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The integral theorem of the vector field energy is derived in a covariant way, according to
which under certain conditions the potential energy of the system’s field turns out to be half as
large in the absolute value as the field’s kinetic energy associated with the four-potential of the
field and the four-current of the system’s particles. Thus, the integral theorem turns out to be
the analogue of the virial theorem, but with respect to the field rather than to the particles. Using
this theorem, it becomes possible to substantiate the fact that electrostatic energy can be
calculated by two seemingly unrelated ways, either through the scalar potential of the field or
through the stress-energy tensor of the field. In closed systems, the theorem formulation is
simplified for the electromagnetic and gravitational fields, which can act at a distance up to
infinity. At the same time for the fields acting locally in the matter, such as the acceleration
field and the pressure field, in the theorem formulation it is necessary to take into account the
additional term with integral taken over the system’s surface. The proof of the theorem for an
ideal relativistic uniform system containing non-rotating and randomly moving particles shows
full coincidence in all significant terms, particularly for the electromagnetic and gravitational
fields, the acceleration field and the vector pressure field.
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1. Introduction
In classical mechanics, the particles of an arbitrary physical system have both kinetic and
potential energies. In this case, there is a relationship between the kinetic and potential energies,
which is described with the help of the virial theorem. In addition to the particles, each physical
system has either external fields, generated by external sources, or internal fields originating

from the system’s particles themselves. The fields and particles are complementary to each
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other and in the aggregate, they represent the main content of the physical system. Thus, we
should expect that there is also some theorem for the fields that could relate the quantities
equivalent to the kinetic and potential energies.

The purpose of this article is establishing such a relationship between the field energies in
the most general form, which is also suitable in the curved spacetime. Although the proof is
provided for the electromagnetic field, it is also valid for any vector fields that have four-
potentials and the corresponding tensors.

In order to verify the derived integral theorem of the field energy, we apply it to the
relativistic uniform system and show how exactly this theorem should be used. In this case our
analysis will refer not only to the electromagnetic field, but also to the vector gravitational field,
as well as to the acceleration field and the vector pressure field [1, 2]. In particular, the use of
the integral field energy theorem makes it possible to simplify the calculation of the
gravitational energy of the system, since the field energy associated with the tensor invariant
can be replaced with the energy associated with the four-potential of gravitational field.
Similarly, the calculation of energy of other fields is simplified.

Everywhere in our calculations we will use the metric signature of the form (+,——-).

2. The integral theorem of the field energy
Suppose that in a certain physical system there are charged particles, the motion of which

is described by the charge four-current j_. In its turn the electromagnetic field has the four-

potential A,, while the electromagnetic field tensor F, ; is defined by the relation:
F.;=V,A,-V,A,=0,A,-0,A,. 1)
The symbols V, and 0, represent the covariant derivative and the four-gradient,
respectively. The equation of the electromagnetic field with the sources is written in the
standard way:

VIF, ==ty i (2)

where g, is the magnetic constant, and the covariant derivative V” with a contravariant

index is used.



We will multiply the electromagnetic field tensor by the four-potential with a contravariant
index and will take from this product the covariant derivative in such a way that a scalar

invariant would appear. At the same time we will use (2):
Vﬂ(Faﬁ A“)= AV’ F.s+ Faﬂvﬁ A =—p, j, A+ FaﬁVﬂ A” . (3)
Let us change the places of the indices & and g in (3):
VO(F A)=APVE, +F, VN =—p |, A +F, VEAL, (4)
Let us now take into account that V/(F,,A")=V“(F, A”), j, A" =j,A”, since the

scalar invariants do not depend on permutations of the indices. Also keeping in mind that the

electromagnetic field tensor is antisymmetric: F, , =—F,_, we will sum up relations (3) and (4)

and use (1):

2V (F, , AY) =241, j, A" —F,,F°. (5)

The tensor product F,,A” in (5) contains a contraction with respect to the index « and
therefore it is equivalent to a certain four-vector B,. For an arbitrary four-vector the following

rule holds:

vﬂBﬂ=vﬂBﬁ=%aﬂ(ﬁBﬁ),

where g is the determinant of the metric tensor g, , .

We will use this rule on the left-hand side of (5), and then integrate (5) with respect to the

invariant four-volume, replacing j, A* by A, j“:

2[0,(J-9 A“F,” )dCacax’di’ =—[(2p5 A, “ +F,,F** ) =g dX’dx'dx’d’. ()



The tensor F,” in (6) is the electromagnetic field tensor with mixed indices. We will now

use the divergence theorem and transform the left-hand side in (6):
28, (,/—g A“ Faﬁ)dxodxldxzdxs =2[A“F,”[-gds,, ©)

where dS, =n,dS is the orthonormal differential dS of the hypersurface surrounding the
physical system in the four-dimensional space, n, is the four-dimensional normal vector

perpendicular to the hypersurface and directed outward.

