact support. Let s(t) :=
maxger{suppu(t,z)} as in the previous sections. We choose

kE>1+1 t)) . 21
1+ og(%m ) (21)
We define ¥ as in Section 4 by (17): fo (x,t) |u(t,z) — us, (x)| dx.

1) The conclusion of Proposition 11 holds except that the weight = p(z,t) depends
on x and t, so there is an additional term:

dx “ou U a,u , u Cl@u .
< (& q _ (& q _ C
< [ ()] @ [ s () ans [ Pl i

—ntenert {7 (D) ‘f( Ec)‘}+u(c’,t)(c’)ﬁf<(g)g>-

2) Similarly, the final identity in the proof of Proposition 13 has to be replaced by

1 / %% u—ul | d
Le=(0,s(t)) /O

+C.e™ 4 +C/ p(z,t)u de +r(c)

u

Zagn(t) <
o Ta (t) <

C
UOO

for some constant C' > 0. This is a consequence of (21), (18) and (19), as can be
checked by following step by step the proof of Proposition 13.

As for Corollary 14, we obtain
Yt)<C(1+t)e

for c =c =cypy.

5 Further results

First, let us prove Corollary 1. For every 7 large enough and & € (£,& + ¢ R(7)), we
may estimate | — &o|™ from below by (¢/R(7))™: using (4), we obtain, as 7 — 400,

/1R|U(T,£)_UOO(T,€—EO)|dé-SCﬁTiﬁ )

for 6 = a(l —1/q) + . We can then choose « as close to ¢/(g — 1) as we want, which
means that we can take 8 as close to 1 as we wish. Tis ends the proof of Corollary 1.0

Remark If the initial datum Uy is supported in (&g, +00), but not compactly supported,
we do not get Estimate (5). Nevertheless, if we take ¢ = ¢’ = c¢ps in Propositions 11,
13 and Corollaries 14, 15, this gives

T—+00

o+Cr R(T)
limsupra‘e/E 1§ — &0 U(T,8) = Uso (7,6 — &0)| d§ =0 .

15
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Arguing as in the proof of Corollary 1, we conclude that for every 3 € (0,1) there is a
positive constant Cj; such that

So+Cn R(T)
/ [U(7,8) — Uso(1, € — &)| d€ < 7"
o

It is clear that Theorem 1 gives a decay rate in a weighted L' space of any nonneg-
ative solution U of (1) such that its initial data satisfies Uy = 0 on (—o0, &) for some
& € IR. If one is interested in decay rates and not in intermediate asymptotics, it is
possible to consider other weights corresponding to power laws with negative exponents.

Proposition 16 If U is a solution of (1) corresponding to a nonnegative continuous
by parts initial data Uy in L' N L° which is supported in (&y, +0c) for some & € IR,
then

(i) for any « € (0, Tl)’ if Uy has compact support in (£o, +00),

lim rq/ € — & U(r£) de = 27D pp-a(i-)
(ii) for any B > g

lim sup 741 1/ € — & |7 PU(T,€) de < +o0 .

T—+00

Proof. According to Theorem 1, the first rate turns out to be sharp since, with the
same weight, the difference U — Uy has a faster decay. Part (ii) of Theorem 1 is a

simple consequence of Holder’s inequality. Assume for simplicity that U has a single
shock at £ = S(7). Then

L fple =&l PUds =[5 e — &P UL de+ [ |6 — &l U, de
FS(IS() ~ &7 (U — U)

where U+ = limg_g(7y—o+ U(7,£). By the Rankine-Hugoniot condition,

(U - (U-)e

/ —
S(T)i U+_U_ 9

so that after one integration by parts the boundary terms cancel:

d -B = i —(B+1)
—T/Rlﬁ—«sol Ud£——6/éo |€ — & |~ P U de .

Holder’s inequality:

B(q

/le &l P U(r,€) de <1116~ &l ™5 Ullg - 1€~ 60| =7 Dauppiorll

and the fact that inf supp (U) > &y then imply the existence of a positive constant C

such that
1—q
/ € —&|PUdE < l(/ 1€ — &I Uy df) +CT
R R

which concludes the proof of Proposition 16, (ii). O

1
q—1

16



March 27, 2004 - J. Dolbeault & M. Escobedo - Scalar conservation laws

Appendix. A refined graph convergence result

This Appendix is devoted to a proof of the refined graph convergence result stated in
Proposition 5. Using very elementary computations, we introduce two families of basic
solutions in Section A.1 and then briefly sketch the proof.

