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A CLASS OF DIFFRACTION PROBLEM:S
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IN the solution of the problem of the diffraction of electric waves by a
perfectly conductin얄 right circular cone, the constants of the requisite
series were determined from the fact that these constants must be identical
with the constants in the series which represents the solution of the
corresponding potential problem, where both series are expressed in terms
of the appropriate harmonic functions.* The solution of the problem of
the diffraction of electl'ic waves by a perfectly conducting wedge was also
obtained in the same way. -I- The object of the present communication is
to exhibit in analytical form the argun1ent which demonstrates that the
constants are the same for the solution of the diffraction problem as for
the corresponding potential problem, and also to apply the method to the
solution of the diffraction of waves of sound by a rigid wedge. Solutions
of the corresponding potential problems are obtained in the form suitable
for comparison with the diffraction problem.

The solution of the diffraction problem depends on the solution of
linear partial difl'erential eqnations of the form

EW+K2W == 0 , (1)

where E is some operator, and 'w satisfies certain boundary conditions,
while the solution of the corresponding potential problem depends on the
solution of equations of the form

Ew = 0. (2)

with the same boundary conditions. When the space for which the solu­
tiona of (1) and (2) are required is the space bounded by 종 == fl' f== 흙 ;
η = ηl' ", = η:3 ; ~ == tl' t = t2; where f , t'J, t are coordinates determining

* Electric 'Waves , p. 90 , 1902.
t Electric Wac e.s , p. 187.
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three families of surfaces, if the equations (1) and (2), when they are
transformed to the new variables, take the form

D1w+D2w+Daψ+K
2ψ Ul(f)+f2(η)+져(~)J = 0 , (3)

D1w+D2w+Daw =0, (4)

where D1 involves only f and operations with respect to f, D2 involves
only η and operations with respect to η ， and Da involves only ,and opera­
tions with respect to ~， the solutions of (3), when the boundary condition
is t뼈，t w or ow/an is given over the boundary~will be of the form

w=~L’M’N’，

and the solution of (4) will be of the form

1.lJ = "£.L !JIN,

(5)

(6)

where L' , ~I’，N’ ， L , lJ:f, N are harmonic functions , and L' , ]1,[’, N’ assume
the values L , M , N when K vanisheR.

The function L' satisfies a lineal' differential equation involving f
only, ill’ satisfies a linear differential equation involving η only, N ’ satis­
fles a lineal' differential equation involving ,only , and when only one of
these three equations involves K the value of w which sa꾀sfles (3) can be
immediately obtained from the value of w which satisfies (4) with the
same boundary conditions. If the equation which is satisfied by L' is
the one that involves K , then

]J[’ = ~I， N’=N

for the diff’'erential equations, and the boundary conditions are the same
in both cases. Hencethe solution of theproblem is reduced to finding'

the solution of the linear differential equation satisfied by L' , which satis­
fles the boundary conditions, and takes the value L when K vanishes;
therefore, when the solution of (3) and (4) are expressed in terms of the
appropriate harmonic functions the constants in the two series are identical.
rrhis applies when the space is that bounded by two concentric spheres,
two coaxial right circular cones, and two planes through the axis.

In order to apply the method to the solution of the problem of the
diffraction of waves of sound by a. wedge it is necessary to obtain the solu­
tion of the corresponding potential problem in the appropriate form.
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Green’s Function for α Wedge.

Choosing polar coordinates 1', 8, φ， the potential V at any point satis­
neB the differential equation

PROF. H. M. 1VI ACDo NALD412

32 V . 2 av I 1 () /.. 9 , ()V. 1 ()2 V
깅휴 +7r 71F+# 값 (1 -μ:.!)짧 + 꽉핍판강 짧2" +4τp =0, (7)

where μ is cos θ， p is the density of the inducing distribution at the point,
a.nd the condition to besatisfied at the boundary is that V vanishes.
Writing l' = αe-λ， equation (7) becomes
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젤 v= u，년A，and, substituting

the equation satisfied by U is

,('PU '~T. ()'4 o, o U . 1 32U.. ...
꽁2 -윷U+파 (1 -μ:.!)짧 +값융걷 짧~ +4 7rpαe-￥A =0. (8)

When the space for which equation (8) is satisfied is the space bounded
by the spheres

1'= αe-ko，1'= α，

φ = φ。，φ =0,and the planes

the harmonic functions of λ and φ which vanish at the boundary are

7rlnφ

81n-• ..L-
Y’O

’7r lλ
F.l1n -,-,

/‘0

(9)

where land 1n are positive integers, and the harnlonic function of μ is the
function which satisfies the equation

호 (1-μ됐 - ?Il2T2 -좌3 +n(n+l) y = 0,
μ 값 대E- 1 -μ2

where 11, is determined by the condition that y is finite for all values of μ

in the space, that is, when
1 늦 μ늦 -1.

