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The concept of the neutrosophic set was introduced by Smarandache; it is a mathematical tool for handling problems
involving imprecise, indeterminacy and inconsistent data. The notion of pseudo-BCI algebra was introduced by Dudek
and Jun; it is a kind of nonclassical logic algebra and has a close connection with various noncommutative fuzzy
logics. In this paper, neutrosophic set theory is applied to pseudo-BCI algebras. The new concepts of neutrosophic
filter, neutrosophic normal filter, antigrouped neutrosophic filter, and neutrosophic p-filter in pseudo-BCI algebras are
proposed, and their basic properties are presented. Moreover, by using the concept of (alpha, beta, gamma)-level set in
neutrosophic sets, the relationships between fuzzy filters and neutrosophic filters are discussed.
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1. INTRODUCTION

To represent uncertain, imprecise, incomplete, and inconsistent information, Smarandache introduced the concept
of a neutrosophic set from a philosophical point of view (see [1-3]). The neutrosophic set is a powerful general
formal framework that generalizes the concept of the fuzzy set and intuitionistic fuzzy set. In the neutrosophic set,
truth-membership, indeterminacy-membership, and falsity-membership are represented indepenteistiy.dét,

a neutrosophic set defined on the univeisassigns to each elemente U, a triple (T'(z), I(x), F(x)), where

T(z), I(x), andF(z) are standard or nonstandard elements of a nonstandard unit interydtjp= 0~U [0, 1] U

1*. T is the degree of truth-membership in the 8etl is the degree of indeterminacy-membership in thé5etnd

F is the degree of nonmembership in the Eetin this paper we work with special neutrosophic sets where their
neutrosophic elements are standard real numbers in [0,1]; they are called single valued neutrosophic sets (see [4]).
The neutrosophic set theory is applied to many scientific fields (see [2,5-7]). In recent years neutrosophic set theory
has been applied to algebraic structures (see [8,9]); it is similar to the applications of fuzzy set (soft set, rough set)
theory in algebraic structures (see [10-13]).

Iséki introduced the concept of BCl-algebra as an algebraic counterpart of the BCl-logic (see [14,15]). As a gen-
eralization of BCl-algebra, Dudek and Jun [16] introduced the notion of pseudo-BCl algebras. Moreover, pseudo-BCl
algebra is also as a generalization of pseudo-BCK algebra (which has a close connection with various honcommu-
tative fuzzy logic formal systems; see [17—24]). For nonclassical logic algebra systems, the theory of filters (ideals)
plays an important role (see [25-33]). In 2006, the notion of a pseudo-BCl filter (ideal) of pseudo-BCI algebras was
introduced in [34]. In 2009, some special pseudo-BCl filters (ideals) were discussed in [35]. Recently, some articles
related to filter theory of pseudo-BCl algebras have been published (see [13,36—-39]).
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In this paper, we study the applications of neutrosophic sets to pseudo-BClI algebras. We introduce the new
concepts of neutrosophic filter, neutrosophic normal filter, antigrouped neutrosophic filter, and neutrosophic p-filter
in pseudo-BCI algebras, and investigate their basic properties and present relationships between neutrosophic filters
and fuzzy filters in [33]. It is worth noting that the notion of pseudo-BCl algebra in this paper is a dual of the original
definition in [16], so the notion of filter is a dual of ideal. Moreover, the notion of filter of pseudo-BCl algebra is a
simple name of the notion of pseudo-BCl filter (or pseudo-filter) in the original and other articles (see [34,35]).

2. PRELIMINARIES
At first, we recall some basic concepts and properties of neutrosophic sets and pseudo-BCl algebras.

Definition 2.1 ([1-3]). Let X be a space of points (objects), with a generic elemekt denoted by:. A neutrosophic
setA in X is characterized by a truth-membership function(z), an indeterminacy-membership functidén(z),
and a falsity-membership functidfis (z). The functionsT'4 (), I4(x), andF4(z) are real standard or nonstandard
subsets of 7O, 1[. Thatis, T4 (z): X — 170, I7[, Ia(z): X — 170, [, and F4(z): X — ]70, I™[. Thus, there

is no restriction on the sum @ (x), T4(x), andF4(z), s0~0 < supT'a(x) + supla(x) + supFa(z) < 3*.

Definition 2.2 ([4]). Let X be a space of points (objects) with generic elemenfs tenoted by:. A simple valued
neutrosophic sefl in X is characterized by truth-membership functibn(x), indeterminacy-membership function
I4(z), and falsity-membership functiaFis (). Then, a simple valued neutrosophic detan be denoted by

A= {2, Ta(w), La(x), Fa(@)) |z € X},

whereT's(z), Ia(x), Fa(x) € [0, 1] for each pointz in X . Therefore, the sum &f4(x), I4(z), andF4(x) satisfies
the condition O< T'a (z) + T4 (z) + Fa(z) < 3.

Definition 2.3 ([4]). The complement of a simple valued neutrosophicset denoted byd© and is defined as
Tye(x) = Fa(zx), Tac(x) =1— Ia(x), Fac(z) =Ta(z), Yo € X.

Then
A= {{z, Fa(z),1— T(x), Ta(x))|z € X}.

Definition 2.4 ([4]). A simple valued neutrosophic sdtis contained in the other simple valued neutrosophidsset
denotedA C B, ifand only if T4 (z) < Tg(x), Ia(z) < Ip(z), Fa(z) > Fp(z) foranyz in X.

Definition 2.5 ([4]). Two simple valued neutrosophic setandB are equal, written ad = B, ifandonlyif A C B
andB C A.
For convenience, “simple valued neutrosophic set” is abbreviated to “neutrosophic set” later.

