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1. It is a known theorem enunciated without proof by Sylvester,*
in 1861, and proved by Stern.f in 1874, that, if En be the «th Eulerian
number and if p be any uneven prime, then

modp,

v— 1v— 1
if n — n' is a multiple of "•—•—. This singular theorem explains why

•the Eulerian numbers end in 1 and 5 alternately, and gives rise to
many other properties of the numbers.

The theorem may be expressed in the form

where j = { (p — 1) and t is any integer such that n—tj is positive ;
so that, to mod p, any Eulerian number is congruent to one of
the first £ (p — 1) Eulerian numbers, Eu Z£S) ..., Eiu,.X).

1 have obtained a compai-atively simple proof of this theorem by a
method which is applicable to expansions of a very general character,
and which shows that the property in question is not peculiar to the
Eulerian numbers, but is shared by an extensivo class of other
numbers or coefficients.

As very little simplification is produced by considering the special
case of the Iilulcriau numbers, I proceed at once to prove the general
theorems.

• " Sur une propriete des nombres premiers qui se rattache au theortaie do
Format," Comptvn Jtcndus, Vol.'tH., p. 212.

t " Zur Theorio dcr Eulcrsuhun Zahleu," Crellc'a Journal, Vol. LXXIX., p. 67.
I t Nliould bo mentioned that Sylvester mid Steru give also more goncral theorems
in which the modulus is p" and 2". In the present paper tho modulus is always
p or 2,

voii. xxxi .—NO. 6 9 1 . o
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2. Let Xo, .Xu Xv ... be any quantities connected by the recurring
relation

(i.) (X + l ) aHXa + (n)la

where A. is any constant, a and 6 any integers, and c,, is any quantity
depending upon w, and such that

p being any given uneven prime and t any integer. Thus, for
example, or might be Aar, if p is not a divisor of A or o, or
Aar + B(Zr + 0yr+..., if p is not a divisor of any of the quantities
A, a, By /3, 0, y, ... . The. notation (»),. is used to express the number
of combinations of n things taken r together, i.e., (n)r is the coefficient
of xr in the expansion of (l-f<r)". The suffix of c is always supposed
to be positive.

It will now be assumed that the congruence

Xr = Xr.t(p.i)t mod p,

p being any uneven prime, and t being any positive integer, holds
good for the values p,p + 1, ..., n—1 of r, and by means of the above
recurring relation it will be shown that, this being so, it holds good
also for r = n.

Let n = kp+q, where k and q are any positive integers and Q<p.
Then

n),ab'^Xt + (n),
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Now it is known* that, if p is prime and q and e are less than p, then

(*P + j)w*. = °» mo&p, if 8>q,

and = (k)g X (5),, mod jp, if 8 < 9.

Reducing the coefficients by this rule, and reducing also the X'B by
the congruence _ _ .

Xr = Xr.t(P.i), modp,

and the powers of a and b by the congruences

ar = ar-tlp-'\ modp,
br == br-t{*-l\ modp,

we find that

(collecting the coefficients of Xo, X,, Xt, ..., the right-hand fiide of
this congruence becomes

... +a»^"» 6 {(g)f_, (fc)4 + (j)f (ft)*.

which =

• Quarterly Journal, Vol. xxx., p. 152.

t This term is not reached unless /; ^ q; but we may regard all the coefficients
n.s of the form

(*)»« + (q)\ (A)»,.i + ... + (q)m-\ (*)i + ((?)»•

if we suppose that in general (»•), denotes zero when s > r.
o 2
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Thus, " : c,,-(X + i ) a»XH = e*+,-(X + l) a*+'Xt+7, modp.

Now, c*y)+, == ck+v, akp^q~ak*q, modp,

so that, if a is not divisible by p, this congruence gives

•X",, = X,,.*^.,), modp;

and therefore the congruence

X,. = Xr _,(„_„, modp,

holds good also when r = «.

It remains to show that this congruence holds good for r=p.
Putting n = p in the original recurring equation (i.), we have

= 6"X0+ (p)1ofc"-IXl + (p), «!6"-2Xa+... 4-(p),,., a'-'&X,,.,

All the coefficients on the right-hand side, except the first, are
divisible by p ; and therefore ' • •

c,,-(\ + l)a"X,, = b»X0, modp,

'i.e., cp—(X + l ) nX,, = 6X0,' modp.

Also, putting n = 1 in (i.),

c, — (X 4-1) aX, = 6X0,

whence, since c,, = cv modp,

wo have Xp = X,, mod p ;

BO that the congruence holds good for r =p.

