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40. The numbers Eu, IM Jn, Hn also serve to express the values of
the following definite integrals :—

f tlndt E / i r \ 2 » + 1

Jo cosh t " \ 2 / '

r 2n sinh jt d r _ _ £ ' « _ = z«_ (*"\ln*1

Jo Binhft Jo 2 c o s h * + i ^ 3 \ 3 / '

r tuS°^Jidt=r — ---^ = —" (iV"'1
Jo cosh-I* J 0 2 c o s h * - 1 v / 3 \ 3 / '

Jo Binh3< Jo 2cosh2«Tl Vs \ 3 /

41. In the papers in the Quarterly Journal and the Messenger which
have been already referred to certain other quantities P,,, QM 11,,, Sn,
'/'„ have been considered ;• the expansions in which they occur as
coefficients were given in §11 of the preceding paper (pp. 202, 203).
These quantities are all integers, and their congruence properties are.
therefore similar to those of the Eulerian numbers.

On the Theory of Simultaneous Partial Differential Equations,
By J. E. CAMPBELL. Bead December 8th, 1898. Received,
in revised form, May 24th, 1800.

The necessary and sufficient condition that any number of partial
differential equations, of any orders whatever, in one dependent and
n independent variables may be consistent is that by repeated
differentiations of the equations and eliminations it should not be
possible to deduce any relation between the independent variables.

Such a' consistent system of differential equations is said to be
integrable (Goursat, Equations aux durive'es purtielles du second ordre,
Tome ii., p. 41). If p is the order of the lowest differential equation
which can be deduced by mere algebra from the system, and if by
successive differentiations and eliminations no equation algebraically

* Messenger, Vol. xxvi., pp. 174, 175.
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independent of the given equations of the system, and of order equal
to or less than p, can be deduced, then the system is said to be com-
pletely integrable.

When an equation system is integrable, it is not to be expected
that the most genei'al solution of the system is a. genei'al solution of
any one of the equations which make up the system ; in fact, in the
most ordinary case of an integrable system, the solution involves no
arbitrary functions, but only a finite number of arbitrary constants.
Thus, if we write down two partial differential equations / , = (),
/a = 0 at random, they will not be consistent; if /,"= 0 and /2 = 0
are consistent, it must be owing to a relation between the forms of/,
and/2; if we consider tlio form of one of these equations, say /, = 0,
as known, then the form of the second / , considered as a function of
the variables and the differential coefficients it contains must satisfy
certain differential equations. Now, when /a satisfies these equations,
/j = 0 and/2 = 0 will be consistent; but the common solutions of this
system will ordinarily involve only a finite number of constants.

It is here that we notice an essential difference, between the theory
of partial differential equations of the first order and those of the
second and higher orders : given any partial differential equation of
the first order / , = 0, then a second equation/;, = 0, also of the first
order, always exists such that/ , = 0 and /2 = 0 have common solu-
tions involving n—\ arbitrary functions ; on the other hand, if/, is
of the second order, then it is not generally true that any other
equation / , = 0 exists having in common with /i = 0 solutions in-
volving any arbitrary function. If /, is of a special form, then
/, = 0 may be an equation which belongs to a system having solu-
tions involving an infinity of constants. Such systems have been
called by Lie " systems of Darbonx " (Goursat, ibid., p. 41) or "systems
in involution."

If we have any integrable system, by repeated differentiations and
eliminations we can add new equations till, after a finite number of
operations, we have a completely integrable system. If such a
system is not in involution, it has the property that differential co-
efficients above a certain order can be expressed in terms of coefficients
of lower order; the complete theory of such a system is given in Lie-
Engel, Transformations-Gruppeu, i., Kap. 10. The object of the pre-
sent paper is to develop certain formula) analogous to the Jacobian
series of combinants, by aid of which it may be decided whether or
no a system is integrable.

Before the results arrived at can be stated, certain preliminary
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explanations and definitions must be given. If / is a partial

differential expression of order p, and, if wo write for ---•—- •-
3as°»... dxa»

2a,... o,,, then the quantic in the set of auxiliary variables £, ... £„,

(the summation being for all zero and positive integral values of

a,... a,, such that <i,+ ...-fa,, — p, and -—?— denoting the partial
dV..«,,

differential coefficient of /with respect to zai o ), is said to correspond

to the differential expression /.*

* The following geometrical interpretation may be given to this quantic.
Cuuchy's existence theorem may be thus stated : " If a differential equation of

order p contains the derivative --•-•• then a definite number of solutions of the

equation can be found which are of the form z — F(xt... xn); F\& a holomorphic
function of #, ... xn which can be so chosen that the locus z = F passes through the

H —1 -dimensional locus 5 z ^ 91^2 ••• x») > where 9 is arbitrarily assigned, and has-
(.a;, =• 0

contact of (p— l)8t order at all points on j 2 = v with any arbitrarily assigned

^-dimensional locus which passes through ) - "" 9/» Apply now to the differential
(. xx = 0

equation the point-transformation

then the transformed equation will contain —,- if, and only if,

HO that Cauchy's theorem may be stated as follows:—" A definite number of solu-
tions of the differential equation / — 0 can be found which are of the form
z = F(xx... xn); Fis a holomorphic function of .r, ...xn which can be so chosen

that the locus z *~ F passes through ^z = <P\xi---x») f a n ( j ] i a 8 contact of

(p—I)1* order at all points of 5 r " ^ with any arbitrarily assigned n-dimensional.
(_j,= 0
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If we have any quantic Saaj 0 £^ ... £|", then 25aai . *
i " • ii

is said to be the operation which corresponds to the quantic. It
follows that the operation which corresponds to the quantic which
coi'responds to / is

^ / * Till 4- 4-n

c z „ ax . . . CWJ »
••• °ii 1 n

We may speak of this as the operation which corresponds to the
differential expression / .

