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On Simplicissima in Space of n Dimensions. (Third Paper.)
By W. J. CurraN SHARP.

(Read June 12¢5, 1890,]

SUMMARY OF THE PAPER.

Addenda to Arts. X., XIII,, XXVII,, XXIX., and XXXVI.
Articles.
XXXVII. Content of subsidiary simplicissima in terms of the co-
ordinates of the vertices.

XXXVIII. Theangle between two right lines, Condition of perpen-
dicularity. Shortest distance betwéen two right lines.
Principal axps of a quadric.

XXXIX. Content of the simplicissimum vertices at any point and
all but one of its projections on the faces of the simplicissimum
of reference; of the pedal simplicissimum. Condition' thut
this ghould yauish.

XL. Interpretation of various equations by the help of XXXIX,
especially 4 + % +Z +...=0. Thepoles of infinity. Al
lines through these are such that the saum of the reciprocals
of the intercepts ia zera.

XLI. The identical relations between the products of comple-
mentary simpliciasima of n vertices, situated at 2u points in
space of n—1 dimensions. Triangles having their vertices
at six or five points in & plane. Tetrahedron with verticos at
eight, seven, or six points. Various clagses of anharmonic
systems. All up to the n—1'"are applicable in the Geometry
of space of n dimensions.

XLII. Analogue to harmonical progression. Complete system of
2*-! points harmonically related to n points. Properties of
such systems.

XLIIT. Quadrics intersecting in two linear loci, one of which is
infinity, are similar and similarly situated, and have two
centres of similitude.
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Articles.
XLIV. Any two quadrics have a common self - conjugate simpli-
cissimom, Its vertices. When these become indeterminate.
XLYV. The value of the discriminant of
UM+ U+ ...+ 2T Ap + ...

XLVI The invariants; contrsvariants, and covariants of two
‘guadrics.

Addenda to Former Papers.
(Vol. xvur, pp. 325-59 ; Vol. xix., pp. 423-82.)
X If 3I=S8-UAAr+4p+4v+.)A+p+r. ),
then 2 QEXﬂ”ﬂ+¢$+m)o+wn+m)_omma)

represents the spheric with centre at (X', p',»’...), and which cuts
3 = 0 orthogonally. For at the centre of (1),

and the radical locus of (1) and ¥ =0 is the polar of the centre of
each with respect to the other.

XIII. The proof of this proposition, which is equally true if instead
of spherics we say similar circamscribed. quadrics (Art. XLIIL), is
incompleté as it stands, as it is not proved that the common point on
the radical loci lies upon the spherics. This is easily proved by
multiplying the equations to the radical loci by A, 4, »; ..., réspectively,
and adding, when the result is § = 0.

. XXVIL The contral axis is at right dngles to the common radical
locus of the spherics

AN+A,p+Apv+ ... =0,
for the equations to the axis may be written
| 4

|4 __V y— ¥V _
n+1 _ n+1l - n+1 = &
_ 1 -7 1 21 1.1 1 ?

1 T , T
4, n+174, 4, #+1" 4, 4, n+l" A4,
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for which values of q, b, ¢ ... (Art. XVIIL),

d =a—1—-1_3s1 2 45l
GLS@ben)=n—lo a3 3 S Ad o,

j—bS(a, beon)=n—lot 3tss4 2 451

n+1 Ai n+1 A,’
&e. &o.
Therefore
(%‘S(a, Bc..), j‘% S(a, b, c...), gES(a, Bc..),
4, 4, 4, || =0
1, 1, 1,

therefore the axis is at right angles to the radical locus, and the
centres of all the spherics lie upon it.