Writing m7r/φ。=m’ ， the solution of (9) , which is finite when μ = 1, is

y=P:;;ll‘ (μ) ，

that P;'까and n is restricted by the condition
μ = -1. Now

P;?n’ ψ) = p 1 (}二쓰)~m'F [_n， n+1 , 1+m’, 융 (1 -μ)J ，
μ、 \1+μ/
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and F[-π，n+1，1+m’， 훌 (1 -μ)]

= 많(1 +μ) } 'It' P[π+ 11£’ + 1 ， ψ-Jl" l + m' ， 훌 (1 -μ)] ;

- (1-μ2)센’ , I.. .._,
whence p;:'n’ (μ) = on~’ ~ /" I μ、 F [n+m 十 1 ， 1'11/-η， 1 +m’， 훌 ( 1 -μ)] ，

therefore, if P;" ’‘’ (- 1) is finite, F(n+m’+ 1, η~' - Jl" l+m’, 1) must be
finite, and since the series diverges, it must consist of a finite number of
terms, th빠 is , either n+m' +1 or 1'11,’ - n is a negative integer. Again,
P=암1 (μ) and p;;n‘’ (μ) are not different solutions of (9) , therefore it i8
su댐cient to take the positive values of 11, for which n-m’ is a positive
integer. Hence the solution of equation (8) is

∞ ∞ • l7rλ ，u = ~ ~. ~ A[IIt)• SInτ- 81n mrφ Pr’‘’ (μ) ，
[==0 1n=0 n=1n' I‘o

where n-nι’ is a positive integer, and

훌λ0%Atmn j t 1 {P;?내) } 2따 [(11，+융)2+ 穩]

= 47rα，2 (Aoφ01 pe-*Agin 짝8in?쩍 RIllψ) dλdφdμ，
Jo JO J-l r~ ~.~ A。 φ。

and therefore

u= 프띤2 5 ￡ ￡ gin 꽉쓰 SIn띤뾰 p:::m'ψ) [AU fφo {l pe-*A’
01>0 [=0 1n=0 n=m' λ。 φ。 “ JO JO J-l

xsin줬ginZ擬P;”‘ ω') dλ'dφ' dμ’/[(n+i) 2+ 慧] J~I{P김 ”‘ (μ熾，

(10)

aud for the case of a point charge q at the point λl' φl' μl' this becomes

u== 팩띤갤f g 숭 § sin 한즈 sin싼I Bin깐뾰gin?깐연!P;;'1‘ (μ)P;: lIt'싸1)
。 φ。α [=0 m=O 1t = l i‘’ X。 λ。 1>1。 φ。 “

/[(n+융)2+뤘J J~ l {p채) }2dμ’ (11)

It is known that*

E。P;”‘ ω)p따)짜

「 dP길111.’싸0，) ...... _.", dP;;
1Iι (μ이1

~Ip;;
η

‘ (μ이 L
-P텀 (μ이 A ”

|
I UMn u.',.‘n ...J

•
Proc. Loπdo까 Math. Soc. , Vol. X )O(I , p. 265 , 19ω.



414

therefore
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J: {p;m- (~)} 2dJL == 2n~ I[ 앙P웹) dP짧(μ) dP;; ,n- (μ~Jμ{p;빼 (μ)} 2d，μ == 0_ -:-L "1 1 p;;m'(μ) C -
싫+1 L~ n VVOI dμdll dμ dn μ=0

Now

p;;m'(μ) = 2-m’ cos 융 (n- tn，’) ?T' II{ 훌 (n-111，' - I) } (1-μ2)-썩’
H내(n+m’) } II(- 훌) μ

XF[훌 (n- 1n’ + 1) ， -i(n+m’), 훌， μ2J

+2-싸 sin 융 (n-111，') τ II{ 훌 (n- 111，’ )} -μ(1-μ2)-깐’
H끊 (n+ nι’-I)} II(옮) μ μ

XF[윷 (n-m’+ 2) ， -윷 (n +m’ - 1) ， 월， μ2J，

whence, when μ =0,

II{ 윷 (n- 111，’ - 1 ) }
fκ”이0) = 2-11‘’ cos 윷 (n-11•’) τ

II(윷 (n+m’) l- II(- 융) ’

dP강‘’ (μ) n._''',., , " II녕 (n一11ι’ ) )-
'11_ V-I == 2-까’ sin i(n-빠) 7r

2 '''' .,., J .. II {융 (n+m’ - 1 ) f TI(윷) ’

dP7’ (μ) 1 ’ II 내(η- 111，’ - 1 ) ;-
--- -- 꽃7r . 2- 1n- sin 훌 (n-}μ’) τ

끽 H 끊 (n+ηl’ ) ;. 11(- 훌)

d II 페 (n- Jn’ - 1) 1+2-m
' cos 훌 (n- ln’) γ -

dn II 낸 (n十1n’H II(융) ’

a;.p;;m’ (μ)

dμ dn

II녕 (n-1n’)}
훌τ . 2-1n cos 윷(n-nl，’ ) 7r TT 1

H 많 (η+m，’ - I)} TI(융)

d II콰 (n-m ’) ;.
+2-m' sin 훌 (n-1n’) ?T' -T-

dn II낸 (11, + 111,’ -1»)· TI(융) ’

and, since n - m ’ is an integer,

r "'Tl.~i)U' ifp;;m'(μ) dP;;mμl) dP;;1’ι， (μ)1
lPJ?샤 (μ) “ - J l
L~ n \1""1 d，μ dn dμ dn Jμ=0

_ ~_ '1 - 211‘/ H j 훌 (n- m’) } 11 권 (n-n'/;’--I) }
-2 “ ·“ R 낸(n+ 'In') } II 많 (11，+찌-I)} 11(-훌)11않) ’

hence j; 1 lI (n - m')
iP;;m’ψ) } 2d，μ ==---

2n+l lI (η+ m’) .

