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We study the Maxwellian solutions of the stationary Vlasov—Poisson system, which describes
stationary states for plasma. We prove existence, uniqueness and regularity results for these
solutions.

Notations:

In this paper, we denote the derivative with respect to the time ¢ by J, and the
gradient with respect to the position x by J,. We do not specify the target space
for the functional spaces when it is R: LP(RV)=L?(R,R). x, is the characteristic
function of the set A. The Marcinkiewicz space L7*(Q2) is defined for all
pe]l,+ =[by

LP*(Q) = {feLi(Q) |supA - meas {xeQ| [f(x)| > A}/P < o},
A>0

1. Introduction

In this paper, we study the stationary solutions for a simple plasma model. A
plasma is a gas of charged particles interacting through electromagnetic forces. The
study of stationary solutions of several kinetic models (see Refs. 15 and 17) leads to
the Vlasov-Poisson model. The Vlasov equation is a first order partial differential
equation which describes the evolution of the density f of the plasma in the phase
space:

6,f + & 0f + (E(t,x) + Eox)) - d.f =0, V)
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where L satisfies the Poisson equation:
dvE = p P)

and E, denotes an external electric field; the spatial density of the plasma pis given
by

o) = | o fEx £ de.

The Vlasov-Poisson system (see Ref. 11) describes the state of a rarefied gas of
charged particles interacting with an external electric field £ and an electric field £
created by the particles themselves. The field £, models another species of particles
which are supposed to be stationary. This model gives a good approximation of the
dynamics of a gas of charged light particles (say electrons) moving in a background
of charged heavy particles (say ions).

The description is done at the kinetic level: f is the density of the particles which
at time ¢ and point x move with velocity & We assume that the particles remain in an
open set () and we are interested in the non-relativistic case: ¢ belongs to RV, It is
natural to assume that f is non-negative and that the solution has a finite total mass:

fnp(t, x) dx .

In the following, we restrict ourselves to the study of stationary Maxwellian
solutions of the Vlasov-Poisson system. We prove results of existence (using varia-
tional methods and representation of the solution with the Green function) and
uniqueness (using considerations of convexity) when Q is RV or when it is a regular
bounded open set of RY. These results are extensions of theorems obtained by
Dressler in Ref. 15 (case Q=R") and by Gogny and Lions in Ref. 17 (bounded
case). In appendix A, we shall go back to the model and explain why Maxwellian
solutions of the Vlasov—Poisson system are particularly interesting. We shall also
generalize our results to the case of several species of light particles (see appendix
B).

Assuming that the mean velocity of the particles (at point x) is zero (which is
natural if () is bounded and not radially symmetric), stationary Maxwellian solutions
are given (for allteR) by

ft,x, &) = m@x, &),

1 2
mx, £) = ‘(‘mm - p(x) - e~ IEIVET), & e xRN,
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where ) is an open set of RV, T is the temperature (7> 0) and of course
- , E)dE.
p(x) = JRNm(X §d¢
The problem reduces to solving the following system:
1
oyp = T (E + Ey)p,

divE = p.
Assuming that there exists a potential Uy such that
E 0= (9x UO >

it is enough to prove that there exists a potential U (with E= — J, U) and a density p
which satisfies

1
dlnp = _—']—:(ng + aUo),

-AU=p.

By normalizing p in the L'-norm (see remark 2 if there is no renormalization)

¢~ WHUYIT

P = fﬂe_(U+U°)/de ’

the problem reduces to solving the following equation:

pge " UIT
TAU= - Ty ke, (0a)
where py is defined by setting
Po = € “T s
or, replacing U by TV:
poe "
—TAV = xe)). (Ob)

TapoeVdx
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The case T#1 can be treated by the same method as the case 7= 1: in the following,
we shall suppose that T=1. We therefore have to solve
poe Y

—AU =P
Japoe Udx

(xeQ). )

Let us note that if @ = R with N=3, Eq. (1) is equivalent to

_ poe_gN*P
*" Tame wra =D

where g is the Green function

|SN-1|—1
8N=—W——z—

This last situation is a particular case of the generalized Poisson-Boltzmann-
Emden equation, which can be derived in several ways (see Ref. 2).