In (6) and (7) we may not perform integration with respect to the time coordinate x° and
may consider the physical system at a fixed arbitrary time point. To this end, we will rewrite
the right-hand sides of (6) and (7):

—[ (219 A, “ +F,, F ) =g dX°dx®dx’ = .
:—j[I(ZyO Aaj“+FaﬂF“"’)deldx2dx3]dx°. ©
2[ A",/ =g ds, =2[ A"F,* =g dx'dch + 2| [ A"F, =g dxax® [’ +

c2f[ [ A“F,27g beae Joc +2[[ [ A“F,*Cg dx'ax? |ax. ©)

The right-hand sides in (8) and (9) are equal to each other as a consequence of (6). Now we
will differentiate them with respect to the variable x° =ct, where ¢ is the speed of light, t is

the coordinate time, and then equate the results to each other:

—I(Zﬂo A j°+F,, F"’ﬂ)\/—g dx'dx’dx’ = E%UA“ F.°J-9 dxldxzdx3)+
c
+2I A“F 1 [-g dxdx® + ZI A“F, %J-g dx'dx® + Zj A“F *[-g dx'dx®.
The last three integrals on the right-hand side can be combined into one surface integral

taken over the closed two-dimensional surface S, inside which the entire system with all the

particles and fields must be located. All this gives the following:



—I(Zyo ALY+ FaﬂF"‘ﬁ)\/deldxzdx3 =§%(I A“ Faoﬁdxldxzdx3)+

+24p A“F, *n, -g ds.
S

(10)

In (10) the three-dimensional unit vector n,, where k =1,2,3, is the normal vector to the

surface S directed outward.

In many practical cases, the right-hand side of (10) vanishes. In particular, the
electromagnetic field of the system is present both inside and outside the system up to infinity.
Then the last integral on the right-hand side of (10) is the surface integral over a surface of

infinitely large radius. But for a closed system, in which there are only the proper fields of the
system’s particles, both the four-potential A“ and the electromagnetic field tensor F,” vanish

at infinity due to the gauge of the potentials, field strength and magnetic field. Consequently,
for a closed system this integral in (10) is equal to zero. If the derivative with respect to time
inside of the first integral on the right-hand side of (10) is also equal to zero, then the following
relation would hold for the left-hand side:

.[(Z,uo Aaj“+FaﬁF“ﬂ)deldx2dx3=O. (11)

The quantities inside the integral in (11) are often used in various calculations. For example,
the Lagrangian for four vector fields, including the electromagnetic field, in case of continuous
medium has the following form [1]:

L=[(-U,3"-D, 3" -A, j*—z,3*)J-g dx'dx’d’ +

c? 1

ckR—2ckA + @, O" ———F, F" (12)

167G 4
+'[ ) d i Ho J—g dxtdx?dx®,

C uv uv

— u
167zn " 16z "

where K is a certain coefficient to be determined,
R is the scalar curvature,
A is the cosmological constant,

J# = p,u” is the four-vector of the mass current,

P, s the mass density in the reference frame associated with the particle,
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u

cax . . . . . .
u“ = q is the four-velocity of a point particle, dx* is the four-displacement, and ds is
S

the interval,

U, =(£,—Uj Is the four-potential of the acceleration field, where ¢ and U denote the
c

scalar and vector potentials, respectively,

D,= (Z,— Dj is the four-potential of the gravitational field, described through the scalar
C

potential y and the vector potential D of this field,

T,= (Q , —Hj Is the four-potential of the pressure field, consisting of the scalar potential

c
¢ and the vector potential IT,
G is the gravitational constant,

®,=V,D,-V,D,=0,D,6-0,6D, isthe gravitational tensor,
P = g g”ﬂcbw is the definition of the gravitational tensor with contravariant indices

using the metric tensor g“*,

A, :(9,—Aj is the four-potential of the electromagnetic field, defined by the scalar
c

potential ¢ and the vector potential A of this field,
J¥ = poqu” is the four-vector of the charge current,
Poq s the charge density in the reference frame associated with the particle,
u,=v,u -vu, =oU, -0dU, is the acceleration field tensor, calculated using the

curl of the four-potential of the acceleration field,

n is the acceleration field coefficient,
f,=V,n,-V,n,=0,7,6-0,x, is the pressure field tensor,

o is the pressure field coefficient.

In (12) the gravitational field is considered as a vector field in the framework of the covariant

theory of gravitation. If (11) holds true, then in (12) the term —%Fﬂv F“" is half as large as
Ho

the term —A, j*, and has the opposite sign.