Again, when n-nt' is an integer,

P;m’ ( -μ) = cos(n-ηL’) π p;;m (μ) ，
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lr JPJm’ (μ) }id，μ = 2 f. { P깜 (μ) } 2 ll，μ，

fj1 2 II(n- 11l,’ )lP;m’ (μ)} 2 d，μ ----
211,+1 II(
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V= 첼g

φ。

The value of V is therefore given by

V= 효쪼e* (A+Al) i ￡ ￡ 2n+l II(n+까)
@λoepo ’=0 ,n=O n=m' (π+훌)2+ 뤘 lI(n - wl,’ )

In 한즈 sin관즈! sin 깐T연 sIn 깐흐띤! p;;:n‘’(μ)p;: 1lt' (μ1)
λ0 시 φ。 φ。

and effecting the summation for the values of I, this becomes

V= 관q eiμ+Al) g g II(n+1n’) cosh(n+훌)(;\0-λ+λ1)-cosh(1ι+훌)(λ。-λ-λ1)

aφ'0
~

11::0 lI ':n' II(n-m’) sinh(n+윷) ;\。

SIn깐츠연 siI1?깐깐쁘~ P;:'l‘’(μ) p;: n‘’ (μ1) ，
ψ。 φ10

-,it ,,--, - n

when ;\ > λl' and

v= 감오 e~ (,\+,\) 슬 죠 II(n+m’) cosh (n+융)(λ。-λ1+λ) - cosh (n+훌 )(λ。-λ-λ1)

aepo 1l~=0 1t=싸 . II(n-m’) sinh(n+훌) λ。

In긴뜨오Sill 깐프뾰! P;;카애’”씨’
φ0 φ。

ι π

when A < λ1·

When the space, for which the solution is required, is the space inside
the sphere r =α， bounded by the planes ψ == 0, φ = ψ。， the value of A。
is infinite, and the corresponding expressions for V arc

∞ ~ II(n+m ’) ( 1·’‘ 꽉채 )
~ ~

...... \'U I "~.~
1
~_~

까:0 n::n; II(n-까) 니·;+ 1 α211. + 1 I

• 깐츠앞 SIn깐깐연! p，"; '’l’ (μ) PI;:';)" (μ1)
φ。 φ。

- 찬오 ∞ η II(η+m’) I 채 Tιr~ )
- φo z z -------‘'11~=o n=m’ II(n-m’ ) l '}'n+l a2κ tl I

(r < 1'1),

in 깐흐효 sin 깐프뾰! p;;m'(μ) P，-; 'l‘’ (μ1 ) (1' > 1'1).
φ。 φ。

theFor the wedge, space outside it being bounded by the planes
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φ =0, φ = φ。， the value of V is obtained by making a == ∞ in the
above, and therefore

V== 한'1 ~ ~ II(n+m’)작 SIn 깐쩔SIn 깐햄! p;:-m’ (μ) P;;까’써 (r<rl)'
φo m~O n:-m' II(n-m,’) 암+ 1 φ'0 Po η ”

V== 첼오 종 g II(n，+nι') 주r- siu깐뾰 8in ?딴흰! p:::m’ (μ) p;;m'(μ1) (r>"'I)'
φo n::O n=:n' II(n-m ’) 싼+ 1 φ。 φ0 % 「

These expressions can be simplified by observing that the origin of the
coordinates can be chosen so that the point charge is in the plane e= 훌τ，

then μ1 == 0, and the expressions for V become

v== 첼오 g g 2m, II{ 훌 (n+m’- I) } cos 윷 (n-m’) 7r 짚l
φo m:O n::l'" II 녕 (n-m') } ll(-훌)

In 깐츠보 BIn 깐T환 p-;: ηL' (μ ) (r < 1"1),
φ。 φo

z ζ “, II{ 훌 (I↓+nι’ - I) } rt
I ’ = 讓 건o n다 2

1il

II-{~ (~\~;"，’)\. II(-훌) COS 훌(%-%) T? ’‘+1

In 깐츠효 SIn 깐츠흰! p→In' (μ) (1· > rl) ;
φ。 PO - .,.

or

v== 섣요 ￡ 5 2mr묘 (m'十 k-훌) COS k7r끽慧1
φo m:O k:O" II (k) II(-융) ~~~.~ .• 1·~n' +“ + 1

]

in 딴츠뾰 SIn 깐츠앞I pτ깨ι (μ) (r < 1"1)
φ。 φo

Wif “
. (12)

V== 쏟현쩔T캘오 g g 2”꽤‘
φo 1n=0 k=O

SIn깐7r~ sin 깐츠연1 P;;;/1싸(μ) (r> '1’1)
φ。 φ。 '/I‘ ’

ικ

'.rhese expressions give V in terms of the harmonic functions appropriate
to the space; the results can be obtained from them in the form. pre­
viously given by the writer* as follows.

