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Abstract

Capture of the discrete nature of crystalline solids for the purpose of the
determination of their mechanical behavior with high precision is of inter-
est. To achieve this objective, two fundamental contributing factors are on
top of the list: (1) formulation in the mathematical framework of an appro-
priate higher order continuum theory rather than using classical treatment,
and (2) incorporation of the true anisotropy of the media. The present work
revisits Toupin-Mindlin first strain gradient theory for media with general
anisotropy, and then specialize it to cubic crystals of hexoctahedral class.
This formulation in addition to 3 classical material constants encountered in

classical theory of elasticity, gives rise to 11 additional material parameters
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peculiar to first strain gradient theory. To date, there is no experimen-
tal method in the literature for the measurement of these parameters. A
methodology incorporating lattice dynamics is proposed, by which all the
material parameters including the classic ones are analytically expressed in
terms of the atomic force constants. Subsequently, the analytical expressions
for the nonzero components of the 4" and 6" order elastic moduli tensors
as well as 6 characteristic lengths are derived. Finally, with the aid of ab
initio calculations all the material properties in Toupin-Mindlin first strain
gradient theory are numerically obtained with high precision. In this work
the transformation matrices of cubic crystals of diploidal class which also
falls under centrosymmetric point groups are discussed as well.

Keywords: first strain gradient theory, cubic crystals of hexoctahedral

class, lattice dynamics, atomic force constants, ab initio calculations

1. Introduction

Design and fabrication of miniature structures, micro- and nano-objects
with a desired precision require the incorporation of appropriate highly ac-
curate analysis. It is well-known that, the accuracy of classical continuum
theory of elasticity for describing the mechanical behavior of nano-sized struc-
tures is insufficient. Moreover, not only its accuracy in the vicinity of the
nanoscopic defects deteriorates, but also it is incapable of capturing the size
effect of such nono-sized embedded second phase as nano-inhomogeneities
and nano-voids. The desire to increase the accuracy of solution through ac-
counting for the discrete nature of matters, turned the attention of some

prominent investigators, primarily in the period of about 1960-1975, towards
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the development of various higher order continuum theories. Despite the fact
that such theories, due to their ability to remedy the aforementioned dilem-
mas, are nowadays in the spotlight, some serious challenges as how to obtain
the associated material properties are posed. Herein, we mainly focus on first
strain gradient theory for cubic crystals of hexoctahedral class and calculate,
in this mathematical framework, all the pertinent material parameters and
the components of the elastic moduli tensors.

The first generalization of the classical theory goes back to the nineteenth
century. Voigt (1887, 1894) was the first to note that on each face of a dif-
ferential volume element inside a body, in addition to the action of 3 stress
components, there are also 3 moment vectors. Although Voigt’s works being
the pioneer of this theory, the first comprehensive theory was later presented
by Cosserat and Cosserat (1909). In their proposed theory, they assumed
that each point, in addition to the 3 translational degrees of freedom consid-
ered in classical theory of elasticity, possesses 3 rotational degrees of freedom
as well. Appearance of couple stresses in the equations of motion within
Cosserat media is a manifestation of consideration of the additional degrees
of freedom. In contrast to classical theory of elasticity, it turns out that the
pertinent stress tensor for Cosserat media is not symmetric. From a different
point of view, each point of a Cosserat medium has the degrees of freedom
of a rigid body. The orientation of any such point is mathematically repre-
sentable by the values of a set of 3 orthogonal unit vectors, referred to as
“directors” of an “oriented medium” by Ericksen and Truesdell (1957). More
generally, if the directors are stretchable and are not restricted to remain mu-

tually orthogonal, then the theory leads to the mechanics of elastic oriented
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media with “microstructure”, considered by Mindlin (1964) for linear elastic-
ity. Toupin (1964) noted that in Cosserat continuum theory, if the rotation
of a point is set equal to the local rotation of the medium, then the theory
collapses to the couple stress theory of Toupin (1962), Mindlin and Tiersten
(1962), and Grioli (1960). This theory is also known as “Cosserat theory
with constrained rotation”, which is a subclass of a more general theory for
non-simple materials of grade 2. A material is referred to as “grade N” if the
order of the highest position gradient in its energy density function expres-
sion is equal to N. For such materials, Toupin (1964) expressed the strain
energy density function in terms of 6 components of the strain tensor and
18 components of the first gradient of strain tensor. Toupin’s formulation
was developed for nonlinear elasticity. The linear version of the theory was
presented by Mindlin (1964) in three forms and later elaborately by Mindlin
and Eshel (1968) but limited to isotropic media. In the latter work which is
developed for isotropic materials, in addition to the usual Lamé constants,
A and p, gives rise to 5 additional constants and 2 characteristic lengths.
Theory of grade 2 materials in Toupin (1964) is referred to as the first strain
gradient theory in Mindlin and Eshel (1968). With due attention to the con-
tributions of Toupin (1964) and Mindlin (1964), hereafter, theory of grade
2 materials is referred to as “Toupin-Mindlin first strain gradient theory”.
As it was alluded to, such higher order continuum theories as first strain
gradient theory are necessary for a highly accurate analysis near defects and
capture of size effect. However, in utilizing these theories, some difficulties
arise due to the lack of knowledge about the material properties as well as

the challenges for obtaining them. The complication in obtaining all the ma-
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terial parameters worsens if the actual crystal symmetries are appropriately
accounted for.

Although, the simplistic assumption of isotropy for the behavior of the
existing elements is merely for the convenience of carrying out an analytical
solution, for certain problems but not always has led to useful estimates
of the actual model. If the principle feature of interest is to capture the
effect of the discrete nature of matter with high precision, such a simplistic
assumption is not reliable and, hence, accounting for the complete symmetry
group of the element of interest is inevitable. The matrix representation
of first strain gradient theory for different elastic symmetries was given by
Auffray et al. (2013). The main objective of this work is to develop a remedy
for the computation of all the material parameters of the cubic crystals of
hexoctahedral class that are realized in the mathematical framework of first
strain gradient theory. In contrast to the work in Mindlin and Eshel (1968)
which has formulated first strain gradient theory for isotropic media, the
present work first extends it to general anisotropy, and then simplify the
formulation for the case of cubic crystals of hexoctahedral class. It will be
shown that, the current formulation falling in this symmetry group results
in 3 classical constants and 11 additional material parameters, as oppose to
the treatment of Mindlin and Eshel (1968) in which 2 Lamé constants and 5
additional material parameters are involved. The current work gives rise to
6 characteristic lengths in terms of the classical and additional parameters,
whereas the latter work involves only 2 characteristic lengths. Furthermore,
all the nonzero components of the 4 and 6" order elastic moduli tensors

are also represented in terms of the classical and additional parameters. It
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should be noted that hexoctahedral and diploidal classes are the only two
centrosymmetric classes of cubic crystals. Some discussions on the symmetry
groups of diploidal class will also be given.