3. The preceding investigation fails if a is divisible by p ; so that
the prime divisors of a must be excluded from the admissible values
of p. Also, no divisor of a denominator of any of the X's can be an
admissible value of p. If the denominator of Xo be m, and if the
quantities cn have in their denominators only ppwers of certain
numbers a, /3, y, ..., then the denominator of X,, can only contain w
and powers of a, X + l, and a, /3, y, All prime numbers therefore
which are not divisors of a, \ + l, m, a, (I, y, ... are admissible values
of p.

It will be noticed that in the recuiring relation (i.) we may replace
the powers of a and />, ar and b1', by a,, and b,., where a,, and b,. are any
quantities which satisfy the same congruence as cr, i.e , so that

ar = ar_ ,„,_,„ &, = &,._,(,,.,), modp.
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4. In precisely the same manner, we may show that, if Xo, Xiy X4, .. •
are quantities connected by the recurring relation

(ii.) (\ + l)a*>X.tn + (2n)ia
i»-ibiX2ll..i+...

... + (8»)*"-i a»62'-aX2+ (2u)2l,6*% = clu,

where k, a, b are as before, and

C2» = c-Ai-i (p-u, mo&p,

then Xilt = X2|,,«(,,.,), mod f>.

It is convenient to introduce the quantities Xu Xs, Xs, ..., all of
which are supposed to be zero; in the case of these quantities there-
fore the congruence

Xr = X,..,(,,_!,, mo&p,
holds good. . .. • '

Thus we may write (ii.)>

= 6s"Xo + (2n)x abl"-'Xx + (2n), as62""2X2 + . . . + (2n)'""l a2'-1 bX2ll~l.

Supposing, now, that the congruence

Xr = •XV.̂ p.,), modp, . .

holds good for r = ^ + 1, p + 2, ..., 2n—1, we find, by putting

2n = kp + q

and reducing as before the exponents ami suffixes, that the right?
hand side

= c4f,—(A + l ) a*f7X*+,, mod^. .

Therefore X2n = Xktq, modjp,

and the congruence holds good also for r = 2M.

Putting 2M — p + 1 in (ii.), we have

1 + a''6JX;, modp,

= 6s Xo, mod JJ, : .

since .X, and X^ are zero ; and, by putting n = 1 in (ii.)»
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Thus Cp+j-CX+^a^^^^Cj-CX + l Ja 1 ^ , modp,

and therefore Xp^ = X,, mod p;

so that the congruence Xr = Xr_<(J,_,j, mod p,

holds good for r = p +1, and therefore for all higher values of r.

5. The same reasoning is applicable to the recurring relation

(iii.)

where <hn*\ = CJ«+1 - t(P - n> m o d p .

For, introducing the zero quantities Xo, X2, X4, ..., we have

and, if we assume, as before, thnt the congruence

Xr ==. Xr_t(p_u, modjp,

holds good for all values of r from p to 2n inclusive, we find, as
before, by putting 2w+l == kp + q, that the right-hand side

at+«Xt+9, mod j>.

Thus -X2ll+1 ̂  Xt+,, modjp,

and the congruence holds good also for r = 2n+l.

Putting n = p in (iii.)> we have

= 0, mod p,

since Xo = 0 ; and, putting 2M+ 1 = 1 in (iii.),

(X l ) X 0

Therefore Xp = X,, mod p,

and the congruence Xr = X,.,^.,,,

holds good for r =p, and therefore for all higher values of r.

The remarks in § 3 apply also to the incurring formuke (ii.)
and (iii.).
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6. It has thus been shown that, if the X's are defined by any one
of the recurring relations

(i.)

(ii.)

(iii.)

where, in (i.), cn = rn.<(p.,), modp,

in (ii.), cin = Cin-t{»-\)i modjp,

in (Hi.), c^u = Cj^+i.^p.!), mod_p,

then X(I = Xn.t{p.-,h mod p .

No number which is a divisor of the denominator of any X is an
admissible value of p, and there are also the other restrictions
mentioned in § 3.

In the recurring formulce (i.), (ii.), (iii.), the powers of a and 6,
viz., a1' and br, may be replaced by ar and &,, where nr and br satisfy
congnienceH similar to that satisfied by c, in the same relation.