It is known that

- 2m' II (m' -융) II(2k)
P;?’ k(μ) == ~ I;"~_~';~I co~: "1-:;I\ - ' ~~ \ (1-μ2)윷m e앓H(μ) ,-

II(2m’+ 2k) 11 (-훌)
μ

•
Proc. London Math. Soc. , Vo l. XXVI, p. 160, 1895.
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where C앓+선μ) is the coefficient of X
2k in the development of

(1-2μx+쐐m'+ ~

in a series of powers of x , hence

v= 퓨F g & (3L)iU’+ 2L· (1 -μ2)셈 COS k7rII(m’- l )II(k-훌)
CPo ,’‘ = 0 1:= 0 \ 1.1 / \~ I‘’ II(m.’ +k)

Xsin깐프뾰SIn깐짧C짧+! (μ) (1· < -rl)'
φ。 φ。 ι

where '/. and 1"1 are interchanged, when ".> rI. Writing

∞ ( ,. \ 2k II(m’-훌) II(k-l)
8m ='l~O \깜) ~~ '''''II “‘”上 z.、 COS k7r.C앓+헤l) ，

it follows that

8m =좋 J~l (1-싼-& μ2k X
2k cos k 7r • C앓+웹)du，

where x = rlr1' hence

8,n=r /1 딴U
2

?l' -반m' -4- '"

and, substituting

1-2lμzμ_X2U2 = (1-값) x sin e. c-" ,
this becomes

F∞ +y em’g‘ dtBfl 1 = ~ (x sin e)-ηl’ l s
J‘∞ -y ν(2x sin ecos t듀i듀쳤) ’

where the path of integration lies wholly in the upper part of the ~-plane

and passes between the origin and the branch point l~O' where

cosh to = (1+녔)/2;]; sin e
of the integr~nd which lies on the imaginary axis ill the upper half, but

none of the other branch points ± lto ± 2nτv = 효￡ ￡ (JL) m Sm giI1m’

e sin쩔 sin깜잎 (r < 1".),
\1'1/ φ。 φ10

,- ......
~'7

therefore

v= 쌀!. ~ \'∞
+y e앙싼싼빵

ηm깨뼈뼈‘111"썩1π찌r'，ψ씨， I빠 d짜~ 샤ASI피n젠뾰앓8밍in깐프탤쁘
φo "":0 J띠 -y ν(2rr1 sinecos t-]'''' - r:) φ。 φ1 ’

SER , 2. VOL , 14 , NO. 1247 , 2 E
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v=~\‘∞ + 'Y d(
-2φ。 J‘∞ - 'Y ‘1(2r1"1 sinO cost-r-꽉)

418

SIll홉 )
8τ( -cos프 (φ+φ1) i
φ。 ψ。 J

/ • 7r‘
! sIn --:=

X , , -

tcos좌 -cos -7- (φ-φ1)
φ。 φ。

or

v= q r d(
- φ。、1(21'1"1 sin 0) J"'l ν(cosh (-cosh η)

| sinh 첼
× 1 9 rT

lc빼 묘-cos 으드 (φ-휘)
φ。 φ。

that is , writing for t, l~e. and (1"2+ ,.:)/ 21"1"] sin 0 = cosh lJ ,

sinh 췄 )
; γ!’ (; (18)

osh전 -cos프 (φ+ψ1) )
φ。 φ'0 ''- , ,- .IJ j

the result in its previous form.
The velocity potential of the motion of liquid, in the sp없e bounded by

the planp.s φ =0, φ = φ。， due to a source of strength q at the point
r 1, 흉τ， φl' is immediately obtained in a similar way, and is given by

TI(k-훌) 7 -y-,. / , I 4τq ~ ∞cos k -rrP2k(μ)+-x'': ~ ~ 2 in'
IT(k)II(-융) ~~~ .•.. ~ ..... ,,...., I 1"1φ'0 1n= 1 lc=o

한q ~ {~\2k
"1φ'0 k=O \ r 1 /

(1' < 1'1), (14)

and the corresponding expression with ,. and 'J‘1interchan암ed ， when l'> 1'1'
These expressions can, as above, be transformed into

xcoskτ흙(?’+k-훌 ) ( ~.)’‘’ + 2kp-MI 싸) cos띤앞 cos젠윈
‘ TT , .. 、 \ r1 J .... m'+:!lc φ。 φ。

q r~ dt
φ。 、1 (2"'1'1 sin 8) J"'l ν(cosh t- cosh η)