Although, the current work is concerned with the extension of Toupin-
Mindlin first strain gradient theory to cubic crystals of hexoctahedral class
and the determination of the pertinent material constants, we briefly make
note of some contributions on gradient theories for elastic solids. Plasticity
is out of the scope of the current study and, hence, to avoid distracting the
reader from the main theme we have refrained ourselves from discussing gra-
dient theories on plasticity. A scrutiny of the literature reveals that there
are an abundant amount of literature on various forms of gradient elasticity.
Much efforts have been given towards the development of simpler versions,
so that the corresponding governing equations are more convenient to work
with, (Altan and Aifantis, 1997; Askes et al., 2002; Lazar and Maugin, 2005;
Metrikine and Askes, 2006). Lazar and Po (2015) give a simplified version
of first strain gradient theory, but for anisotropic media. For a more com-
prehensive literature on various simplified versions of gradient theories, one
should consult the works of Askes and Aifantis (2011), Cordero et al. (2016),
and Polizzotto (2017). Establishment of some type of relationships between
certain simplified strain gradient continuum and discrete models have also
been proposed in the literature, (Askes et al., 2002; Metrikine and Askes,
2006). Polyzos and Fotiadis (2012) have related both first and second strain
gradient theories in their original forms to an atomistic model except for
one-dimensional case. Lam et al. (2003), associated with simplified gradient

theory measured the pertinent gradient constants experimentally; the exper-
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iments were carried out on the epoxy cantilever beam. Danescu and Grenet
(2012), combining continuum and discrete models have obtained the gradient
constants of certain gradient theory.

In general, the determination of the material characteristic lengths and
additional elastic constants corresponding to any type of higher order math-
ematical framework via laboratory experimentation is quite tedious. On the
other hand, some theoretical approaches which are based on a combination
of the higher order continuum theory of interest and the atomistic features
of the pertinent crystal have been promising, (Shodja and Tehranchi, 2010;
Shodja et al., 2012, 2013; Ojaghnezhad and Shodja, 2012, 2013; Admal et al.,
2017). This paper aims to present an atomic model of cubic crystals in the
context of Toupin-Mindlin strain gradient elasticity and subsequently com-
bined with ab initio density functional theory (DFT) calculations, extract
the elastic constants and the characteristic lengths for some crystals falling
in the hexoctahedral class.

Previously, some theoretical approaches for the calculation of various ma-
terial parameters pertinent to different continuum theories in their original
forms and without any simplifying assumption have been given. For exam-
ple, Shodja and Tehranchi (2010, 2012) presented an analytical procedure
to estimate the characteristic lengths for face-centered cubic (fcc) crystals in
first strain gradient theory by utilizing many-body long range Finnis-Sinclair
potentials (Finnis and Sinclair, 1984). Shodja et al. (2012) applied this pro-
cedure to calculate the additional constants for second strain gradient theory
which is suitable for capturing the surface effect. Later, by using ab initio

DFT calculations Shodja et al. (2013) determined the elastic constants in
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first strain gradient theory for isotropic media. In their work the additional
constants were related to the elements of Hessian matrix obtained from ab
initio DFT. Ojaghnezhad and Shodja (2013) employed ab initio calculations
based on DFT and calculated the additional constants pertinent to the sec-
ond strain gradient theory for isotropic media. They also calculated the
modulus of cohesion and surface energy. Recently, Admal et al. (2017) ex-
tended the work of Shodja and Tehranchi (2010) to the case of anisotropic
media. Utilizing empirical potentials and first strain gradient theory, they
presented some analytical expressions for the corresponding components of
the elastic moduli tensors associated with anisotropic media.

The present paper is organized as follows. Section 2 consists of 3 sub-
sections. In Section 2.1, the equations of motion, constitutive relations, and
boundary conditions are presented for materials with general anisotropy. Sec-
tion 2.2 discusses the transformation matrices associated with two centrosym-
metric classes of cubic crystals. Then the constitutive relations and equations
of motion are specialized for cubic crystals of hexoctahedral class. In Section
2.3, for the cubic crystals of hexoctahedral class, the conditions of positive
definiteness of strain energy density function are discussed and some inequal-
ities pertinent to the constraints associated with the classical and additional
constants are obtained. In Section 3, the equation of motion as well as the
strain energy density function in first strain gradient theory are conformed to
the theoretical framework of lattice dynamics. Section 4 consists of subsec-
tions 4.1 and 4.2. Section 4.1 is devoted to the analytical derivations of the
elastic constants, characteristic lengths, and additional constants in terms of

atomic force constants. In Section 4.2 with the aid of ab initio DFT calcula-
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tions the elements of the Hessian matrix are obtained for 7 cubic crystals of
hexoctahedral class. Subsequently, all the material parameters pertinent to

Toupin-Mindlin first strain gradient theory are numerically computed.

2. Toupin-Mindlin first strain gradient theory for the cubic crys-
talline solids: discussion on the associated elastic moduli tensors

and the characteristic lengths

The specialization of the well-known first strain gradient theory of Toupin
(1964) to linearly elastic isotropic materials leads to a formulation which is
also discussed in the general microstructure theory of Mindlin (1964). In
this simplified case, besides the usual Lamé constants, there appear 5 addi-
tional constants. These constants give rise to 2 characteristic lengths which
enter into the equations of motion. Even under the assumption of isotropy,
the experimental measurements of the mentioned additional parameters and
characteristic lengths poses serious difficulties. For this reason attention
has been given to the theoretical evaluation of these constants, (Shodja and
Tehranchi, 2010; Shodja et al., 2013).

In reality no elements are known to exhibit a truly isotropic behavior.
In this section, first strain gradient theory is developed for centrosymmetric
cubic crystals of hexoctahedral class which is of importance in a wide range
of practical engineering applications. For self-containment, a brief review
of first strain gradient for materials with general anisotropy is given in the
following section. This will include the introduction of notations and basic

equations needed for the subsequent developments given in this work.



Pre-print of "H.M. Shodja, H. Moosavian, F. Ojaghnezhad, Toupin—Mindlin first strain gradient theory revisited for cubic crystals of
hexoctahedral class: Analytical expression of the material parameters in terms of the atomic force constants and evaluation via ab initio DFT,
Mechanics of Materials, Vol. 123, 2018, pp. 19-29, https://doi.org/10.1016/j.mechmat.2018.04.012.