Let w, ... iot be the s quantics which correspond to the s differential
expressions/, .../, which are respectively of orderspt... pt\ let

v u , v.n, ..., v,

vir-

(1)

be r sets of quantics such that for all values of K from 1 up to r in-
clusive

vu w\ + v-i.Wj +. . . + vuw, S 0 ; (-)

then, if X,... Xr are any other arbitrary quantics, the identity

km',

is merely an algebraic consequence of the identities (2), and is said
to be reducible.

An identity of the form (2) which is not a consequence of identities
of the same form and of lower degree is said to be simple.

locus which also passes through \ e = ^; the only limitations placed on thu

arbitrarily assigned holomorphic functions <p and if/ are that the direotion cosines
f i • • • (i> of the normals to if/ = 0 must not satisfy the equation of the quantio which
corresponds t o / . " >

* The symbol —- is used to denote total differentiation with respect to xr, thus,
dx,

d d h d d
- • • + Zr — + Z\r — • + Z>IT + • • . «

uXr OXf OZ OZt 0£n
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i t will be proved (§ 1) that, given the quantics w, ... w,t there are
only a finite number of simple identities.

Ijet the r sets of quantics (1) generate simple identities, and let

(8)

be the set of operations which correspond to them; then

*l«/l+fc./,+ ...+*../. (4)
is said to be a conibinant of the differential expressions / , .../,.

From the definition here given of a combinant, and from the fact
that there are only a finite number of simples identities, it at once
follows that there are only a finite number of such combinants. If a
combinant vanishes in consequence of the vanishing of /, . . . / , and
the total differential coefficients of these expressions which do not
contain differential coefficients of z of order.higher than appear in
the cornbinant, then the combinant is said to be satisfied.

The first theorem, then, to be stated is : " If all the combinants are
satisfied, the differential equations / , == 0 ... / , = 0 will be
integrable (§ 3).

If the combinants are not all satisfied, then we take those which
are not satisfied as new equations, additional to / , = 0 ... / , = 0.

It may now happen that we have more equations than are
algebraically sufficient to determine all the differential coefficients
involved in thorn; in this case we see that the equation system is in-
consistent; if not, we proceed as before with this increased system,
and find its combinants. If these are satisfied, then the new equation
system, and as a consequence the original one, is consistent; if not,
we proceed further till we finally reach a satisfied system of coni-
binants, or obtain more equations than are sufficient to determine
the coefficients involved : in the former case the original system is
consistent, in the latter it is not. That this question will be decided
in every case by a finite number of operations is, I believe, true, but
I have not yet succeeded in finding a general proof of its truth.

When all the differential equations are of the first order, com-
binants, as 1 have defined them, are easily seen to coincide with the
Jacobian series of combinants and are all of the first order; the
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operations in this case then obviously form a closed series; so that
the method of this paper will prove that Jacobi's conditions are
necessary and sufficient, and may therefore be considered an ex-
tension of those conditions to the case of equations of higher order.

Ifc may, perhaps, be worth while to point out that the question
whether or no given equations are consistent is of interest quite
apart from any light it may throw on the solution of equations;
thus the question might be asked: " la there any infinitesimal trans-

Pi r)
formation £•• — + »j ••—, which leaves the equation

dox

Ox1 ('if

unaltered ?" The answer to this would depend on the possibility of
certain differential equations having common solutions, and it may
be proved tlint these equations are inconsistent; so that

does not admit any infinitesimal transformation.

[t will be proved (§2) that, if we have s quantics w,... w,, whero

*• <^n, then, unless a special relation exists between their coefficients,

the only simple identities are the obvious ones

whwK—tomwh == 0.

It follows then from the definition of a coinbinant that, if we have
s differential equations / , = 0 ... / , — 0, where s <n, then, UHIOSH

the quantics which correspond to them ai%e of special form, the only
combinants are of the form

the summation in first 2 being for all zero and positive integral
values of u, ... a,, such that a, -t-... + a,, = pi» and in the second for
auch values of /3, ... /3n as make /3, + . . . +/$„ = p..