The shortest distance between two non-intersecting cdges (p, ¢)
and (7, ¢) of a rectangular simplicissimum is the square root of

4,4,  Ad,
A,+4," 4,+4,

Let (A, gy, 0, 0), (0, O, m,, p,, ...) be the points where the shortest
distance between (1.2) and (3.4) meets theso lines respectively ;
then, if 4 be this distance,

=S — as, 48, dS;
Vd=—8, S’+(A'dl\,+”'dy,.+y'd_.; )

== Npy (4, + 4,) —mp, (4,4 4,)
+A {7 (4 +4,) +0, (44 4)}
+m {""2 (45+4y) +ps (A2+A4)}'

= =M (V=N)4,+45)—m (V—m;)(4;+4,)
+ A, {m (44 4,) + (V=) (4, +4) }
+ (V=) {m (4,+4) +(V—m) (4 +4) } ;

and, by differentiation,
= —2VA4;+ 2\, (4,+4,), 0=—2VA4,+2r, (4,+4,),

A A A, A
=Dl | Ledy
and A,+4, " A+ 4,
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XXIX. If 3’ =0 be the bisecting spheric, %" =0 the spheric
through the centres, and 2" = 0 the orthogonal spheric, they are
coaxal ; for, from the equations as given,

oy N+N”dS | p+p” dS }k+g+...
=25-2 = = +...
¥+32 8{2 T e T 7

3 73 .III’ 4 1

V’l‘ +V1’IV’+S +S (X+IA+...)’

mofo-(e i eyt )} Mt

+

3,3 rr
+ Z"‘—V—':—'—g Ap+..)=22"
XXXVI. If the equation to a linear locus be put into the form

4.98

4,8 +A +A a8, =o0=I,

Ydv
and Neogi oyl P4, 4,

[in other words, if (A'uv"...) be the pole of the linear locus with
respect to the circnmspheric], the equation may be written

AdS dS+ a5 . =0,

the determinant of which is (Art. XIL), (—2)"+' (n!)® V*d*, where d
is the distance from (A’, p’...) to the circumcentre.

And hence the perpendicular from (A, p), v ...) upon L =0

— (=2)" (n!)? __1_}
\/ (ZA,)’( —=2)"1 (al)! VP

ZEA ﬁi
Hence the perpendiculars from (A,, g, ...) upon

ds s
=0 dp—O&c'

the tangents to the circumspheric at the vertices, are
1as, 1 a8 4
2VR ' d\,' 2VR adp,’
and the coordinates in the system mentioned in Art. XXXVT, are



820 Mr. W. J. C. Sharp on [June 12,

proportional to perpendiculars upon the faces of a simplicissimum
and analogous to trilinear or quadraplanar coordinates.

[The following Articles are numbered in continuation of the
former papeis.]

XXXVIIL. Professor Sylvestér’s fundamental formula (Art. 1.,
Vol xviit, p. 325) for the squared content of a siniplicissimum of n+¥
vertices, viz.,

0) 1! 1) 1, see
) 1, 0, (1.2),(1.3)...
o2y HEDY 0 @85,
1, (3.1)% (3.2)% O

may be transformed 8o as to give the squared content of any simpli-
cissimum in terms of the coordinates of the vertices. -

For Vi (r.s)) = —8,—8,+ (A'% +p,§—§—’ +,‘.-)

d
= ~8,-8.+8,.,, say;

thereforo the squared area of the trixmgie, the vertices of which are

at
(All Hy %1y "')i ()‘2: Hay Vo -'-)1 ()‘m Ha'Va -")’

0| 1! ‘ 1’ 1’
1 0 =5, “S?+S|.n, =8, —S:+8..
) ’ -Va V! |
=1 9. 4
=16 1, -5, —1/8';4‘:5']_,3" 0, _Sg __",S;.s'l‘sn.a
1 =8 =8485 =8 —8+8., 0.
) Vg ’ 'V2 4 4

0, 1, 1 1
L, 28, 8 Sis
v S 285, S|’
1, Sis Sus 25

N

16v*

—

In the same way it may be shown that the squared content of tho
otrahedron, the vertices of which are at

(A" K ---)7 ()‘2) Ha» u-): (Aa,/‘v )) ()‘on 1% ‘--);
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0, 1, 1], 1, 1,

