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1. Introduction

One of the most important problems in the theory of integral
operators in space is the problem of elucidating the dependence
of the smoothness of the image on the smoothness of the
preimage. The solution to such a problem plays an important
role in the solvability of integral equations, their stability, and
so on. The

concept of smoothness can be formulated in a variety of terms.
One of the ways of sufficiently fine-grabbing the smoothness
of functions is the notion of generalized Holderness,
formulated in terms of the behavior of the modulus of
continuity.

Thus, one of the important questions in the theory of operators
is as follows: Let be A an operator acting in a Banach space
X and let be the modulus of continuity
o(f; h)= sup|f(x+h)- f(x)], of X .How can the behavior of

lt|<h

the modulus of continuity be characterized «(Ag, h) if the
behavior of the modulus of continuity of a function
alp; h): wlp; h)<Cyw(h) for all is known ge X, where is y(x)
a given continuous function, y(0)=0.

A similar problem can be considered completely solved for

different spaces, and also for the Holder space of functions of
one variable and power weights, when

(A2o)0)=r etz 2p) 0<a<t ([2] - [6, [8] - [13]). A
detailed review of these and some other close results can be
found in [10]. The assertion for multidimensional cases on the
property of mapping in the usual Holder and in

the Holder spaces defined by mixed differences are known [7].
Also, f generalized Hoélder space is known for the Riesz
fractional integral [13] (see also [12], Theorem 25.5).

Mixed fractional Riemann-Liouville integrals of order (e, /)

}( y o(t, 7)dtdz

188 p)xy)=—— ,
( 0% 0+ j( ) F(a)l"(ﬂ)o g)(x—t)lfa(y—r)lfﬂ
where x, y>0, @, 8<(0,1) have not been studied.

This paper is devoted to the study of certain properties of the
mixed fractional integral (1.1) in weighed generalized Holder
spaces of a function of two variables defined by a mixed
modulus of continuity.

We consider the
Q={(xy): 0<x<b,0<y<d}.

(1.1)

operator (1.1) in

2. Preliminary information and notations

When studying the properties of continuous functions of
several variables, in particular, two variables, the following
classes of functions arise:

H @1 @2, @1 :{ (p(x, y)e Co: 123(;0;5,0):0(@1(5))'

0,1 11
(9:0,0)=0(w3(0)), w(p:6,0)=Olw1(5.0) } ,

10 01
HOw @2 = {(p(xv y)eCq : @(p:6,0)=0(en(6)) @(p;0,0)= Olwr(c))

1,0
Aho ((xy),
01 0,1

o(p;0,c)=sup sup AngoJ(x,y - are the partial modulus of
x ne(0,0]
continuity of the first order, and a

11 11
w(p; 5,0)=sup sup | An,, ¢ |(x,y) is a mixed modulus of
xyyO<hS5

0<n<o

continuity of order (1,1);

10
[w](x,y):w(xm,y)—w(x, )

10
where o(p;5,0)=sup sup
y he(0,5]

01
{A 7 (/’](Xl y)=o(xy+n)-o(xy)

11
[Ah,nw}x,y):q)(mh,y+n)—¢(x+h,y)—go(x,ym)w(x,y),

o1, wp € DL, w1 e ® (definition of classes ®*and o see

below).
The following identity is valid
1,0

w(x+h,y+n>=[1§h,w]<x, y)+[Ah¢](x, )

+[°i,7 ¢]<x, )+oly) (2'1)

Definition 2.1. Let function ¢(x) is a bounded on [a, b]. The
modulus of continuity of ¢(x) is the expression

olp5)= sup lpba) -l
%y, Xp€[a, b] [xq—x,|<6

is defined for all & that satisfy the condition 0<s<b-a_
Definition 2.2. A function »(5) (0<s<b-a) is called a
modulus of continuity if it satisfies conditions
1) lim o(5)=0;

60
2) o(s) is almost increasing on (0,b—a];

3) aloy+y)<aldr)+ls);
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4) o(5) is function continuous in 5 on (0,b-a]

Definition 2.3. We denote by @ the class of functions a(5)
defined on (0,b—a], and satisfying conditions

a) «(s) is a modulus of continuity

b) ?@dts Co(5);
0

c) 5bfa@dt30w(5);
s t

d) «(5)~ @ .