7. The recurring relation connecting the Eulerian numbers, viz.,

En - (2n)2 En_x + (2n)4 En_2-... + ( -1)""1 (2n)2M.j Ex

+ (-l)n(2n)inE0 = 0,

is a particular case of (ii.), corresponding to

A = 0, a = 1, 6 = 1, c0 = 1, cg, c4, ... = 0,

In this case, putting j = |(p—1) as before, the general congruence
theorem becomes

which is the Sylvester-Stem illation (§ 1). The Eulerian numbers
are integers, and therefore all uneven primes are admissible values
of p.



200 Dr. J . W, L. Glaisher on a Congruence Theorem [June 8,

8. The recurring equations (i.), (ii.), (iii.) arise respectively from
the expansions

c +c JL 4- A fL + ill f l
( i ) a 2 ! « ^ 3 I «

(n.) £ — =X4-y« 8

A + cosh — oj

(Hi.)
6

\+cosh — x
a

or, putting ax for JC, from the expansions

(ii.) \ *• = Xo+ f/aW+ > y
A+cosho.i; 2! 4!

3! 5!

9. If we put X = 0, a = 1,. and replace br by &,., these, expansions
become "

2» £n _i»0 ITT

2^x

«« _c2ll_ ,„
°(2»)! ' i - r X2!1_ ,„

s»_o..,. J,. C^»)!

°(2iO!
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The sole condition in (1) is that b,, and c,, should Satisfy the con-
gruence

*»n = « « - i { p . i ) i m o d p . ••.

If this condition is fulfilled, Xn also satisfies the same congruence.
Similarly, in (ii.), if bin and cilt satisfy the congruence

Ma,. = M-2,,-«(,,_i), m o d p ,

then Xbi satisfies the same congruence. In (iii.), if

- Caii+i = Cin+\-tip-i), mod p,

and &2n = b2n.tU,.\), modjiJ,

then XJn+l = Xm+i-t(»»-i)i mod p .

The expansion (i.) shows that, if we have two series of the form

in which the coefficient a,, satisfies the congruence

«„=«„.«(,,-i), mod p,

then Xn, the coefficient of —:• in their quotient, satisfies the snrao
«!congruence.

10. The formulro (i.); (ii.), (iii.) of § 9 include some very general
expansions. Thus (i.) includes the expansion of any quantity of
the form

' Ac'r + lie*" + GV +_..._
' i'c*'* + 6 V + ...'

where a, ft, y, ..., a', /8', y\ ... are integers ; (ii.) includes the ex-
pansion of any quantity of. the form

SJ. cosh ax
2-/T cosh ax'

j /••• \ £ J/U c ^ ^ sinh ax
and (in.) of the form ---r, -.-——•

2,A cosh a x
If in (ii.) and (iii.) we replace the hyperbolic by circular functions,

Avhich merely requires the substitution of xi for x on the right-hand
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side, we obtain the expansions

,.. x %A cos ax __ - • _Jj«_
K } %A'X~ ° C*»M

sin eta;

where, in (ii.), Y* = (-l)'1^,,,

and in (iii.), Y*^ = (—1)" J ,̂+1.

The Y-coefficients therefore satisfy the respective congruences

11. These expansions include, besides the Eulerian numbei-n,
several similar sets of coefficients which have been considered iti
some recent papers in the Quarterly Journal of Mathematics* and
Messenger of Mathematics.^

The Eulerian numbers may be regarded as defined by the expansion

(i.) = i + r + ! ? x + f
coso; 1\ 4! 6!

and the other coefficients /„, Hn, Jn, ... as defined by

• "On the Bernoullian Ftinction," Vol. xxix., pp. 1-168.
t "On the Definite Integrals connected with the Bernoullian Function,''

Vol. xxvi., pp. 161-182, and Vol. XXVII., pp. 20-98.
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z ... N sin x cos x m , T, . .. T
(vm.) = ! T a 5 + f a ! 8 f ^5 = !T,a5+fa!f ^

cos 3a; 3! 5!

All these coefficients therefore satisfy a congruence of exactly the
same form ; ex. gr., taking I,,, we have

( - 1 ) - J . s ( - 1 ) - « T . . W mod*),

that is, J,, = (—l)v !„_<,, mod^.

The coefficients are all integers, except the J's and J*B, and the J's
and J's contain only powers of 3 in the denominator (see the next
paper). Thus, except in the case of the J's and J's, p may be any
uneven prime, and for the J's and J's the value p = 3 is alone ex-
cluded.

12. The ^-coefficients in the expansions of §§ 8 and 9 include the
Bernoullian functions Bn (x) and A'n (&)>t which therefore, in general,

* The coefficients <S(1 defined by the equation

cos 3* ° 2! 4! 6!
were considered in Messenger, Vol. xxvin., p. 49. The quantities i?,, and S are
connected by the relation 25 + JPn = 35 .