1:_ 2S,, Sl.u, Sl.a, Sm
1, 8. 28, 8.5 S..
1, S5 S 2SSy Si
L, S Sae, Sae 28,

= =1 1
ICINCONE

and more generally that the squared content of the simplicissimum of
p+1 vertices, situated at

Ay #1s o0 )y (R Py 02) oo (Npst, Ppan, o)y
0, 1, 1, 1, A
_1 1 11 2Sl\ Sl.?, SI.B, e Sl.p%\
= =2y (p')? vl S, 28, S e Sipn]-

1, .Sl.p+l, SZ.)“-I, Ss.,,u e 28,0
From this formula it appears that the locus of the p+ 1th vertex of
a simplicissimum of p+41 vertices, the content of which is constant
aud the base (the other p vertices) fixed, is a locus of the second
‘degree. The simplest exumples of this class of loci are the circle
(or spheric) and the right circular cyliuder. Snch loci pass through
the intersection of the spherical locus ut infinity, with the linear loci

S.+ dS+ d;?,
1

‘s s . d8,
A48, 45,
A an, +"d Yo T

=0,

45, @L as,
A gt gt =0
If p =, in the formula of this article, the squared content of the
simplicissimum vertices at

Ay oy ) Ny, g ...) e (g1, Posr ooe)
0, "1, 1, ... 1
1 ) 1, 28, Sig .o 8w
- (—2)“ ('ﬂ. ')’ T’T” ]" Sl-’r 282 ..... . Sz.nn

1, S|.n+|. Sz‘nl, ose 2Su+|
VOL. XX1.~—N0. 390, Y
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1, 0, O, ... 0
1 1 L A op e 1
=S CHEE T M R
1, Aru»l, Barl, oo Tasl
and (Art. VL) I, 0, 0,
1 1, Ay H1
1A, Mg
1) Xlul, Fu+1,

Mr. W. J. C. Sharp on

[June 12,

0, 1, 1, ... 1
L 48, 48, ds,
*dN dw, T dn,

x|y, 48 45, ds,
d)L, d;l, drn

1 dSn-H dSu+I dSiH-l

’ dAn-H d“'n#l drlnl

~TB

Tnyl

is equal to the content of the simplicissimum ; therefore this is also

0 1, 1, ... 1
|y a8, as,  as,

’ d)‘l’ d,u1’ o dfl

_ -1 1, 95 45 a8,
TEP@Y VAN, dpy dry |’
dS,. 1 d‘guAJ d‘s’rul

Tdh dpy drnfl

which gives an expression in terms of the coordinates of Art. XXXVTI.

XXXVIL 1t A=N_op—p vy
a b c
where a+b+c+..=0,
a.nd A—_X= "__,“’= y—'v =
a’ b c
where d+b+c+..=0

o(1),

be two intersecting straight lines, and A4 the angle between them,

. d ,rl
_( wtimt d )S(“’bc 2
cos § = 4@ e .
2vV/8 (0, 6,¢..)8 (@, b, ¢c...)

oo (2),
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The angle between the lines is the same as that between the parallels
to them through (7, 0, 0, ...) the vertex opposite A = 0. Let those
lines meet A = 0 in A4, (A;, py, v, ...) and 4] (A}, g1, ¥ ...) respectively.

Now, at 4,,

A =0, p,:—-b—V vl=—-%V,&c.;
and at 4], , ,
N=0, i==27, == 7 &
s
therefore V*AA =8, +V—EX1 cevreecerseserassnaressnnns (X))
1
]
=25 (abe. )+K L 8(b,0.)
(1) da
3 .
- %—- di S(a, b,c...)
2
——%S(a,b,c )
2 1
and AAI.—_—-FS((E, bc..).
Similarly, AA"'——~S(a, b,c..);
also,
, d ,
Vi =—8,-8+ (N & = +,‘,d‘:+ )8
2
=-Ls@be.) + TLs@b,0.)
V’S ’ b’ 4 S ’ ’ 4
—‘7;. (a'» ’ c---)+"a—, E-a-,; (a, v, ¢ ..)
. ]
+ ‘—:%, {0 +Vc)(2.3)’+ (Vd+bd)(2. 4)°+...}
2 .
=—%‘S(a,b,c...)—~——S(a, ¥,6..)
& , :
+.Ta'{ diydyo }S(a,b,c...),
therefore

. ’ N » 1 ’ ’ d .
AAT+AA.’—A,A,’=-—G—Q,{ Lyl g- } 8 (a, by 6);
Y 2
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therefore

+b-—+ }S(a,bc )
x/;é'(a,bc )S(a b’ ) .