2. Existence and Uniqueness in RV (N=>3)

We assume that Q=RP". In the following theorem, we give an extension (see Ref.
15) of Dressler’s existence and uniqueness result (see also appendix A: the Vlasov—
Fokker—Planck model for a precise statement of Dressler’s theorem).

Theorem. Let py be a non-negative function of L(R") with N =3, such that p; is
not identically equal to 0. Then there exists a solution of the equation:
-U
Po€
—AU = ———— la
Teopne Vde (12)

in LN'W=2:=(RN) and VU belongs to LN®~1D-=(RN),

The solution is unique in L¥'™~2: *(RM), up to an additive constant. Moreover,
the following limit exists

Uo, = lim ( sup ||U”L1(B(x,1))),

r—>+o xeB(0,r+1)

and we have:

|S¥I ! poe Y

* .
i¥=2 Jr¥poe ™" dx

Ux)=U, +
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Proof:

1st step: We assume that py is a function of L!nLZ/™N*2 (RM), It is not restrictive
to assume that

[lpollL'w®) = 1

Po

lloll '™
of a positive solution of Eq. (1a) in DY(RN) = {Ve LNV=D(RN) | vV e LY RM)}.
Let us consider a function V of D'?(R") and define the functional J by setting;

(replacing of pg by does not change Eq. (1a)). Let us prove the existence

) = %fRNwVde +In (IRNpoe—de) .
J is bounded below on D2 (R"). Indeed, by Jensen’s inequality, we have
JRNPOe_de Z exp — J‘RNPde'
Hélder’s inequality ensures that
JRN po Vex < ||pol| v+ 2|V ]| 2Ry

and using Sobolev’s embedding,
(V]| p2v8-2gdy < C(N) - ||AV ] L2RY (2)
where C(N) is a strictly positive constant, we get

JRN po Vdx < C(N)|ipol| L2+ 2™ - [IVV || 2w -

We therefore have

1 2
J(V) =z ‘2“||VV||L2(R~) - C”VV”LZ(RN) )

&)

with

C = C(N) - ||pol| 2~ +2rYy,
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and consequently,
1

Let us consider a minimizing sequence (U,) <

lim J(U,) = inf J(V).
n—+ oo veD"*(RY)

It is not restrictive to assume that, for all nelN,
JU,) =J0)=0.
Using Eq. (3), we obtain
[IVUlI2®Y) = 2C  VneN.
Moreover, it is clear that
VVeDY(RYN), JW*)=JV),
and we can then assume, without loss of generality, that
Vnel, U,=0.
One can note that DY*(RY) c Hl,. (RV). Rellich-Kondrachov’s theorem ensures
that (U,).cn is strongly relatively compact in L3(R") and therefore converges
almost everywhere in R”, after extraction of a subsequence if necessary: there exists

a non-negative function U of D?(R") such that

VU, —» VU weaklyin L*RNM),
U,-U ae..

The lower semi-continuity of the L%-norm ensures that

”VU”L?(]RN) < lim 1nf|| VU,,”LZ(]RN)

n—-+w

and, using Lebesgue’s theorem of dominated convergence, we obtain

: -y, -U
lim JRNpOe uix:fRNpOe dx

n—+ o



Maxwellian Solutions of the Viasov-Poisson System 189

which proves that

JU)= inf JV).
VEDl.z(RN)

To avoid technical considerations, let us consider the more regular functional J *
defined on D?(R") by setting

1 ot
IYW) =5 | TV dx + m(fRNpoe v dx).