Both B,t and SH can be expressed in terms of En, the formula being
» 32»*i + i 3*" + l v

•tin = . — /S», O,, =a /»„.

The quantities Hn and Jn may be expressed in terms of Iu by the formulae
Hn = (2*-> +1) Hni Jn . 2 (2"' +1) /„

(see § 24 of the next paper).

f The functions Bn (*) and A'H (X) may be defined as follows:—

the series being continued up to the term involving x or x2, so that the last term is

(_l)»<-»(«)„-!-»»(„-!)* or ( -
according as h is uneven or even;

-4 (*)-••

the series being continued up to the term involving * or x°, so that the last term is

I , * or ( -
acoording aa.« is uneven or even. {Quarterly Journal, Vol. xxnc., pp. 7, 94). In
these formulae Br denotes the t**1 Bernoullian number.

These definitions have been given at full length, as there are several slightly
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satisfy the congruence :
un = Un-t(r-i), mod p.

It will be shown that the only inadmissible values of p are the
divisors of the denominator of x. The modulus p, as in the preceding
sections, is restricted to uneven primes.

Taking first the function A'n (x), we have

A) ,+Mi (A) * w* (*4^ = A; (1) +OA; (A) ,+Mi ( )
e"x +1 A a I \a I V a / 2 !

which is included in formula (i.) of § 8.

It follows therefore that, if a and b be any positive integers, which
we may take to be prime to one another, then

) a » - 1 - ^ - I U ; , . < ( / ) - , , ( - ) , mod p.a / \ a I

Since a" = an-*{prx\

we find therefore that, if p is not a divisor of a, then

It may be remarked that, if a and b are integers, the quantity
' b \

an'lA'n 1 — j is necessarily an integer, except for a denominator con-

taining powers of 2; for, putting

the expansion is

e6* _ a 2 , ag

differing forma of the Bernoullian function, each of which is specially adapted to
Home of its applications. Thus for very many purposes it is convenient to UHG a
function Au (x) in place of lin (x) as just defined, where Ain*\ (-*0 is the samo as
i»*,*i(*),but n

A*n{x)~B2n (*) + ( - I)""1 p .

It is also frequently convenient to make a further modification, and use the
functions Vn(x) and Un(x), where • •• •

Vn{x)=nAn{x) and Uu (x) = nA,'t(x)
{Quarterly Journal, loc.cit., p, 115). . . . . . .

*. JTiifiLformula may be derived from p. 94 of Vol. x x i x . of the Quarterly Journal.'
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which gives the recurring relation

where a0 = f. Thus a,, must be of the form JL .
power of 2

This recurring relation shows also that,, if a be prime to 6, the
numerator of a,, cannot be divisible by a.

Since the congruence

where • n—m = t (p—1),

holds good for all (uneven) values of », and since anA'n (—) contains

only, a power of- 2 in the denominator, and cannot contain a as u
factor in the numerator, we see that nothing exceptional occurs when
p is a divisor of a, for in this case the congruence does.not in general
reduce to 0 == 0, mod p.

As an example, take the formula ' ' ••*

32» ,̂,+i(i) = (-l)"fi,*

where Hn is the same as in the second expansion in'§ 11.

It follows therefore that •" is an integer, except for powers of 2 in
o

the denominator (which, as a fact, do not occur), and that the

numerator of -—• (that is - '• itself] is not divisible by 3, and we

have, taking p = 3, . .

^sC-iySjrf, mod 3.

13. The proof just given of the congruence >

1a-'ii: (- i j = a'»-Wm (-1), mod/),

• Quarterly Journal, Vol. xxix., p. 107, or Messenger, Vol. xxvi., p. 1.78.
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applies to all values of the suffix n, even or uneven ; it is, however,
interesting to give the expansion formulae in which the suffixes are
all uneven or all even, and from which the congruence-theorem may
be derived separately for uneven and for even suffixes. These expan-
sion formulas are

l* = 4 (A) WA. (A)£|i' +oM; (I) W'
\al \ a / 2! \ a / 4 !

-a)* = aA, (A) 2x+a,A: /± \ (M.
ax \ a / V a / 3 !

5!

which are included respectively in (ii.) and (iii.) of §8.