Hence, if 44,, BB,, CO,, &c. be parallel lines through the vertices
A, B0 ..., meeting the opposite faces in 4,, B,, (;, &c. (Art. XVIIL.),

1 i __at+bte..

AN+ AAP— A A7 {

cos 0 = A
2.44,. A4]

— += e = e =0,
+BB+G'0 V=8(abec..)
and
(1.2) (2.3)? (1.3)® _ S(abe.) _ _
AA, BB,+BB GO,+AA cce, +ée. —8(a,b,¢c,...) 1.

Also, if the lines be at right angles,

LA d _
(¢ Z+v 2+l )8 (abo.)=0.
(Comp. Art. XXXV.) It appears too, that, if the line (2) lie upon
the linear locus

AAX+Ayp+Agv+... =0,

towhich A—X =’1_" =V—v = ...
a b c

is at right angles, the two lines are at right angles. For

L@+ A+ A0 +... =0,

and e+ +c+...=0;
thercfore (A= ANV + (43— A) ¢+ ... =0,
and therefore (XVIII.)
’ d 4 —
(« -—+b Lt d +..) 8 (e be.) =0,

and any right line at right angles to a linear locus is at right angles
to all right lines in that locus, and conversely.

Again, the shortest distance between two non-intersecting straight
lines is at right angles to each of them. Let these be
A=\ _ p—u v—v

a = . = ...=p say,

D= bf‘ =" =..=p sy,
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and if (A, 1 ...), (Ay, pg ...) be any points in these respectively, and d
the distance between them,

V’d’=—Sl—S,+( S,+ e ’S|+ )
4y

=—5—p ‘;f b@‘i'+ ‘fi‘f,'+...)

.3 o {.d8” ,dS_ ,dS:
S (e, b,c..)—8"—p (a. G +b ,,+ 7 +)

’” d!g 174 dS' 4 dS'
—p 8 (@, ¥, )+ (X FRTa 2 +.)
s |, as” dh" +.)

+p (a BtV oG

+p’( ,f_i._9_+b,ds+ ,dh Yy )

, 'i '
L dCEARE TP d

which is to be a minimum by the variation of p and p’, which are
independent. This leads to two simple equations in p and p’ which
determine these and d® and (A, g, ...) (Ay p3 ...), 2and which can be
transformed into '

d 1 d :
{(x,_x,) Lot =) S+ =) Tt } S (b, ¢, ...) =0,
and

1 1 ] WRETEN
{(/\l—A2) d’;? + (= ps) d(E' + (v,—vy) d(? +... } S, v,c..)=0

) S(a, b, ¢c...),

So that the shortest distance is at right angles to hoth lines.

By the help of this article, the theory of the principal axes of a
gnadric locus may he completed. Tt has been shown (XXX.) that
they ave generally o in nmnber; (XXXVI.) that they are mutually
at right angles; and now, since they are by definition at vight angles
to the diametral loci which biscet chords parallel to them, it appears
by the above the diametral loens which is conjugnate to any principal
axis contains all the others.

XXXIX. IEP (X, p's v'...) bo any point, and A, I, C'... its pro-
jections on the faces of the simplicissimum of reference; (PBCD’...)
the content of the simplicissimum with vertices at I, 1, (V...

(=1 ’ ’
n A ) I v Vn—l
i

= {(n_l) !}2 . l,l;' . l',:..»
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and the pedal simplicissimum A’B’C'...

