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Note on Secondary Tucker-Oircles. By Jomn GrirriTHs, M.A.
Read November 10th and December 8th, 1892. Received
in revised form February 4th, 1893.

The principal theorems discussed in this paper are particular cases
of the following proposition, viz., If DEF denote a triangle of given
species having its vertices .D, B, F' respectively on the sides BO, 04,
AB of a given triangle ABC, or on these sides produced, then DEF
will belong to one or other of a pair of systems of similar inscribed
triangles, and each of these systems will have a common centre of
similitude. In fact, if D, B, F be the given angles of the inseribed
triangle DEF, there will be a primary system of similar inscribed
triangles whose common centre of similitude is the point given by
the isogonal coordinates

m,__sin(D+A) _sin(E+B) z_sin§F+G')
=" sinD ' YT sinm ' °T sinF

and also a secondary system whose centre of similitude is the point,
represented by
z = Sin(D—4) — sin (E—B) = sin (F—0)
sinD ' Y sinE ' °°  sinF
These two centres of similitude are the inverse of each other with
respect to the circumecircle ABC. For example, if D=4, BE= B,
F=(, then the centre of similitude of the primary system of
inscribed triangles will be the point (2 cos 4, 2 cos B, 2 cos C), 4.e., the
-centre of the circumcircle ABC, while that of the secondary system
will be an infinitely distant point (0, 0, 0).
Moreover, the circle circumscribing any triangle DEJ of the first
system will have double contact with the inscribed conic

3 vesin Dgin (D+4) =0,

and the corresponding conic for the circumcircle of a triangle of the
secoud system will be represented by

3 vz sin Dsin (D—A4) = 0.

The particular examples considered in the note are the primary
and secondary systems of inscribed triangles corresponding to the
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values (1) ¢D=DB, B =C, ¢F=4d; (2) ¢D=C, ¢F=4,
21'=D.

For the primary systems of in-triangles under consideration, the
centres of similitude are the Brocard pnintq, and the corresponding
cirenmseribed eircles are well-known as Tucker-circles.

The secondary systems, whase centres of similitade are the inverse
with respect to the circumcircle ABC of the Brocard points, have not
hitherto, so far as I know, been noticed.

In cach of these we have a series of triangles directly similar to
cach other, but—uulike the T'ncker-triangles—inversely similar to the
triangle of reference ABC. ‘

Section L.

The results arrived at will be more readily understood by an ex-
planation regarding what I have called isogonal coordinates, which
can be employed to investigate the properties of systems of circles
connected with the triangle (see my “ Notes on the Recent Geometry
of the Triangle ”’).

Briefly, if a, 3, y be the trilinear coordma,tes of a pomt G, in the
plane of a given triangle of reference ABC, the isogonal coordinates
of G ure given by

T _ Yz aa+b/3+t‘y
a s v (Lﬁ'y-{v—bya-i-caﬁ

where a, b, ¢ denote the sides BC, C4, AB.

It is thus easily seen that these coordinates z, y, z satisfy the
relation
az+by ter= ayz+bew+czy, or Zzsin A =Zyzsind,
which is unaltered by writing therein 27 471, 271 for w, v, 5.

Again, if we take a point ¢ inside the circumcircle ABC, and draw
perpendiculars GD, GE, GF from it to the sides BC, C4, 4B, it may
be proved that the isogonal coordinates of G are

oo SN (DEA) | _sn(B4B) _sin(F+0)
Y="sinp YT T sinm sin 7
where D, I}, I' arc the angles of the pedal triangle DEF. These

coordinates satisfy the rclation

Sxsin 4 = Zyzsin 4.
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For example, let G coincide with O, the centre of the circumecircle
AB(O,then D= A, 1§ = B, I"= C, so that

z=2co8d, y=2cosB, z=2cos(C

are the isogonal coordinates of the centre of the circumcircle ABC.

If @ be taken outside the circumcircle ABC, the isogonal coordi-
‘nates of @, in terms of the angles D, I, F¥ of its pedal triangle DEF, are
m_r;iu{D—A) . sin (E—B) and z=sin (F—-0)
="snp 'Y sinB ' sinF °

Supposing then we have two points, G and g, whose isogonal
coordinates are respectively
o= sin (D+A)’ o = sin Q.D—AZ’ &e.,
sin.D sin D
it follows that '
a+2 =2cos 4, y+y =2cosB, z+2 =2cosC.