14. Passing now to the function Bn («), we have

and, by dividing both numerator and denominator by ex—1, the
left-hand side becomes

This form is included in (i.) of § 9, being a special case of the first
form noticed in § 10 ; so that

if n—m=t(p—1) ;

and therefore, a and b being prime to each other, and p not being
a divisor of a,

\ a I \ a /

It is easy to see that Bn ( — j can contain only powers of a in the

denominator, for, putting

* Quarterly Journal, Vol. xxix., p. 107.
t lb.t Vol. xxnt., p. 7.
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and (ir.l = a'-l

the expansion formula gives

« *« 3!

which leads to the recurr ing relation

a/*H + (»)i MI/3M-I + («)i/*»^»-a + ••• + («)«/*» — = »V
ft

Since the /u's and •''s are necessarily integers, this relation shows that
/?„ can contain only powers of a in the denominator.

15. The expansion formulae in which the suffixes of the B'a are all
uneven or all even are

= +a m (**)>_ + a . B / 6_N f | £ Ac
sinhaaj. 2a \ a / 2! V a / 4!

| - a ) a . - c o s h a « a g a B / ^ \ a^ + a 8 ^ ( - ) % } - +&*•
s m h CUB \ a / V a / d !

If v is a positive integer, sinh rx contains sinli x as a factor, the
other factor being

1 4-2 cosh 2a; + 2 cosh 4x-f ... +2 cosh (r—1) x, if r is uneven,

and 2 cosh a: + 2 cosh 3a; + ••• +2'cosh (r—1) x, if r is even.

'I'lius the left-hand side of the first equation is of the form

2/1 cosh u.r,
2/1'cosh ax '

and, since cosh (2b—a) x — cosh ax = 2 sinh fcx sinh (b — a) x,

the left-hand side of the second equation is of the form

2/t si;ih a.r
ax

The two expansion formula) are therefore included respectively in
(ii.) and (iii.) of § 9.

• Quarterly Journal, Vol. xxix., pp. 5 and 6, or p. 119.
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16. In connexion with these foramina it may be remarked that
the expansion

2! .4! 6!

gives rise to-the recurring relation , ,

This relation is of the same kind as (i.), (ii.)f (iii.) of § 6, and it is
easy to see that the reasoning employed in §§ 2 and 4 holds good also
in the case of this formula, and shows that XiH satisfies the con-

gruence v

It would seem, however, that this result could not be of any practical
value, since X2n, as calculated from the above recurring relation,
might contain in the denominator any uneven numbers up to 2» + l,
so that thei'e might be no admissible valuo of p ; but this is not the
case, for the loft-hand side, on dividing both numerator and de-

( nominator by sinh a;, becomes the quotient of expansions which are
of the forms 2Scosh (2r + l)oj or 14- 22 cosh 2rx, and therefore the
expansion is included in (ii.) of § 9. We see, too, by forming the
recuiring equation corresponding to. this form of the left-hand side,
that ainXtn can contain only powers of 6 in the denominator. Thus
the only values of >̂ to be excluded are those which are divisors of
•a and h. .. .. •

If we put a = 1, so that .

sinh ex v . -X", • . X. 4 . JT.
2! 4! 6!

then - ^ Xin~ XJn. ,<„_,), modp,

for all uneven values of p that are not'divisors of 6.

17.'We ma}r obtain this result also in another manner; for, from
the first formula in § 15, we have .

1 8 i nk££ - £
2
 8in"hl^ ~ 26
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Comparing this expansion with that just written, we have

-" ~ ~ b lhn" \ 2 b ) t

and therefore, by § 14, if p is not a divisor of 6,

X.in = X2n.tip_i)t mod p.

18. In the preceding sections p has always been supposed to be an
uneven prime, and it now remains to consider the case of p = 2.
The I'esidues of the X-coefficients with respect to modulus 2 may be
easily determined, in the case of any of the expansions, by means of
tho recurring formulio.

Consider first the recurring formula (i.) of § 6, in which, writing
A' for A -f 1, and putting n = 1, 2, 3, ..., we have

X'aX, •+• bXQ = c,,

XV X., + 2, ahXl + b*X0 = c2,

68X = c8,

Suppose X'= 1, mod 2, and lot a and 6 be uneven integers. The
assumption X'== 1, mod 2, excludes the case of X' having 2 as a
divisor in the denominator. It is supposed that clt cit c8, ... are all
= 0 or all ^ 1, mod 2; so that none of them can have 2 as a divisor
in the denominator. The quantity Xo (which iH the value of the
function expanded, when x is put = 0) is also supposed not to have
a denominator divisible by 2.*

It will now be shown that Xv X3, X6, ... are all = 0, mod 2, if A"o,
CI>('JIC8> ••• a r e }l'l = 1» o r a ^ == ̂ > m o ( l 2; but that X,, X,, X8, ... arc
all = 1, mod 2, if X o = 1 and c,, c,, ca, ... are all = 0, mod 2, or if
Xo = 0 and c,, c8, c8, ... are all = 1, mod 2.