As another example we will give the expression for the relativistic energy of a physical
system of particles and four vector fields, also in the approximation of continuous medium [1]:

E :%j(p019+pol//+poqqo+pogo) uoﬁdxldxzdxs -

< g g Lp opm (13)
167G *" 4 v
—I ) ﬂoz J—g dxtdx?dx.
_c w  C ¢

u,uv uv
167 n 167 o

If (11) is satisfied in such a system, then the integral of the quantity 41

F,. F* overthe
Ho

infinite volume in (13) can be replaced by the integral of the quantity —% A, j“ overthe volume

occupied by the matter. This would allow us to significantly simplify the calculation of the
system’s energy.

The classical virial theorem for the kinetic energy E, of the system’s particles and the
potential energy W of these particles is written as follows: 2E, +W ~ 0. Comparison of (13)
and (11) shows that in some cases a quantitatively opposite relation of the form E,, +2W, =0

is satisfied for the electromagnetic field. In this case

E,. =_|'Aa j*—g dx'dx?dx®, W, :ﬁ F,,FJ-gdx'dx’dx’,
0

so that E,, plays the role of the kinetic energy of the field in the interaction of the four-

potential A, with the charge four-current j* of the particles, and W, characterizes the

potential energy of the field, not that of the particles.

3. The integral theorem of energy for other vector fields
In the covariant theory of gravitation [1] the description of the gravitational field occurs in
the same way as it is done for the electromagnetic field. This means similarity of the equations
of both fields, and we can immediately write the integral theorem of energy for the gravitational



field, replacing in (10) the notation of the four-current, four-potential and field tensor, and
47rG

replacing z, by —

_I(_SZZG . +¢aﬂ¢“ﬂj@dxldx2dx3=%%(ID“¢a°ﬁdxldx2dx3)+
(14)
2fpD“®, n, \[-g ds.
S

If the physical system is closed, then in (14) the last surface integral on the right-hand side
would vanish as a consequence of the field gauge at infinity, where the four-potential D* and

the gravitational field tensor @_” of the system must be equal to zero.

Similarly, we can proceed with the acceleration field and with the vector pressure field [2],

for which the integral theorem of the field energy is written as follows:

_J'(Sﬂnu J%+u, u“ﬂj\/_dxdx dx® = (IU u,’\/~g dx"dx? dx)

(15)
+2<ﬁ>U“ua nkHdS.
_1[8’”;’ 7,3+ f “ﬁj\/_dxdx dx_ (j “f,°~g dx'dx? dx)
c (16)

+2fpre faknkHdS.
S

However, the acceleration field and the pressure field differ substantially from the
electromagnetic and gravitational fields, because they act only within the limits of matter.
Therefore, in (15) and (16) the surface integrals on the right-hand side should be taken over the

outer surface of the volume occupied by the system’s matter.

4. Application of the integral theorem of energy in the relativistic uniform system

A relativistic uniform system is a suitable object for testing many physical laws. Thus in [3]
we studied the virial theorem and found out the difference from the classical approach due to
taking into account the relativistic corrections. In [4] we applied the formulas, derived for a
relativistic uniform system, to planets and stars and found good agreement with the results of

other authors. Besides we assumed that the matter is in random motion, the matter particles do
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not have proper rotation and there are no directed fluxes of matter. As a result, in this system
under consideration both the global vector potentials of all the fields and the global solenoidal
field vectors vanish. For example, for the electromagnetic field this means that both the global
vector potential A and the magnetic field B are equal to zero. A more thorough analysis shows

that each charged moving typical particle has its own small vector potential A , which is

proportional to the instantaneous velocity v’ of the particle and to the proper electric scalar

potential ¢ of the particle, as well as its own magnetic field B, =V xA . The contribution
from A and B, in the subsequent calculations is small due to the small value of the charge

of each particle, therefore it can be neglected in the first approximation. The same also applies
to the corresponding values for the gravitational field.

Let us now consider how the integral theorem of energy is satisfied for the electromagnetic
field in the case of a relativistic uniform system. We will assume that the system is closed, has
a spherical shape and is held in equilibrium under the action of the forces from gravitational
attraction and the repulsion forces from the electromagnetic field and the pressure field. The
acceleration field also contributes to the equilibrium of forces, since at random motion inside
the sphere the particles experience a centripetal force from the particles’ velocity component,
which is tangential with respect to the sphere’s radius. We will use the approximation of
continuous medium, so the intervals between typical particles are minimal and we can assume
that the sphere’s volume consists of the volumes of particles.

In order to simplify the subsequent calculations we will consider the situation within the
framework of the special theory of relativity, in which J—g =1.