Definition 2.6 ([4]). The union of two neutrosophic setsand B is a neutrosophic set, written asC = AU B,
whose truth-membership, indeterminacy-membership, and falsity-membership functions are related toAfzosk of
B by

To(x) = maX(Ta(x), Tp(2)), lo(z) = maxla(z), Ip(z)), Fo(z) = min(Fa(z), Fp(z)), Vo € X.

Definition 2.7 ([4]). The intersection of two neutrosophic sétandB is a neutrosophic sét, written asC = AN B,
whose truth-membership, indeterminacy-membership, and falsity-membership functions are related toAlzose of
B by

Te(z) = min(Ta(x), Tr(x)), Ic(z) = min(14(x), Ip(x)), Fo(x) = maxX(Fa(z), Fp(x)), Ve € X.

Definition 2.8 ([5]). Let A be a neutrosophic set ik andwx, 3,y € [0, 1] with0< a+ B +v < 3and(«, 3, v)-level
set of A denoted byA(*P-Y) is defined as

AlBY) — Lo € X|Ta(z) > o, Ta(z) > B, Falz) < v}
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Definition 2.9 ([16]). A pseudo-BCl algebra is a structur& { <, —, ~», 1), where K" is a binary relation on¥X,
“—"and “~~" are binary operations o, and “1” is an element oK, verifying the axioms: For alt, y, z € X,

Dy—z<sz=2)»y—x)ywz<(zwz)— (Y~ ),

@z<(@—y) ~ya<(z~y) -y

) z < x;

@ z<yy<z=z=uy;

B)r<yer—oy=lesrwy=1

If (X; <, —, ~, 1) is a pseudo-BCl algebra satisfying— y = « ~» y forall z, y € X, then (X; —, 1) is a
BCl-algebra.

Proposition 2.1([16,34,35]) Let (X; <, —, ~», 1) be a pseudo-BCl algebra, then satisfies the following properties
(Vx, y, z € X):

Q) 1<z=z=1,

@ r<y=>y—z<zr—z,y~z<x~2

B)r<y,y<z=>zx<z

Q) z~(y—z)=y—(z~2)

B)r<y—z&y<z~z

€)z—y<(z—2z)=(z—y)r~y<(zvwa)~ (2~ y)

MNex<y=z—-x<z—-y,zwwr<z~y

B)l—-z=z1~wzx=mux

@) (v—az)wr)—r=y—z(y~z)—z)wr=y~»uz

10)z—-y<y—z)~Lzwwy<(y~z) —1

) @z—-y)—-1l=@—-D~ @y~ @@y ~l=(@~1) - (-1,

12) x - 1=2a~ 1
Definition 2.10([34]). A nonempty subsef’ of pseudo-BCl algebrX is called a pseudo-BCl filter (briefly, filter)
of X if it satisfies

(F1) 1€ F;

F)ze F,e -yeF=yeckF,

(F)ze Fix~yeF=yeckF.
Definition 2.11 ([36]). A pseudo-BClI algebr& is said to be antigrouped pseudo-BCl algebra if it satisfies the
following identity:

Gl Ve,y,z€ X, (z—y)— (r—2) =y — z,

(G2) Va,y,z€ X, (x ~y)~ (x~2)=y~ 2

Proposition 2.2([36]). A pseudo-BCl algebrX is an antigrouped pseudo-BCl algebra if and only if it satisfies
Vee X, (x—1) —-1=zor(z~1)~1l=uz.
Definition 2.12([36]). A filter F' of a pseudo-BCl algebr# is called an antigrouped filter of if it satisfies
GRVzeX,(z—1) —-1leFor(z~1)~1leF=xecl.
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Definition 2.13([35,36]). A subsetF' of a pseudo-BCl algebrA is called a p-filter ofX if it satisfies
(P1) 1eF,
(P2) (x —y)~ (r —2) € Fandy € Fimply z € F,
(P3) (x ~y) — (x~ 2) € Fandy € Fimply z € F.

Definition 2.14([37,38]). A fuzzy setA in pseudo-BCl algebrX is called a fuzzy filter ofX if it satisfies
(FF1) Vz € X, pa(z) < pa(l);

(FF2) Vo, y € X, min{pa(x), pa(r — y)} < na(y);
(FF3) Vz,y € X, min{pa(x), pa(z ~ y)} < pa(y).

Definition 2.15([38]). A fuzzy setA in pseudo-BCl algebrX is called fuzzy antigrouped filter if it satisfies
(1) Vo € X, pa(z) < pa(d);

(2) Va,y,z € X, min{pa(y), wal(z = y) — (= 2))}2))} < pna(z);
(3) Vo, y,z € X, min{pa(y), ma((@ ~ y) ~ (x ~ 2))}2))} < wa(z).

Proposition 2.3([38]). Let A be a fuzzy filter of pseudo-BCl algebka ThenA is a fuzzy antigrouped filter of if
and only if it satisfies:

Ve € X, pa(x) > pa((z — 1) = 1), pa(x) > pa((z ~ 1) ~ 1).

Definition 2.16([35,38]). A fuzzy setd: X — [0, 1] is called a fuzzy p-filter of pseudo-BClI algebXaif it satisfies
(FF1) and

(FPFL) Vz,y, z € X, pa(z) > min{pa((z — y) ~ (x — 2)), pa(y) };

Definition 2.17 ([38]). A fuzzy setA: X — [0,1] is called a fuzzy normal filter of pseudo-BCl algeb¥aif it is a
fuzzy filter such that

(FNF) pa(z — y) = pna(z ~ y), Vo, y € X.

Proposition 2.4([38]). Let A be a fuzzy filter of a pseudo-BCl algebka ThenA is a fuzzy normal filter oK if and
only if it satisfies

(1) Vo, y € X, pa((z — y) = y) = pal);
(2) Y,y € X, pa((z ~ y) ~ ) > pa(z).