G and g will then, in fact, be a pair of points inverse to each other
with respect to the circumcircle AB0, so that

0@G. 0g = R,
where O denotes the centre and R the radius of the circle ABO.

Conversely, if G, g be two inverse points with respect to the
circumeircle ABO, then the pedal triangles of these points are similar.
This result is an important one in the geometry of the triangle.

The following theorem, for example, is deduced at once from it,
If the cotangents of the angles of the pedal triangle DEF, with
respect to ABO, of a point P, be conuected by a linear relation

3A cot D = const.,

then the locus of P will, in general, be a pair of circles inverse to
each other with respect to the circumcircle ABC. As a particular
case, it follows that, if P be any point either on the Brocard circle

3z cosec A = 2cot w
or on its inverse line Sz cosec A =0,

the pedal triangle of P with vespect to ABC has the same Bracard
angle as ABC.

~ Again, the pedal triangle DEF of a point G can be turned in its
own plane round G as a fixed centre of similitude, with its vertices
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D, E, F moving on the sides BC, 04, AB of the triangle of reference.
The angles D, E, F will, in fact, remain constant, and the circle
DEF will have double contact with au inscribed conic which has
G (=, y, #) for a focus, the chord of contact being parallel to the
transverse axis of the conic. The equation of this carve may be
written in various forms, one of which is

5 vaz (bz+cy—a)a = 0.

For example, let @ coincide with the negative Brocard point

(2.2 7)o

a}___sin((]-f-A) =sin(A+B) z_sin(B+0)
gin0 ' sind ' " snB '

so that, for the pedal triangle of the point, we have
(D=0, ¢2tE=4, ¢(F=B,

and, for the equation of the inscribed conic in question,

3 Vbea = 0.

This curve is known as the Brocard ellipse, and the circle DEF is a
Tucker-circle. '

Seorion 2. Secondary Tucker-Olycles.

As a particular case of the above general theorem, viz., that the
pedal triangles of a pair of inverse points with respect to the circum-
circle ABO are similar, I consider the systems of circles corresponding
to the Brocard points and their inverse puints as here defined.

%, : -%-) , we have geen
that the angles of its pedal triangle are D = 0, E = A, F= B, and, if
the triangle be turued round this point in the manner explained in

Section 1, the Tucker-circle DEF will have double contact with the
Brocard ellipse

1. Taking the negative Brocard point (%,

3 vbea = 0.

Again, the pedal triangle def of the inverse point ‘g will be similar
to the corresponding Tucker triangle DEF, or ¢d =0, Le =4,
2f = B, and if the triangle def be turned round g as above, the circle
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def will have double contact with the conic

3 Vasin Osin (0—A4) = 0.

The coordinates of g are, in fact,

_ _ b _sin(0—4) _ _ ¢ _sin(4—B)
z=2cosd = 0 y =2cos B T = em A
— 9005 0 & 80 (B=0)
and z2=2cos 0 > = sinB

80 that the equation 3 +v/az (bz+cy—a)a =0
becomes 3 vasin Osin(C—4) = 0.

] 1propose to call the system of circles corresponding to the point
inverse to a Brocard point a secondary Tucker system.
As T have just explained, if the Brocard point be ( 3-, L, —;-),
¢’ a
‘the Tucker inacribed triangle DEF and the corresponding triangle
def are similar ; also the Tucker-circle DEF has double contact with

‘the conio
3% vasinBsin 0 =0,

-and the secondary circle def with the conic

3 Vasin 0sin (0—4) = 0.

It may be here observed that one form of the equation of a circle
def of this secondary system is

k(L+k) s +k (L+k) y,y+k (L+5)z2+1=0,
where @, =g§0_—_A_), yl=sin (A—B)’ e _s8in (B—0)

gin O sin 4 gind '

and k,, k;, k, are connected by the rel@tions

btk +2=0,  a*(1+k)+b" (L +k)+c (1+Fk) = 0.

2. In a similar manner, if we take G to coincide with the positive

Brocard point‘ (—%, —Zi, %) , the inverse point g will be given by the

coordinates

z=2cosA——2~, y=2cosB+%, _£=2cqsﬂ-—%,
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w_siu(B—A) _sin(0~B) _sin(4-0)
Sy YR oy 8= e ey
sin I sin ¢ sin 4
also in the triangles DEF,, def the angles will be
D=d=B, B=¢=C(C, and I'=f=4.