As an example of the application of the methods discussed in this
paper, it is proved (§ 4) that, if
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is any. minimum surface, then

du du du™ du\ _ n

02'

and + + - o
OX* Olf cV

are consistent, and their common solutions involve two arbitrary
functions; and no other equation of the first order of the form

lias a solution satisfying V*u = 0 and involving two arbitrary func-
tions. It is shown how, given any minimum surface, a solution of
\r-(i = 0 can be mado to depend on the solution of a partial
differential equation of the second order in two independent variables.
These results wero suggested by Prof. Forsyth's paper in tbo
ftfrasenger, as was also the second example discussed. The second
example (§ fj) proves that not only are the equations

dc, ()*•., vx^ aj:,

consistent (as the common solutions obtained in the Messenger show),
but that they form with one other equation of the second ordor a
completely intograble system whose common solutions involve four
arbitrary functions of one argument.

1. Jf wo take any number of given qualities wx ... w, in any number
of variables u:t ... xin and of any degrees, the question arises as to the
form of a qualities v, ... v, such that

r, wt + . • • + v, ivh == 0.

It must first bo proved that there are only a finite number of simple
identities of the above form—that is to say, there are only a limited
number r of sets of qualities

vu, n.,, ..., v.,,

vl2, vn, . . . , vtU

« l o V..n . . . , V , , ,

VOL. xxxi.—NO. 694.
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such that viKWi + viKiui+...+vllKw, = 0 (K == 1, 2, ..., r),

and that every other set vx ....?>„ such that

«, to,+ ...+«,«;,= 0

is given by v, = \1vfil + \iv,i+...+\rvp, (p = 1, 2, ..., «). •

This theorem is almost an immediate consequence of Hilbert's very
general theorem : " Ef S denotes any system of forms in n variables
a;,, #2 ... xn, there can be so selected from S a finite number of forms
Fv F% ... JP̂  that every form F of S can be expressed in the form

F = AlFl+AiFi+...+AltF,,

where Alt A%... A^ are forms in the variables a;,, a;, ... xn " (Weber's
Algebra, first edition, Vol. IL, pp. 165-16S). Now take for the
system S that of forms whicli can be expressed in both the shapes

vlicl + v^vi+... +ViW,.i and —v,w,.

The theorem which I wish to prove follows, except as regards sets
of Vj, Uj ... v, in which v, = 0. As to these, take for S the system
of forms which can be expressed in both the shapes

vlwl + ...+v,_iw,.i and — tV-iW«-i«

It follows as to sets in which v, = 0, but v,_, =fc 0. Continue in like
manner. After at most s—1 repetitions, the theorem follows in its
generality.*

An example on the calculation of simple identities having an in-
teresting application to the differential equation

axl an'i dx& axi

had perhaps best be given here.

• * [ I owe this reforence and proof to the kiudneHs of Prof. Elliott, who has also
given me very much valued help in other purtH of tho pupcr. 1 doniro to exprOHs
to him und to both of tlie refonsos my thuuka for the great trouble which they huvo
taken in conaideriug thin pupor.]
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If, now, tfiw1 + i>awa+t>8'M>8 = 0,

then . v,X2 + v3 Y
2 + v8 (X+ Y)s = 0,

or (t'1 + W)^2+(u3 + t;8) Y
i + 2vtXY=0;

therefore vx + va must be divisible by Y, so that . •.

where P is some function of x, y, and z. Similarly,

*<12 + t>8 = 2XQ;

consequently 2YPX2 + 2XQY2 + 2XYv& = 0 ;

and therefore 2vs + 2 PX + 2Q Y = 0,

that is, vt

The simple identities are then given by

y . z 2;c y z
1h=b + 7~-;r * = <--->

.r . z Ay z x

2. Tt is now to be proved that when .<? < n, unless the quantics

«;, ... w, are such that their coefficients are connected by certain rela-
tions, there are no simple identities except those of the type

whwK—wKton = 0.

Any term #"' ... re"" is said to be derived if a, >p l t or a2 > p t ...

ora, >p, , where s is a given integer >̂ n and px ...pt any .<? given

integers; a term which is not derived is called arbitrary; 2a ia the
order of the above term.

R'2
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It is easily seen that the number of arbitrary terms of order r is
the coefficient of xr in

( I - / 1 ) ... (l-as"')(l-aO"" = ao+aIas+...+a,{cr+...;

«0, a,, ... are, of course, positive integers ; if .?< w, the series is infinite;
if a = n, the series is finite. Prom the series

it follows that, if //,. denotes the coefficient of xr in (1—a-)"",

JJ, = </,.+ 2 a,..;)<-h 2 n,_,»-,,{ + ...,

the smiunation on the right being continued so long as the suffixes
are non-negative.

It should bo noticed that //",. <f a,., and that, if s = », there are no
arbitrary terms of order higher than (j>, — l)(p2—1) ... (pn — 1).

If we have s qualities of order r in the n variables xx ... a*,,, we can
form a matrix; thus the first row consists of the coefficients of the
first rlc in any assigned order, the second of the corresponding co-
efficients of tho second in the same assigned order, and so on ; i.e.,
the coefficients of the same term in each r'° form a column of the
matrix.

From any quantic w of orderp, we can form JIr.v derived qnantics
xai ... xa

t»to, by taking all positive integral and zero values of a, such

that So = r— p. Let us therefore form the matrix of the 2 JTr-t,
derived rlc" of ii\ ... w,.