2.1. First strain gradient theory for anisotropic materials

The most general form of the strain energy density associated with first

strain gradient theory is given by:

1
W = bjj€ei; + diji€iji + ECijklﬁszkl + fijkim€ij€him + §aijklmn€ijk€lmna (1)

in which ¢;; and €;;;, are the second and third order strain tensors, respectively,

and are defined as

€ij = 5(3:16]- + axi) = 5(“%3 + ), (2a)
8210]@

(2b)

€ijk = M = Uk,ij,
where u is the displacement field. The expression for €;; has been repre-
sented in 3 different forms by Mindlin and Eshel (1968). Eq. (2b) is the
so-called form (I) of first strain gradient theory. Comma “” in the index
denotes differentiation as noted above. Assume that when the strain field
is identically zero within the body implies that the stress field is zero, and
consequently b;; = 0 and d;;, = 0.
In Eq. (1), ciji is the traditional 4 order elastic moduli tensor and
fijkim and @;jpmn are the higher order elastic moduli tensors. For hyper-

elastic materials, the corresponding second and third order stress tensors, 7,

and p,e known as Cauchy and double stresses, respectively, are obtained as

below:
ow
Tpq = 73— = Cpaij€is T [paijh€ijh, (3a)
Oépq
ow
Ppgr = 72— = fijpgr€ij T Qpgrijk€ijk- (3b)
Oépyr

10
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In view of the symmetry of the strain tensors, €;; = €;; and €;;, = € it can

readily be concluded that:

Cijkl = Cklij = Cjikl = Cijlk, (4a)
fijkim = Fiikim = fijtem, (4b)
Qijklmn = Umnijk = Ajikimn = Qijkmin- (4C)

Thus, for hyper-elastic solids the number of the independent components
of the elastic moduli tensors, ¢, f, and a reduces to 21, 108, and 171, re-
spectively. It should be noted that for the centrosymmetric materials the
5" order elastic moduli tensor, f vanishes. According to Mindlin and Eshel
(1968), in the absence of any body forces the stress equations of motion in

the first strain gradient theory has the following form:
Tk — Mijk,ij = Plk, (5)
Py = n;mj — 209 (wijr) — ningD(pige) + pijr(Zi(ma)ning — Z5(ni), - (6)
Ry, = nynjpiji, (7)

where p is the mass density and n; is the ith-component of the unit nor-

mal outward to the surface. i, = % is the second derivative of the kth-

component of the displacement field with respect to time. P, and Ry are the
kth-component of the traction and double traction vectors, respectively. D

is the normal derivative defined as:
D¢ = np 4, (8)
and ¥; is the ith-component of the surface gradient:
Dip = —n;Dy. (9)

11
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By combining Egs. (2), (3), and (5), the displacement form of the equations

of motion for hyper-elastic centrosymmetric material is obtained:

CiipqUp,jqg — QkjipgrUr,jkpg = PUi- (10)

Mindlin (1968) has obtained the closed-form expansions for the elastic moduli
tensors ¢ and a associated with the cubic crystals of hexoctahedral class.
Unfortunately, his representation of the tensor a does not have the required
Symmetry aijrpgr = Gjikpgr- 1ts correct form will be derived in the Section 2.2.
Mindlin (1968) by comparison of the equations of motion associated with the
simple cubic element obtained based on lattice model of Gazis et al. (1960)
and those based on first strain gradient theory derives some expressions for

the corresponding additional constants in terms of the atomic force constants.

2.2. 4" and 6™ order elastic moduli tensors for cubic structures of hexocta-

hedral class

Mindlin and Eshel (1968) presented the first strain gradient theory for the
simplified isotropic materials and introduced 2 characteristic lengths. How-
ever, no natural crystals with isotropic structures are known to exist. In
this section, first strain gradient theory is developed for the large class of
centrosymmetric crystals of cubic structure. It should be noted that cen-
trosymmetric cubic crystals exist in two point groups, hexoctahedral and
diploidal indicated by Hermann-Mauguin symbols, 4/m32/m and 2/m 3,
respectively. Let the Cartesian coordinate axes x, y, and z to coincide with
the cubic crystal directions, [100], [010], and [001], respectively. Based on the
order of the Hermann-Mauguin symbols in point groups presented by Tilley

(2006), the transformation matrices corresponding to the symmetry elements

12
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of the point groups are Q’, Q'!, and Q"' for diploidal and Q’, Q", Q"'

Q"Y, and Q" for hexoctahedral class:

-1 0 0 10 0 0O -1 0
Q=0 -10],Q@"=|0o1 0o[,.Q@"=[0 0o -1],
0O 0 1 00 -1 -1 0 0
01 0 COS(%) —sin(%) 0
Q=10 0|,Q"= sin(%) cos(%) 01> (11)
00 -1 0 0 1

where n is an arbitrary integer. According to the Neumann’s principle, the
symmetry elements associated with the 4" and 6 order elastic moduli ten-
sors of the crystalline solids include the symmetry elements of the point group
of the crystal. The symmetries of the 4" and 6 order elastic moduli tensors

associated with the centrosymmetric cubic crystals are such that:

Cijkl = Qinijerlscpqrsa (12&)
Qijllmn = Qinijerlsttana'pqrstz- (12b>
This work is, in particular, concerned with the centrosymmetric cubic crystals
of hexoctahedral class and, thus, in Egs.(12a) and (12b), @;; is an element of

the corresponding Q°, a = I,1I,...,IV. By accounting for the symmetries

of ¢;ji as indicated in Eq. (4a) and the condition (12a), it can be shown that:
Cijit = (01 — g — 203) 0y + @200k + 3(0ir0j1 + di0ji). (13)

That is, ¢;ji has 3 independent constants, «;, ¢ = 1, 2, 3. In the above

expression d;;; is unity if all indices are equal and zero otherwise. For the

13
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special case where oy = A + 2p, ap = A, and a3 = p the coefficient of 0;;x
vanishes and the resulting expression for c;;i; corresponds to the isotropic
4" order tensor. By the same token, consideration of the symmetries noted
in Eq. (4c) and condition (12b) leads to the following expression for the 6"

order elastic moduli tensor associated with the hexoctahedral class:

Wijkpgr = 1(0ip0;rOkq + 0ir0ipOig + 0ig0jr-Okp + 0ir040kp)
+ a9 (8ip0;90kr + Gig0ipOrr)
+ a3(0ik0jp0qr + 0ik0jg0pr + O0gr0k0ip + 0ig0kpr)
+ a4(6w<$kp6qr + 0i0kqOpr + 0j10ik0pg + 0ir0;1k0pq)
+ a5(00py0kr)
+ a6(8;40ikpr + 0ipOikgr + dipOikgr + digOikpr)

+ a7(Okq0ijpr + Okpdijgr + 0irOikgp + 0irOikpg)

+ as(0krdijpq)
+ ag(0pg0ijkr + 0ijOkpgr)
+ a10(0gr0ijkp + OprOijkg + OikOipgr + 0jk0ipgr)

+ a110ijkpgr- (14)

where 0;jkper is unity if all indices are the same and zero otherwise. For
materials with general anisotropy, formulation in classical theory involves
only the 4% order elastic moduli tensor. In contrast, from Eq. (10) it is clear
that, formulation in first strain gradient theory, in addition to c;jz;, gives rise
to the 6" order elastic moduli tensor, @ijkper as well. This tensor provides
further refinement and details about the atomistic structures of the crystal.