I. Let Xo = 1, and c,, c2, c8, ... = 1, mod 2.

The recurring formulte give

A'aX, = 1 — 1 = 0 , mod 2/ so that X, = 0, mod 2 ;

XVX2 = 1 — 1—0 = 0, mod 2, so that X, = 0, mod 2;

XVXS = 1 - 1 - 0 - 0 = 0, mod 2, ^o that X8 = 0, mod 2;

and so on.

* Since cu » \'Xti =j Xo, mod 2, we may use e0 in place of Xo throughout.

\oi,. xxxi .—NO. 692. i'
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II. Let Xo = 1, and c,, c3, c8, ... =0, mod 2.

In this case

X'aX, = 0 - 1 = 1, mod 2 ; so. that X, = 1, mod 2,

XVX8 = 0 - (6s + 2, ab) = a*- (« + &)8 s 1, mod 2 ;

so that X, = 1, mod 2,

XVX8 = a8— (a+6)8 = 1, mod 2 ; KO that X8 = 1, mod 2,

and so on; since, a and b being uneven, an—(a-\-b)n is necessarily
uneven.

III. Let Xo = 0, and c,, c2, o8, ... = 1 , mod 2.

In this case

\'aXl = 1—0 = 1, mod 2 ; so that Xt = 1, mod 2,

AVX, = l - 0 - 2 , a & s l + as + b 8 - (« + fc)8 = 1, mod 2;

so that X2 = 1, mod 2,

M X , = l + a84-bs-(a4-?>)3 s 1, mod 2 ; so that X8 s 1, mod 2,

and so on.

IV. Let Xo = 0 and c,, c2, c3, ... = 0, mod 2.
In this case

A'aX, = 0 - 0 = 0, mod 2; KO that X, s 0, mod 2,
X'ttfX, s 0, mod 2; so that X. = 0, mod 2,

and so on.
If 6 is even, the general recurring formula (i.) shows that

XH = cM1 mod 2 ;

so that, whether the residue of Xo be 1 or 0, mod 2, the X's = the
c't>, mod 2. We may always regard a as uneven, and, in fact, there
i« no loss of generality in the expansion-formula (§ 8) by putting
a = 1.

19. Exactly the same reasoning holds good -with respect to the
recurring formula (ii.) of § 6, viz., we have

and, under the same conditions as those expiessed at the beginning
of the preceding section, viz., X'= I, mod 2, a and b uneven, and
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c2, c4, o6, ... all == 1 or all = 0, mod 2, we find that X2, X4, Xfl, are all
^ 0, mod 2, if Xo, c2, c4, c6, are all = 1, or all = 0, mod 2, but that
X2, X4, Xa, ... are all = 1, mod 2, if Xo = 1, and c2, c4, ca, ... are all
= 0, mod 2, or if Xo = 0, and c2, c4, c0, ... are all = 1, mod 2.

In proving these results we have, in Case II.,

Xa'»X», S a'"+V>'- I5±»ff±fe=»ff., mo<l 2,

the right-hand side of which is necessarily even.
If b is even, we have evidently

X-i,, = c2ll, mod 2.

20. In the case of the recurring formula (iii.) of § 6, we have

= c,.

and supposing \ ' = 1, mod 2, a and 6 being uneven integers, and
c.t, c6, c7, ... all = 1 or = 0, mod 2, and separating the four cases

I. *X, = 1, and c3, c5, c7, ... all = 1, mod 2 ;

II. Xt ~- 1, and c8, c0, o7, ... all = 0, mod 2 ;

III. X, ~ 0, and r3, c6, c7, ... all = 1, mod 2;

IV. X, = 0, and cs, c5, r7, ... all = 0, mod 2 ;

we find that A's, X5, X7, ... are all = 0, mod 2, if X,, c8, rD, Cy, ... are
all = 1, or all ^ 0, mod 2, but that X3, X6, X7, ... are all = 1, mod 2,
if X, = 1 and c3, c5, c7, ... are all = 0, mod 2, or if A', '=0 and
C3> c6, c7, ... are all = 1, mod 2.

In proving these results, we have, in Case II.,

v«-jq..1««ft»r*1+c«-»**.1 _„-.., mod2,

the right-hand side of which is necessarily even ; in Case III. the
extra term 1 occurs, but the term in X, which = 1, mod 2, is omitted,
so that in this case also

X^+j = 1, mod 2.
If h is evon, we have X2),+i = c2"*1, mod 2.