Now it must be shown that in general not every JIr—ar-rowed
determinant of this matrix will vanish. To prove this it will be
sufficient to take

?Wj ^ x'i' . . . w, = a;''*.

Then wo can choose as JT,.—ar derived quantics the JIr—ar derived
terms, that is, the distinct terms which contain x* or x'^ ... or xv,. In
this case, wo see that in each row there is one, and only one, term
which is not a zero coefficient; and no column can contain two non-
zero coefficients, so that the matrix will contain one determinant of
order llr—ar which docs not vanish.

Unless, then, the quantics wl ... w, are of "special form," not all
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Hr — a,-rowed determinants of the matrix will vanish ; and we may
assume "without any real loss of generality that, in particular, the
determinant of the derived terms will not vanish.

It will now be proved that all II,.—a,. + 1 -rowed determinants of
the matrix do vanish.

We may assume that, b,. denoting zero or some positive integer,
not all If,.— a,. + br-rowed determinants vanish,' but that all
Hr—ar + hr+\-ro\\cd determinants do vanish.

Jt follows that we can express all derived terms, and a certain br

arbitrary terms, in terms of a,.—b,. remaining arbitrary terms and
the derived qualities of ?<;, ... w,.

Every r10 can therefore be expressed in the form

where vl... v, are respectively qualities of degree r—p, .... r—pn and
P,. is an r'° which only contains the above a,— br ai'bitraiy terms.

Treating vx by the same method, we see that it can be expressed in
the form

where vK\ is of degree r—pK—pu and Pr_»>, only contains «,_,,,— />,.,,,
arbitrary terms : proceeding tlius, it is clear that every rlc can bo
oxpresscd in the form

Pr + wirr.,,l+ ... +ir. l\-l,x + nrr,..2lli + wlwiPr_,,t_,,j+..,t (1.)

where the term I \_ ; v for instance, l-cpi-esents a quantic of degree
i'—pK, which only contains «,.,,,—&,-„, arbitrary terms and no derived
terms.

The number of arbitrary coellicients in the above form cannot
then exceed

it in said that the number of arbitrary coellicients cannot exceed the
above limit, rather than that it is equal to it, because of possible
identities of the form (I.).

Now the number of effective arbitrary constants in any rle iR //,,
so that
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but . fl"r = ar + "i*a_f .+. . . ;

therefore' br 4- 2 b,.. Pn +. . . £. 0,

an inequality which (since h, is a positive integer or zero) can only
hold when

hK = 0.

The conclusions that we draw are, firstly, that every JTr—a,.+ l-
rowed determinant of the matrix of s non-special quantics does
vanish, and that therefore the derived terms, and no others, can be
expressed in forms of the arbitrary terms and the derived qnantics ;
and, secondly, that every rlc can be' expressed in one definito way
only in the form

P r + ' j ' « i l P r , ( + . . . ) (II.)
K.I

where P,.... denote quantics, of degree equal to their suffix, and only
containing arbitrary terms ; and consequently there can be no identity
of this form* When an rlc is so expressed, it is said to he in
" standard form."

It is now required to investigate the form of s quantics ?:, ... i\,
such that

v,w, +. . . 4-?•,*''« = 0. ( I l l - )

Remembering that u, ...v, can each he thrown into standard form,
jmd that thcî e can bo no identical relation between n\...w, and
arbitrary terms of the form (IL), we conclude that the coefficients of
each arbitrary in the above identity must be zero. The problem is
therefore really reduced to finding the forms of s rational in-
tegral functions of ivx ... w,, such that

v, to,+ ...+r» «•» = ().

Now any rational integral function of «;, ... tv, may be written in
the form

where PlKh for instance, denotes a rational integral function of w,, wK,
and wt only
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Expressing' va...v, also in similar forms, we deduce from the
equation (III.)

p . 4. p . = 0 ' " P . . + P w 4- P, k = 0
•*• A m 1 •*• mh • " " v > -*• hint > •*• mht i -*• <mA - ^ v >

P j . P 4 . P 4 - P — 0
•*• jniAt 1 •*• mqht i •* (inAg I •*• Awigt ~ ~ " •

It is clear that in the P functions all the suffixes except the first may
bo interchanged without altering the form of the functions.

In case of equal suffixes the equations deduced differ slightly; thus,
if q =m, he equations last "written would bo replaced by

«V == Qn W2 + *2i3w» + . •. + Q\, wt

and, if q — in = t, by Pmmhm + PA,,lft,™ = 0 ;

if, finally, h — m, by P«,«™», = 0.

It is not difficult to see that consequently vt ... v, may be written
in the form

where ^

but except for this restriction tho Q's are any functions whatever
of vy, ... w,.

It follows that the only simple identities are of tho form

whxoK-xoKwh~Q.

In case all the quantics are linear forms in a;, ... a:,,, it is obvious
that the system is non-special; in fact, wo lose no essential generality
in taking ?«;, = :>:, ... w, = «.•„, in which it has been shown that not all
Hr — a,.-rowed determinants of the matrix disappear.