Now, as seen from Eq. (13) for any cubic crystals the determination of the

14
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components of ¢;;i; rests on the calculation of 3 constants, oy, as, and as.
But the number of constants on which the components of a;jiper depends
upon, varies with the class of the cubic crystals. For example, from Eq. (14)
it is seen that for cubic crystals of hexoctahedral class the components of
@ijepgr are related to 11 independent constants, aq, ag, ..., a1;. Whereas
cubic crystals of diploidal class have 17 independent constants; the current
work, however, is not concern with this class of crystals. Such constants as
ai, as, ..., a;; which enter the formulation in addition to the constants like
a1, g, and ag in classical context, are often referred to as “the additional
constants” in the literature. In the present paper, classical and the additional
constants will be related to the atomic force constants in lattice dynamics.
By Substitution of Egs. (13) and (14) into Eq. (10), the equations of
motion for the hexoctahedral cubic crystals in the mathematical framework

of first strain gradient theory are obtained:

(2 + 203) (1 = BV?)uy 45 — as(1 = 3V?) (w55 — wi )

— Q3 (lgun,jklmfsnjklmi + li(uj,klmiéjklm + Uj jtmnOimni) + lgui,jkzm(sjkzm)

+ (o1 — ag — 2a3) (1 — IEV?)u; e biju. = pis, (15)
where

4(ay + a3 + aq) + 2as + as

? = 16

! oy + 2003 ’ (162)
2a9 + as

p=-=_ 16b

2 a3 ) ( )
a1

2 =2 16

3 Qs ) ( C)
2

2 - (aloa—j“?) (16d)

15
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asg
2 == 16
5 043’ ( e)

2(2
o 22 tay) (166)

a1 — Qg — 2003

In the above relations, [;’s, ¢ = 1, ..., 6 have the dimension of length and
are the so-called “characteristic lengths”. It is noteworthy to mention that,
for isotropic materials a; = 0, ¢ = 6, ..., 11, and consequently the number
of nonzero characteristic lengths reduces to just two, [; and [5.

The elastic constants, a;, ¢ = 1,2,...,11 and a1, as, and a3 are not
completely arbitrary. The plausible constants are such that the physical
condition of thermodynamically stable material subjected to any arbitrary

strain field is met.

2.3. Positive definiteness of the strain energy density function

With due attention to the discussion in Sections 2.1 ans 2.2, for a cubic
crystal of hexoctahedral class the strain energy density function (1) reduces
to:

W = §Cijkl€ij€kl + §aijklmn€ijk€lmn- (17)

Using Voigt notation to represent ¢ and a, the above expression may be

rewritten as

1 1
Wzécagxaxg—kiaw\yﬂ,yk, a,f=1,---,6 and v, A=1,---,18.

(18)

in which the strain tensor and its first gradient are represented in the vector

forms @« and y, respectively. After some manipulation, Eq. (18) may be
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rewritten as:

1/1 1,
V=3 (A_lg A A2€2 A )
1 2
+- (= 19
s (50 mEd et ) (19)

where &, 1 =1,2,...,6 and (;, + = 1,2,...,18 are given in the Appendix.

The matrix representations of c,s and a., and their relations, respectively,
to A;,1=1,2,...,6 and B;, i =1,2,...,18 are also given in the Appendix.

The strain energy density function W given by the expression (19) is
positive semidefinite if and only if A;, i =1,2,...,6 and B;, i =1,2,...,18

are nonnegative. It is positive definite if
a1 > 0, a1 — Qg > 0, a1 + 209 > 0, g > 0, (20)

for 4*" order elastic constants and:

as > 0, as —ap > 0, as + 2a; > 0, (21a)
dy > 0, dy — as > 0, dy (CL5 + d4) > ng > 0, (21b)
(d4 — a5) (dﬁ — ag) > (d5 — &4)2 > 0, (21C)

(az + dg) <d1 (a5 + dy) — 2d§)

+ (a4 + d5) <4d2d3 — d1 (a4 + d5) ) > 2d§ ((15 -+ d4) . (21d)

for 6! order elastic constants. The constants di, ..., dg are linear combi-
nations of the additional elastic constants and are given by Eq. (70) in the

Appendix.
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Thus far, we have revisited the first strain gradient theory for the cubic
crystals of hexoctahedral class and, in this framework, developed the equa-
tions of motion, gave the expressions for the 4* and 6" order elastic moduli
tensors, and examined the positive definiteness of the strain energy density
function.

The next two sections (Sections 3 and 4) provide two approaches for the
determination of the characteristic lengths of the crystals of interest by: 1)
comparison of the equations of motion within first strain gradient theory
and those of lattice dynamics, and 2) comparison of the strain energy den-
sity function within the two frameworks. Moreover, the analytical expression
for the additional constants of the crystal which appear in first strain gradi-
ent theory, are also obtained by the comparison of the strain energy density
function within the two frameworks. An important consequence of this ap-
proach is that the obtained expressions show the explicit dependence of the
additional constants on the nanoscopic features of the pertinent crystals. To
this end, in next section, the equation of motion in first strain gradient the-
ory with general anisotropy is cast into the theoretical framework of lattice

dynamics.
3. Lattice dynamics representation of first strain gradient theory
with general anisotropy

At first, by using the theory of lattice dynamics, the governing equations
of motion of discrete atomic masses located in a perfect crystal of infinite

extent are derived. In this framework, the equilibrium position vector of the
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lth

k" atom in [ unit cell is expressed as:

r(lk) =r(l) + r(k), (22)

where 7 (1) is the position of the I'" unit cell and is written in terms of the

lattice vectors, ai, as, and ag, and integers ni, nq, and ngz as below:
T(l) = njaj; + nq9a@s + N3as, (23)

with 7(0) = 0 taken as the origin. The position of the center of the x'* atom
within the 0" unit cell is denoted by r(x) and is the same for all the unit
cells. Suppose that the x* atom within the {** unit cell is displaced by an

amount u(lx), then its new position denoted by R(lx) is given as:
R(lk) = r(lk) + u(lx). (24)

Assuming that the total potential energy of the crystal is a function of the
instantaneous position of the atoms, then by employing Taylor’s expansion
of energy about the equilibrium, it can be obtained that:
= o+ 3 ill)us(ln) + % S @y s U s (g () + .. (25)
b Y
As in the earlier parts of this work, Einstein’s summation convention on
repeated indices holds. In the above equation, ® is the equilibrium potential

energy, and

Q. (lk; UK 0°® (26)
ig\URy LR ) = )
! ou; (1, k)Ou; (', K') o
is the so-called “atomic force constant”. The force acting on the atom (Ik)

in the i-direction is Fj(lk) = —0®/0u,(Ik). By requiring F;(Ix) = 0 when
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u(lk) = 0 for all [ and &, it implies that ®;(lk) = (8@/3ui(ll-€))u20 = 0.
Moreover, by neglecting the higher order terms in the expression (25), it
corresponds to the harmonic approximation. Thus, the force acting on the

atom (lk) in the i-direction may be given as:
Fi(ls) = =Y ®y;(ls; Uk yuy(I'n), (27)
v, K

in which ®;;(Ix;!'s’") is interpreted as the negative force exerted on the atom
(lk) in the i-direction when the atom (I'k’) is given a unit displacement in
the j-direction.