11
It follows from the definition (g;5,o) that this function

belongs to @' each of the variables. In addition, we note the
inequality
11

10 01
wlp;6,0)< 2min{(o(¢;5,0),

w<¢;o.a>}

Definition 2.4. We denote by ®>}(Q) the class of functions of
two variables «(s,o) satisfying conditions:

1) «w(s,c)in & forany fixed o;

2) w(5,0)in o forany fixed .

We call this class the class of mixed modulus of continuity of
the first order of continuous functions of two variables.
In [1] was shown that the properties 1) and 2) are characteristic

for continuity modulus in the sense that for every weo!
there exist such a function ¢ Cq , that

11 1,0 01
o(g; 6,0)~11(6,0) (pi 5,0)~m(8) (p:0.0)~wr(o).
Definition 2.5. Let us denote @ the set of satisfying
(@11, @1,0)
1) (6 aplo) <t
2) aq_’l(é,a)e Cl)l’l;
3) @11(6,0)<Cmin{wy(5) @p(o)},
where C - is not envy from ay, wp, @y1.

2.2)

Let ©=(, p,011)e ® =t xdtx ™. We have introduced a

_ def
norm in A% = H(“’l @2 “’ll)space
ol =l n.ns) = max(CB2, C2, B

where
1,0 01
C(JﬁozsupM, Cg’lZSUpM,
550 @0 o0 @(0)
11
O,
ci- sup LBIE) - Jony).

>0, 0>0 wll(é‘ O') ’
Definition 2.6. We say that ¢(x,y)e H§ (Q) if o(x,y)eH?(Q)

and o(x, yﬂ x=0,y=0 = olx, yj x=b,y=d =0.

We will also make use of the following weighted
spaces. Let p(x,y) be a non-negative function on Q (we will

only deal with degenerate weights o(x,y)= p(x)o(y).

Definition 2.7. By H®(Q,p)=H®(p) we denote the space of

functions ¢(x,y) such that pge H®, respectively, equipped
with the norm

oo =loeligo

By ﬁow(p) we denote the corresponding subspaces of
functions ¢(x,y) such that

o, ¥)P(% ¥) x=0,y=0 = 9. )%, ¥) x=b, y=a =0.

Below we follow some technical estimations suggested in [11]
for the case of one-dimensional Riemann - Liouville fractional
integrals. We denote

plt.7)

B(x,y;t,7)= px.y)- P

plt,o)x-t)~*

where 0<a, <1 O<t<x<b, O<z<y<d.Inthe case
px,y)=p(x)oly) we have

B(x,y: t,7)=By(x,t)Ba(y,7)+

B0, Bl
beF 7 e

Ax)-mt) pz() 2(7)
pt)x-tf* P f)1 .
Let also

Dy(x,h,t)=By(x+h, t)—By(x,t), t,x,x+he[0,b],h>0;
Da(y, 7.t)=Bo(y+7, 7)-Ba(y, ), 7. y,y+ne[0,d], n>0.
Lemma 2.1. ([3]) Let py(x)=x*, ueR, 0<a<1. Then

where

By(x.t)= Bo(y.7)=

max(u-1,0) 1,
|By(x, t)sC[%} : @ (2.4)
max(x-1,0)
x+h h

Similar estimates hold for By(y, z) and Dy(y, », z) with

v

p2(y)=y".
Remark 2.1. All the weighted estimations of fractional
integrals in the sequel are based on inequalities (2.4)-(2.5).
Note that the right - hand sides of these inequalities have the
exponent max(x—1,0), which means that in the proof it
suffices to consider only the case x>1, evaluations of <1
being the same as for x=1.