* Since ue = \'Xt, we have c{ = Xit mod 2, and wo may therefore use ct in
pluce of Xx tliroughout.

p 2
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1 21. In the eight expansions of § 11, we have respectively..

(i.) X' = l j a = l ; 6 = 1; r2, c4, ... = 0; Xo = 1 [X2l,= (-.I)"/?.].

(ii.) V = ->; a = l ; 6 = 1 ; c3, <v ... = 0 ; X0 = J [X», = ( - l )» /„].

(iii.) X' = ±; « = l ; 6 = 1; r,, c,, ... = 0 ; Xo = f [X2,, = (-l)"7JrH].

(iv.) X' = | ; « = 1; 6 = 2; rv c4, ... = 1 ; X , = 2 [Xtn = ( - I ) - / . ] .

(v.) X ' = l ; a = l ; 6 = 2; ,„ «4f ... - 1. X o = 1 [X2n = (-1)»P(1].

(vi.) X' = 1; a = 1; 6 = 2 ; r3, c8, ... = 1; Xl = 1

[**-, = (-I)""1 U ] .

(vii.) X' = 1; a = I ; 6 = 8; a,, 4̂, ... ^ 0 , mod 2 ; Xo = 1

[X2ll = ( - ! ) » 72,,].

(viii.) X' = 1; ffl = 1 ; /< = :*; r,, cR, ... == 0, mod 2 ; A', = 1

These expansions are included in (i.) of § 8, except the sixth and
eighth, which belong to (iii.) of § 8.

The theorems of the three preceding sections are applicable to the
first, and to the last four, of these expansions, and show that in these
cases the coefficients •••: 1, mod 2. Since these coefficients are all
integers, we thus see that ii',,, P,,, QM Bni T,t are all uneven
numbers.

22. When X' and A'o contain powers of 2 in tho denominator, ns in
(ii.), (iii-)> (iv-)> '*'1S e a s v *'° determine in each case the residues of
the X'H with respect 1o modulus 2 by means of the recurring relation,
l̂ or example, in (ii.), where X' = ;], Xo = -i, and c2, r4, ... = 0 , A\e see
at once, from the recurring relation, that

:LV,,, + 1 - 0, mod 2, so that Xu s 1, m o d 2;

and similarly, in (iii.),

X2,, + 3 = 0, mod 2, so that X.in = 1, mod 2;

in (iv.), 3X>,, •-- 0, mod 2, so that X.ilt = 0, mod 2.

23. The fact that in each of the expansions the coellicients when
integral (such as the ii"s, the .7'\s, &c.) end in one or other of two
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digits, or all end in the same digit,* is explained by. the considera-
tion of their residues with reRpect to the modulus 2 and the
modulus 5 ; for, if all the coefficients have the same residue to
modulus 2, and if all the alternate coefficients have the same residue
to modulus 5, it is evident that all the alternate coefficients must have
the same residue to modulus 10; so that the difference between any
coeflicient and the coefficient next but one to it must, if integral, be
a multiple of 10.

Putting p = 5 in the general congruence formulae of § 6, we have,

when XH is defined by (i.) of §8, X,, = A',,.4/, mod ft, ;

?> X-,,t , , „ ( H . ) » -V.j,, — X-in . K , ,,

Therefore, put t ing X.2n — ( — 1)" Zn in (ii.)j 8O tha t the expansion is

2! 4!

we have Z,, ̂  Zn.'»t, mod 5 ; .

and, putting X2,,_, = (—.1/'"' Z,, in (iii.)> H0 that the expansion is

*»--£«»+A a--Ac.
A + cos ox .M hi

we have Z,, = /,,.«/, mod r>.

Thus, in both (ii.) and (iii.), the difference between two alternate
Z'H = 0, mod 5, and when the Z\ are all congruent to one another,
mod 2, this difference must be r= 0, mod 10.

Lt will be noticed that, by putting p = >l, we see that the sum of
any two consecutive Z's, both in (ii.) and (iii.), ==• 0, mod 3, except,
of course, when 3 occurs as a factor in the denominator of any of
the Z's.