We have
VVeDYRYN), JWV*) =JT (V) =)
and therefore

JYWU)= inf J*W¥).
veD" (RY)

J7 is a functional of class C! on D 2(R™M):

+

—-V
JrVpoe " dx
Consequently we have
vyt
0=d/*(U)= —AU - —2¢
Tr¥poe ™Y dx
and
-U
—aU =
JrVpoe " dx
because
U=0 ae..

2nd step: The solution of the first step is unique in D?(R"). Indeed, let us define
the convex cone D * by setting

D* = {VeD"RM)|V = 0a.e.on RV} .
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By the maximum principle, every solution of (la) is non-negative and therefore
belongs to D *. As a consequence, every solution U of (la) satisfies

dit(U) = 0.
Now, we have
JTWV)=JV) VVeD™*,

and J is strictly convex. Indeed, the L?-norm is strictly convex and if we consider two
functions U; and U, belonging to D *(R") and te[0, 1], we get

In (jRNPOe—(tUﬁ'(l—t)Uz)dx) - IH(JRN(Poe‘U‘)' . (poe—Uz)“—')dx)

< tln(fRNpoe—Uldx) +(1 - t)ln(fRNpoe—Uzdx),

by Hélder’s inequality. Finally
JeU; + (1 — U,y <= tJ(Uy) + A ~ ) J(U,),

and this inequality is strict if |[VU, — VU|| 3g" # 0 and te]0, 1[.
The solution of

a7t (U) =0

is therefore unique in D : the solution of (1a) is unique in D“*(R") if p, belongs to
LinL 2N/(N+ 2)(RN).

3rdstep: In this part, we use classical results of interpolation theory in the
Marcinkiewicz spaces (see Refs. 21, 22 and 26) to prove the existence of a solution
of Eq. (1a) in the general case ( poeL '(RM)).

Let us note that the solution found in the first step (case pge L' NLZV/N*D(RNY)
can be expressed with the Green function g:
poe Y

. N
*+ ———————ge.inR
Jrpoe " Ydx ’

U=gn

where

N-1—-1
gntx) = _%‘lw—lz_-
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-U
Indeed, V = gy * T:Oee—_debelongs to DY?(R") because of
R"Po

the Hardy- Littlewood-Sobolev inequalities in L?

LetO<u<N,1<p<

. 1 1
and let g satisfy: —+—=1+—. Then
q satisfy >N p

= ColvllrrY) VvelP(RN).

e
oL

LR
Therefore:

1
1) gntx)= kW

is non-negative: v=pye  UeLP(RY), with p=

with k=|SV"1|"! and u=N—-2. poeL'nLVN+*RN) and U

szz , which ensures that
N writh =
belongs to LY(R™) with g = N_7"
L k1 PRNY _ 2N .
) | gN(x)l—m |x_|”wnh u=N-—1. veLP(R"Y), with P=N+3’ which ensures
that VI belongs to LY(RM), with g=2.
But U and V are both solutions of Eq. (1a) in D¥*(R"), and in D*(R") the solution
is unique:

u=1Vv.

poe Y
Jr¥poe ™ Y
(RM), and that VU belongs to LN/ ~D-=(R¥) because of

Since belongs to L(RY), it is obvious that U belongs to LN/V=2:=

the Hardy-Littlewood—-Sobolev inequalities in LP~:
Letpe]l, + «[. Then

If *vllr2®Y < Collfllr=®@yIVIlwy V¥V fel”*(RY)  VveL!(RV).

Therefore

-U

e
—Uy; |2 ®Y)

Po
|[|[VU||prwv-n= gty < Col Vgl LMD ®Y)  |l————p7
® & Ir'poe

= Col|Vgnl| v-v=gty,

which does not depend on U.
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Now, we only assume that p, belongs to L'(R"). Let us define p" by setting
p" = min (p, n) (VneN).