( sinh췄 sinh협 )
X-: ; γ” + ι γo ’lcosh ~‘ T FI T jcosh 二으 -cos -7- (φ - φ1) cosh ~흐 -cos"':;- (φ+ φ1) I

φ。 φ。 φ。 φ。 )

cosh η =(션+ r~)/2n'l sin 0 ,where

The solution of theproblem of the diffraction of waves of sound due to a.
source at the point 1'1' 융 7r, φ1 is ob.tained as follows. The linear differential
eqnation that involves K, where 2."./κ is the wave length, is

nv-­L

빼
숫

K+야
-
-
값

,[JL . 2--.-­
d":~ ’ r
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and the solu..tions of this equation are required which tend to the value
r'~/받 \ when ]' <1'1' and to the value 채/'1'11.+ \ when r> 1'1. Since L is

finite when r = 0, the solution, when l' < '1"1 ' is

L =Ar-깐il+?(Kr) ，

and , since the waves are all travelling outwards at infinity, the solution,
when '1' > 1'1' is

L = B1'-~K싸~ (LKr) ;

anll , since the two solutions are identical, when r = 1'1'

L = C1'- ~JnHkr) !(nH (LK1'] ) (1' < 1'1),

L = 01'-깐1H ~ (Kl'l)!(샤H (LKr) (1' > 1'1)'

Now, when K = 0,

therefore

whence

L=파-잖e-(nH)섣t (1'< ’1),
2n+1 잔 H

-으- 피jL e-(’H 융Hπ‘ 는 피:
2ll+1 1·;+ ￡ V - 1-;+l’

C = (2n+1) e(lt+셀'IU '/'펀，

al미 if the velocity potential due to the source alone is e'K(at- R>/R at a
distance R from it , where a is the velocity of sound, the velocity potential
of the wave motion is UelKHt, where

II(k-훌)
u=땀 ~ (4k+ 1)e(2k+a)융꾀，-석·략J2k + 훌 (Kr)K21c+ 훌 (LK]'l) cos k7rTT / 7 . \ TT I 1 、 P2싸)

epo k=O

+함 5 5 2iil’ (2m ’+ 4k + 1)생+2k+ ~) 윷1rL r-석펀Jllt ' + 2k+ ~ (/~r)I(，n' + 2k+ ! (LK1'1)
￥’o ln=l 1.= 0

Xcos k7r II (l'n’ + k-훌) p넥’ k(μ) cos 깐츠흰 cos 깐츠훨! (when l' < '1'1)' (15), ~‘ π .. ‘ 1n'+2k
φ'0

---
1Jo

and the corresponding expression with l' and 1'1 interchanged, when r> 1'1 0

Now*

J，κ+ 2k+ 깊 (K 1') IC나2kH (LK1'I)
~ ，~ 、 JIV 1 • . . • ,.,,",

_
'0\ '0 .' ~ IK-r'; 、 as

=-동e-(lIt' + jk + ~H7rl
\

e~S-KI(1·S+rlS) ’2$ Ifll' + 2k +〓-킹 } 二，
Jc-∞ l

.
- \ S / S

'*' Proc , London :Math. Soc. , Vol. XXXII,.p . 155 , 1900.

2 E 2
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and·
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(,,21"1" 、 1 r∞ L + Y’
Inν + 2kH (τ..1 ) =-o~ \ e ‘ ’Trl i S . COS '+(m’+2k+!)',‘ d~，

\ δ / ιπ 」∞‘ + y

[Jan. 14 ,

where

hence, writing

2τ> y> 7r, O>y’ > - 7r ,

8 m = 2m' 1: (2m,’+4k+ 1)e(m'+2k+융) 션l
1.; = 0

Il(m' + k-융)
X cos k7rJ，~싹~k+! (I(r)K짜+2k+ ! ('1(7"]) -~';~:\ ~~~ ~、 P짜r않’2k (μ) ，

that is,

Sm =iginm’ 8 쓰 (2ψ+4k+ 1) 땅’ +2쐐센
π 1.; = 0

II(m'-훌) II (k-윷) A
X cos k 7r J m' +2k +! ("10

) K7IJi’ + 2k+ 훌) (tm·l) H (7%f+k) C값+ 1 (μ),

it follows that

Sm = ;설 sin'1‘ (J ~ (217서4k+ l)
얻I; 'ff k=O

x cos k7r IT(m’-융) II (k-i) [0 fcc∞짜‘냐+서Y e쩔￥-I(샘’얘땀β(2s (씬씌+샤rη렌l션싼S-2쌍쐐싼띠I e뼈o애g쩨0+(“m'+ 2싫k+l> "
II(ηm’ +k메) Jc←-∞ ‘. Jμ∞ ‘샤+서Y v

x s-ld~ds C앓H (μ) ，

or, integrating by parts with respect to t,
∞ 1I (ηι’ ~l) II(k-훌) co r∞ ‘+y

S.>l = ~ ~ Q sin1Il’ (J ~ cos k 7l" ,&,,&, V " 'TT /~~ ~.&. ~': ~/ c:’;+싹) 씹"1"1 I \
π -2끼-2 l k=o II(m +k) 2 J‘ -∞LJ∞ ‘+y