In the framework of lattice dynamics, a perfect crystal is modeled as
atomic mass points connected together with springs. Assuming that the mass
points interact merely through central forces, the potential energy density of
the unit cell can be given as:

U(l) =Uy(l) — ﬁ Z Qi (1k; UK ) (u;(U'K") — ui(I8)) (u;(U'K") — ui(lK)),

U,k Kk

(28)
where v is the volume of the unit cell. Uy(l) is the potential energy density
of the unit cell at a reference equilibrium state and without loss of generality
can be dropped out. As it will be shown, the series expression of the poten-
tial energy density or equivalent strain energy density of the lattice can be
truncated in such a way that it is a function of strain and the first gradient
of strain.

As it was alluded to, the aim of this section is to derive the equation
of motion within first strain gradient theory with general anisotropy in the
framework of lattice dynamics. By assuming that the gradients of displace-

ment field are constant inside the cell, consider Taylor’s expansion of the
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displacement component u;(I's’) for the atom (I'«") about the atom (Ix),

keeping terms through second order:

rm (UK 1Ry (UR'516),  (29)

where 7, (I'r’; Ik) = 1 (I'K") — ri(IK) is the relative position vector of atoms

(I'x") and (Ik). Substitution of Eq. (29) into Eq. (28) yields:

1 ou; ou,; 1 9%u; 9%u,;
U(l :_~i'm_] . _~i'mn — —
( ) 2 “ pal‘m xz=r(l) axp xz=r(l) i 2 Cumnra axp@xq xz=r(l) 3xm8xn xz=r(l)
Ll Oy | dw| Lo Pu | Oy
2 Z]mnpaxmax” xz=r(l) 3$p z=r(l) 2 Umpqﬁxpﬁxq z=r(l) &cm w:r(l)’
(30)
in which
~ o 1 d L ro 1. /.
Cijmn = —5, ~ i (U VRN (UKD LR (UK 1K), (31a)
a U,k Kk
1
Cigmmp = I Qi (Ik; UK Yrpy (UK 1) (UK k)T (UK LK), (31Db)
a U, k' K
1
Cijmnpq = S Qi (I Uk (UK 16)rn (UK L), (UK k) (UK 1R).
@ U,k K
(31c)

In the above relations, ¢’s may be interpreted as the elastic moduli tensors
in lattice dynamics framework. For crystals possessing special symmetries,

it can be shown that (Maradudin et al., 1971)
(DZ](ZI{, l,I{/) = Qz‘ijqCI)pq(LK; L/K,), (32)
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where (k) and (I'k’) is transformed to new lattice sites (LK) and (L'K’),
respectively. @);; is the transformation matrix associated with the crystal

point group. Also the position vector r,,(lk) and r,,(I'x’) are transformed as

rm(lk) = Quuri(LK),
ra(U'K) = Qusrs(L'K"). (33)

Now we have:

Qi (lk; UK Yo (UK 1K) (U'K's LK)
= QipQjgQmtQnsPpy(LK; L'K")ry(L'K'; LK)rs(L'K'; LK). (34)

On the other hand, the translational invariant property of crystals implies

that:

®,,(LK; I'K') = ®,,(IK; L' +1— L K'),
r(L’K'; LK) =r/(L'+1— L K';IK). (35)

By using L’ instead of L' + 1 — L just as a change in the notation, we have:

Qi (Ik; UK Yroy (UK 1K) (UK LK)

= QipQjgQmtQnsPpy (1K ; L'K")yry(L'K"; IK)rs(L'K'; LK), (36)

Summing both sides over all atoms and then divide by —2v,, yield:

1
2v,

Z Qi (165 UK (UK 1) rn (UK LK)

/ /
U, k' Kk

1
= 5~ QupQi¢QuntQus > Py (IK; UK yry (LK 1K )ry(L'K' LK)
/Ua
L' KK

= 6pqtsCx?z'pCqucgmtCx?ns7 (37>

Cijmn =
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which implies that ¢, have the same symmetry point group as ¢;jmy, dis-
cussed in Section 2.2. Likewise, the same conclusion can be reached for ¢;jmpnp
and C;jmnpq- For centrosymmetric crystals, the components of the odd-ranked

tensors are equal to zero. Hence, ¢jmn, = 0 and Eq. (30) becomes:

1. ~
U(l) = 5 CojmpUismUisp + 5 CijmnpgUi.pgUjmn- (38)

In fact, by keeping the terms through second order in Eq. (29) has resulted
in the appearance of the first as well as second gradients of the displacement
components in the strain energy density of lattice given by Eq. (38). The
associated medium is referred to as grade 2 material (Toupin, 1964) which
in the context of continuum gradient theory is characterized via the strain
energy density function given by Eq. (17). As noted earlier, Eq. (17) gives rise
to the well-known first strain gradient theory. From Eq. (31a) and according

to the symmetry considerations discussed by Huang (1950):
6z'jmn = 6jimn = 6ij'er = 6mnzg (39>
Clearly, from Eq. (31c), it can readily be seen that:

Cijmnpq = Cjimnpq = Cijnmpq = Cijpnmq = Cijgnpm = Cijmpng = Cijmgpn = Cijmngp-

(40)

Consequently ¢;jpmn and Cijmnp, have 21 and 90 independent components,
respectively.
For variation of du; between fixed limits of u; associated with times ¢

and t;, Hamilton’s principle implies that:
t1 t1
5/ (T — W)dt—l—/ o dt =0, (41)
to to
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where . = /V%pujujdv is the total kinetic energy, # = /VUdV is the
total potential energy, and 7] is the work done by the external forces. To
merge in the result of lattice dynamics theory, the expression for the potential
energy density of the unit cell given by Eq. (38) is utilized in # = / Udv.
Moreover, note that in discrete atomistic arrangements, the mass der‘isity of

material, p may be represented as:

1
== . 42
p=- ; m (42)
The variation of the total potential energy is then obtained as:
oW = / 5UdV = — / (éijmquj,m - (5ijmnpquj,mn)7p)’q5uidv
v v

+/V((Eijmqujvm_ (5ijmnpquj,mn),p)5ui),qdv+/V(Eijmnpquj,mnéui,p),qd‘/»
(43)
assuming that the medium is homogeneous and, moreover, bounded by a

smooth surface, then by employing the divergence theorem, Eq. (43) becomes:
/ 5UdV = — / (Eijmqujmq - Eijmnpqujvmnpq)éuid\/
v 1%