Of course p" belongs to LnLZV/W*+2(RM) and the equation

n,—U
ple

AU =-F°¢

v [r¥pe ~Vdx

has a unique solution U" in DY¥(RY), which satisfies

[[VU"|| yov=n=g¥y <

N—1 Vg | L= gy

But there is a continuous embedding of L¥'™~1-*(RM) into L9, (R") for all g in

N
(1, m[: according to the Rellich-Kondrachov theorem, there exists a function L

of LN'W~=1.*(RN) such that, after extraction of a subsequence if necessary,
U'—-U ae.inRV.
Lebesgue’s theorem ensures that
pe™V" > pge U inLY(RY),

and therefore U is a solution of Eq. (1a), which satisfies -

4th step: Let us note that LY'®~2-=(R¥) is continuously embedded in L9 (R")
N
for all ge [1, N—_i[: there exists a positive constant C such that for all function V

of LN/(N—Z),w (RN)

sup [Vl @ 1y = CIIV|| V@2 =) <
xeR

which ensures that the following limit exists

Vo= lim ( sup [IVllee 1) -

ro+o  xeB(0,r+1)°
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Moreover, if U is the solution of the 3rd step, then U, =0.
Now, if U is a solution of Eq. (1a), (U+k) is also a solution for all constant keR.
Indeed

AU + k) = AU,

and

ppe ~UR poe V- ek ppe U

Irvpoe UM dx  [rippe V- e Fdx  [ripoe Vidx

Let us prove the uniqueness of the solution (up to an additive constant). Let U; and
U, be two solutions of Eq. (1a) such that

lim ( sup |[Uillt\ge, ) = lim ( sup  |[UallL' e, 1)) -

ro+w xeB(0,r+1)° ro+o xeB(0,r+1)
If Uy=U,a.e. on [py>0], then
AU, = AU, onRV.
H meas[U;# U, and py>0] >0, it is not restrictive to assume that meas[U;> U, and

po>0]>0.
Let us compute

- .[RN(AUI — AUy) X[Ulez]dx~

The maximum principle ensures that
- J‘RN(AUI = AU) xu,zu,dx =2 0.
Using Eq. (1a), we get

- fRN(AUl — AUY) xjv,2 v, dx

-y U,

=f ( Po€ ____poe€ )XU 0y dx
R" Jr'poe "Yidy  [grépoeV2dy =t

Let us define U’ by setting, for all 1 [0,1]
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=tU1+ (1 _t)Uz-

Integrating by parts, we have

14

-4 U,

poe poe” _ (1d poe Y
- XU, zU)] = JOE{__—_I_}X[UleZ]dt:

Srpoe Urdy  [réppe Vzdy Jr¥poe ~Ydy

-0, poe U2 -u

Po€ Po€
( —-U - —U. )X[UleZ] Odt_ U
Sr¥poe ™ “rdy Ir"poe ™ 2dy Ir¥poe ™" dy

!

*U

J dt ——f]R

U X[U1>U2]f vPo€ v U, — Uy)dy
Mpoe
because, according to Lebesgue’s theorem

d
dtf NP0E Udy— —J ~POE U(Ul U,) dy.

Now, using Fubini’s theorem, we get

Ul

Jote Jyar (22w — oo = [ Ixtpoe "YUy = Uy) " dx

J&¥poe v dy Jr'poe Y dy

which proves that

t

U t
o B [ -0
RO

B fldt(fRNpoe_U X,z & fR”Poe_U(U1_'U2)d’C)
0 Jr¥poe ~Udy Tr¥poe ~Vdy

Sjldt(l . Jr¥ poe” Y (U} - U2)+dx).
0 Jrvpoe~Ydy

Finally

J' ( poe Ui poe” ¥

XUZdeSO’
fepoe Uidy  [rvpoe Uzdy) (=02l

U — Uy

b
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and therefore

J]RN (AUl - AU2) X[Ulez]dx =0 )

—U, A

J ( poe __ Poe )X[U upde = 0
R'\ [ pvpge ~Vidy Jr¥poe "2 dy o

More precisely, this last equality is equivalent to

Te¥ poe ™Y xqu 2 u,)