Xe힐_ 1(1/앓(센+η1-2π1 cos ')+(111:+앓+ 6) ι sin td~웰 .
Now, by the above ,

5 cog kT II(m'-훌) II(k- 융) e2k~‘ C!~‘’+훌 (μ)
1.;: 0""""""' ,O' .. IT(171,’ +k) ~ ~2k \r-'

[∞ ‘+Y1' 6“’g냉호
= 훌de"‘ sin O) - m’ |

j ∞ ‘ -Yl (2e'C sin (J cos tl-1- e:ι

where the extremities of the path of integration lie in the upper half of
the plane, a,nd the path encloses the branch point of the integrand that
is continuous with the bI’anch point of the integrand on the positive

,. Elect,-ic l'Vaves, p. 191 , 19020
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imaginary 8찌s when ~ is a pure imaginary, therefore

(0 (:n t +"1’ (OOt+ "I1’
.Q - 효깐! \ v l #-. , 1 ，~.. , rI O~S-1C2/2s (싹 + r I 2 - 21"Tl eO!l 0+뼈l‘

μm - 4τ2 Jc- 끽 ‘ J~dY J", ‘-?I U

x 2-~ (sin ecos (I-COS ~)-~ sin핵1 d~줬 ,

whence, changing the order of integration, and integrating with respect to (,

(0 (z> t + YI ’

8il~ = - (2 7r) - ! K(n'1)~ , , e훤_K
i

/.없 (14 + rI2-21TI Bin8 eQS ~1 )+ 1ll.’의‘ !)-훌 d~1 ds ，

J ‘’- ~。 ‘J ，，-， t -Y I

where 2τ> y; >τ， 7r >γ1> 0;

or , replacing the integral with respect to !) by its known va.lue,

1 ("-'t+')'] ’
S1/ t == 솥 (1'rl)~ \ e- t

‘
κI

“
v…(“샤+ i"끼"I츄1

..... oIv.> t - Y l

and, substituting this result in the expression for U, it becomes

1 r∞ L - Yl

U = - ÷ l e- ‘t이i'2 + 1" 1
2
- 2 iTl sin Beos'l) (1~+l'~- 2'1꺼 8111 θ cos (1)-~

￥’o J ∞ L + ')' 1’

x (1+2 흘 e’lttr'l t/φU CO8 ?뺑cos戀1 ) d(1'
\ 1 φ。 φ。 )

that is ,

I ~。 ‘- 'V,
U=o는 \ e-“ν(r' + ;‘ 1

2
_ 2 n’I sinB co쐐) (션+ri- 2n'1 sine COS~l)-?l

‘￥’o J <n ‘ + "11 ’

( sin 효J sin효! )
x- 다 'YO + }.*

( cos젤 - cos jE (φ - φl) COS Ti1 - cog프 (φ+ φ1) )
φ。 φ。 φ。 φ。 J

\Vhen φ。 - τ/η， where 'It is an integer, the result agrees with that
obtained by the method of iIn ages, for

nSln 까I - ;1 sin (
cosn(-cosn(φ±φ1) - ":0 cos ~-COI3(φ±φ1-2k7r/n) ’

• In the particular case when φo = 21r, this result is equivalent to that given by Carslaw
hoc. London Math. Soc. , Vol. xxx, p. 139, 1898.
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and each term of the sum .is immediately integrable, givin당

u = ~ [e-‘"""{''' + 'I'l'-앙'1' 1 sin8cos얘-φ1-2"/’n) }

x {，.2+껴 - 2J'1'1 sin ecos(φ- φ1-2kτ/η) } -~J

+e-ur v{셔+ " 1'- 2 . 까 sill (JCOl (φ+φ1-2k찌까}

x{꺼+껴一2r" 1 sin ecos(φ+φ1-2k7r/n) ~ -i~

For the case of the straight edge or half plane φ。 = 27r , and

= 」- l ∞ ‘-YI e-lt얘+η2_뻐하n 8빼(꺼+채 -'- 2'rr1 sin ecos ~)-~
47r J ∞ ‘ t- ')' l ’

x ~ 8111싫 + 8111앞 ~- dt,

l교꿇I-cos 훌 (φ-φJ T굶도월-COS 융 (φ+φ1) ) αs

which can be expressed in terms of integrals between reallimits in a form
suitable for approximation as follows. Writing