Proposition 2.5([38]). Let A be a fuzzy filter of a pseudo-BCI algebka Then the following conditions are equiv-
alent:

(1) Ais afuzzy p-filter ofX;
(2) A is both a fuzzy antigrouped filter and a fuzzy normal filteXof
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3. NEUTROSOPHIC FILTERS IN PSEUDO-BCI ALGEBRAS
Definition 3.1. A neutrosophic sefl in pseudo-BCl algebrX is called a neutrosophic filter i if it satisfies

(NSF].) Ve e X, TA(Z‘) < TA(l), IA(I‘) < IA(].) andFA(a:) > FA(l),

(NSF2) Va, y € X, min{Tx(x), Ta(x — y)} < Ta(y), min{la(z), Ia(x — y)} < Is(y), and maxFu(x),
Fa(x = y)} 2 Fa(y);

(NSF3) V, y € X, min{Ta(z), Ta(z ~ y)} < Ta(y), min{la(z), Ia(z ~ )} < Ia(y), and maxFa(z),
Fa(z ~y)} = Fa(y).

Proposition 3.1. Let A be a neutrosophic filter in pseudo-BCl algebxa then
(NSFA)Vz,y € X,z <y = Ta(x) < Ta(y), La(z) < La(y) and Fa(x) > Fa(y).

Proof. Supposer < y, thenz — y = 1 [by Definition 2.9 (5)]. It follows thafl’4 (x — y) = Ta(1). From this and
using Definition 3.1 (NSF1) and (NSF2) we get

TA<.’L‘) = min{TA(x), TA(l)} = min{TA(x), TA(J} — y)} < TA(y)

Thatis,z <y = Ta(z) < Ta(y).
Similarly, we can getthat < y = I4(z) < Ia(y) andF4(x) > Fa(y). O

Proposition 3.2. If A and B are two neutrosophic filters in pseudo-BCl algebfathen AN B is also a neutrosophic
filter in X.

Proof. Suppose thatl and B are two neutrosophic filters in pseudo-BClI algeiraBy Definition 3.1 (NSF1), we
have
Va € X, TA(Z‘) < TA(l), IA(J‘) < IA(].), andFA(x) > FA(].);

TB(x) < TB(].), IB(.’E) < IB(].), andFB(x) > FB(].)
It follows that
Ve e X, min(Ta(x), Tr(x)) <min(T4(1), Ts(1)), min(Is(z), Ip(x)) <min(14(1), I5(1)),
and maxFu(x), Fp(z)) > max Fa(1), Fp(1)).
From this, using Definition 2.7, we get that
Vo € X, Tanp(x) < Tanp(1), Ianp(x) < Ianp(1l), andFanp(z) > Fanp(l).

That is,A N B satisfies (NSF1).
Moreover, by Definition 3.1 (NSF2), we have

Va,y € X, min{Ts(x), Ta(x — y)} < Taly), min{I4(z), Ia(z — y)} < La(y),
and maxX Fa(z), Fa(z — y)} = Fa(y);

Va,y € X, min{Tp(z),Tp(z — y)} < Tp(y), min{lp(z), Ip(z — y)} < Ip(y),
and maX Fp(z), Fg(z — y)} > Fp(y).

ThenVz,y € X,
MiN{Tanp(x), Tanp(x — y)} = min{min(T4(x), T (z)),

min(Ta(z — y), Tp(z — y))} < Min{Ta(z),Ta(r — y)} < Ta(y),
min{TAmB(I),TAnB(JJ — y)} = min{min(TA(x),TB(x)),
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min(Ta(x — y), Tp(x — y))} < min{Tp(x), Tp(z — y)} < Tp(y);
Min{lanp(2), Lanp(z — y)} = min{min(L4(z), I(z)),
min(Za(z — y), Ip(z — y))} < Min{la(z), La(z — y)} < La(y),
min{7anp(z), Lanp(r — y)} = min{min(l4(z), I5(z)),
min(la(z — y), Ip(z — y))} < min{Ip(z), Ip(z — y)} < Ip(y);
max{ Fang(z), Fang(z — y)} = max{max(F4(z), Fg(zx)),
max(Fa(z — y), Fs(z — y))} =2 max{Fa(z), Fa(z — y)} = Fa(y),
max{ Fanp(z), Fanp(z — y)} = max{maxFa(z), Fi(z)),

max(Fa(z — y), Fp(z — y))} > max{Fp(z), Fp(z — y)} > Fp(y).

It follows that
MiN{Tanp(x), Tanp(z — y)} < MiN{Ta(y), Te(y)} = Tans(y);

Min{Ianp(x), Lanp(zv — y)} < min{ls(y), I(y)} = Lans(Y);

max{Fanp(z), Fans(z — y)} > max{Fa(y), Fs(y)} = Fanp(y).

That is,A N B satisfies (NSF2).
Similarly, we can prove thatt N B satisfies (NSF3). Thereford, N B is a neutrosophic filter ik . O

Proposition 3.3. Let A be a neutrosophic filter in pseudo-BCl algebXa denote that

(1) Ar ={z € X[Ta(z) = Ta(D};
(2) Ar ={z € X|Ia(z) = 1a(D};
3) Ap = {z € X|Fa(z) = Fa(1)}.

ThenAr, Ar, and Ar are filters of X.

Proof. Obviously,1 € Ap. Assume that € Ay andz — y € Ay, thenTs(z) = T4(1), Ta(x — y) = Ta(1).
From this, using Definition 3.1, we have

TA(].) = min{TA(x),TA(gc — y)} < TA(y) < TA(].)

It follows thatT4 (y) = Ta(1), thatis,y € Ar. In the same way, we can getc Ay, z ~ y € Ap = y € Ar. By
Definition 2.10 we know thatl is a filter of X.

Similarly, we can get thatl/ is a filter of X.