Ir¥poe 7U'X[U12U2] dy+ [r¥ poe” Vixpy, <u,) dy

JrY poe ™ xw,2uy)

Tr¥poe " Vxu, =y dy + IR poe ™ Vx, <uy dy

dx,
or

-U. -U,
JRNpoe ZX[U1<U2]dx'J.]RNPOe X[, =u, dx

B jRNPoe_'U‘X[U1<UZ]dx : IRNPOe_UZX[Ulez]dx'
But meas[U; = U, and py, > 0] > O:
LR” poe Vixy, 2y dx = J.RN poe Vx> v, dx
which implies
IRN POe_UZX[U1<U2] dx = LRN poe " Yxu, <y dx

and therefore
meas[U; < U,and pg > 0] = 0,
U =U, ae.on[py > 0].

Using
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0 ( poe” Y poe )
= - X[U,=U.
Jr¥poeYrdy Jr'poe Y dy =t
- ppe Y poe 2

Ir¥poe Yidy  [ripoe ~Vdy
we have

Jrpoe " Urdy

U2 = Ul + ln(
Sr¥poe "V dy

)a.e. on [py > 0]

and therefore
AU, =AU, onRV.

Using a regularization method and the Harnack inequality, it is easy to prove that
U, — U, is constant. According to the condition

lim ( sup ||UillL'ge 1)) = lim ( sup  [[Us]lL' B, 1)) >

r—+o xeB(0,r+1) ro+o xeB(0,r+1)
we have
U,=U; ae.onRV,.
The solution of Eq. (1a) is unique up to an additive constant.

Remark 1. Physically, py is the asymptotic density of the plasma when the
temperature is going to infinity (let us forget the way we obtained p, and assume
that it does not depend on the temperature). Multiplying Eq. (0Ob) by V' and
integrating over RY, we successively get (here, we assume that p, belongs to
LlnLZN/(N—Z) (RN))

g _ Jr*poVe Vix
I ||L2(RN) = [ ope Vs

>

<vpoe Vdx + [pip eV
T||VV||2 <fV_Vpo€ JRYpoVe dx'

v <
LR IR'ppe Vi
IfV = — In(fr¥poe "dx),

2 _
TV o < [ ot de =t ([ pne V).
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But

In ( fRN poe” de) = -fRN poV dx = —C||VV|| 2w
and therefore

2C
IVVIIwRY = -

¢ —2CIT < JRNPOe_de <1

Now, for all T>0, let us denote V() the solution of Eq. (0b) p'” the corresponding
density

~pD
Po€
o) =

(T) .
Ir¥poe™"" dx

Finally

[ o) = poiae
D _py™ T
SJRNPO(l—e )dx'i'fRNpOe 4 ((jRNpoe—V()dx)—l_l)dx

= 2(1 - J]RN P()C_V(T) dX)

< 2(1 _ e—ZCZ/T) ,

Pl

which proves that p=pge =" = py in LI(RY) when T goes to+ .

Remark 2. 1f we do not impose any normalization on p(x)= [g¥m(x, £)dé& Eq. (0b)
is replaced by

—TAV = pye ™V (xeQ),

and the conclusions of the theorem hold (the proof is the same). But in this case the
mass of the system is ||p||,!(r") and
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el ®Yy < lleoll'®Y) »

_ o T .
because p=pge " and V>0 a.e.. Moreover, like in remark 1, p=pye ™" —p, in

L'(R™)when T goes to + .
3. Some Complementary Results

3.1. Qs an open set of R¥N(N = 3), but is different from R"

Let us assume that p, is non-negative, belongs to L'nL2V/™+2) (Q) with N=3,
and is not identically equal to 0. We have to solve the following problem:

—AU = ——’ﬁ;— on 0) (b)
Japoe ™ “dx
with the boundary condition
U=U  ondQ.
If Q and U are such that the equation
-AW=0 onQ 4

with the boundary condition
W=U ondQd
has a solution in

DY) = {VeL®V'W-2(Q)|VVeL}(Q)}

and if U is bounded from below ((U)~ belongs to L*(dQ) or equivalently e ~7

belongs to L *(3()), then Eq. (1b) has a unique solution in D*(Q2). Indeed, by the
maximum principle, the solution W of Eq. (4) is unique and satisfies

W= inf U).

xeof)
Let us define V" and p, by setting
Vv=U-W,

p1 = poe
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p; belongs to L1nL2V/™N*2)((}) and we now have to solve
-V

Pe
—AV = ————.
Tape ™ "dx
The same method as in part 2 applies.

Let us note that if € is regular (of class C! by parts) and bounded, a necessary
but not sufficient condition for the existence of solutions of Eq. (4) is the following
condition:

UeL@N-DIN=D(5Q) .
If Q) is a regular bounded open set,
DY} (Q) = HY(Q)

and therefore, if U belongs to H'*(Q) and is bounded below, Eq. (4) has a unique
solution in H'((2). This result is an extension of the case

po=1 Vxe)

which has already been treated in Ref. 17.

3.2. CasesN =1andN = 2

The previous results can be extended to the cases N=1 and N=2, provided that
the hypotheses on pq are modified (see Ref. 2 for explicit expressions of the solution
in the case pg=1).

Case N=1

Let us assume for instance that {2=1]0,1[, and that p, is non-negative, belongs to
L1(J0,1]) and is not identically equal to zero. In this case, D"2(]0,1[)=H'(]0,1[) and
Eq. (2) has to be changed into

IV12g0ap = CQ) - [IVV2qo,1p) »

where C(1) is a strictly positive constant. The same method as in part 2 applies: Eq.
(1b) has a unique solution in H}(]0,1[), and it is not difficult to extend this result to
every bounded open set of R.

Case N=2

Here Q is even R? or a bounded set of R? (in this case, we deal with the
homogeneous problem U=0 on J(2). Let us assume that p, is non-negative, belongs
to L'nL!*#(Q) for some £>0, and is not identically equal to 0. Then Eq. (1b) has a
unique solution in
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DY(Q) = Vel 9491e L2()} .

Once again, it is enough to prove the following inequality:

_ p 1+¢
in ([ pve"a ) = inlonll e — €, LD gy
Q ool L)

where C(2, ¢) is a strictly positive constant. In fact, it is enough to prove only this for
functions of class C! with compact support. With Hoélder’s and Sobolev’s
inequalities, we obtain successively:

L)ponx < llpoll 4V 1|0+ 9cy

VL 5y = C2, VYV 140 »

and therefore
fﬂpoe Vdx = HPOHLI(Q)e =€, &) (lellreqn) ol L1ay ,

which proves the result.

3.3. Positivity, regularity, symmetry

Using the maximum principle and elliptic bootstraping arguments, one can prove
results of strict positivity and regularity. If supplementary hypotheses about py, )
and possibly U, are assumed, one can also prove results of symmetry, using the
uniqueness of the solution (for example, if (2 is a ball, pq is radially symmetric, and
U is constant, then the solution composed with a rotation is still a solution: the
solution is therefore radially symmetric).

Appendix A: Why Maxwellian Solutions?

One can derive directly Eq. (1) (see Ref. 2). In this section, we give some
motivations for studying Maxwellian solutions of the Vlasov—Poisson system as
steady states of more complicated kinetic equations. Maxwellian solutions often
appear in kinetic models which have a dissipation term. The dissipation term is even
a collision integral like the Boltzmann collision term (see Refs. 1, 5, and 8) or a
phenomenological collision term which contains some Laplacian in the velocity
variable £ (see Refs. 5, 14, 15 and 23) and is equal to 0 if and only if the solution is a
Maxwellian (if there is an entropy dissipation term, it is also equal to 0).
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The Viasov—-Fokker- Planck model