The following statements are known, begin first proved in (see
also [12], p. 197). However, here we give a sketch of the proof
of this lemma, in order to compose the representation of
lightness for the two-dimensional case. Consider the one-
dimensional fractional Riemann-Liouville integral

(I&(/)X@z%(})&dt,x>0,0<a<l. (2.6)

Theorem 2.1. Let ¢(x) be continuous on [0, b] and let ¢(0)=0
. For the fractional integral (2.6), the estimate

® op, t
olig.oh)<ch r{%dt 2.7)

is valid.
Proof. Representing (2.6) as

Qo e@F dt 1 Xet)-e0)
(|0+¢7k) 4 IX T (atj)((p AT

=A1(X)+Az( )
Let h>0; x,x+he[0, b]. We have
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palcrn)- agle)~ 2= e s

1 Molet)-olt),
My (e
1

: @z[‘”(x _t)_(p(t)][(h T _tafl]dt =Ap+Ag+A3,

+

We have: |A1|SCa)(go;X1(X+h)a—Xa‘. In the case x<h we

have |Aj|<Ch%w(;h). Let x>h. Then

|A1] < Coolgr; x)x“[(ugja —1} < CMh :

lea

(2.8)

Since

b b . b .
Cx*Lo(p;x) < co((p;x)jta_zdxgnggo’;)dtgnggo’;)dt :
X x 17 ht™

It follows from (2.8) that
b o(e;
a)(p,t)
Aq| < Ch[—"Hdt.
| | g tZ—a
Further,

h a)((p; t) 1 a)((p; hf)
Aol < [—2 L dt=h* —d&fSChaa)((p; h),
= e M e

1

with C = j(1—§)“‘1d§ . To estimate Az we distinguish the case
0

1) x>h and 2) x<h. In the first case

h
|Ag < c{jw(f ,t)[t“—l —(h+t)“—1]dt+
0
+ )j(w(f ,t)[t“*l —(h +t)“‘1}1t} <
h

sc{h“w(f, h)+ htj)“’(%';)dt}
ht

Obviously in the second case |Ag| < Cih%e(f;h).
Estimates for Aq, Ay, Az the lead to (2.7) if we take into

account the fact that h®a(g; h) is dominated by the right-hand

side of (2.7). The latter is easily obtained in view of the
monotonicity of the function «w(g; t).

To obtain estimates of the Zygmund type in the weighted case,
we use the notation and the proof scheme from [2] and [6].
Theorem 2.2. Let p(x)=x*,0<u<2-«. If the function
f(x), x €[0,b] satisfies the condition:
1) p()f(x)eCpop) and p(x) f(X)|x=0=0;

b
2) the integral jMyf‘t)dt converges for y =max(1, n).

o t
Then estimates of the Zygmund type

h b
o(pl§, f.h)<C h‘“?’_ljmduhjmdt L (2.9)
o tV h to%
Proof. We denote this g(x) = p(x) f (x). We have
1
(18, 000 = 0.0k + b5, oo b ok ==L
(o) 0
Here the estimates for (Igﬁrg)x) are solved in Theorem 2.1.
Now consider the difference

}(B(x,t)g(t)dt.

(Jg+gkx+ h) —(Jgigkx) = F(x,h) + Fa(x, h),
where
x+h
R(x,h)= | B(x+h,t)g(t)dt,
X a
Taking into account Remark 1.1, we consider only the case
1< u<2—q. From (2.4) we have

—1
|F1|Sc><}h x+h Y (x+h-t)*
LUt t

If x<h, then

Fa(x,h) = )J(D(x, h,t)g(t)dt.

(g, t)dt.

x+h .
IR cheret [ 28 g
x tH

Using the property of almost decreasing , We obtain

o(9:1)
t
| Fl |S Chﬂ+a71x}—h a)(grt _ X) dt= Chﬂ+a71? C()(g,t) dt.
x (=34 o t¥
If x>h,then

X+h . a h .
IR ch?(xamyst [ 28D goc D GRS
x (x+h)“ g (x+t)H

h . h .
cchoyu-t[GXl) At opar@(@iXHD 4
0(X+t)”71 X+t o X+t

Further, it is clear that
h .
IR < Ch“j@dt.
0

Collecting the estimates F , we obtain the inequality for
O0fu<2-«a
h (o
| F]_ |S ChaJr?/*lJ'&}/’t)dt’ y = maX(l,,U) .
t