For a closed system the surface integral in (10) vanishes and for the electromagnetic field

we have the following:

~[(2u, A, j* +F,,F* )dx'dx*dx’ =§%(J.A“ F,° dxaxdx’). (17)

Since A, =(£,—Aj, and in the first approximation we consider that in the system under
c

consideration A =0, then in order to calculate the four-potential we also need to know the

distribution of the global electric potential ¢ in the system. As was found in [5], the electric

potential inside the sphere depends on the sinusoidal functions:



c’ 3a®—r?
Pog /e [\/%sin(i /47”7'00)_“;05(2 /471'77,00 j:lz Poq e )
Ly ¢

“= Arg,n p,¥ C be,

(18)

In (18) &, is the electric constant, y, is the Lorentz factor of the particles at the center of

the sphere, a is the radius of the sphere. For the charge four-current we have: j“ = p,u®,
. i 1 .
while the four-velocity is u” = (y'c,'Vv'), where y'= —2/2 is the Lorentz factor for the
1-v*/c
particles, V' is the particles’ velocity. The dependence of y' on the current radius r is as

follows [6]:

, c . (r 271 Py 2y,
y =#sm(—\/4mpojzn—M- (19)
r«/47r77p0 3c

C

With this in mind, for the scalar product of the four-vectors we find: A, j* = p,,#,7" . Now,

using (18) and (19), we can calculate the first term on the left-hand side of (17):

241 [ A, J < dX'ACAX =241, oy, [ 17 AX O O =

C . r
——_sin —«/472'77,00}
/Uocapgq]/cz J‘i A1 Py (C
2

- T sin(iﬂ/4m7p0]dxldx2dx3.
r C
&N PorJA7 T Py _rcos(g ’rrﬂpoj
C

In the spherical coordinates dx"dx*dx® =r*drdesin@dé, and this integral will equal:

241 [ A, J dXdx* o =

HoC p5,7e | a 3 (Za j 2(a j
=— —— sin —«/47z +acos —,/47z ~

2rne,n’ pe | 2 AJhrn p, c 5o C s
0L e L

5rée,a 7ac’ )

(20)
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In (20), the charge q is the product of the particles’ invariant charge density p,, by the

sphere’s volume, and likewise, the mass m is the product of the particles’ invariant mass

density p, by the sphere’s volume. The quantities ¢ and m have a technical character and
they are not equal to the sphere’s total charge @, and the gravitational mass m_, respectively.

In particular, according to [5],

C2
q, = y'dv = PoaZe ¢ sin|2 4rnp, |—acos a Arnp, ||~
b = Pog o c 0

npy | JArnp, \cC

3nm
~ 1- .
7. [ 10ac’ j

, ¢y, c . (a a
m, = p, [7'dV = , {msm(?/wznpoj—acos(?/%npoﬁz

~ m;/C (l— 377m j

10ac?
(21)

In view of (18) and the equality of the vector potential to zero, that is, A, =0, the electric

field strength inside the sphere can be determined by the formula:

oA, Cpyr.r c . [r j (r j
E =—Vp ——= acc sin —ﬁ/47z —rcos —«/47r ~
i ¢| 8’[ 472_8077'0()[_3 ,_472_77p0 C 77100 c 77p0

zpoqycr[l_ 27Z77,00r2j.

3g, 5¢?
(22)
Similarly, the electric field strength outside the sphere is equal to:
WA c . (a j [a
E,= -’ sin| =\/4zn p, |-acos —«/47[77/) =
47[8077/)0 r3 l:'\/47z.77p0 c ’ c ’ (23)

GWr  _ ar.r (, 3zm
- 3~ 3 1 2 |
Are,r°  Ame,r 10ac
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In the general case, the electromagnetic field tensor F,, contains the components of the

electric field strength vector E and the magnetic field vector B. In the system under

consideration, on the average B=0, while in the Cartesian space coordinates

E E
F01:_F102_F012F10:?X’ Fozz_onz_FozzeozTy’

E -
F,, =-F,, =—F® =F* =—2 and the remaining components of the tensors F,, and F “F are
C

. 2 :
assumed to be equal to zero. Therefore, in this case F, Fef = -— E®. The integral over the
C

volume inside the sphere taken for the second term on the left-hand side of (17), in view of

(22), in the spherical coordinates is equal to:

[ F,,F rdrdgsin 9de=i_72f [ E7riar=
r=0

r=0

2
Cz 2,2 a
_ = Poale I 1{—4;77/0 sin(£«/47ﬂ7poJ—rcos(£\/4ﬂ77poj] dr.
\’ 0

- 2 2 2 2
2wes Py Lol c

This integral must be taken by parts, placing — under the differential sign in the form

1
r

r—lzdr =—d % This gives the following:

— | F,,F*’r’drdesingdd =
=0

C2 2 2 2
Poa?e |:a+ ¢ Sin(E«Mﬂnpoj—ﬁsinz(E«Mﬂnpoﬂ.