Moreover, 1€ Ap. Assume that € Ap andz — y € Ap, thenFs(z) = Fa(1), Fa(z — y) = Fa(1). From
this, using Definition 3.1, we have

Fa(1) = max{Fa(z), Fa(z — 1)} > Faly) > Fa(d).

It follows that F4 (y) = Fa(1); thatis,y € Ap. In the same way, we can getc Ap,x ~~y € Ap = y € Ap. By
Definition 2.10 we know tha#l r is a filter of X. O

The following example shows that the union of two neutrosophic filters may be not a neutrosophic filter.
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Examplel. Let X = {a, b, ¢, d, e, 1} with two binary operations given in Tables 1 and 2. Th&h €, —, ~, 1) is

a pseudo-BCl algebra, where< y if and only ifx — y = 1.
Define neutrosophic setsand B in X as follows:

TA<G) = TA(b) = TA(6> = TA(d) = O, TA(C) = TA(].) = 0.7,

IA(a) = IA(b) = IA(e) = IA(d) = O, IA(C) = IA(l) = 0.1,

FA(a) = FA(b) = FA(G) = FA(d) = 0.87 FA(C) = FA(].) = 0.15;
TB(CL) = TB(b) = TB(C) = TB(d) = 01, TB((E) = 067 TB(l) = 08,

IB(a) = IB(b) = IB(C) = IB(d) = 0057 IB(G) = O:l.7 IB(].) = 0157
FB(a) = FB(b) = FB(C) = FB(d) = 078, FB(G) = 027 FB(l) = 0.05.
ThenA, B are neutrosophic filters iX. LetC = An BandD = AU B, then
TAOB(a) = TAﬂB(b) = TAQB(CZ) = TAﬁB(e) = 07 TAQB(C) = 0.17 TAmB(l) = 0.7,
IAmB(a) = IAmB(b) = IAmB(d) = IAﬂB(e> =0, IAmB(C) = 0.05, IAmB(l) =01,
FAQB(G) = FAﬁB(b) = FAﬂB(d) = FAmB(@) = 08, FAmB(C) = 0787 FAmB(l) = 015,
TAuB(a) = TAUB(b) = TAUB(d) = 01, TAUB(C) = 07, TAug(e) = 067 TAUB(]-) = 08,
IAUB(G) = IAUB(b) = IAUB(d) = 005, IAUB(C) = IAUB(e) = O.:I.7 IAUB(J-) = 015,
Faup(a) = Faup(b) = Faup(d) = 0.78, Faup(c) = 015, Faup(e) = 0.2, Faup(1) = 0.05.

We can verify thatC' = A N B is a neutrosophic filter ik, but D = A U B is not a neutrosophic filter iX, since

min{Tauz(c), Tavs(c — b)} = min{Tuup(c), Taup(e)} = min{0.7,0.6} = 0.6 £ 0.1 = Tauz(b),

max{FAug(c), FAug(C — b)} = max{FAug(c),FAug(e)} = max{0.15, 02} =0.2 ;\/_4 0.78 = FAUB(b)~

TABLE 1: First set of binary operations

— a b c d e 1
a 1 a d e c b
b b 1 e c d a
c d e 1 a b c
d e c b 1 a d
e c d a b 1 e
1 a b c d e 1

TABLE 2: Second set of binary operations

~ a b c d e 1
a 1 a e c d b
b b 1 d e c a
c e d 1 b a c
d c e a 1 b d
e d c b a 1 e
1 a b c d e 1
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4. ANTIGROUPED NEUTROSOPHIC FILTERS AND NEUTROSOPHIC P-FILTERS

Definition 4.1. A neutrosophic sefd in pseudo-BCI algebr& is called an antigrouped neutrosophic filter if it
satisfiesvz, y, z € X,

(1) Ta(x) <Ta(1), Ia(z) < 14(1),andFa(z) > Fa(1);

(2) Min{Ta(y), Ta((@ — y) — (& — )} < Ta(2) M{La(y). La((x — y) — (x — 2))} < La(2), and
max{ Fa(2), Fal(z — y) — (x — 2))} > Fa(2);

(3) MiN{Ta(y), Ta(( ~ y) ~ (& ~ 2))} < Ta(z), M{La(y), La((x ~ y) ~ (x ~ 2))} < La(2), and
Max{ Fa (), Fa((z ~ y) = (z ~ 2))} > Fa(2).

Whenz = y in Definition 4.1 (2) and (3), we can get (NSF2) and (NSF3) in Definition 3.1; this means that the
following proposition is true.

Proposition 4.1. Let A be an antigrouped neutrosophic filter in pseudo-BCl algeKraThenA is a neutrosophic
filter in X.

Proposition 4.2. Let A be an antigrouped neutrosophic filter in pseudo-BCl algekital henA satisfies the following
conditions:

() Ve e X,Ta(z) > Ta((x = 1) = 1), Ta(z) > Ta((z ~ 1) ~ 1);
(i) Ve e X, Iz(x) > Ia((x — 1) = 1), Ia(x) > Ta((z ~> 1) ~ 1);
(i) Ve € X, Fa(z) < Fa((x — 1) = 1), Fa(z) < Fa((z ~ 1) ~ 1),

Proof. Puttingz = z andy = 1 in Definition 4.1 (2) and (3), we can get the results. O
Lemma 4.1([38]). Let X be a pseudo-BCl algebrd. ThenX satisfies the following properties:

QD Ve,y,z€X, ((z—y - (z—2)—1=(y—2) —1
@ Ve, y,ze€X, (z~y)~ (x~2)~1=(y~2z)~1
@ Ve, yeX, (z—y) = (-1 =y—1L
@ Ve, y~ X, (x~>y)~ (x~~1) =y~ 1

Theorem 4.1. Let A be a neutrosophic filter in pseudo-BClI algeb¥a ThenA is an antigrouped neutrosophic filter
in X if and only if it satisfies

() Ve e X, Tya(x) > Ta((x = 1) = 1), Ta(x) > Ta((x ~ 1) ~ 1);

(i) Vx € X, IA(SZ) > IA((QE — l) — 1), IA(I’) > IA((x ~ 1) ~ 1);

(i) Ve € X, Fa(x) < Fa((x — 1) = 1), Fa(z) < Fa((x ~ 1) ~ 1).
Proof. If A is an antigrouped neutrosophic filter i, then by Proposition 4.2 we know that the conditions (i), (ii),
and (iii) hold.