A.1 Basic solutions

Consider the equation

Uy =(U%, (£7)eRxR". (1)

First case: (See Fig. 2) Let
Up = ko (§ — ag)"/™1 V¢ € (ao, bo)
with ag < by, and Uy = 0 elsewhere. Then
U(&,m) = (1) (€ = a0) /™D Ve € (an, b(7)) ,

and U = 0 elsewhere, is the unique entropy solution of (1) if
1/q
b(r) = ao + (bo — ao) (1 + Hg_lw) :

(r) = (kg g )00
This follows from the equation written for £ € (ag, b(7)), which is equivalent to

dr q

17—
clTJrq—llfv

and from the Rankine-Hugoniot condition

db

i KT (b(T) — ag) .

As a consequence, one can check that the total mass is conserved:

-1 -1
= () (b(7) = a0) 7Y = S g (b — o)/

This solution is known as the N-wave solution (see Fig. 2).

Second case: (See Figs. 3, 4) Let
Uo(€) = ko (§ —ag)/ 1 V& € (ao, bo)
Uo(§) =h V¢ € (b, o)
with ag < by < cg, for some h < kg (bg — ag)*/ (=1, and Uy = 0 elsewhere. Then
U(&, ) = A(7) (€ — a0) /™D V& € (ag, b(r))
U 7)=h V¢ € (b(7), c(7))
and U = 0 elsewhere, is the unique entropy solution of (1) if
c(t) =co+ hi 17,

R(r) = (kg T+ gqm)V/079)
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0 1

Figure 2: The N-wave solution of (1) corresponding to Uy (&) = = fﬁ 1}9,11(§) for various T > 0, in

case ¢ = %

and if b = b(7) is the (unique) solution in (bg, ¢(7) of

—1 q —1 -2
L= ()b —hb =1 ko3 — hbo — hir
q q

as long as b(7) < ¢(). This follows from the equation written for £ € (ag, b(7))

dk
dr  g—1

k1=0

and from the Rankine-Hugoniot conditions written at £ = b(7) and & = ¢(7)

db __ rY (b(T)—ao)Q/(qfl)—hq

dr = TR((r)=ao) /@ DR
de _ pa-1
dr h

(See Fig. 3 for a plot in case h < kg (bg — ag)’/ (@~ and Fig. 4 in case h = kg (bg —
ao)l/(qfl))_

T=0

o=

Figure 3: The solution of (1) corresponding to the second case with Uo(€) = rol{aq b (€) §q+1 +h Dy, co1 ()
is plotted here for various T > 0, in case ¢ = %, ao =0,bp = %, co=1h= % and ko such that f Uo(€) d¢ = 1.

U 7)
=2
T=3

1
/
Sty

0
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0 1

Figure 4: The solution with Uo(§) = 1jo1;(§) in case ¢ = 2. This corresponds to the limit situation (in

the second case) for which bp = 0 at 7 = 0 and (1) (b(7))"/ @~V = h for any 7 € (0, 70).

As a consequence, it is immediate to check that the conservation of the total mass
is equivalent to the equation for b:
g—1 q—1

— O G(r) —al(m) TR e(r) = b(7)) = ;- robo— ao) T +h? (co — bo) -

One recovers the first case in the limit ¢g = by and otherwise the solution in the second
case evolves according to the first case for 7 > 7y, where 79 is given by

1o :=1inf{T >0 : b(r) = ¢(7)}
i.e., as the unique positive solution of

_a_ g—1

—1 q
g (ko "+ qT)qTII(CO +h? T —ag)TT = 7 Ko (bo — ao) 7T + h% (o — bo)

A.2 Proof of Proposition 5

1) Note first that we do not assume that the initial data is continuous. However, using
the comparison result stated in Lemma 3, it is clear that only admissible shocks develop
for 7 > 0 (see Figs. 4, 6). Consider indeed an initial data Uy which is supported in
an interval [ag,bo] and discontinuous at & = ag. For some Ay > 0 large enough,
Uo < Ao Vo := Ap 1[4, 1], 50 that the discontinuity at § = ag disappears for any 7 > 0.
A similar reasoning allows us to handle the case of a discontinuity which is inside the
support and the case of a support made of several intervals.

2) A solution with initial support contained in an interval [ag, by] stays with support
contained in [ag, bp] as long as no shock develops at £ = by (see Fig. 5). However, by
assumption, there exists a positive constant 7 such that Up(€) > n(§ — ao)i/(qfl) =:
Vo(€). Since the solution V of (1) has a shock travelling to +o0o, U necessarily also has

a shock which develops at € = by in finite time and then moves to +oo (see Fig. 6).

3) For the same reason, any solution whose support is initially made of several intervals
has a single component support after a finite time. This proves (i).