2’ pg |2 afaznp, o 7 Py c

r

(24)

Let us now calculate the integral over the volume outside the sphere taken for the second
term on the left-hand side of (17), in view of (23), in the spherical coordinates:

_ 2.2 2 _ ’ (25)
[ aft ) ol
2zeyn’ poa| Jaznp,  \C 0 ¢ VUl
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The sum of (24) and (25) gives the integral over the entire space:

—_[ F,,F7 dxtdx®dx’® =
Croe |a 3c . (Za j , (a j
= —= sin —,/47; +acos’| —./4r .
2rnegn’py | 2 4drn p, c T c T

(26)

If we take into account the identity x,&,c” =1 and substitute (20) and (26) into (17), then

we can see that the left-hand side of (17) becomes equal to zero. Therefore, in the given physical
system the right-hand side of (17) must also be equal to zero:

%%(IA“ Faodxldxzdxs):o. (27)

And this is true, since the space components of the four-potential A“ are assumed to be

equal to zero, that is, A=0. At the same time, the time component of the electromagnetic field
tensor is equal to zero due to antisymmetry of the tensor, F,°=0. Consequently, the product
A“F.° =0, and equation (27) is satisfied.

For the gravitational field the situation is completely analogous to that of the
electromagnetic field. For a closed system, within the framework of the special theory of

relativity, in (14) the surface integral vanishes and we have the following:

_J‘ _87Z'GD \]a-i-@ @aﬂ dxldedx'\’):Eg(J.Da@deldxzdx3). (28)
cz @ ap cdt ¢

Since in the relativistic uniform system the global vector potential of the gravitational field

is equal to zero, D=0, both the product D“@_° and the right-hand side of (28) are equal to

zero. As for the left-hand side of (28), in order to calculate it we need the global scalar

gravitational potential y; inside the sphere and the gravitational field strengths inside and

outside the sphere [5]:
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2 22
l//iz—GC 7{ ¢ sin[£«/47r77p0}—rcos(%,Mm;poﬂz—2”6p07°3(3a r)'

nr | Jarnp ¢
(29)
oD,  Gcly.r c : (r j [r j
h=-Vy,——=- < sin —,/47r — T Ccos —a/47r ~
i l//| at 77[_3 |:\/47Z'77p0 c 77Po c 77/30
ArGpyy.l (1 27npet
3 5¢?
(30)
2
I, :—Vl//o—aD° :—GC Zcr ¢ sin(E«Mﬂnpoj—acos(gﬂMmypoj =
ot nr \/47z77p0 c c
_ Gmgr _Gmycr 1 3nm
r r? 10ac®
(31)

We obtain the product D, J* as follows: D, J“ = p,;7". Then taking into account (19)

and (29), for the first term on the left-hand side of (28) we find:

87Z'G x2dx® = pOIWI "dxtdx?dx® =

2.2, 2 (32)
:_87rG C7e |8 & s.n(z \/mjdracos (—\/Wj :

n 2 Afaxnp, c

For the second term on the left-hand side of (28), in view of (30) and (31) we have the

following:

a ©
—J.q?aﬂqy"ﬂ dx* dx? dx® =8—72T I r? rzdr+8—72z J. TZrtdr=
C C

r=0 r=a

87G%c’y? | a ( J ( J
= S sin ,\/47r +acos —,,/47r )
772 2 4\/W 77/00 77,00

(33)
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The sum of (32) and (33) vanishes according to (28), where the right-hand side is equal to

ZEro.

5. The acceleration field
Let us begin with clarification of what should be meant by the four-potential of the
acceleration field of a certain physical system in the general case. According to [2], the four-
potential of any vector field, the vector potential of which is equal to zero in its proper reference
frame, that is, in the center-of-momentum frame, in case of rectilinear motion in the laboratory

reference frame can be defined by the following formula:

K&
L,=—=U,., (34)
PoC
where k; =20 for the electromagnetic field and k, =1 for the remaining fields; ¢ is the
Poqg

invariant energy density of interaction, which is the product of the four-potential of the field by

the corresponding 4-current; u_, is the four-velocity with a covariant index that defines the

motion of the center of momentum of the physical system in the laboratory reference frame.