Conversely, suppose thdtsatisfies the conditions (i), (i), and (iii). For any y, z € X, by Definition 2.9 (2)
and Lemma 4.1 (1) we have

=y —-@—-2)<(@—-y—-@—-2)—-)-1=(y—2)—1) —1

From this, using Proposition 3.1 (NSF4) and conditions (i), (ii), and (iii) we have

Ta((x —y) = (z = 2)) <Ta((y = 2) = 1) = 1) <Taly — 2);

Ia((z = y) = (2 = 2)) < La(((y = 2) = 1) = 1) < Laly — 2);
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Fal(w —y) = (= 2)) 2 Fallly = 2) = 1) = 1) = Fa(y — 2).
From this, using Definition 3.1 (NSF2) we get

min{T4(y), Ta((z — y) = (z — 2))} <min{Ta(y), Taly — 2)} < Ta(z);
min{Za(y), [a((z = y) = (x — 2))} <min{la(y), La(y — 2)} < La(2);

max{Fa(y), Fal(x —y) — (& — 2))} 2 max{Fa(y), Faly — 2)} = Fa(2).

This means that Definition 4.1 (2) holds. By the same way, we can prove that Definition 4.1 (3) holds. Therefore,
is an antigrouped neutrosophic filter M. O

Definition 4.2. A neutrosophic filterA in pseudo-BCI algebr& is called a neutrosophic normal filter i if it
satisfies

(NSNF) Ty(x = y) = Ta(x ~ y), Ia(z = y) = La(x ~ y), Falx = y) = Fa(z ~ y), Vo, y € X.

Theorem 4.2. Let A be a neutrosophic filter in pseudo-BCl algebXa ThenA is a neutrosophic normal filter i
if and only if it satisfies

(1) Vo,y € X, Ta((z — y) = y) =2 Ta(x), Ia((x = y) = y) > 1a(x), Fa((x = y) —y) < Fa
(2) Va,y € X, Ta((z ~ y) ~ y) 2> Ta(x), Ia((x ~ y) ~ y) > La(z), Fa((z ~y) ~ y) < Fa

Proof. Suppose thatl is a neutrosophic normal filter i¥. For anyz, y € X, by Definition 2.9 (2)x < (z — y
y- Applying Proposition 3.17°4(z) < Ta((z — y) ~ y), La(z) < La((z — y) ~ y), Fa(z) > Fa((z — y)
y). On the other hand, by Definition 4.2 (NSNF),

Ta((z = y) ~y)=Tal(z = y) = y), Ial(z = y) ~y) =La((z = y) — v),

Fa((z —y) ~y) = Fal(z — y) — y).
Thus,Ta(z) < Ta((z — y) — y), La(z) < Ia((x — y) — y), Fa(z) > Fa((x — y) — y). Thatis, (1) holds.
Similarly, we can get (2).
Conversely, suppose thdtsatisfies the conditions (1) and (2). For anyy € X, by Definition 2.9 (1),
= ((@~y) =y <(((z~y) —y) =y~ (z—y)

Moreover, by Definition 2.9 (2) and (5}, < (z ~ y) — yandz — ((z ~ y) — y) = 1. Thus1 < (((z ~ y) —
y) — y) ~ (z — y). From this, by Proposition 2.1 (1)(z ~ y) — y) — y < = — y. Applying Proposition 3.1
we get

Ta(((z~y) = y) = y) <Talz — y), La(((z ~y) = y) = y) < La(z — y),

Fa(((z ~y) — y) > Fa(z — y).

y) —
On the other hand, by (1X4(((z ~ y) — y) — y) > Ta(z ~ y), Ia(((z ~ y) = y) — y) > La(z ~ ¥),
Fa(((x ~y) — y) — y) < Fa(z ~ y). Therefore,

Ta(z ~y) <Talz —y), Ia(z ~y) < Ia(z —y), Falz ~y) = Falz — y).
Similarly, by (2) we can get
Ta(x —y) <Ta(x~y), Ialex —y) < La(z ~y), Falx —y) = Fa(z ~ y).

It follows thatTa(x — y) = Ta(z ~ y), Ia(x — y) = Ia(xz ~ y), Falz — y) = Fa(x ~ y), Vo, y ~ X. By
Definition 4.2,A is a neutrosophic normal filter iX. O
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Definition 4.3. A neutrosophic sefl in pseudo-BClI algebr& is called a neutrosophic p-filter iX if it satisfies
(NSF1) andvz, y, 2z € X,

(NSpF1) T4(z) > min{Ta((z — y) ~
Fa(z) <max{Fa((x — y) ~
) —

(z
(NSpF2) T4(z) > min{Ta((z ~ y
Fa(z) <ma{Fa((z~y) —

}}:_, La(z) 2 min{Za((z — y) ~ (2 = 2)), La(y)},
x> 2)), Ta y)]}:, La(z) 2 min{Za((z ~ y) — (2~ 2)), La(y)},

Whenzx = y in Definition 4.3 (NSpF1) and (NSpF2), we can get (NSF2) and (NSF3) in Definition 3.1; this
means that the following proposition is true.