% Y V"-'{Zf+Z§+l7J’+...}.
1

=N o
2 2
V: 3

~ {=-Dyp
(Comp. Art. XXVI.)

Let AN Bt Y o (D)

(¢1+bx+°1--o = 0),
A—A'__p.—p'_v—v'__- 9
PR s crresnneenens (2)
(ay+ b+ +... =0),
&e., &c.
be the equations to the lines PA’, PB’, P(’, &c.; then (1) is at right

angles to the linear locus

through the circumcentre (Art. XXXV1.), or, writing S, for
S(ay by ¢ ...), to

dS das, dS’,
+ db, +v +
and this is parallel to A = 0; therefore
a8, _ dS, _

dby, e =qn say.

And the equations to determine a;, by, ¢;, &c. are
a4+ b+ " a+..=0,
@2.1am+ (2.3)a+ =gq,

(3.1)a,4+(3.2) bh+...=q,
&c., &e.,
and
y 1, 1, 1
s 0, 2.3 (2.4
, (8.2)} 0, (3.4»
, (4.2)Y (4.3 0

a bl Cr: aus o3

— - O
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, o0 1, 1 .. , 1, o 1 ..
2.1% 1, (2.3, (2.4 ...| [(2.1)% 0, 1, (2.4)° ..
HE.DL1, 0, (3.4 ..|1[(B.1)(8.2)% 1, (8.4) ...
(4.1% 1, (4.2, 0 .| |(4.1)% 4.2%1, O
s &e.;

and taking these as the values of a,, b,, ¢,, &ec.,

o =—(=2)" {(n—-1)1}'V};

and la, 4+ mb, + ne, + &c.
0, 1, m, n
0, 1, 1, 1
==11 (2.1) 0, 2.3 ..|;
1

, (3.1)% (3.2, 0

therefore

.@S.!-— —éﬁ‘— = 3 3
b = Q= o = = 2.1 a+(2.3)c1+...
0, @1 0 (2.8% @.4)

0, 1, 1, 1, 1
=—1{1, (2.1 0, (2.3) (2.4)
1, (8.1 (3.2)% 0, (3.4 ..

1, 1, 1,
.17 0, (2.3 (2.4) ..
= |3.1) 3.2% 0 (3.4 ..
(4.1 (4.2, (4.3)?% O

and 98y _ (1.2)8,4+(1.8)%c,+ ...
da,

0o 0 (1.2 @.3)..] |01, 1, 1 .
0, 1, 1, 1 ..] |o, 0 .20 @.3) ..

=—11,(@2.1)%, 0, (.3)..[=|1, (.1 0 (2.3)".
L, (3.1)% 3.2 0 .| 1,361, 3.2, o
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0, 1, 1, 1 . 1, 1, 1, 1 ..
, 0, (1.2 @.3)0..| [2.1) o, (2.8) (2.4 ..

=[1, 2.1)% 0, (2.3 ..|*[(3.1) 3.2 0, (3.4) ...
1, (3.1)% (3.2 0 .. e e e

=~ (=2 (1) T +g,

dS dS

‘db +

and 28, = q, dSl +b

= —(=2)"(a!)*V?x ['-—-(—2)""{(11—1) v
Thus, then, a, ==—(—2)""' {(n=1)!}*V,,

== ) Vg

8= —(=2)*N V2, 7} (a!) {(n—1)'}"
Similarly, b, = —(=2)""' {(n—1)!}* vh

(_i_‘gl_. —l D\ 1\3 78
db,_ ( 2) (”‘) V +q5!

8, = —(=2)1 N (n!)? {(n =)'}V V5

&e., &e.
Again, b, ¢
bo oy {—(~2)" (n!)*V?}

ana Cutly «oe

1,0 0 0 ..] |0 1, 1, 1, ..