0
We pass to the estimate F, . Using the estimate (2.5), we obtain

-1
|Fz|scrw?[“hjﬂ
0 t

When h>x,

a(g;t)
(x+h-t) ¢

(2.10)

. h o
|y < Chet L[ 20 g o o1 20 g
o tH o tH
If h<x, then, we represent the right-hand side of (2.10) as a
sum of three terms:

h u-1
m :Chj(XJr hj
ov U

olg) dt
(x+h-tle t’

Lixeh)

[x+h]”_l dt
hoLt (x+h-t) t’

X+ hjﬂ_l

o(gt) _dt
(x+h-t)l=@ t

X
F'=Ch |
%(xm)
Then |R KR +F+F.
For the term F5 the relations are valid x+h<2(x+h-t),
therefore

t

h . h (q-
F <Ch| a’(g,t)(it <chotut jMdt.
oth(x+h-t)= 4 # o tH
For the summand, FJ we have 2t<x+h,so 1< u<2—-a we
obtain the estimate
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%(x+h)
Ff<Ch | GCH))

b u(a:
— O gr<cnj A8 g
h tﬂ(“h] e hto

2
We estimate the term F3".

oAg) _
99 <

Here t > x+h—t, therefore
c w(g;x+h—t)

, it follows that
X+h-t

X
F5'<Ch

f(

2
Because x-+h<2t. Having made the change £=x+h-t and
going back to the variable t, we get

w(g;x+h- t)
y (60 - t)“‘ ‘

b .
F3'< ch( A9 g
h t2—0:
From the estimates F5,F5,F5" follows when h<x

ho(@t)  Boa
| k| e A0 g 80 g |
o tH hto%

Thus, when 0< u<2-«a

h (q- b (-

| < C[hﬂalj%dwhj%dt} y=max(l, y),
0 h

which completes the proof.

3. Zygmund type estimates for the mixed
fractional integral

Theorem 3.1. Let peC(Q) and ¢(X, y) =[x=0, y=0=0. Then for
(1.1), we have estimates of the Zygmund type

1,1
1,1 bd
o(f:h, 77)<Clh77jj 2(¢—t’l)3dtd (3.1)
10 1,1
o (f:h,0<Cy hjmdt

t
. " (3.2)
o (f;0,7)<C3 nIMd

2B
Proof. Using the |dent|ty (2.1), we represent the integral (1.1)

in the form
@, p o0, 0x%yP x%ualy) | yPu(x)
('0+,0+‘”)(X’ V=5 "Tlra)  TA+p)

[(l+a)r1+p) +ylxy),

where

va(x)=

dtdr .

1
V)= o <P

Let h>0, x, x+he[0,b]. Consider the difference
LAOh lxy)= (x+h)* —x*
7 Te)r(p)

L1 9 Yg(x-t,y-7)-glx y-7) T+
@) o 7 (t+nf "

(xy-7)
[

+ r(a)lr(ﬁ)}( }lg(x—t, y—fﬁ;g(x, y—T)‘(t+h)a—1_tafl‘dtdr.

The following inequality is valid

1,0
[Ahf](x,y*gcumh)“ HMgﬂd N

0y

+ Mdtdf +

_ho(h+t)l_a 1-p
y1,1
+j ja)(got y—7)|(h+1)% L -t A gtde |

We make use of (2.2) and obtain

11
10 1,1 07 .
Anf {(xy)<Cy |(x+h)a—xa|w(qo;x,d)+jw(Ltl’d)dH
Ch(h+t)

x1,1 1 1
+lo(pt, d)[(h+t)* -t |dt |
0

Using the estimates Aq, Ao, Az in the proof of Theorem 2.1, it

is easy to obtain

1,1
b
[ F00y+m)— (e J “’(wz—;")d (33)
Similarly, we can obtain the estimate
1 1
b,
Oy em - ) cgnf‘”("’—ﬂ’)d (34)

From (3.3) and (3.4) follows the inequalities (3.2).
Let h,n>0 and x,x+he[ab], y,y+#7<[c,d]. Consider the
difference