Lastly, the Tucker-circle DEF will have double contact with the
Brocard ellipse

or

S v/ sin B sin € = 0,
and the secondary circle def with the conic

3% vasin Bsin (B—d4)=0.

As an example of.a secondary circle, illustrating the difference be-
tween it and an ordinary Tucker-circle, I notice the following, viz. :—
Let the tangent at 4 to the circumcircle 4 BC meet BO produced in d;
through d draw de parallel to 4B and meeting 40 produced in ¢
then the circle Aed is a secondary Tucker-circle. Here the point f
coincides with 4, and the angles of the triangle ded or fed are d =0,
e=2d, f=B. Also, if the other points where .this circle meets the
lines BC, C4, AD be denoted by d’, ¢, f’, then e’ coincides with 4,
and the angles of the triangle d'¢/f are &' = 4—C, ¢'=180°—(4—B),
f = C—DB, supposing 4>C>B. If the circle were an ordinary
Tucker-circle, we could have d = (U, e = 4, f = B, as before, but for
the triangle d'¢’f’ the angles wonld be ' = B, ¢ = 0, f = 4.

In the case of the secondary circle in question, the equation of the
double-contact inseribed conic is

% vasin Osin (C—4) =0,

whereas for an ordinary Tucker-circle it would be

3 vasin 0 sin (0+4) =0.

It may be remarked that two of the foci of the curves

3 vasin Bsin (B—4) =0

and 3 +/a gin Osin (0—4) =0,

. fein(B—A) sin(0—B) sin(4—0)
viz., the points ( P TR snl °’  sind

nd (529(0—42 sin (4—B) sin (B-—O))
& sinC '’ sind ' sinB /)’

lie on the circle 3 (b%* - a*) bex+3a%bic*—3u® = 0,
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which touches the Brocard circle at the centre of the circumcircle
(4BC). The first-mentioned circle is the inverse with respect to
(4BC) of the line joining the Brocard points, since the expression
3, (b*e'—a*) bex is transformed into o+ b°+c® — 3a’b?’c*— 3| (b%c* — a*) box
by writing therein 2 cos 4 —z, 2 cos B—y, 2 cos 0—z for , y, 2,

SEecrioN 3.

'T here notice briefly some additional properties connected with the
above pair of secondary systems of similar in-triangles, and the
double-contact conics of the circumcircles.

1. Ifd= B, e= 0, f= A, the sides ds, ¢f, fd of the in-triangle def
are parallel respectively to lines 4P, BP, OP, which meet in & point
P on the circumecircle ABO. See Fig. 1.

2, In like manner, when d = 0, ¢ = 4, f = B, the sides de,ef, fd
are parallel to lines BP, CP, 4P, which also meet in P on the circum-
circle. See Fig. 2.

P

Fia. 2.
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3. If a,, b, €,; Gy, by, €; denote the semi-axes and eccentricities of
the above double-contact conics, and w be the Brocard angle of the
triangle 4B0, then
sinw

2 2
a=a,=R ——
! ’ 1—45sin’e’

where R = radius of circle 4B0,

sin v sin (B—0) sin (0—A4) sin (4 — B)
(1—43sin’ v)® sin 4 sin B sin 0

4sin’w _ sin (B—0)sin(0—4)sin (4— B)
l1—4sin'w sin 4 sin B sin 0

—b —b = 4R?.

ef—l = l—-e:=

or a, = ay, b',l+b:=0, ef+e:=2,

It thus follows that one of the conics is an ellipse and the other a
hyperbola.

4. If a triangle A’B'C" be inscribed in the circumecircle ABO, and
circumscribed to the Brocard ellipse, it is known that 4'B’C’ has the
same Brocard angle w and the same Brocard points as AB0. Hence,
by means of the formuls for the secondary double-contact conics,
given above, I have deduced the following theorem, viz.: —

One focus of each of the secondary double-contact conics corre-
sponding to a trianglé 4’B’0'—as defined above—remains fixed if the
triangle of reference 4 B0 be fixed, and the other two foci lie respec-
tively on one of two fixed circles which have a common radius
2R sin v, and whose centres coincide with the fixed Brocard points
of ABO. ’

5. If 4 = -;—-, B= 2—7’5, and 0= %’-r, one of the secondary double-

contact conics is & circle, and the other an equilateral hyperbola. In
this case one of the secondary Tucker systems consists of a system of
concentric circles.