* Tho Euleritin numbcrH end in 1 arid f> alternately, fclio 7/*8 all end in 3, tho
i''n end in 3 and 7 alternately, the Q'H all end in 1, tho li'a end in 7 and f>
alternately, and tho 2"s in 1 and 3 alternately (Quarterly Journal, Vol. xxlx.,
pp. 63, 66, 71, 76 ; or Messenger, Vol. xxviir., p. 51). The endings of tho J ' R and
J'H aro considered in tho next papor (§$ 17, 1H, and 30). A table of all tho co-
oflioiontH up to n— 5 wan given in the Messenger, Vol. XXVJII., p. 51. More
extennivo tables of I,,, If,,, Jn (up to n = 13) aro contained in tho next paper
(§§14,25).
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24. In Vol. xxvin., pp. 75, 76, of the Messenger, it was shown by
means of recurring formula that, if 2n — 1 is prime,

mod

with similar congruences relating to other coefficients, and it was
stated that these results might be extended to the modulus 2n—3, if
prime, to the modulus 2n— 5, if prime, &c, and indeed to any prime
modulus. It is this extension which has formed the subject of the
present paper.

25. It may be remarked that, by putting n = p — l, where p is any
uneven prime, in the recurring equation (i.) of § 6, we obtain a con-
gruence connecting Xo, X,, X2, ..., X;l_i, modp, viz., we have

giving

(A+l) a" lA',,.l-ar--bA'l,_9 + a"-3VXp.i-... + W-lJr0 - c,,.,, mod p.

Similarly, by putting 2n = p— 1 in the relation (ii.) of § 6, we find

(\ + l ) a"'1 A'l,_,+a"-:ihiXl)_, + a"-nbiXl).;i+... b»-lX0 = *,,.„ mod p.

fn the case of the Kulerinn numbers this congruence gives, since
^o = K

^(,.-i,--£l»(i..3, + A1,(,,-.,-... + ( - l ) 4 ( " - nE, ~ 0, mod p ;

for the I-numbcrs, since ^0"~ î == ~h

it gives

and so on.

26. In the formula (iii.) of § 6 Ave cannot put 2?i-f-1 = ^ — 1, but,
by putting 2n + l =p—2, we find

2) o6;'-3X, s C/).2, mod ^.

By putting n —p—2 in (i.), we obtain a formula of the samn
character connecting A'o, ^V,, Xt, ..., A',,-2, viz.,

(A + 1) a". -' .Y,,.,-2«"-:1 &>Vy>.3 + :J«"*" b*X,,.4-...
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Other relations may be derived from the recurring formula*, in the
Hame manner by putting n or 2/4 = jp —2, &c, but. the numerical
coefficients are less simple.

[27. Since this paper was communicated, to the Society, my atten-
tion has been called to a paper by Lucas in Vol. vi.* of the Bulletin da la
ISacitite Mathematique de France, in which the use of a recurring senes
to prove the congruence property of the Eulerian numbers is indicated.
Denoting the rti! Kulerian number by (—1)'^,., Lucas shows, by
putting %1—p — 1 in the recurring relation connecting the first
n Eulerian numbers, that

FJ,, ., + Et,. 3 + /'>'„ - 8 + • • • + Ea + Eo = 0, mod j»,

which is the formula obtained in § 25, and, by putting 2n—p-\-1, p + 3,
;j + r>, ..., he shows that J'Jpi.i ^ 1'J.,, Et,.3 = 7t/4, E)l+Ii = Eo, ..., mod p,
whence it is inferred that generally E.ln = Ji'i»+*(,i-ij, mod p. The ex-
tension, however, to the general theorem seems to me to require a
definite investigation of the same kind as that given in §§ 2-4 of the
present paper. Lucas points out that a similar congruence property
would also hold good Avith respect to the coefficients in the expansion of

( 2 \"
— - I 1 and, with restrictions, to any function of er. These forms
er + e~ /

are included in the general expressions of § 10.
I may mention that, since writing this paper, I have proved by

means of the theorem in § .5 that, Blt denoting the nth IBernonllian
number, .. „

where, as in § 1, ̂  = i (^—1), and j? is any uneven prime, such that
p — I is not a divisor of 'In. This theorem and its consequences have
been considered in two papers in the M'essengerf and one in the
Q,uartcrlij Journal.X Jn this last paper the theorem in § 5 is proved
separately in detail. 1

* " Sur ICR congruenceH CICH nnmbrcs culericnn et des coefficients differonticls IIUM
fonctionB trigonomotriqucH, Hiiivunt un modulo premier," pp. 49-54.

+ " Fundamental ThcorcmH relating to the Bernoullian Numbers," Vol. xxix.,
p . 49 and p. 128.

X " A Congruence Theorem relating to the Bernoullian Numbers," Vol. xxxi.,
p . 253.