11 11
[Ah,ry f](xly) [Ahnwj(x y)—klek =

:% a_a ﬁ_ ﬂ
' r(1+a)r(1+ﬂ)[(x+h) X }(y+77) yP1+
+(y+r7)ﬁ y? 0 g(x—t,y)-g(x, M g
T()l(1+ ) h (t+hye
(X gxy—0) -9 g,
r@+ar() 5, (cent?
(y+m -y/ vt e
mj[g(x t,y)—g(xy)] [(t+h) t LH
Gem®ox* ¥

p1_ p1
1—*(1+ )F(ﬁ) J[g(x y- T) g(X Y)][('["‘n) T }j‘[-{—

1,1
. 00 At —g|(X%Y)
dtdz +

(@B Zp2y (h+ )%+ o)t P

11

A —t,—7 g (Xv y)

o[ F)

+ L }/ [('[ + n)ﬁ_l - rﬁ_]'}:itdr +
D@T(B) o (h+) ¢

(1 1 xy)

ol At rg] Xy

[ [(t +hye 1o t“‘l]dtdr +
-y 7+ T)

O'—-><

1"(Ot)l"(,li')
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XY

— ] J A -z g |(x y)[(t+h)"“1—t"“1 x
r(a)r(ﬂ) T

[(r +77)ﬁ_1 —T'B_j'}itdr .
The inequality is valid

1,1
[Ah,n f](x, y) x| (y+m”? -yP |+

11
SC[w(tﬂ:X, Y (x+h)® -

11
+1(y+m)P - yﬂ|j iCAS) P dte | () = x| | “’(‘/”i’)dﬂ
o (h—1) o-o) 7
x1,1
Hy+mP -yP ot y) | (h+* -t dt+
0
y-c1,1
#lx+h-a)® —(x-a)*| | (g x-a,0|@+)f -/ dr+
0
hy 1,1
(p;t, 7)
+[ e dtdr +
00 (-0 -7
h y11
+[ [ogt, )= @+0)P =L didr +
00
xnll
+[ [ ogit, )| (h+1)* =121 (- ) Ldtde +
00
x y1,1
+[ Jo@t ) (h+)* -t 7+ )= A dtde j Each
00

term of this inequality is estimated in the standard way, and
one can obtain

11
Ahg fI(XY)
from which inequality (3.1) foIIows.
Theorem 3.2. Let p(xy)=p(X)o(y)=x"y",0< u<2-a,
0<v<2-p. If the function ¢(x,y)eQ satisfies the following

conditions:
1) w(xy) =p(x Y)e(x,y) € C(Q)and ¢p(x,Y)Ix=0, y=0="0;

<C3h77j jw((/’—’tfﬁ)dtd

b-ad-c
2) [ ] “’(‘/’O't”)dtd the
0 0 tr
y=max{l, 1}, A =max{l,v}. Then the following estimates of

Zygmund type are valid

integral  converges  for

e
10
o (pf;h,0) <Cyf K7L IMdH
0o tV
! w(t/;(ft ), (3.5)
01 11
o (pf :0.1) < C| P+ 11Md N
0 '[
' I w(wb = (3.4)

1,1

11

w(pf;h,n)<C3 hety =L, A+a 1J jwdtd +
0o t/7t

1 11
+h77ﬂ+ﬂ l'[ J‘ W(P@LT) dth+h{Z+}/—l I I C()(p(p;t,f) dtdr +
r ong t 12 B

h j j”(/’@*t'f) dtdz

(2o 2P (35)

Proof. By Remark 2.1, it suffices to deal with the case u,v>1.