6. The inverse of the Brocard poinis of a triangle ABC, with re-
spect to the circle ABC, are the Brocard points. of a triangle similar
and similarly placed to 4 BC, the centre of similitude being the centre
of the circle ABO. If B, I denote the radii of the circumcircles
of these two triangles, then

R=R++v1—4sin*w
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[The following is added in answer to questions suggested by one
of the referees, viz.: What is the centre of similitude of a given tri-
angle 4B0, and an in-triangle inversely similar to it; and what is
‘the locus of this point as the latter triangle moves ?

So far as I have studied the problem, I have arrived at the follow-
ing results with regard to centre of similitude (Y, say) of ABC, and
an inversely similar escribed triangle def, where d=DB, e = 0, f = 4.
See Fig. 1,

1. The point § is given by the trilinear equations
(1+%k)aa = 1+k) 8= (1+k) cy,
where k,, k;, k, are conuected by the relations
Ei+k+k+1=0 and Za’% =0,

2. The iocus of § is the circnmscribed conic represented by
SBysinCcos B=0, or Zyzsin OcosB =0,
This curve passes through the point
o= __8in(C _ sind p= sin B
S s (0—4) YT smA=B) *T sn@=0)
i.e., through the isogonal conjugate with respect to the triangle 4 BO
of the following point, viz., the inverse with regard to the circum.-
circle ABC of the negative Brocard point of ABC. The point in

question is a focus of one of the double-contact conics discussed in the
note,

3. The point P, on the circumcircle ABO, in which the lines 4P,
BP, 0P, parallel to sides de, of, fd, meet, is given by

. ke = kb0 = kyey',
where k, k,, k, are subject to the same relations as before, viz.,
143k =0 and 3a’%k, =0.

It thus.appears that there is a correspondence between P and the
céntre of similitude S, which is expressed by the equations

(st o) o= (G raa) =G )

4. Again, the referee suggests the following question:—Let ABQ
be a given triangle, A'B’C’ an inversely similar escribed triangle.
VOL. XXIV.—N0, 458. K
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Then, as A'B’'(” moves, its centre of similitude (T, say) is the inverse of
& Brocard point of ABO. What relation has U to A'B'0'?P

If U be taken to be the inverse, with respect to the circumcircle
ABO, of the positive Brocard point of 4B0, 1 have found that the
isogonal coordinates of U, with reference to 4'B'C, are

—_ sinC . S = sin B’
sn (0—4) ¢~ sm(A—=B) sn (B—0)

It follows, then, that U is the isogonal conjugate, with reference to
A'B'0, of the following point, viz., the inverse, with respect to ‘the
circameirele A'D'C’, of the negative Brocard point of A'B'C'.

The position of U with reference to A'BO’ may be determined
by considering the angles subtended at it by the sides B'C, ('4!, 4'B'.
These are O, w—4', I'; O, A',7—B; »—0'", 4’, B’ according as
A, B or (' is the least angle

Tbese results have been deduced by means of the following
theorem, viz.: If the angles subtended by the sides B0, 04, AB of a
triangle ABC, at a point @ situated outside ABC, be w—0, ¢, ¢ ;
6, 7—¢, y; or 0, ¢, 7—, the isogonal coordinates of G will be

8inf sin ¢ sin ¢

~ sin (6—4)°’ y—sm(qw—-B) = sin (y—0)’

Similarly, if 7—0, 7 —¢, 7—y denote the.angles in question for an
internal point @, then the isogonal coordinates of G with reference
to ABO will be

_ sinb .. sing¢ - _ sy
= wmerD’ T amerd M T mar0)

Ip all cases the angles 6, ¢, ¢ are the angles of the pedal triangle,
with respect to ABU, of the following point, viz., the isogonal conju-
gate of G with reference to ABC.

For example, the angles subtended at the centre of the circumeirole
of an acute-angled triangle 4AB0 by the sides B0, C4, AB are 24,
2B, 20, so that 6 = #—24, ¢ =7—2B, Y = m—2( are the angles
of the pedal triangle of the orthocentre of ABC. Tho centre of the
circumeircle and the orthocentre are, of course, isogonal con_]ugates ]