Wo can now write down the combinants of the differential ex-
pressions/, ... f, for tho caso here considered, viz., when n <£ «, and
the quantics wl...«;, which correspond to fi--.f$ are non-special.
Since the only quantics which now generate simple identities are
wt... ii\, we see that in (1) vmh = toK, where K is some integer >̂ s
and ^ h, and vmK = — wh, and all other quantics in the row which
contains vmh and vmK are zero.
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It follows that the operations fmt, and <f>mK in (3) which, correspond
to these are

the summation being for all non-negative integral values of p\ ... /3fl,
such that

and
3^ , ...a,, tfe'1 ...<&£"

the summation being for such values of a, ... a,, that

' a,-f...+<*„ =P/>;

and therefore we get the typical form of combinant for non-special
cases to be

We can easily verify the fundamental property of this combiimnt,
that all partial derivatives of order pK +ph disappear from it, for the
derivatives za +p a,,+pn appear under each summation with the
coefficient

and consequently the terms cancel.

3. From the s differential equations / , = 0 .../, = 0 respectively of
orders P\...p,, we obtain, to determine the differential coefficients
of the rth order, the system of equations

fa*i...dxy

where all zero and positive integral values of a, ... a,, are to be tnkeiv,
such that

So = r—pK)

and K is to have any value from 1 up to s inclusive.

After r attains a certain value there will be more equations of this
systoni than there are differential coefficients of the rth order; so that
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we can eliminate the coefficients of the rlh order, and obtain a reduced
system of equations not containing any coefficients of order higher
than r—1. The system of the rth order may then be divided into two
parts: the first will not contain more equations than are sufficiont to
determine the coefficients of the rth order in terms of coefficients of
lower order (and it may not contain so many)—it will be convenient
to speak of these equations as the effective ones of the rtu order; the
second part will consist.of reduced equations not containing coefficients
of the rth order. The system of the rth order will then contain
effective and reduced equations ; the reduced equations of the rth

order may of course be effective in determining coefficients of the
(r—I)*1 orders. It is now necessary to examine the forms of these
reduced equations.

;o, + oa+... + o,, J-

The highest differential coefficients which occur in •'"
occur in the part '

*Zan+lu a2+^. . .o, , + ?n JT" >
CZhh...ln

whore the summation is to be taken for all positive integral and zero
values of /„ Zs... ZH, such that

pK being the order of the highest derivative in fK. They occur linearly.

* «|...o,, /7
al + "2+... + "I, £

For 2 2 X £=0, (11)

wliere \Ka a is some function of a:,a;2... xuz, and differential co-
efficients of order not exceeding ^ and where the summations cover
all non-negative integral values of a,... a,,, for which 2a = r— pK, and
all integral values of v from 1 to s inclusive, to be free from differ-
ential coefficients of order exceeding r—1, and so to be an equation
of the reduced system, it is then necessary and sufficient that

4 T x V e -
* * AKa,a.,...a,, Z Za} + ll, o.2+/2... an+ln 0 , '

vanish identically, where the summations for ZjZa ... ZH, for a^g... «„,
and for K aie as explained above. And this sum will vanish
identically if, and only if, the sum

2 2 Kaia.2...aii 2 ( / 'fs ...£ d .
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where &, &...£„ are any distinct quantities or symbols, vanishes
identically; i.e., if

2 2 A i*1?* £* 5 (li(;1* £*" •^-Jl— (13)

vanishes identically.

Nowhere, for any K, *2 " ^ o>^> tf*... ^» is what we have

earlier defined as the quantic which corresponds to the operation

ai"ia"\Kai . . .a , ,£?—^T'

and ' V

is what we have defined as the quantic which corresponds to/*.
We have, then, established that, if «„ i\,... u, be the quantics which

correspond to the a operations

2 \ A (K = l; 2 ... , ) ,

.and if w,, t«3... to, be the quantics which correspond to fuf2 •••/« re-
spectively, what is necessary and sufficient that (11) may be an
equation of the reduced system is that

vlwl + v2wi + ... +v,w, ^ 0.

Here ivv iot... ws are definitely given quantics. We apply then the
conclusion of § 1, and are enabled to state that every vK must be of
the form

\VK1 + \3VK2+ ... +K,V*,n (* = 1. 2 ... «),"

where . viU viX ... rsl,

. . . . t'lnu Vim ... V,m

are the m sets of quantics which occur in the simple identities of
wv w2... w,; and where X,, Aa... A.,,, are of orders r—pu r—pt... r—pm.