The Vlasov—Fokker—Planck model describes a plasma in a thermal bath at
temperature 7 (7 > 0). The density f is supposed to obey

Of + &0 0 + (E@ ) + E®) - of — mdive (& + 3 0) =0, (VEP)

where E satisfies Poisson’s equation:

divE = p. P)

T . .
The friction term div, (&f %—7 d¢f) imposes only the stationary solutions to be

Maxwellian. The friction parameter n (n>0) has no influence on these solutions.
To be more precise, we give here a result due to Dressler (see Ref. 15) for the
derivation of the stationary solutions of (VFP) in RY. We assume that there exist
potentials U and U such that

E = _axU and EO = _{9on.

Let UyeCKRM) for some k=1, and be at least linearly growing at infinity (as a
consequence, py is a very rapidly decreasing function). Then every weak stationary
solution feL!nL*(RM) of (VFP) can be written as a Maxwellian solution of the
(VP) system. This solution exists and is unique for 7 big enough. The proof is based
on a fixed-point method. Theorem 1 gives a generalization to all temperatures and
to a larger class of py of the existence and uniqueness result (it allows the study of
condensation problems in the limit 7—-0).

The Viasov—Poisson—Boltzmann model

The Vlasov—-Poisson—Boltzmann system (see Ref. 6) describes a plasma
interacting with an electric field (E+E), where E is the field created by the
particles themselves, but takes also the collisions between particles into account
through a quadratic collision: term:

af + & ouf + (E(v, 1) + Eo((¥) - 9¢f = O(f, f) (VPB)

where the collision term has the classical form (see Ref. 3):

QU N =0+ ) — Q- )

QN = [ ], it~ o0 fLdt.do,

f*E]R
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0-(h: 9 =[], wite~ &, 0)if.de.do

f*ER

with the notations:

f.=ftx &),
fr=ftx¢),
f.=ftx¢),

and

§=¢6-(6-§) oo,

£.=6 (- ¢) oow
and ¢ >0 a.e. One can show under technical conditions that a strong solution (see
Ref. 6) of (VPB) in an open bounded set converges in large time towards a

Maxwellian. At the limit, the collision term is null and theorem 2 applies: for all
temperature 7, there exists a unique solution.

The Viasov—-Maxwell- Boltzmann model

The Vlasov—Maxwell-Boltzmann system (see Refs. 12 and 13) corresponds to a
more complicated case, the case when the magnetic field created by the particles
themselves cannot be neglected anymore. The density f is supposed to obey

Of + & 0f + Fx, 1) - d.f = Qf. f), (VMB)
where F is the Lorentz’s force:
F(x,t) = E(x,1) + Eo(x) + £ A B(x, 1)
and the electromagnetic field (E + E,, B) is supposed to obey Maxwell’s equations:
GE — curlB = —j,
B+ curlE =0,
divE = p,

divB =0,
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where j is given by

j(63) = [ Efe.x £ de.

We will not give here a rigorous derivation of the form of the stationary states (see
Ref. 25 for a more general heuristic method). Formally, if we are interested in
searching stationary solutions like:
f(t,x, &) = m(x, &)  VteR, (x, £)eQ x RN ae.,
E(t,x) = E(x), B(t,x) = B(x) VieR, xeQae,

we can assume that

=] nf- g

”mRNQ(m,m)lnmdxdg

’ ’
m,

%Jjjfnx(RN)zst_l‘I(f' £, @) (m'm, — mm) ln( mmm

One can prove (see Ref. 4) that if m is strictly positive, we have

)dxdfdf* do.

*

Inmix, £) = ax) + b(x)é + c@)|€|*
and a, b, ¢ satisfy the following system:
(E + Eo) ‘b=20 .

dea+ 2x(E+E) +BAb=0,

d.c=10.