+ / Cijmnpq| D1 (M) NpUj Mg — 210 Dpljmn, — Wjmn Dpnig|0u;dS
s

+ /[éijmquj,mnq - EijmnpqnqnpDuj,mn](SuidS
s

+ / CijmnpqWjmnTgNyDou;dS, (44)
S

where D and &; have been defined in Eqs. (8) and (9), respectively. The

variations of the kinetic energy and the total external work are, respectively,

t1 t1
to to 1%
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S S

where P, and Ry have been introduced, respectively, in Egs. (6) and (7) in
the context of first strain gradient theory. Substitution of Eqs. (44), (45),
and (46) into Eq. (41), leads to the following equations of motion and the

pertinent boundary conditions as below:

CijmqWjmq = CijmnpqUjmnpg = Pli; (47a)
b = Cijmnpq[@l”lnpnquj,mn — 2nDpujmn — UjmnDpNg — nqnpDuj,mn]
T CijmqUjmTg; (47D)

Ri = CijmnpgUjmnTgnp. (47c)

These equations correspond to the lattice dynamics representation of first

strain gradient theory with general anisotropy.

4. Determination of the characteristic lengths, 4* and 6 order
elastic moduli tensors of cubic crystals of hexoctahedral class in

first strain gradient theory

In Section 4.1, we establish a relation between elastic moduli tensors and
the atomic force constants defined in the previous section for crystals with
general anisotropy. Subsequently, the results will be specialized for cubic
crystals of hexoctahedral class in first strain gradient theory. In Section 4.2,
by employing ab initio DFT the characteristic lengths, 4" and 6 order
elastic moduli tensors for several cubic crystals of hexoctahedral class are

calculated.
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4.1. Analytical formulation
Comparing the equations of motion (47a) and (10), respectively, corre-
sponding to first strain gradient theory within lattice dynamics and contin-

uum frameworks, and using Eqs. (39) and (4a) yields:
Cijmn = Cimgn + Cjmin — Cjimn- (48)

Likewise, utilizing Eqgs. (40) and (4c) leads to:

Cijmnpg = é(apqimnj + Gingipnj t Omnipgs T Opnigmj + Gngipmi + Opmigng)-  (49)

In general, for hyper-elastic materials ¢;jn, has 21 independent constants
which can be determined from Eq. (48) since the elements of ¢;j,,,, are given
by Eq. (31a) in terms of the atomic force constants. On the other hand,
Cijmnpq has 90 independent components which can be obtained from Eq. (31c),
while the 6" order elastic moduli tensor, @ijmnpg Nas 171 components and,
thus, Eq. (49) alone is not sufficient to compute all the elements of a;jmnpq-
Nevertheless, for the case of general anisotropy there are 90 characteristic
lengths which are expressible in terms of the components of ¢;jp, and ¢ jmmnpq-
The number of characteristic lengths in the case of cubic symmetry of hexoc-
tahedral class reduces to only 6, expressible in terms of ¢;j,, and Cijmnpg. As
discussed in Section 3, Gijmn, Cijmnpg, Cijmn, and @ijmnpg belong to the same
symmetry point group. Thus, considering Eqs. (48) and (13), it is inferred
that:

Q1 = C3333, Qg = 2Ca393 — C2233, Qi3 = C2233. (50)

Furthermore, using Eqgs. (49), (14), and (16) the following characteristic

lengths associated with the crystals having cubic symmetry of hexoctahe-
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dral class are obtained:

12€393211 + 3€332211

. 51
1 oy + 20&3 7 ( a>
32
2 0332211’ (51b)
as
2 C333333 — 8C323332 — Cazzz20 — 6(Caazaze — 40323211 — 5332211)7 (51c)
a3
A(ésanzn — 3¢
li _ (6323332 0323211>7 (51d)
as
. _ 35
2 - 332222 6332211, (51e)
a3
6(c —2¢ —¢
lg _ (0333322 C323211 0332211)' (51f)

a1 — Qg — 203
Alternatively, by comparing the energy density function pertaining to first
strain gradient theory with that of lattice dynamics, one can calculate not
only the characteristic lengths associated with first strain gradient theory
but also can compute all the additional constants, 171 constants in the case
of general anisotropy and 11 constants in the case of cubic symmetry of
hexoctahedral class.

According to the symmetry class discussed in Section 2.2, ajjmnp, has
11 independent constants for the cubic crystals of hexoctahedral class. The
equivalency of the higher order terms in the strain energy density functions
pertinent to the two frameworks of lattice dynamics and first strain gradient

theory results in:
CikjnpqUi,pgUk,jn = Onjkpqiti,pqWe,jn > (52)
which subsequently leads to:

a1 = a3 = a4 = C323211, (53a)
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az = as = C332211, (53b)
ag = Ay = C333322 — 2C323211 — C332211, (53¢c)
ar = a1p = C323332 — 3C323211, (53d)
as = Cs32222 — 3C332211, (53e)
11 = C333333 — 6C333320 — 332202 + 6C330011 — 8C33332 + 24C323011.  (53f)

Remark. The equivalency of the energy density functions, Eq. (17) for the
first strain gradient theory and Eq. (38) for lattice dynamics leads to some
consistency conditions between the 4'" order tensors Cijkl and G and 6th
order tensors Qjgimn aNd Cijpimn. From this point of view, it can be shown

that in addition to the conditions (50), a new constraint reveals as:
Qg = (3. (54)

This relation is in accord with the central force hypothesis due to the bi-
nary interactions between atoms; in fact, this assumption was incorporated
in Eq. (28) followed by Eq. (38). The above equality, Eq. (54) is known as

Cauchy relation for cubic crystals.

4.2. Ab initio calculations

In this section, exploiting the ab initio calculations based on DFT (Ho-
henberg and Kohn, 1964; Kohn and Sham, 1965), the numerical values of
the elements of the 4" order elastic moduli tensor, a;, a9, as, and 6 or-
der tensor, aq,as. .., a1, as well as the characteristic lengths [y, ..., ls which
appear in the equilibrium equation, (15), are determined for some cubic crys-
tals of hexoctahedral class. Due to the expressions given by Egs. (50), (51),

and (53), all the elastic constants and characteristic lengths are related to the
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components of the tensors, ¢jm, and ¢jmnp, Which, according to Egs. (31a)
and (31c), are expressed in terms of the atomic force constants and the posi-
tion of atoms in the relaxed crystal. It can readily be shown that the atomic
force constants are equal to the components of the Hessian matrix defined
as the second derivatives of the total energy of the crystal with respect to
the positions of atoms (Shodja et al., 2013; Ojaghnezhad and Shodja, 2013).
Therefore, by calculation of the components of the Hessian matrix of a re-
laxed crystal, one can evaluate all the 4 and 6 order elastic moduli tensors
of the crystal.