4) The proof of (ii) easily follows, for instance by contradiction, using an appropriate
special solution (second case of Section A.1, see Fig. 7).

5) Applying the same reasoning as in 1) for some interval [ag, bg] D supp(Up), it is clear
that the function Ag 1[4, 4, =: Vo is transformed into a function V = A; Uy at time
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=0 7=04 7=0.38 _
U(E ) TS

Figure 5: A typical solution.

7T=0 7>0

<__U(§7 T)

Figure 6: Upper and lower solutions.

Uo(€)

Figure 7: Left: initial data. Right: for some 7 > 0 large enough.

7 =1 (for instance), up to some scaling, for Ay large enough (see Figs. 3, 7). We may
then reapply Lemma 3 to get (iii).

6) Using basic functions of the second type of Section A.1 as many times as necessary
(see Fig. 7) and the change of variables (9), it is then easy to obtain (iv). O

20



March 27, 2004 - J. Dolbeault & M. Escobedo - Scalar conservation laws

Acknowledgments This research was partially supported by a PICS contract (ENS
Ulm and UPV) and by the EU financed network HPRN-CT-2002-00282.

The authors thank the referee for his accurate comments and suggestions, for quot-

ing ref. [16], and especially for simplifications in Section 3 and for suggesting the
appropriate weight in the limit case a = ¢/(¢ — 1).

References

[1]

A. ArnNOLD, P. MARKOWICH, G. T0OSCANI & A. UNTERREITER, On convex
Sobolev inequalities and the rate of convergence to equilibrium for Fokker-Planck
type equations, Comm. Partial Diff. Eq. 26 (2001), 43-100.

M. DeL PiNno & J. DOLBEAULT, Non linear diffusions and optimal constants
in Sobolev type inequalities: asymptotic behaviour of equations involving the p-
Laplacian, C. R. Acad. Sci. Paris Sér. I Math. 334 no. 5 (2002), 349-440.

M. DEL PiNno & J. DOLBEAULT, Asymptotic behaviour of nonlinear diffusions,
Preprint Ceremade no. 0127 (2001).

M. DEeL PiNno, J. DoLBEAULT & I. GENTIL, Nonlinear diffusions, hypercon-
tractivity and the optimal LP-Euclidean logarithmic Sobolev inequality, Preprint
Ceremade no. 0239, Hyke no. 2002-013 (2002).

J. DOLBEAULT & G. REIN, Time-dependent rescalings and Lyapunov functionals
for the Vlasov-Poisson and Euler-Poisson systems, and for related models of kinetic
equations, fluid dynamics and quantum physics, Math. Models Methods Appl.
Sci. 11 no. 3 (2001), 407-432.

M. EScOBEDO, J. VAzZQUEZ & E. ZUAZUA, Asymptotic behaviour and source-
type solutions for a diffusion-convection equation, Arch. Rational Mech. Anal. 124
no. 1 (1993), 43-65.

L.C. EvaNs, Partial Differential equations, Graduate Studies in Mathematics 19,
American Mathematical Society, Providence, Rhode Island, 1998.

S. KAMIN, The asymptotic behaviour of the solutions of the filtration equation,
Israel J. Math 14 (1973), 76-87.

Y.-J. KM, Asymptotic behaviour in scalar conservation laws and optimal con-
vergence to N-waves, J. Differential Equations (to appear).

S.N. Kruzkov, The Cauchy problem in the large for nonlinear equations and for
certain quasilinear systems of the first order with several variables, Sov. Math.,
Dokl. 5 (1964), 493-496; translation from Dokl. Akad. Nauk SSSR 155 (1964),
743-746.

P.D. LAX, Hyperbolic systems of conservation laws, II, Comm. Pure Appl. Math.
10, (1957), 537-566.

T.-P. Liu & M. PIERRE, Source-solutions and asymptotic behavior in conserva-
tion laws, J. Differ. Equations 51 (1984), 419-441.

T.-P. Liu & T. YANG, A new entropy functional for a scalar conservation law,
Commun. Pure Appl. Math. 52 no. 11 (1999), 1427-1442.

D. SERRE, Systems of conservation laws — 1. Hyperbolicity, entropies, shock waves
— 2. Geometric structures, oscillations, and initial-boundary value problems, Cam-
bridge Univ. Press, 1999 & 2000.

J. SMOLLER, Shock waves and reaction-diffusion equations, 2nd ed., Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sci-
ences] 258, Springer-Verlag, New York, 1994.

E. TabMmoRr, T. TAssA, On the piecewise smoothness of entropy solutions to

scalar conservation laws, Comm. Partial Differential Equations 18 no. 9-10 (1993),
1631-1652.

21