Using the fact that m belongs to L', we can write:

1 g2
mx, &) = Wp(x)e |§—€1'/(2T)
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with 7> 0 and where p is a non-negative L function defined on (. But
S' (E + Eo) =0

and, if we impose some technical conditions (case = RY), or if we assume (see
Ref. 5) some particular boundary conditions if () is bounded (specular reflexion, for
example, if ) is not a surface of revolution), then 7 is a strictly positive constant and
£=0. Finally, let us note that (¢AB)- d;m=0. The stationary solutions of (VPB)
(case B=0) and the stationary solutions of (VMB) are Maxwellian solutions of the
stationary Vlasov—Poisson system:

& om+ (E+Ep)-dgm=0
divE = p

with

1 g2
m(x, £) = e px)e ~EHCT)

where pis a non-negative function of L(€2) and T a strictly positive real number.

Other models

Let us mention here two other kinetic models whose stationary states are
Maxwellian solutions.

The Vlasov-Maxwell-BGK model (see Refs. 6 and 23) which is a good
approximation for the Vlasov—Maxwell-Boltzmann model when the solutions are
approximatively Maxwellian:

f + & o f + Flx,t) 9:f = f — My, (VM-BGK)
where F is the Lorentz’s force and M is the Maxwellian having the same moments

as f.
The Vlasov—Fokker—Planck-Landau model is given by:

af + & ouf + Fx, 1) d¢f = C(f), (VFPL)
where F is the Lorentz’s force and C(f) is the Fokker—Planck-Landau kernel:

(6 &) X (£—€&)
Ak

c(f) = V[ 00~ ) (1d -

{FEIVef(E) — f(&) Vef(£)1dE,

where 0 is a function going from R to R.
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Remark 3. One can replace the classical Boltzmann collision term by a modified
Boltzmann collision term, which takes some quantum effects (Pauli’s exclusion
principle) into account. The collision integral then has the following form (see
Ref. 7):

cp =[], a0 FA~ )~ o)
— £ = o) (1 = ef ) dédo,

where ¢ is a parameter proportional to Planck’s constant. Similar arguments as
before ensure that stationary solutions are Planckians and can be written in the
following form:

_ mx€)
P, €) 1+em(x, £)°

where m is a Maxwellian. The Vlasov equation being linear, the problem reduces
once again to solving the Vlasov-Poisson system for Maxwellian solution, but the
equation for the potential has to be modified.

Appendix B: Vlasov-Poisson Model with Several Species of Particles

The previous results can casily be extended to models (see Refs. 17 and 19) which
describes several species of particles (say n species of particles) interacting only
through electromagnetic forces: f' is the density of the particles of species i; it is a
function defined on R x Q x R¥ such that:

P (%) = f W Flx ) dg

is the spatial density of the particles of the species i. Particles of species i are
supposed of mass m’ and charge ¢'. Vlasov’s equation must be rewritten in the
following system:

O+ Ef + (B D) + Eo@) 0ef =0 (= 12,.m),

where
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and
divE! = &pf.

If we assume that there exist potentials U and U, such that £E= —4.U and
Ey= — d.Uy, and if we look for solutions such that

. 1 . g2 g
fie,x, &) = Wﬂ'(x)e en,

we get
n - w,+v)
_AU = Z 8‘[." i T :
P fﬂe‘s/\(Uo+U)dx
with
(Ai) -1 miTi
and
w= ”Pi”Ll(Q),
or
n )
=y cid P
ic1 fﬂploe_“udx
where
o) = e,

and the same methods as above apply. One could think that other methods are
needed to treat the case of negative charges, but this case can easily be reduced to
the case of positive charges. Indeed, let us consider the following equation:

poe?

AU = -2
Japoeldx
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Changing U into (— U), we note that it is equivalent to

-U
Po€

—AU = ————,
Japoe ™ Vdx

and finally the case of several species of particles with charges of different signs do
not provide new difficulties (see Ref. 17 for the bounded case without external
electric field).
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