Proposition 4.3. Let A be a neutrosophic p-filter in pseudo-BCl algebYa ThenA is a neutrosophic filter inX.
Theorem 4.3. Let A be a neutrosophic filter in pseudo-BCl algeb¥a Then the following conditions are equivalent:

(i) Ais a neutrosophic p-filter itk;
(i) A is both a neutrosophic antigrouped filter and a neutrosophic normal filté¢ in

Proof. (i) = (ii)
Suppose thatl is a neutrosophic p-filter iX. Whenz = z andy = 1 in Definition 4.3 (NSpF1) and (NSpF2),
we can get

Ta(z) >min{Ta((x — 1) ~ 1), Ta(D)}, La(z) > min{ls((z — 1) ~ 1),14(1)},

Fy(z) <maX{Fa((zx — 1)~ 1), Fa(1)};
Ta(z) >min{Tys((x ~ 1) — 1)), Ta(1)}, Ta(z) > min{la((z ~ 1) — 1),14(1)},
Fa(z) <max{Fa((z~1) — 1), Fa(1)}.
From this, applying (NSF1) and Proposition 2.1 (12) we have

Ta(z) 2 Ta((x — 1) = 1), La(z) =2 La((x — 1) = 1), Fa(z) < Fa((z — 1) = 1);

Ta(z) 2 Ta((x ~> 1) ~ 1), La(z) = La((x ~> 1) ~ 1), Fa(z) < Fa((z ~ 1) ~ 1).

Using Theorem 4.1 and Proposition 4.3, we know thas a neutrosophic antigrouped filter k.
Moreover, for anyz, y € X, by Definition 2.9 (1), Proposition 2.1 (4), and (12), we have

toy<@y—~@—-)=yg—-Dw@-)=y—-Dw@~y—y)=u—1D~H—@~y).
From this, using Proposition 3.1 we have
Talx = y) <Tally = 1)~ (y = (£~ ))), lalz = y) < Tally = 1) ~ (y = (z ~y))),

Fa@—y) 2 Fally = 1) ~ (y — (z ~ 1))
On the other hand, by (NSF1) and Definition 4.3 (NSpF1) we get

Tally = 1) ~ (y = (.~ y)) =min{Ta((y = 1) ~ (y = (z~>y))), Ta(D)} < Talz ~y),

Ia((y = 1)~ (y = (2~ y)) =min{Za((y — 1) ~» (y = (z ~y))), La(D)} < La(z ~ y),
Fa(ly—= 1)~ (y— (z~y) =max{Fa((y = 1) ~ (y — (@~ y))), Fa(D)} > Falz ~y).
Combining above results, we have

Ta(r —y) <Ta(z ~y), la(z = y) < Ia(z ~y), Falz —y) > Fa(z ~y).
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Similarly, we can get
Ta(z~y) <Talz —y), lalz ~y) < La(z = y), Falz ~y) > Falz — y).

HenceTa(x — y) = Ta(x ~ y), Ia(z — y) = Ia(z ~ y), Falz — y) = Fa(x ~ y). By Definition 4.2 we
know thatA is a neutrosophic normal filter iX.

(ii) = (i)
Conversely, suppose thdtis both a neutrosophic antigrouped filter and a neutrosophic normal filt€r For
anyzx, y, z € X, by Definition 4.1 (2),
min{Ta(y), Ta((z — y) = (z — 2))} < Ta(2), Min{la(y), a((z — y) — (r = 2))} < La(2),
max{F(z), Fa((x — y) = (x — 2))} = Fa(2).
On the other hand, using Definition 4.2 (NSNF),
Tal(z —y) — (& = 2) = Tal(z — ) ~ (¢ — 2)), La((x —y) = (@ — 2)) = La((x = y) ~ (x = 2)),
Fallz = y) = (= 2)) = Fal(z — y) ~ (z = 2)).
Therefore,
min{Ta(y), Ta((z = y) ~ (x — 2))} < Ta(z), Mn{la(y), La((z — y) ~ (z — 2))} < La(2),

max{Fa(z), Fa((z — y) ~ (z — 2))} = Fa(z).
This means that Definition 4.3 (NSpF1) holds. Similarly, we can get (NSpF2). Hdnisea neutrosophic p-filter in
X. O

Example2. Let X = {a, b, ¢, d, e, 1} with two binary operations given in Tables 1 and 2 (see Example 3.1). Then
(X; <, —, ~, 1) is a pseudo-BCl algebra, where< y if and only if x — y = 1. Define neutrosophic setsand B
in X as follows:

Ta(a) = Ta(b) = Ta(c) = Ta(d) = O, Ta(e) = Ta(1) = 0.9,
Ia(a) = 14(b) = Ia(c) = Ia(d) = 0, Ta(e) = Ia(1) = 0.05
Fa(a) = Fa(b) = Fa(c) = Fa(d) = 0.9, Fa(e) = Fa(1) =0;
Tp(a) =Tp(b) = Ts(c) = Tp(d) = Tp(e) = 0.75, Tp(1) = 0.95,
I5(a) = In(b) = Ig(c) = In(d) = Ip(e) = 0.15, Ip(1) = 0.05,
Fp(a) = Fp(b) = Fp(c) = Fg(d) = Fp(e) = 0.1, Fp(1) =0.

=
Q

ThenA, B are neutrosophic filters i
a neutrosophic p-filter ik, since

TA —0209 mln{TA((b—>6) € (b—>a)),TA(e)},
Ix(a) =0#0.05=min{Ia((b—e) € (b—a)),lale)},
FA( =09<£0=max{F4s((b—e)e (b—a)),Fale)}
Moreover, we can verify thaB is a neutrosophic p-filter itk .
Example3. Let X = {a,b, ¢, d, 1} with two binary operations given in Tables 3 and 4. Th&h €, —, ~~, 1) is a
pseudo-BCl algebra, where< y if and only if z — y = 1.
Define neutrosophic set in X as follows:
TA((J,) = TA(b> = TA(C) = TA(l) = 0.65, TA(d) = 0.37
IA(a) = IA(b> = IA(C) = IA(l) = 0.2, IA(d) = 0.157
FA(CL) = FA(b) = FA(C) = FA(].) = 01, FA(d) = 0.55
We can verify thatA is both a neutrosophic antigrouped filter and a neutrosophic normal filtéf, iso it is a
neutrosophic p-filter inX.