Let peHP(p), so that gy(xy)=e(xy)o(xy), where
go(x.y)e HE(p) and go(x, y)x=0, y=0 =0 For
X .:X y ,D(X, y)¢o(t,r)dtdr .
M s v

We represent G(x,y) in the form

1 Xy oo (t,7)dtdz .
T@TB) | g o (x—) % (y—)tB

G(x,y) =

Xy

+[ [Byit. D)oot r)dtdr} =Gy (X, y) + G (X, Y).
00

Here the question of the estimation of the modulus of
continuity for the first term is solved by us in Theorem 3.1.
Therefore, inequalities

1,0 1,1 b~ .
o(Gy;h0)<Cy haw(%;h,d)+hjwm, (3.6)
h to
11
0,1 11 b,
(G0, < Co| w(wobn)wI 2Rec, @)

(Gihn =y b (o hn)+hnﬁf ((pot”)du

11 11
+he j“’(;"og’)d e b jt“sz‘/’o't'_f)dtd (3.8)
n

To estimate the term Go(x, y), we note that the weight being

degenerate, we have
px,y)-plt.7)=[p(x)- ptNLo(y)- o)1+ plz L p(x)- o]+
+ plthp(y)- o)) !

which leads to the following representation

Gl y)(?) zBl(X:t)Bz(yJ)fﬂo(t:f)dth

By (x,thpo (t, 7 )y — T)'B_ldtdr +

O —<<

o
0
+ 2 (Iy)Bz(y, hoolt, 7\ x—t)* Ldtdr .

where the notation (2.3) has been used. For the difference

10
[AhGZ](x,y) with h>0 and x, x+he(0,b), we have
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1,0 x+h 'y
[AhGZJ(X y)= | jBl(x+ht)Bz(y 7)o (t,7)dtdz +
x 0

+ ]'( }IDl(X, h,t)Bs (y,7)eg (t, 7)dtdr +

00

Xx+h y

R ¢0(t1’) dtdr
x 0 (y-ot”

Xy (t.7) XY 0 (t.7)Bo (v.7)
+[ D (xht)(po—dtd o[ B2 g
éc{ (y-ot 7 i (IJ (x+h-t)l~@
Xy
+[ _[(po(t,r)[(x+ h—t)a_l—(x—t)a_l]Bg(y,r)dth.
00

Since ¢y(x,0)=0 then the inequality

1,0 X+hy 1,1
AhGy [(xy)< | [IBL(x+ht)] Ba(y,7)| @(pp;t,7)dtdr +
x 0

Xy 11
+[ [1D1(x.h0) [ Ba(y.7) | @ (ep;t, T)dtdr +
00

1,1
x+hy
] j|Bl(x+ht)|“’(L’”ﬂ)dtdr+
X 0 ( )
Xy 1,1
+[ Dy 20t D) ’) dtdr +
00 (y-ot/
x+h 'y 11
] Imwz(yrndtdw
x 0(x+h- )
xyl,1
+[ ] o(pgit,r) | (x+h—t)* L= (x=t)* 1| By (y,7) | dtdr.
00
We make use of (2.2) and obtain
X+h

G2 (x+h,y) - Ga(x,y)|< J |31(X+ht)|w((/>otd)dt+

+j|D1(x,h,t)| c:)(goo;t,d)dt-i— j | By(x+h,t)] cl)((po;t,d)du
0 X

X 1,1 x+h
1D @ (ppit d)dt+ | “’(L't'f) dt+
0 X X+h t) a

x1,1 a 4
+jw((p0,t,d)|(x+h )% - (x—-t)* | dt.
0
From the estimates Aq, Ay, A3 of Theorem 2.1 and from the

estimates F, F, in Theorem 2.2, one can easily verify the
validity of inequality
Lt
1,0
[AhGZJ(x y* <C1|: ha-%—}’—lj‘wdt
0 t

+h j

h
rae y =max(l, ) .
The estimate

01
(A Gz}(x y*cz A 1! w(p@b,r)df ] w(pz(p,;) Dyl
0 T n

11
Mdt } (3.9)

tZa

is symmetrically obtained, where A =max(L,v).