Wo proceed to apply this conclusion to the supposed reduced
equation (11).
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If we write it

then <j>K (K = .1, 2 ... s) is the operation to which corresponds the

quantic vK, i.e., is the result of replacing £, L ... £„ by -r—, —- ... —
dxl da'9 dxn

in t h a t quant ic . Now let ^ (K = 1, 2 ... s; v = 1, 2 ... TO) be t h e
operations to which correspond, in like m a n n e r t he quant ics vn, and
let /i, , 1^2 ... /*,,, be the operat ions to which correspond t h e quant ics
Xj ... Am. W h a t we have learned is t h a t (pK is the resul t of omi t t ing
from

/*1 ?*1 + Hi V>«3 + • • • + H-m <pKm

all operations of differentiation of lower order t h a n t h e h ighes t which
occur, i.e., than order r — <pK.*

Consequently (11) differs from

' K.I Km$ K-l

K.I (C.I Kail

only by terms which have for factors derivatives

for which a1-J-aa + ... +an < r—pK, i.e., by terms whose vanishing is a
result of the vanishing of total derivatives of/,,/8.../, which are not
of high enough order to involve partial derivatives of z with regard
to xt, xt ... xn of order exceeding r — 1 ; that is, all reduced equations
of the rth order [since (11) was the general form of such equations]
can be obtained by differentiation of the combinants, and by the
addition of total derivatives of / „ / , . . . / , which are not of high
enough order to involve partial derivatives of z with regard to
xv x3 ... xn of order exceeding r — 1.

Now suppose that all the combinants are satisfied; then there will
be no reduced equations of the rth order; and, proceeding similarly
with the equations of the (r—1)" and lower orders, we see that there
are none except the effective ones. The number of effective equa-
tions is never greater than, is sufficient to determine the coefficients,

* In the actual vK, XtvKi, \:t>K2, &o. are ipere algebraical produots ; whereas the
operator ^ $K\ is the sum of such an algebraic product and other parts resulting
from operations of /uj ou the coefficients of symbols of differentiation in <pK\.
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so that in this case the system must be integrable; and by subtract-
ing the number of effective equations of any order from the number
of differential coefficients of that order we measure the generality of
the common solution possible.

4. i t is required to find the form of the most general differential
equation

lp fdu ou du\ _ ~
15~ ' IT*' 'T ] "~ 'xo.r oy oz'

such that F = 0

, o2u , d2n , dht A

and •• + - + -- = 0

• do3 mf (Jza

may have common solutions involving two arbitrary functions.
We have wherewith to determine the derivatives of the second order

a^ a^ 3 7 " ' •
dF n dF n dV n

dx ay dz

F must therefore be of sucli form that it is not possible to deduce
any equation of the second order independent, algobi'aically, of these
four; it follows that the first combinant of F and v3" must vanish
identically by aid of F = 0 and these four equations. It will lighten
the labour of determining F if we use. the following notation

011 x ou v un . ohi v

Ox ay Oz oyoz

... . ., , d2n d'2u
with similar expressions for , - ...,

ox* oxdz

dF=

Since there are only two equations F = 0 and v*« = 0, and the
quantics which correspond to these are respectively a line, ami
£[ + £J + £IP aU(l ^ e letter does not break into factors, we see tliat
the only combinant is
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so that, remembering that derivatives higher than the second dis-
appear identically from the combinant, we obtain without much
labour that the combinant is

then, from the fact that

dxx

we have An F, + A,2F2 + A18F8 = 0 '

A12F1+A22F1I + A2SFa = (14)

If now we write \,, = a, A2j = 6, A^ = c,

A,2 = ^, AJJ = / , A,, 5= g,

and employ the notation usual in the theory of conies, we have (since
= 0) as combinant

From (14) we deduce

OH FII FG'

since the discriminant

abc + 2fgh - of" - 6^ - ch* = 0,

for the same reason, so that, finally, the combinant takes the simple
form

that is, when F = 0 is looked on as a surface in space whose co-
ordinates are A,, As, A8, it has the sum of its principal curvatures,
everywhere zero, that is, is a minimum surface.
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We may verify this result, and at the same time see how to obtain
particular classes of solutions of the equation

in the following method.

Let z = f(x, y)

be any solution whatever of the equation

that is, any minimum surface. I t is well known that

u — ax + by+f (a, b) z + <f> (a, 6),

where we consider x, y, and z as independent variables, and <f» (a, b) is
any arbitrary function of a and b, and a and b are given by

da ob

is the general integral of

du _ * (du dti\
dz \dx' dyI

We wish to find the form of <f> in order that this maybe an integral of

V*u = 0.'

Let us write a i = ^ • v-^r = #» 57;
oaa da 06 068

3 a ' 3 6 ' 3 a ' 3 6

^M- = 0 is then x+Fz + P - 0,
da

06
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Differentiating these two equations with respect to x, y, z, we get

A)<^ + (zH' + H)d±=Q,
o x • - o x

(zA' + A) ^ + (zE'+ H) ^ = 0,
Oy Oy

P+(zA' + A) ?* + (sir +IQ §* = 0,
Oz Oz

^ ' + H) §5L= 0,
<ty 07/

+ («ir + a) ̂  = o,
da-

= o.