In the proper reference frame u,, :(cg—t, 0,0,0j, and the vector potential as the space

T

component L_ vanishes according to (34). However, some physical systems, even if their

center of momentum is fixed, have not only a scalar potential but also a vector field potential
within the system. Therefore, the more general expression for the four-potential of the field in
the laboratory reference frame is as follows:

L, =M, ‘L), (35)

where M_” is a matrix connecting the coordinates and time of two reference frames, one
of which is the laboratory reference frame and the other moves together with the center of
momentum of the physical system under consideration, so that it has the four-potential L), of
the field in it. In the special case of the system’s motion at the constant velocity M_” represents
the Lorentz transformation matrix [7].
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As a typical example we will consider a neutron star consisting mainly of neutrons and to
some extent of protons and electrons. Both the star itself and the nucleons have fast rotation
and strong magnetic fields. Despite the absence of charge, each neutron has a complex internal
electromagnetic structure and a magnetic moment. Suppose that it is required to model a star as
a relativistic uniform system and to specify the four-potential of the field of an arbitrary moving
nucleon as a typical particle. To do this, we must use formula (35), since in (34) it is assumed
that there is no vector potential in the nucleon’s center-of-momentum frame. Really, a nucleon
may not move in space, but due to proper rotation and complex internal structure in the nucleon
there are nonzero vector potentials of almost all the fields.

In order to simplify the calculations, we will further assume that the physical system under
consideration does not have general rotation, the system’s typical particles move randomly and
have neither proper rotation, nor proper vector potentials in the center-of-momentum frames of

the particles. In this case, we can use a simpler formula (34) instead of (35).

In a fixed sphere, the energy density in the volume of each particle is &= y'p,c?, and for
the acceleration field in case of rectilinear motion of the sphere in the laboratory reference
frame, according to (34), the four-potential will equal U , ='u_, . This means that if for an
observer inside the sphere with particles within the relativistic uniform model the quantity »’

is an invariantly determined Lorentz factor as a certain function of coordinates and time, then
for an observer in the laboratory reference frame, in which the sphere’s center has the four-

velocity u_, , the four-potential of the acceleration field for each point inside the moving sphere
will equal U, .

In the ideal case, when the system of particles is an absolutely solid body and the particles
inside the system are motionless, it should be »'=1, and then the four-potential of the
acceleration field would coincide with the four-velocity of the system’s center of momentum,

U, =u, . A material point is a tiny physical system, and if we do not delve deeply into the

structure of the internal motion of its matter and consider this point as a solid body, then the
four-potential of the acceleration field of such a point would be equal to the four-velocity of its

rectilinear motion.

By definition, the four-potential of the acceleration field is a four-vector U =(£,— Uj,
C

where ¢ and U denote the scalar and vector potentials, respectively. In view of (34) and the

relation ¢ =y’ p,C?, it turns out that in the relativistic uniform system under consideration in
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the form of a fixed sphere the scalar potential will be 3= 3'c*. As for the global vector potential

of the acceleration field U, it is equal to zero due to the randomness of motion of the matter
particles. On the other hand, inside each typical particle there is always a small vector potential

U, of the acceleration field, which is proportional to the instantaneous velocity v’ of the

particle. This changes to some extent the form of the effectively acting four-potential of the
acceleration field inside the sphere.
Let an arbitrary typical particle move inside the sphere, and its four-velocity within the

framework of the special theory of relativity u_ = (y'c,—y'v'), where v’ is the velocity of the
particle, y' is the Lorentz factor of the particle. This particle, in turn, can be considered as a
relativistic uniform system, in which subparticles with the Lorentz factor y  move randomly

relative to the particle’s center of momentum. Then, according to (34), the four-potential of the

acceleration field for this moving particle will be written as U =y, u, =(y,7'c,—y,7'V).

: : . g . g
Comparison with the expression U = (—p,— Upj allows us to determine the acceleration field
C

potentials inside each moving particle of the sphere: 4, =y, 7'c?, U, =7,7V'. Inthis case it
turns out that 9, >4, that is, the motion of subparticles inside the particle with the Lorentz
factor y increases the scalar potential of the moving particle up to the value 9, .

Due to the smallness of the local vector potential U, we will not use it in our calculations.

As a result, for the four-potential of the acceleration field inside the sphere we can write the

following:
9 ! o
Ua=[—,0,0,0j=(yc,0,0,0)=u : (36)
C

This means that we do not take into account the internal motion of subparticles in individual

particles, assuming that y, =1, so that the scalar potential of the particles will be equal to 9

and will coincide with the acceleration field potential inside the fixed sphere.

5.1 Calculation for the acceleration field
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Given that the mass four-current is J“ = p,u” = p,(y'c,»'V'), and the effective four-
potential of the acceleration field inside the sphere is determined in (36), we find that
U,J%=p,p"*c.