. We can verify thatd is a neutrosophic antigrouped filter . But A is not
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TABLE 3: Third set of binary operations

— a b c d 1
a 1 1 1 d 1
b b 1 1 d 1
c b b 1 d 1
d d d d 1 d
1 a b c d 1

TABLE 4: Fourth set of binary operations

~ a b c d 1
a 1 1 1 d 1
b c 1 1 d 1
c a b 1 d 1
d d d d 1 d
1 a b c d 1

5. THE RELATIONSHIPS BETWEEN NEUTROSOPHIC FILTERS AND FUZZY FILTERS

Theorem 5.1. Let A be a neutrosophic set in pseudo-BCl algeBfaThenA is a neutrosophic filter inX if and only
if A satisfies

(i) T4 is afuzzy filter ofX;
(i) I, is afuzzy filter ofX;
(i) 1— F4is afuzzy filter ofX, where(1 — F4)(z) =1 — Fa(z),Vz € X.

Proof. Suppose thatl is a neutrosophic filter ifk'. ThenT'4 is a fuzzy set onX'; and using Definition 3.1 we have
Va,y € X, Ta(x) < Ta(1), min{Ta(z), Ta(z — y)} < Ta(y), min{Ta(x), Ta(z ~ y)} < Ta(y).

By Definition 2.14 we know thaf’s is a fuzzy filter of X. Similarly, we can get thaf4 is a fuzzy filter of X.
Moreover, it is easy to verify thdt — I is a fuzzy set onX'; and using Definition 3.1 we havér, y € X,

(1-Fa)(z) =1-Fa(z) <1-Fa(l) = (1-Fa)(1)
min{(1 — Fa)(z),(1— Fa)(z — y)} = min{l — Fa(z),1 - Fa(z — y)}
=1-maq{Fa(z), Falz —y)} <1=Fa(y) = (1—-Fa)y);
min{(1 — Fa)(z), (1= Fa)(z ~ y)} = min{l — Fa(z),1 - Fa(z ~ y)}
=1-max{Fa(x), Fa(z ~ y)} <1-Fa(y) = (1- Fa)(y).

By Definition 2.14 we know that — F4 is a fuzzy filter of X
Conversely, suppose that neutrosophic Aedatisfies the conditions (i), (ii), and (iii). Then, by Definition 2.14
we have

Vo,y € X, Ta(z) <Ta(1), min{Ty(z), Talx — y)} < Ta(y), min{Ta(z),Ta(z ~ y)} < Ta(y);

Va,y € X, Ia(z) < Ta(1), mindla(z), La(z — y)} < La(y), min{la(z), La(z ~ y)} < Ta(y);
Vr,y € X, (1= Fa)(z) < (1= Fa)(1), min{(1— Fa)(z), (1 - Fa)(z —y)} < (1 - Fa)(y),
min{(1— Fa)(x), (1 = Fa)(z ~ y)} < (1= Fa)(y)-
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Thusvz,y € X,
TA(x) < Ta(1), IA(.T) <Is(1), andFa(z) =1— (1 — FA)(.T) >1- (1— FA)(l) = FA(l);

Min{T'4(z), Ta(z — y)} < Taly), min{la(z), La(z — y)} < La(y)

and
max{Fa(z), Fa(z — y)} = 1—-min{(1 - Fa)(x), (1 = Fa)(z = y)} > 1= (1= Fa)(y) = Fa(y);
Min{Ta(z), Ta(x ~ y)} < Taly), Min{La(2), La(x ~ )} < La(y)
and
max{Fa(z), Fa(x ~ y)} = 1=min{(1— Fa)(x),(1 = Fa)(z ~ y)} = 1= (1= Fa)(y) = Fa(y).
From this, by Definition 3.1 we get that is a neutrosophic filter itk . O

Theorem 5.2. Let A be a neutrosophic set in pseudo-BCl algebfaThenA is an antigrouped neutrosophic filter
in X if and only if A satisfies

(i) T4 is afuzzy antigrouped filter of ;
(i) I4 isafuzzy antigrouped filter of;
(i) 1— F4is afuzzy antigrouped filter of, where(1 — Fly)(z) = 1 — Fa(z), Vo € X.

Proof. By Theorem 5.1, we only prove the following fact:

For any neutrosophic filted in X, A is antigrouped if and only if'4, 74, and1l — F4 are fuzzy antigrouped
filters of X.

Assume thatd is antigrouped neutrosophic filter . By Theorem 4.1 we hav&/g € X)

Ta(@) 2 Ta((x — 1) = 1), Ta(x) 2 Ta((x ~ 1) » 1); La(z) 2 1a((z — 1) = 1), Ta(z) = La((z ~ 1) ~ 1);

Fa(z) < Fa((z — 1) = 1), Fa(z) < Fa((z ~ 1) ~ 1).

Thus,
(1—Fa)(z) =1— Fa(x) 21— Fa((z > 1) > 1) = (1— Fa)((z — 1) — 1)

(1—Fa)(z) =1— Fa(z) > 1— Fa((z € 1) € 1) = (1 — Fa)((z ~ 1) ~ 1).