1=上 {∞ ‘- Y1 e一“ν(션+ r}2-2rrl sin (J co셔)
47r J ∞ ‘ +V1f g

III 옳
X(션+채- 21"1'1 sin e COB t) -강

cos설-cos 훌 (φ-φ1)

it follows that

[z‘- Yl F ) SIll 윷~dt ds1=- 윷lIc (2τ)-훌 \ \ e형-1('，앓 (센+η2- 2'1''1'1 sin 9 COl

J ∞ ‘ + 'l'!' ]c-∞ ‘ COS앞-COS훌 (φ-φ1) 헌 ’

and writing

= \00 ‘- Yl etg띠Is sin Be뼈 SIll값 dt,
j∞ t + ')' 1 ’ cos 끓-COE; 훌 (φ-φ1)

this becomes, on substituting

cos잃= tcos 훌 (φ·φ1) ，

rti __t-..- f .... ....::_ 4 rO ,l 'll _ l'On.1 f ..... ..1... \ " dtW==2\ e뼈Is sin 8 [2ts cos세(φ-φ1)-l] --- •
Jto ~ t-l ’

where, when cos 훌 (φ- φ1) is positive,

to = 0’+ ∞ l ， t1 =-0’- ∞ l ,

and the path of integration crosses the positive real axis to the right of
the point t = 1, since,when t is a pure imaginary t is greater than unity;
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when cos 융(φ- φ1) is nega.tivet

to=-c’- ∞ l ， t1 = C’+ ∞ : ，

and the path of integration cuts the real axis to the left of the origin since
t is negative when ~ is a pure imaginary. Hence, when cos 훌 (φ - φ1) is
positive,

r-c' - ∞ (. o /8'~ .. '_~ ....__~1;.L ..1..\ dtW = 2e-"’""1'8 sin 8 \ e2"IrrJ/s t! sin 8e08~ 훌 (φ-φ1) .u."_ •

Jd+∞ ‘ t-l ’

that is, deforming the path so 잃 to make it coincide with the imaginary
axis, since it passes over the singularity t = 1,

w = - 47rle-연rrl!' sin (] cos(φ-φ 1) + 2e-"lrη is sin (] \-∞ l e?Ka1flStisin8C웹(φ-φ1)호 .
leo ‘ i-I ‘

now writing

it follows that

W’ f-∞ t ~ht1 dt== J,., . e'"' t피 ’

f∞ ‘ ehtl ~ . ~ ['Xl e-ht'’ dt
W’ = - 2 \ -;i-:: dt = 2t \ -.9 I -:-Jo f-I W; = ~t Jo .t2+1 ’

or W' = 2L J~ J: e-(h+u)tl-μdtdu = lν7r J~ e-u빠u)짧，

that is, writing h+u == w'J/2s,

since the real part of. 8 is always positive,

TV' = l(2τ찮 e- t tJ2
/
2s s-~dw，

where W o = (2sh)l;

therefore
’ 00w = - 47rLe- ，，2.꺼luin (J CI쩌(φ-φ1)+ 2L (2τ)~ s -l e"2rr’J ls sin 8 cos(ψ-φ1) Ie-vi’f2s dw.

whet’e W o = 2K(rr1 sinθ)l cos 윷 (φ-φ1) ·

Hence

1= -(27r) -란-∞ ‘ 행-‘’/쐐+rtl-21TI .i. 6뼈(φ-빡

+(2τ) -1 K \ \ e~8- "I/lls {허 + 1'l1 - 2r앤in 8 cos (φ-φ1)}-t에l앓 s-2dsdw,
)0- 0<. ‘ J 'tIJo
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and writing R 'J = 깨+ rt-2η1 sin 0 COS(φ-φ괴，

where R is the distance of the point (r, 0, φ) from the source, this becomes

1= e-~ICR • 표 {∞뿔lν(앙R2+ψ2) } J

- R -7r ).ψU 、!(tc'JR'J+w꺼
ι

now

--‘ICR r∞

I=~- 슨 , K1 (ttcR cosb [)쩨
.L1I π J훌o

sinh [0= 2R-1 (η"t sin 8)훌 cos 훌 (φ-φ1) ;

·… r∞ --‘ ICR

뚜 J _∞ K 1 (ttcR cosh [) d[ = 二효-，

that is

where

therefore the result can be written in the form

1=풍f∞ K 1(ttcR cosh f) d[.

Again, when cos 훌 (φ- PI) is negative,

[c'+ ∞ ‘ .1"'-70" !~ oiY\ A A I'\.0 2 .l./A._~ .. \ #2 dtW = 2e- ICJrr야 sin 8, e21C!1'r샌 sin e cos2 윷 (φ-φ1)t2~

J-c’- ∞ ‘ t-l'

and , deforming the path of integration so as to make it coincide with the
imaginary axis , since it does not pass over the pole of the integrand

W=2 \∞ ‘ e2‘i엔/s sin8 eo영 Hφ-φ1) μ 객L ,
J-∞ ‘ t-I ’

whence, by the above ,

w = - 2t(27r)! S-!eIC2T1'1/&Sin8 cos(φ-φ1) ILe-야128 dw,

where Wo = - 2tc(rrl sin θI)! cos 훌 (φ - φ1) ;

tIC I
and therefore I = ~ \ K 1 (ttcR cosh [) d흥，

7r J~。’

where sinh 돼 = - 2R-1(rrl sin O)i cos 훌 (φ-φ1) ，
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where sinh [0 = 2R-1(η"I sin O)! cos 훌 (φ - φ1) •
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Similarly, writing
,OO C.- 4V.

IL1 = ;÷L l .”- eF-「‘“tκ싸T샤，1 +쥐rη‘1손1

‘':tπτ. J~∞? ‘ +yl’

1915.]