The components of the Hessian matrix of a crystal are numerically de-
termined by using the total-energy and molecular-dynamics Vienna Ab ini-
tio Simulation Program (VASP) (Kresse and Hafner, 1993, 1994b; Kresse
and Furthmiiller, 1996). This program is based on DFT and incorporates
plane-wave basis set with ultra-soft pseudopotentials (Kresse and Hafner,
1994a). The kinetic energy cutoff for the plane-wave expansion is considered
to be 320 eV. The grid in the first Brillouin zone is selected according to
the Monkhorst-Pack (Monkhorst and Pack, 1976) scheme and the exchange-
correlation energy is evaluated within the generalized gradient approximation
using the Perdew-Burke-Ernzerhof potential revised for solids (Perdew et al.,
2008). The components of the Hessian matrix of the crystal energy due to
any two atoms (lk) and (I's) are calculated through the central difference
method applied to the effective force on the ions. To induce the effective
force on the ions, each ion is displaced along each of its degrees of freedom
separately, and the effective force on the atom is determined numerically.

By numerical values of the Hessian components at hand, the components
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of the 4" order elastic moduli tensor are evaluated from Eqgs. (31a) and (50).
The values of ay, as, and ag are calculated for 7 crystalline materials of cubic
structures and summarized in Table 1. The available experimental results are
given for comparison. It is observed that the results obtained by the present

analysis are in agreeable accordance with the experimental counterparts.

Table 1: Fourth order elastic constants of cubic crystals in eV/ A? compared with some

experimental results available in the literature.

Crystal a1 a9 as Crystal a1 a9 as
Cu present work 1.01 0.64 0.39 C present work 6.81 093 3.74
exp. 1 1.01 0.76 0.47 exp. 1 592 094 3.25
exp. 2 1.10* 0.78* 0.51* exp. 2 6.72 0.78 3.60
Ni present work 1.67 0.75 0.63 Si present work 0.95 044 0.63
exp. 1 1.54 0.92 0.78 exp. 1 1.04 0.40 0.50
exp. 2 1.63* 0.94* 0.82* exp. 2 1.04 0.40 0.50
Al present work 0.66 0.38 0.23 Ge present work 0.81 0.36 0.58
exp. 1 0.67 0.38 0.18 exp. 1 0.80 0.30 0.42
exp. 2 0.71*  0.39* 0.20* exp. 2 0.80 0.30 0.42
Ca present work 0.08 0.05 0.09

Note 1: The experimental data labeled by 1 and 2 is collected from Freund and Suresh (2004) and Kittel
(2004), respectively.

Note 2: The superscript * refers to computations at 0 K.

On the other hand, by applying Eqs. (51) and (53) the characteristic lengths
and the elements of the 6 order elastic moduli tensor are presented in Ta-

bles 2 and 3, respectively.
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Table 2: Characteristic lengths for different elements in A%,

Crystal 12 12 12 12 12 12
Al 218 170 -31.87 9.56 3.65 -20.67
Ca 3.08 173 -1654 0.09 082 -5.04
Cu 0.34 215 -17.15 523 -0.10 -9.80
Ni 0.09 048 -11.25 3.43 041 -14.29
C 0.30 095 -8.60 264 009 -9.23
Ge 3.16 538 -235 131 -222  3.89
Si 2.38 357 541 159 -118 120

Table 3: Sixth order elastic constants for different elements in eV /A.

Crystal al=az3=a4 az=as Gag=4ag ay=aig as ail
Al 0.12 0.13 0.62 0.55 0.84 -7.33
Ca 0.05 0.05 0.13 0.00 0.07  -1.49
Cu -0.03 0.28 0.67 0.51 -0.04 -6.69
Ni -0.01 0.10 0.81 0.54 0.26  -7.09
C -0.09 1.19 2.46 2.47 0.33  -32.14
Ge 0.14 1.04 -0.46 0.19 -1.29  -1.36
Si 0.15 0.75 -0.15 0.25 -0.74 -3.41
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4.3. Recent developments

As it was alluded to, recently the theoretical determination of the addi-
tional constants of crystalline solids within the mathematical framework of
first and second strain gradient theories has been the focus of several studies,
Shodja and Tehranchi (2010, 2012); Shodja et al. (2012, 2013); Ojaghnezhad
and Shodja (2013); Admal et al. (2017). These works were briefly discussed
in the introduction section. In this section, we draw attention to the com-
parison between the approaches presented in the current work and Admal
et al. (2017) paper. For simple cubic lattices having a one-atom basis, on
the ground of the analysis given by Auffray et al. (2013) the nonzero com-
ponents of the additional elastic constants D 1, D12, D13, D22, D23, Doy,
Dy 5, D33, Ds s, Digi6, Dis.17 were expressed in terms of the potential energy
of each atom by Admal et al. (2017). They utilized form (II) of first strain
gradient formulation given by Mindlin and Eshel (1968), while the current
work incorporates form (I) of the theory. It can be shown that the additional
constants encountered in the work of Admal et al. (2017) are related to those

of the current study:

Dy =4(ay + as + ag + ag + a7 + ay) + 2(az + ag) + as + as + a1,
D,y = 4a3 + 2a10 — a5 — ag,

D13 = 2a4 + as + ag,

Dyo = 6as + 4(az + ag — a1 — ay — ar) + as + as,

Dy 3 = 4ay + 2(as + a7 — az) — as — as,

Dy 4y = a5 + 4(az — ay),

D2,5 = 2a4 — as,
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D33 = 2as + as + as,
D3,5 = as,
Dig,16 = 3az — 2ay,

Dig17 = 2a1 — as, (55)

exactly, where ay, ag, ..., a3 were introduced in Eq. (14). Admal et al.
(2017), in the context of their approach examined the effect of several dif-
ferent empirical potentials on the numerical values of the additional elastic
constants, D; 1, D12, ..., Dig17 and represented them in a few plots. By
the examination of these plots, they realized that, under the assumption of

central potential the following conditions hold:

Doy — D35 =0, (56)
D275 — ID16717 — 0 (57)
In the context of the analytical formulation given in the present work, it is

shown that in addition to the above conditions three other constraints exist

under the assumption of central force interaction:

D116 + Disa7 — 2D35 = 0, (58)
Dis+Dis—Dysz— D33 =0, (59)
D272 + D373 + 2D273 — 4D173 =0. (60)

All five conditions, Eqs. (56)—(60) are derivable analytically by utilizing
Egs. (53a)—(53d) and (55).

In Figs. 1 and 2, the values of the nonzero components of the additional
elastic constants obtained for Al and Cu via empirical potentials based cal-

culations by Admal et al. (2017) are compared with the corresponding data
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obtained in the present work, based on relations (55) in conjunction with
ab initio DF'T calculations. It should be emphasized that the data reported
by Admal et al. (2017) uses central potential assumption, whereas that of
the current study is arrived at by assuming central force interaction. As it
is seen from Figs. 1 and 2, Admal et al. (2017) have studied the effect of
several embedded-atom methods (EAM) on the values of the constants for
Al and Cu. In addition, they also considered the effective medium theory
(EMT) for Al. A discussion on the effect of these empirical potentials and

the corresponding references are given by Admal et al. (2017).