11
For the mixed difference [Ah,UGZJ(x,y) with h,»>0 and

x,Xx+he[0,b], y,y+n<€[0,d] the appropriate representation

leading to the separate evaluation in each variable without
losses in another variable is as follows:

11 x+hy+n
[Ah,nGz}(Xv y)= [ [Bux+h t)Ba(y+7, z)olt, r)dadt+
Xy

Xy
+I I Dy (x,h,t)D2 (Y, 7,7)ep (t, 7)dtdz +

X+h 'y

+ jBl(x+h t)Dy (v, 7, 7)eg (t, 7)dtdr +
x 0

X +
+[ [ Di(x,h,t)Ba(y +7,7)pq(t, 7)dtdr +
0 vy

x+h y+n
+] jM ot 7)dtdz +

x y (yin-ot’
x+hy

+ J JBI(X+ht)[(y+77—r)ﬁ_l—(y—r)ﬁ_l]rpo(t,r)dtdr+
X y+n
+[ Dl(x,h,t)(ym—T)f’*lgao(t,r)dtdﬁ
0y

+ )j( }lDl(x, h,t)[(y +p-t)f 1 (y- T)/’*l]rpo(t, 7)dtdzr +
00

x+h y+n 1
+ [ [ (x+h=t)*Ba(y +7,7)¢p(t, 7)dtdr +
Xy

N (X+h—t)a_l—(X—t)a_l]Bz(y+77,r)(p0(t,r)dtdr+
0y

x+hy

+ [ j(x+h 027Dy (y, 7, 7)ep (t, 7)dtdr +
x 0

X y[ a1l a—l]
+[ [|(x+h=t) (x=t)* " Da(y,n,7)ep(t,7)dtdr.
00

The inequality is rightly

X+hy+n
j I B (x+h,t)Bo(y+n,7)x
L

<C

1,1
(A h,n GZJ(X: y)

1,1 1,1
x o (egit, 1)dtdr+j le(x h,t)Dy (Y, 7,7) @ (eg;t, 7)dtdz +

x+h'y 11
+ J' jBl(x+h t)Da (y,7,7) @(¢pp;t, r)dtdr +

x 0
X y+ 11

+[ | Di(x,ht)Ba(y +7,7) @(gp;t,7)dtdr +
0y
w+h

+ ]

X

y}ana)l(%,t,T)dth+
y (y+n- T)

hy 1
+X} fBl(XJrh t)[()“r77—T)ﬁ_l—(y—r)ﬁ_l]lw(goo;t,r)dtdr+
(3.10)

X y+n 11
+[ Dl(x,h,t)(ym—f)ﬁ*lw(goo;t,f)dtdﬁ
0y
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1
+ }( }/Dl(xv h,t)[(y -0 o(y- T)ﬁfl]la) (@g;t,7)dtdr +
00

x+h y+n 1
+ [ [ x+h=t)* " By(y+7, T)a)((po,t,‘r)dtd‘r+
Xy

X y+n 1,1
+] ] [(x+h—t)“*l—(x—t)“*l]Bz(yH;,f)w((po;t,r)dtdﬁ
0y

x+h y a
+ [ I(X+ h—t)* 7 Dy(y,7,7) a)((/)o,t,z')dtdr+
x 0

11

Xy
+[ j[(x+h—t)“ L (x=02 Dy (y.1.7) @ (pp;t, 7)dtdr],
00

We omit the details of evaluation of each term in the above
representation; it is standard via Lemma 2 1 and yields

1,1
[AhﬂGZ](X y)| < Cg| K@ 7Ly A= 1[ detdﬂr

00 tT

+hnﬂ+ﬂ 1J’ I w(P(ﬂ't T) dtdr +ha+}/ -1 J’J w(pft T)dtd +
ho t2%c% oy V¥ F

+h77j j ‘”(/’4"*‘ 2PN 4o, (3.11)

a 2=
where y =max(1, x) 1 A=max(L,v).

From the inequalities (3.11), (3.10), (3.9) and (3.6), (3.7), (3.8),
we obtain the corresponding estimates (3.3), (3.4) and (3.5).

4. Mapping properties of the mixed fractional
integration operators in the space H(p)

In this section, we give a generalization of the theorem to the
weighted.