× sin 훌t de
cos옳-cos 훌 (φ- φ1) VV~

짧
、
，
‘
I

ε
s熾

nm
1.‘

Kι
n@

Flll--

,,‘
κ
-
7

--’l
rl

R얘 = ,,:1+ ri - 2,,'r l sin ecos (φ+ φI) ,

sinh fl = 2R,- 1 (rr1 sin O)~ cos 짤 (</>+φ1)，

it follows that

where

and R ’ is the dis빠nee of the point (r, e, φ) from the image of the source
in the plane φ = O. Hence

η= 뚱f∞ 파i많 cosh 흥냈

The corresponding expression for the velocity potential of the liquid
motion in the space due to a. source of unit strength is obtained from this
by substituting κ =·0, and gives

1 [싶 df I 1 r흩1 df-_. ---- - -- . ----
7rR J- ∞ coshf ’ 7rR’ J - ω cosh 흥’

!-Jl 효 '" I 초 f초 프that뽑 15+ T tan-1 (tallh劉 ;-+n’ t ;2 + ~ tan채anh 잃) } ,

and the corresponding expression for Green’s function is

높 {융 + 륜tan채anh 훌잃 } -옳 {융+중 tan채anh 끓) }

a known result.
The expression giVPll above for η is in a form sui t able for approxima­

tion. When R is small, that is , when the point (1', 0, φ) is noar to the
source, fo is very large and tends to infinity as R tends to zero, hence the
value of the first integral tends to e-κRIR. When the point (1', 0, φ) is
not near to the source, R is finite and R cosh t is not small within the
range of integr빠ion， hence K 1 (LKR cosh ~) can be replaced by its asymptotic
expansion, and the principal part of the first integral is given by

1== 뚱 f∞ K1 (빠osh f)d￥ =K간 (27rR)했 f∞ e-“R cosh 홍 (cosh f)-~

(2KR)~ sinh 윷￡ = μ，that is, writing
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by τ-iR- I e한‘- ‘tR l1lO (1+ 3흥) -* (1+ 3떤 -훌 e- ‘
J-∞ \ KR! \ ~ I 2KRJ

where μ。 = ± ν{(깨+샘+ 2r1"1 sin 8)~ - R I 상，
and the upper or lower sign of the radical is taken according as cos 훌 (φ-φ1)

is positive or negR.tive, hence the principal value of I is 1, where

1= π해-Ie함l꽉?∞ e팬μ

In the second integral the Bessel’s function can always be replaced by its
asymptotic expansion, since as R’ tends to zero , R ’ cosh f is always finite
within the range of integration, being 801 ways not less than

ν(션+껴+2n·1 sin 8),

its value at the upper limit gl; hence the principal part of II is

τ-!K향-‘ICR' J:∞ (u~+KR')-! (률u~+KR’) - § e -‘μ·' du，

where 'Ul= ± 、! {(션+채+2rr1 sin 8)!-R’ } 삼，

and the upper or lower sign of the radical is taken according as cos훌(φ - φ1)

is positive or negative,. therefore the value of the principal part of II is II ,

where
μ

，α띠ρ
ι

∞

씨
­

,l
l
l
l
!,“빼

ml4
av，

녁

R•
T---L

when R ’ is not small, and II tends to the value

---μ
，α

--
얘a

ν

4%
1i

‘,

낸

4
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l
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J

n1*
•%」

견

’”--2
9
ι

where 써 = ‘1(2Kr1) ,

when R ’ tends to zero. When r1 is very large, U o and 'tt l tend to the values

‘1(2κr sin 8) cos 윷 (φ-φ1) ， 、!(2K1" sin 8) cos 훌 (φ +φ1) ，

and the result becomes that for plane waves agreeing with the known
result.

Similar forms of the solution can be obtained for the case of a line
source parallel to the edge of the half plane at a finite distance from it;
the method of reduction of the integrals in the known solution· is identical

·Eμctric Waν61， pp. 192, 195.



1915.] A CLASS OF DIFFRACTION PROBLEMS. 4~7

with the preceding investigation, and the results are, when the electric
force due to the line source in the line (-'I' φ1)' is

K o {tICν[션+작-2rr1 cos (φ-φ1)] }e‘tVt,
the resulting electric force is given by Ze‘" Vt, where

Z= 융I픔 e-‘" ll COil짧-헬∞ e-懶

where

R sinh (0 = 2 ('I"rl)~ cos 윷 (φ - φ1) ,

R2 = 션+ ri - 21·rl cos(φ-φ1)，

R ’ sinh fl = 2(1·rl)~ cos 융 (φ+φ1) ,

R ' 2 = r2+냉-2r건 cos (φ+φ1) ;

when the magnetic force due to the line source on the line (rl' φ1) is

K o {tICν[션+샘-2r꺼 cos (φ -1>1)] } e‘tYt,
tlte resulting magnetic force is given by ye ‘"V', where

y= 융 I?. e-‘KR cosh t df+ 융 I따 e- ‘reR' cosh t df.