Therefore, using Proposition 2.3, we get tlhat 74, and1 — F4 are fuzzy antigrouped filters of .
Conversely, assume thaly, 74, andl — F4 are fuzzy antigrouped filters of. Then, by Proposition 2.3,

Ta(z) 2 Ta((x — 1) = 1), Ta(x) = Ta((z ~» 1) ~ 1); La(x) > La((x — 1) = 1), La(z) = La((z ~> 1) ~ 1);

(1- Fa)(@) 2 (1 - Fa)((x — 1) = 1), (1- Fa)(e) = (1 - Fa)((z ~ 1) ~ 1),

Therefore,
Fa(@)=1-(1-Fa)(z) <1-(1-Fa)((z = 1) = 1) = Fa((x = 1) = 1),
Fa(z)=1—-(1-Fp)(z) <1—(1-Fa)((z ~ 1)~ 1) = Fa((x ~ 1) ~ 1).

Hence, applying Theorem 4.1 we get thiis antigrouped neutrosophic filterin X. O

Similar to Theorem 5.2 we can get the following results (the proofs are omitted).

Theorem 5.3. Let A be a neutrosophic set in pseudo-BCl algeBfaThenA is a neutrosophic normal filter itX if
and only ifA satisfies
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(i) T4 is afuzzy normal filter ok;
(i) 4 isafuzzy normal filter oX;
(i) 1— F4is afuzzy normal filter oKX, where(1 — Fy)(x) =1 — Fa(x),Vx € X.

Theorem 5.4. Let A be a neutrosophic set in pseudo-BCl algeBifaThenA is a neutrosophic p-filter inX if and
only if A satisfies

(i) T, is afuzzy p-filter ofX;
(i) I, isafuzzy p-filter ofX;
(i) 1— F4is afuzzy p-filter ofX, where(1 — F4)(x) =1 — Fu(x),Vz € X.

Lemma 5.1([10,38]). Let X be a pseudo-BCI algebra. Then a fuzzysetX — [0, 1] is a fuzzy filter ofX if and
only if the level sef,; = {x € X|u(x) > t} is afilter of X for all ¢ € Im(p).

Theorem 5.5. Let X be a pseudo-BCl algebra, antlbe a neutrosophic set i such thatl's (x) > g, I4(x) > Po,
and F4(z) < vo, Vz € X, whereag € Im(Ty4), Bo € IM(14), andyo € IM(F4). ThenA is a neutrosophic filter in
X ifand only if (, B,v)-level setA(%F-Y) is afilter of X for all « € Im(T4), B € Im(14), andy € Im(F}).

Proof. Assume thatd is a neutrosophic filter ifX. By Theorem 5.1 and Lemma 5.1, for amye Im(T4), p €
Im(I4), andy € Im(Fy), we have

(Ta)a = {z € X|Ta(x) > o}, (Ia)p = {z € X|[a(x) > B},
and
(1—Fa)i—y ={z € X|(1 - Fa)(x) > 1—v} ={z € X|Fa(z) < v} arefilters ofX.

Thus(T4)a N (1a)p N (1— Fa)1_y is afilters ofX. Moreover, by Definition 2.8, it is easy to verify that*#Y) =
(Ta)aN(Ia)p N (1~ Fa)1_. Therefore A(xB-Y) is filter of X for all o € Im(T4), B € Im(14), andy € Im(Fy).

Conversely, assume thaitt>#-Y) s a filter of X for all o € Im(T4), B € Im(I4), andy € Im(Fy4). Since
TA(l‘) > X, IA(.I) > Bo, andFA(m) <o, Vz € X, then

(Ta)o = {z € X|Ta(2) > o} = (Ta)a N X N X = (Ta)a N (La)pe N (L= Fa)1—y, = AlHPoY0);

(In)p ={r € X|[Ta(z) > B} =XNTa)g N X = (Th)ae N (Ta)p N (1 — Fa)1_y, = Al20:B¥0);
(1= Fa)iy ={z € X|(1-Fa)(2) > 1—-v} =X NX N{z € X|Fa(z) <v}
=(Ta)ao N (La)p, N{z € X|Fa(z) <v}= A(ex0,B0,Y)

Thus,
(Ta)a = {z € X[Ta(x) > o}, (Ia)p = {z € X|La(x) = B},
and
(1-Fa)i—y ={z € X|(1 - F4)(x) >1—v}={z € X|Fa(x) < v} arefilters ofX.

From this, applying Lemma 5.1, we know tH&i, 14, andl — F4 are fuzzy filters ofX. By Theorem 5.1 we get that
A is neutrosophic filter in. O
Similar to Theorem 5.5 we can get the following results (the proofs are omitted).

Theorem 5.6. Let X be a pseudo-BCl algebra, amibe a neutrosophic set it such thafl's (z) > oo, I4(z) > Bo,
and Fa(z) < vo, Vo € X, whereag € Im(Ty), Bo € Im(14), andyo € Im(F4). ThenA is a antigrouped
neutrosophic filter inX if and only if (x, B,v)-level setA(*:#Y) is an antigrouped filter ofX for all o« € Im(T'4),
B elm(ly), andy € Im(Fga).
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Theorem 5.7. Let X be a pseudo-BCl algebra, amibe a neutrosophic set it such thafl's (z) > oo, I4(z) > Bo,
and F4(z) < yo, Vx € X, whereag € Im(T4), Bo € Im(14), andyo € Im(F4). ThenA is a neutrosophic normal
filter in X if and only if (, B,v)-level setA(*F-Y) is a normal filter of X for all « € Im(T4), B € Im(I,4), and
Y € Im(FA).

Theorem 5.8. Let X be a pseudo-BCl algebra, antlbe a neutrosophic set i such thatl's (x) > g, I4(x) > Po,
and Fa(z) < o, Vo € X, Whereag € Im(Ty4), Bo € Im(I4), andyo € Im(F4). ThenA is a neutrosophic p-filter
in X if and only if (, B, y)-level setA(%F-Y) is a p-filter of X for all oc € Im(T4), p € Im(14), andy € Im(Fy).

Now, some new research results on neutrosophic sets and related algebraic structures have been published (see
[40-42]), and we will further expand the research content of this paper on the basis of these studies.
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