Theorem 4.1. Let 0<a, B<1, p(x,y) = (x—a)*(y—c)",
0<u<2-a, 0<v<2-4.If w(x,y)ed@Q) and assume that

XYy Y[y /111( 7) 11
éﬂﬂ[é]trd”<cdx”
) 11 Bt

Then the mixed

1)

where  y=max(u—-10), 1=max(v-10) .

fractional integral operator Ig‘;’%Jr is bounded from the weight
space ﬁg’(p) to the space I—Tg) ap (p) with the same weight and
with the characteristic @, 5(t.7) =t*Po(t,7).

Proof. Let f=1%{¢p, where p € HY (p). we

0,0+%

will show that f e I:ig)“'ﬁ (p) . For this, it suffices to show that

1,0 0,1
Supw((ff ho)—Cl<oo, supw(;f'oln)zcz<00,
h>0 h%am(h) 7>0 17 w(n)
1,1
w(pfihn) =Ci<m.

h>0,7>0 W% ey 1(h,)

From membership w(t,z) in the class ®(Q) and satisfaction of
inequalities (4.1), (4.2) the convergence of the integrals
follows
b1l g1t
Iw(pqo,t,d)dt’ [ w(pﬁ,b,f)d H w(pfp,tyf) dtdr.
o tV 0o 00 t'7t
Therefore, there are estimates of the Zygmund type from
Theorem 3.2. Whence follows
1,0
o(pfih0) _

h%opy(h,d)

1,1
Wt Noleetd)
1
ophd)y

11
w(p(ptd)dt <
t2 a -

hl*a

o1(h.d)jy

1,1
b w(t,d)
wpg(h,d)j, t>

1,1
y-1 h”’ 1-a
h a)(t,d)dt+ h

) dte.
apg(hd)gy t7

<Cilole

0,1 -1 1,1
o (pf:0m) _ | 7 'J’w(pw:blr)dﬂ

Ponbn | enbn

1 B
a’l,l(bnﬂ)

d w(pwbr)d <
27 =

p7h o d a)(b 7)
dr
“’ll(b 77),7 '[2 B

! 1c'ol<b 7)
< C2"p¢"ﬁg’ wr1(0,7) 0 T/‘L dr+

11
o(pfihm)

hnPaa(hg)

1,1
y-1L A-1hn"’ .
h" " “’(p‘/";”) dtdr +
aa(hn) g9 t'

7LA-Ah at
h w(pqo,t 7) dtdr

T w(pw,t,r) dtdr +
aa(hm) o, 7227

wn(hn)ho 2ot

hl—(Z 1ﬁbd

w(p(p,tyf)
dtdr | <
o) g 5 t2-a 2-p 1)

-1 _1-1

h”
b o

a)(t 7)

tyT/I (ﬂa *

" /] ot L dtar +
h y 11 7-a
‘Oll( 77)0,7t T o, 77) ot

hl—a

1,1

o 1-fbd

+h11’7 [ w(t;)ﬁdtd
by N1t

It's obvious that

1,0
o (pf ;h,0)

h%ay1(h,d)
11
o(pf;h,n)

hnPay(hn)
We estimate |

0,1
o (of;0,77)

SCl"‘/’"ﬁg’(p)’ Pang(b.m)

<Calvliip(,

<Calele ) (4.3)

| of ||C(Q) . We have
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po(x—ty-n)dtdr [10]
“Px-vf(y-o)”
_ ayp] [l xéy - yshsds [11]
00 ¥ a-eHst P a-s)
Since ¢g(x,Y)Ix=0,y=0=0, then

Xy
PO T Y) = xHyY [ [
oot

10 [12]
leo(x—x&,y - ys)— @0(0, y - ys) <Cp @ (¢;1- &),

0,1
leo(x—x&,y - ys)— pp(x— x&, 0) <Cp @ (ppi1-3),

11
<Cz o(pp;1-&,1-5).

1.1
[A X(1-€),y(1-s) (Po](X, y)
[13]
It follows that

11 wp4(t, 7)dtdr
WP Y) IS o) * .
| P T Cleligg <p>£ étﬂrv(l-t)l’“(l-r)l’ﬂ

Therefore [14]
letle oy <Ml oy (4.4

From the inequalities (4.3) and (4.4) follows the assertion of
the theorem.
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