Now -^- = a, - = b, • ~ = / ( a , 6),
oa; dy oz

so that V3M =.• 0, if, and only if,

ox oy Oz O

Solving the first six equations, we obtain

. . da _ _ zB' + B
0\ . 7i '

db___zA' + A
by ~D '

dz~~ B~

fy - - Q'(zA' + A)-P'(zlI'+l[)

where D = za (A'li'-lP) +z (AB' + BA'-2UHI) +AB-E\

and we at once deduce

(1 + tf») + i? (1 + P'i)-2HP'Q' = 0 ;
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but the coefficient of z vanishes, from the definition of / , and we see
that 0» must satisfy the equation

h+^VKh+VVU2 l o
da? I W 5 + db* I \da> J dadb da db "

Knowing now the form of / , and choosing f so as to Batisfy the
above equation, we see that

u = ax+by+f(a, b)z + <p (a, 6)

will be a solution of V*tt = 0, provided that we choose a and b so as
to satisfy

5. In the Messenger of Mathematics (November, 1897, p. 100),
Prof. Forsyth proves, amongst other theorems, that, if pu p.tl pv pt

denote four arbitrary functions of tj subject to the single condition

and if u be determined as a function of a;,, a'2, ai8, xt by the equation

au = xlpl + Sift + xapz+xtp»

where a is a constant, then, if v denote any arbitrary function of M, it
satisfies the equation

a;, vx% vxi oxt

and also the equation

Now, it is very easily verified that u not only satisfies the above
two equations, but also the equation

JJM' 2 a'"
d' dd

and five others of the same type. The question is thus suggested
whether these six are mere consequences of the first two ; it will be
found that, though consistent with them, as of course they must be,
they are not necessary consequences. The system
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V-u = 0, and the combinant of these two will, however, be proved to
form a complete system whose common solutions involve four
arbitrary functions of one argument.

Let us write

ou _ x dHi _ ,8 hSi __ . .
K~ — Ai ••• 5~2 — Aiau> \ ^'• — A i A 8 a « ;
oxx Ox j CiBi c/a?a

the equations which we have to consider are

1 +(1^1 — 0.

Forming the combinant (here there is obviously only one)

we get

.,, + A2a,, + A8a.,3+A4a.M
2 . v2 2 , \ 2 'i •, \'- *a + A a + A a + A a

+ x; (Alal + Ajai+AX. + XjaJ = 0.

Differentiating/, = 0 with respect to xx... xt, we get

anA!+ai2A2 + "i»A3 + ai«A! = °

aiX \\ + an \\+a23 AJ + aM Xj = 0

«81 AJ + «S2 K + «3S AS + "84 Ai = 0
a«Xi + a « A i + a43As~ra«A4 = O

If now we write an + a2i—2a,2 = 6J2,

(Notice Prof. Forsyth's solutions require all the 6's to vanish.)
VOL. xxxi.—NO. 695. s
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The above four equations take the simpler form (by aid of / , = 0
and / , = 0)

i4X4 = 0"

(16)

which equations may also bo written, in the form

Expi'essing all such terms as 2a13 in the equivalent form CLn-\-a.n—hV2,
we see [by aid of fx = 0, /3 = 0 and (16)J that the combinant
which is

may be written SXJX^j.,.

The combinant can also be thrown into the form

(18)

To prove the identity of these two expressions (18) and (IS)' write

and let us write for sake of brevity

then the expression (18)' is equal to

by aid of (17) ; but (JL + X+jV- o,.
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by the first of equations (17); therefore (18)' may be written in the
form

A4A1A2A3

and this, by (17),

- ) - C a - \ - a b ) / x 2 v 2 , 2 . » 2 X 2 , 2 , \ ' 2 \ 2 7 2 . \ ' 2 » 2 , 2 . » 2 » 2 , 2 . > 2 > 2 , 2 v

- i-J-r2 (A2 As 62s+KKK+K \ K+K K K+K K K+K K K).
A A

A. Ao Ao A.

that is, the equations obtained by equating (18) and (18)' to zero
are equivalent.

We must now prove that the system fx = 0, /2 = 0, and (^/j) = 0
is complete; and first we shall prove that the combinant [/i(/i/a)]
is satisfied.

Notice that

where

j a , j = a1 2 <f l , 2 (au + o.^), (19)

therefore (A, - - + A3 -f- + X3 ••' + A4 f - ) ah
\ rf.i'j dx3 dxa dxj

the other terms disappearing by (15).

Forming the combinant of a,lK and/,, we get

KK dxhdxK \ dxl dxj

= 2 (A'ttuaiA + XjrtoitC^

If, then, we form the combinant of an + aM—als—a24 with/,, we get

Expressing every term 2a]2 in this in its equivalent form an + %,—i,2

as before, and using (17) to reduce this expression into terms in b}i,
bn, fcos only, we see that it vanishes identically; but

therefore the combinant of the latter with / , is satisfied.
s 2
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It follows that the combinant of (iI2 + fe84~"^is~ W with/, is also
satisfied.

""* d
Notice now that 2 \K •— annihilates any function of X,, Xj, A8, A4

K»I dxK

only, since, in operating on such a function, the coefficient of r̂— is

a + A 8 a3)e + A. ja4)C,

which is zero, by (15). Using these results, we see that the combinant
of/, with (/i/j) is satisfied.

We must now prove that the combinant [/2 (/,/2)] is satisfied; when
this is done, we can say that / , = 0, /2 = 0 and (/i/2) = 0 form a
complete system.