3510 I8 Ab initio DFT, present work | |
I8 EAM, Ercolessi \
3 EAM, Mendelev :
EAM, Mishin
2.5 In EAM, Sturgeon >Admal et al.| |
9 In EAM, Winey (2017)
=< EAM, Zhou
% 1.5 I EMT, Jacobsen / .

O.Z“..I |II| |I 11 |||| I II. b W LT -

—0.5

Diy Dip Dig Dirs Doz Dyy Dis Dsz Dss DigisDisir

Figure 1: Values of the additional elastic constants for Al obtained by Admal et al. (2017)
and the present theory.
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Figure 2: Values of the additional elastic constants for Cu obtained by Admal et al. (2017)
and the present theory.

5. Conclusion

In this article, first strain gradient theory for hexoctahedral class of cu-
bic crystals including the equations of motion, boundary conditions, and
constitutive relations are developed. Moreover, consideration of the posi-
tive definiteness of the corresponding strain energy density function led to
several inequality constraints on the elements of the 4" and 6! order elas-
tic moduli tensors. By assuming that the atoms within a crystal interact
merely through central forces, a potential energy density function for a unit
cell was presented as Eq. (28). Under this hypothesis, and the equivalency
of the energies pertinent to the continuum mechanical and lattice dynamics

based first strain gradient theories, Cauchy relation was recovered (Remark
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of Section 4.1). In contrast to formulation in classical theory which involves
the 4" order elastic moduli tensor only, formulation in first strain gradient
theory gives rise to both, 4" and 6 order elastic moduli tensors. In fact, the
6" order elastic moduli tensor provides a further enhancement and detail on
the behavior of the crystal. Consequently, in order to capture the size effect
and certain nanoscopic phenomena in various solid mechanics problems of
interest, using first strain gradient theory is promising. The 4" order elastic
moduli tensor for all cubic crystals has 3 independent constants, but distinc-
tion in the number of additional constants arise in the components of the
6" order elastic moduli tensor. For example, cubic crystals of hexoctahedral
and diploidal classes which both are centrosymmetric have, respectively, 11
and 17 independent constants. Obviously, this distinction in the number
of nonzero elements which is a reflection on the differences in the atomistic
structures of the two crystals provides further details on the behavior of the
crystal in response to loadings on a fine scale, beyond those provided by the
4% order elastic moduli tensor on a coarse scale. By considering the equa-
tions of motion and strain energy density function associated to first strain
gradient theory with respect to two different frameworks of continuum and
lattice dynamics, followed by the consideration of the pertinent equivalency
relations the material parameters consisting of classical constants, character-
istic lengths, and additional constants were analytically expressed in terms
of the atomic force constants of the crystal. It should be noted that first
strain gradient theory of Mindlin and Eshel (1968) was originally developed
for isotropic materials, giving rise to only 2 characteristic lengths. In con-

trast, first strain gradient theory developed herein for the cubic crystals of
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hexoctahedral class gives rise to 6 characteristic lengths. By using ab initio
based on DF'T, the atomic force constants which are equal to the elements of
the Hessian matrix are calculated. Subsequently, the numerical values of the
additional elastic constants, characteristic lengths, and the components of
the 4" and 6" order elastic moduli tensors of cubic crystals of hexoctahedral
class in first strain gradient theory were obtained. The numerical values of
these parameters have been calculated for 7 elements which are displayed in
Tables 1, 2, and 3. The experimental data for the elastic constants associated
to the 4" order elastic moduli tensor which are available in the literature are
found to be within reasonable agreement of the results obtained in this work.
Obtaining the additional constants pertinent to the 6 order elastic moduli

tensor experimentally, if not impossible would be quite cumbersome.
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Appendix

In the case of classical elasticity, for cubic crystals of hexoctahedral class,

energy density function can be written in Voigt notation as follows:

6 6
W = % Z Z CaBTalp, (61)

B=1 a=1

where the matrix x is defined as

[Ta]ixe = (€11, €22, €33, 2€12, 2€13, 2€23), (62)
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and with the aid of Eq. (13), the matrix, [c,s]6x¢ readily leads to

Qa1 Qo Qo
Qo Qq Qg O
caglos= | 5 . (63)
as 0 0
O 0 as O
0 0 as

Now the strain energy density function can be rewritten as:

1 1 1 1
W= (—& 4+ € 4... 2 64
2(A1§1 + A1A2§2 + + A5A6§6)’ ( )
where
C11 Ci12 (13
C11 C12
A = C11, Ay = ) As = Co1 Co2 Co3|y ", Ag = det([c]Gxﬁ)-
Co1 C22
C31 C32 C33
(65)
and
6
51 = Z C1;%q,
i=1
6
§2 = Z(CIQCM - 011021‘)%,
i=2
6
{3 = Z (011C2302i + ClyCsi + ca(C13cr; — c1163:) — cra(casen + 613021)) Ti,
i=3
(66)

It should be mentioned that in the above relations the matrix c,g is a sym-

metric matrix.
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In the similar manner one can rewrite the expression for strain energy
density function as mentioned in Eq. (18). In this equation, the matrices
cop and x are the same as classical case (62) and (63), and the matrix y is

defined as

[Yal1x1s = (€111, €221, €331, 2€122, 2€133, €202, €112, €332, 2€121, 2€33, €333, €113,

€223, 2€311, 2€322, 2€123, 2€132, 26321)~ (67)

Also by using Eq. (14), the matrix a, can be obtained as

[I]5><5 O

[aw\]lsxls = [I]5X5 ) (68)

[[]5x5
O [[I]3X3

where
di dy dy ds ds
d2 d4 as d5 ay
[{]5xs = dy as dy ay ds | (69a)
dg d5 Qg d@ as
d3 ay d5 as d6
az a1 m
[II]3x3 = a; az . (69b)
a; ap asg
In above matrices, constants di, - - - , dg are:

d1 = 4(@1 + a3+ a4+ ag+ a7+ alo) + 2(&2 + ag) + a5+ ag + aiq, (70&)
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dy = as + ag + 2ay, (70b)
d3 = ay + aio + 2as, (70¢)
dy = as + ag + 2as, (70d)
ds = a4 + a7 + 2a4, (70e)
dg = a1 + as + a3 + ag. (70f)

Parameters §;, 1 = 1,2,...,6 and A;, i =1,2,...,6 in Eq. (19) are the same
as classical one introduced in relations (65) and (66), respectively. If we
substitute the matrix a,) by ¢, in (65) and (66) and replace the upper limit
of sum in (66), 6 by 18, (;, i = 1,2,...,18 and B;, i = 1,2,...,18 can be

obtained too. Therefore, all parameters appeared in Eq. (19) are determined.
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