Now we can write the first part of the integral on the left-hand side of (15) and in view of

(19) we can perform integration in the spherical coordinates:

8

(’;’7 [u, 37 dxdx*d =8z, [ 7*r*drdesin odo =

a C . (2a
=-8xc? 02 ———sm(—,/47r j :
7 {2 4447:77,00 C 170

(37)

Since the acceleration tensor is defined by the expression u,, =0,U —d, U, then in view

of (36) the tensor invariant has the following form: u, ,u®” = —32 s2.
c

The acceleration field strength inside the sphere is calculated in terms of the scalar and
vector potentials [2], and since $=%'c*, U=0, according to (36), then in view of (19) we

obtain:

s=-vg-Y =-c’Vy' =
ot

2
_C Zcr ¢ sin(£«/4m7po]—rcos(iﬂMﬂnpo) :
r \/47”7:00 ¢

(38)

C

Using (38) we will calculate the following integral over the sphere’s volume:

—J'uaﬂu“ﬁ dx'dx*dx® = %JSZ dx'dx*dx® =
c
1 2
=2¢%y2 | = ;sin(i 4r j—rcos(£ 4r j dx*dx’ dx®.
y Ir{m N2 Ll

c

This integral can be calculated similarly to (24) in the spherical coordinates:
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—.[uaﬂu“” dx'dx*dx® =

, | a c . (2a c? . ,(a (39)
=87C°y? |+ —=—=sin| = bz 1 p, |- ———sin’| = A7 71, ||-
2 AJArnp, 4 b a

c n p, c

Let us now go over to the right-hand side of (15), for which it is necessary to calculate the

product U “u_° inside the sphere. If according to (36) the four-potential has the components
U“=(y'c,0,0,0), then the time components of the acceleration tensor in the Cartesian space

. S S S
coordinates are u,°=0, u,’=--*, u,’=-—, u,’=—=2. Consequently, U“u =0, and
c c c

the first integral on the right-hand side of (15) is equal to zero.
We have also to calculate the surface integral on the right-hand side of (15). If we introduce
the vector F=(F,, F,, F,)=U“u,",U”u,? U“u,”), then we see that the surface integral

reduces to a doubled flux of this vector through the spherical surface of the system.

The radial component of the vector F is defined by the expression F. =F-e,, where e, is

a unit vector directed along the radius. To determine the doubled flux of the vector F it suffices

to multiply the value F,, calculated at r = a, by the doubled area of the sphere:

z<ﬁ‘>u “u_*n dS =87a’F.(a). (40)
S

Since according to (36) the four-potential of the acceleration field inside the sphere has the

components U* =(y'c,0,0,0), and the nonzero components of the acceleration tensor in the

H H 1 Sx 2 Sy 3 Sz i .
Cartesian space coordinates equal u,” =——, u,” =——, u,” =——=, then it should be:
c c c
F:—}/'S, Fr =F er=—]/'5r-

In view of (19) and (38), we find:

3,2
F= -t {\/4 ¢ sin(L\Mﬂnpo)—VCOS(L\/MUPO Hsm([
1] Po ¢ ¢

__r3\/47277p0 c

N
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At r =a this expression gives F (a), and then the surface integral (40) is calculated as

follows:
Z@U “u,“n dS =8za’F,(a) =
S

3,2
__ 8y ¢ sinz[§«/47r77p0j—gsin(E«Mﬂnpoj .
\/47r77p0 2 c

__a\/47”7:00 c

(41)

Substituting (37), (39), and (41) into (15), we can see that the theorem of energy for the

acceleration field is exactly satisfied.
6. The pressure field
In the physical system under consideration the vector potential IT is assumed to be equal to

zero, and then the four-potential of the pressure field inside the sphere in the approximation of

the special theory of relativity will be written as follows:
ﬂaz(@,o,o,ojzﬁ“. (42)
c

The scalar potential of the pressure field was calculated in [6]:

2 3 2
=g T, T sin(i,/ﬁwoj%_m. 43)
n I‘n\/47r77p0 c 3

The mass four-current has the following form: J* = p,u” = p,(¥'c, 7'V') . With this in mind

7,3 =p,y" , and we can write the first integral on the left-hand side of (16):

8ro

C2

jﬂ'a J“dx'dx*dx® = —wjgo 7 dxtdx*dx® .
c

Substituting here (43) and " from (19), we find:
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87[0 r,J¢ dxtdx?dx® =

n c

oc’y, ]{ c . (a a
0. — £ sin —4/47z77p0 —acos| —./4zn p,
_8roy, ( A7 Py ¢
n oc’y. | a c (2 ) |
+ £l =— sin «/47z
n |2 4drxnp, c 740

(44)

Since we assumed that in the system under consideration the vector potential of the pressure
field is absent, then the solenoidal vector | of the pressure field, calculated as the curl of the

vector potential [2], will also be equal to zero. In this case, the pressure field tensor f, ; will

depend only on the field strength C, so that the tensor invariant will equal f,, f ah = —%Cz.
C
The pressure field strength is determined by the formula:
C=-Vgp- aH ot 7C Sln(—4/47ﬂ]po) rcos(i,Mﬁnpoj ~
ot \ /47:77,00 C (45)

z47mpo7c( 27”7/30 J
3

Now we can write the second integral on the left-hand side of (16) in the spherical

coordinates:

-[ £, Ao = 8 [ crtar=
c r=0

2
8ro’c’y? ¢ 1 c . (r j (r J
=2 “/c | |\~ _sin| —./4rx —rcos| —/4r dr.
> I | Jannp Ja4rn p, C\/ 1 P

n 2o C
This integral is calculated in the same way as (24):

—[ £, T dxdx*dx’ =

8ro’c’y’| a c . (Za j ¢ z(a ] (46)
SO Ve |8, C in| 22 fax - sin®| = \J4x -
|2 afaznp, c VI ) amnpa VI
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On the right-hand side of (16) there is a product z“ f_ °, and the pressure field tensor

C
components are the following: f,°=0, f, °= —&, f,0=——2, f,°= ~Sei1f we take into
c c

account the components of the four-potential z“ according to (42), then we can see that
T faO =0.
Now we will turn to the product z“f_* on the right-hand side of (16), where k =1,2,3.

Since the four-potential 7“ contains only the time component with the index « =0, we will

write out all the nonzero components of f *: f '‘=-—, f*=-—2, f°*=——2.

Consequently, the product z“f_* :—(;—‘OZ(CX,Cy,CZ)z—%C is a radial vector directed

oppositely to the pressure field strength vector C. The factthat z“ f_* is a radial vector allows

us immediately to find the surface integral on the right-hand side of (16). To calculate this

integral, we need to assume r =a in the field strength C (45) and in the scalar potential ¢
(43), which are part of z*f_*, and then to multiply C by the normal vector n,, and multiply

the obtained result by the area of the sphere’s surface:

a 8ra’
ZQEJB;[ f ¥n, dS=— ——9(a)C, (@)=

8roy, oc? Yo . ¢y (a j
_ e o, — c sin| =./4znp, (47)
n [ 4/472'77,00 c °
c
X| ——==5in —ﬂ/47r acos 4 .
{ ,—47”7p0 (C 7790) ( 77:00):|

Substituting the expressions from (44), (46) and (47) into (16), we find that the theorem of

<'>Is:o

energy for the pressure field is satisfied, since all the terms in (16) completely cancel out with
each other.

7. Conclusion



By the example of the electromagnetic field we derived the integral theorem of the field

energy in relation (10). In addition, we introduced the concepts of the kinetic energy E,, and

the potential energy W, of the electromagnetic field:

E =[A, i“J-gdxdcade, W, = 4ﬂ s FO-gdXdcdc. o (48)

In (48), the energy E,, is related to the energy of interaction of the field and particles and
Is calculated in terms of the product of the four-potential A of the field and the charge four-

current j“ of the particles, and the energy W, is expressed in terms of the volume integral of

the tensor invariant FaﬁF“ﬂ of the electromagnetic field. From (10) and (48) we obtain the

following relation:

E . +2W, =

(jA“F ° J-g dxidx’ dx)——ngA“F “n.J—gds. (49

,uOC dt

For a closed system, the surface integral on the right-hand side of (49) vanishes due to the

gauge of the four-potential A“ and the electromagnetic field tensor F * at infinity. In the
relativistic uniform system the product A“F,° also vanishes, and then (49) reduces to a simple
relation E,, +2W, =0. This relation for the field resembles the classical virial theorem for
particles of the form 2E, +W =0, where E, is kinetic energy, and W is the potential energy
of the particles. The relation E,, +2W, =0 is often used in electrostatics, allowing to determine

the electrical energy of the system in two different ways — either with the charge density and
the electric potential, or with the field strength, which is part of the electromagnetic tensor.
However, in the general case there was no proof of existence of a relationship between the
energies (48) in the presence of electric currents and magnetic fields. Now we see that such a
relationship in (49) is the consequence of the integral theorem of the field energy.

In (14) we presented the integral theorem of energy for the vector gravitational field in the
framework of the covariant theory of gravitation, and in (15) and (16) — the integral theorem of
energy for the acceleration field and the pressure field, respectively. By analogy with (48), for

these fields we can also introduce the concepts of the kinetic energy and the potential energy of
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the field. In particular, in [8] for closed static uniform systems it was found that a relation of

the form E,; +2W, =0 holds in them for the gravitational field.

For all the four vector fields in Sections 4, 5 and 6 we showed by direct calculation of all
the terms in the formulation of the integral theorem of energy how exactly this theorem is
satisfied in the case of a relativistic uniform system. These calculations prove that the integral

theorem of the field energy is exactly satisfied, confirming the validity of the theorem.
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