Instead of directly proving this, it will be sufficient to prove that
the combinant of (/,/2) with </>2 is satisfied, where <£2 = 0 is any
expression of the form

Mil ••• Hu being any functions which do not contain derivatives of the
second or higher orders, fi a function not containing derivatives of
the first or higher orders, and /J3 a function which does not vanish
identically nor contain derivatives higher than the first order.

If, then, we prove tha t

= 0 and Xl\lba + \Xhi;i + X2Xh, = 0,

or any two equations algebraically equivalent with these, are complete
in themselves, tha t is, if all their combinants are satisfied, we may
conclude t h a t / , = 0 , / 2 == 0, and ( / i / 2 ) = 0 form a complete Bystern.

Now, from ( / , / 2 ) = 0, in its form (18)", and

^2^s628+x
3X;6,s+Xjxj6,2 = 0,

we deduce by algebraical solution

bt» — K _ bn

Writing x = &„, y = 613, z = 6,,,

wo have now to test two equations of the forms

x = ph,

y = q\
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p and q being homogeneous functions of A,, A,, A8, A4 of zero degree,
and connected by the relation

We shall now prove that any such pair of equations is complete.

The quantics which correspond respectively to x, y, and z are
«;„ wt, w8, where

•>-(•£-*)'
nnd we proved (p. 243) that there were two simple identities in this
case (10) . .

, - - r -
A3

J». V=A_A
A8 A8 A ,

and vx 3 A - -f- , ,2 H: f + -f - f vs ̂  f - A .
A, A8 A, A 8 Aa A8 A,

There are therefore two combinants,

and

t -I T-)(K+K-b,,) + 2(± ±- f *) bn. (21)
dxs A, rf.T,/ \ A2 rf.r, A8 dxj

Using (19), we see that

1 d 1 d
y ^ 3 ~ 'X,' drj

Expressing all terms & which are to be operated upon in terms of
'!/«••••, we verify that the combinants (as we expected) do not contain
derivatives above the second order, and are, in fact, the first

and the second

— ( « » - « » ) (''is + &a—&i2)+2(«i3-ala)&is. (23)

If then we write x for - - -' f , :
A j dxt A s d,vs

,/for± A_JL.f?_
A, dx 8 Ax da:, ' • '
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we may express these results by the fornmloe

x (y+x—z)+2y'x = (ali-ali)(y + x-z)-2 (a.,3-aI2) x, (24)

y (x+y-z)+2x'y = - (an-au)(y + x-z)+2(al!i—an)y. (25)

Now {O—q) y-qx] (x-tfz) + {(l-p) x'-py) {y-qh)

is easily seen to be the only combinant of x—ph and y—q^z, and, ex-
panding it, we get

(l — q)y'x—(l—q)p'y'z—qx'x + qpix'z + (l—p) x'y

— (l—p)qix'z—py'y+pqiyz + z{-(l—q)y' + qx} f

The last two terms taken together are

^ {<i (x>+y) f +p (»'+>/) r - yp2 - »V} •
= z { 2qp (x + ?/) ( p + q) - 2pyp - 2qxq } ,

which becomes (since p + q = — 1, a constaut and therefore anni-
hilated by x'+y')

— 2z{py'p-\-qx'q);

the other terms reduce (using the fact p + q = 1 ) to

—P [y (®+y—z) + 2x'y} -q {x (x + y-z) +2y'x].

Using (24) and (25) and remembering that

x = p% y = q%

we sec that these terms all disappear.

We have now only to prove that py'p + qx'q or {py'—qx')p
vanishes. First, we shall prove that

(py-qx')-x- =0;

this is to prove that

(J_ A + P. ± + JL A) h. = 0;
\ As dxs A, eZ.r, A., daj9/ X3

that is to prove tha t

—an+an-p (an—an)—q (au-o2 S) = 0.

The expression on the left may be written

^ (z -a— y),
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which vanishes when we put

x = p\ y = <fz.

Similarly, we may prove that

(py'-qx) -1 = 0,

X2 + A2 + X2 X
and therefore py'— qx' annihilates ' % 8, and therefore ^ ; tha t

X3 X ,
is, py'—qx annihilates any homogeneous function of X,, X,, X8, X4 which
is of zero degree, so that

(py'-qx) p = 0.
We have seen that

{ C1—2) »'—3*'} (a-jp'*) + { (1 -p) x'-py'} (y—q*z)

is the combinant of x—p*z and y—gsz, and we have now proved that
it is satisfied.

The system fx = 0, /9 = 0, and (/,/2) = 0 is now proved to be
complete, and, as we have two equations of the second order and one
of the first in four independent variables, the formula

(l-xj (1-xY (l-a)"4 =

shows us that four derivatives of any order above the first are
arbitrary ; we could take these to be

3r« d'u oru , oru
—v a n d

 a 3 r.ncte, ox2oxl oxi0xl

so that the most general common solution could be taken to be

u = ao-\-a2xt + a8ajj + a4aj4+...,

a series in powers of x2, xA, xt, the coefficients being functions of xv

the first four arbitrary and the remaining ones given in terms of
these.