0,1 0 0 .. 1, 0, (1.2)%(1.3)..
_|0a oo [LEDY 0 @3

0, ay, by ¢y .. 1,(3.1),@3.2)% 0

U’ Qusy b:uh Cnaty oes
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0, 1, 0, 0, .. 1 l_iﬁ QLS'J
) da” da,a, L34
Lo 48 a8,
C 0 T @ | |y a8, g,
v s ) eee
—[1, @1y ‘_l.‘_gj d;_g, __ dby  db,
>G-S Ty @y =T as, as,
Y odey’ dey’
ds, dS 1 3
1 )b =8 =8
? (3 1)’ dc,’ dcs, .o aes oo
1, Qs 2% [ 7R 1, qs s
a5, 2% _, o
B 1, db,, Qs Qo oo _ 0, db, 93 Yy
B as, as, _
1, g do,’ Qo oo 0, O, dey 9

= (38 g) (28 -g) . (B2

—_ _21’ (n !)‘Jn Vﬂn ;

e — (—1)“ 21;()&—1) (u!)ﬁ(u—l) Vl (n—l)'

bn+l, {n+l),

£\ ., oy’
N PA =" PR ="M &
ow Vl) 1B ‘Vz’ c’

and the direction ratios of thesc lines are the

a b €t oee; Batbaicy .,
&ec., &c., above. '
And it was shown (Art. XX.) that (PB'C'D'...)

by Cyy

SO S LR
'Vu-l ‘\/(__ 1)" S;;S;s see S:l:—l V’ ) V

v ... |bs Csy
3

l‘n+l. crnl.
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— |4 1 x n" 'y
(=2t e {(n—1) 1} V3. Vet T VLV,

.

X {(_1)n Qn (n=1) (n !)Z(n-l) Ve(n-l)}

_ n3(a=1 P
{a—1) Vv
with similar values for (PA°C'D'...), (PA'BD...), &. And hence

the pedal simplicissimum of P

—nﬁ(u-l) Vﬂ~l x’ F” v {

nel
’

23 2 3
L+%,-+ v—,’-{-&c.},

{1 vivivy W
2 3’
which vanishes if Vip Vg V—}‘! +.=0,
Ny oy

in which case the projections of P lie on a linear locus (the Simson
locus of Art. XXVI.).

XL. The value of (4'B'C°D’ ...) found in the last article leads to
an interpretation of the equation

48,04 =0
A pow

to an n-ic locus circumscribed to the simplicissimum of reference, and
having n+1 nodes at the vertices, the lines joining which lie wholly
on the locus.

If points A", B”, C", &c. be taken on PA’, PP, P(', &c., respec-
tively, such that

PA"=f.PA’, PB" =g.PR, PO"=h.PC, &,

2 2 3
then, if n . %n, =
Atatw ™t 0
. . . A v
.¢., th 1 teof —+—+ —+..=
(’ac e isogonal conjugate o 7 + p + % + 0)
be equivalent o 4 +Z 4+ %4 =0 ;
Attt ;
" P /S A ST
t.e., if f.g.h......A. B0

then, for every position of P on (1), 4", B”, 0, &c. lie on a linear
locus.
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If the point lie upon the locus

A,B 0 M :
AyB L0 M gt ) @
Nt (\tutv...) @)

(a locus concentric with the above, .., having the same poles of
infinity), the content of the simplicissimum whose vertices are at
A", B”, "+ ... will be constant. (The above results are in analogy
to those given for Conics in Questions 9816, 9817, 9818, and in the
solution of Question 8177 in the Reprint from the Tducational Times,
Vol. xu1x.)
The linear polar of any point (X', &', v/, ...) with respect to (1) is

c

(% + y9+) +:,(%+7+...)+&c.... =0,

A
Al

and hence the centres, the poles of infinity, are given by the equations

L (F) = (E k) =5 (£ )=

If the point (X', ', ¥, ...) lie upon (1), this reduces to

;—%H %p+ ;q-,v+ =0 eeeereereeeneeees (3)

(compare Salmon, Geometry of Three Dimensions, p. 416), and
therefore (Art. x11.), if p,, p,, ps, ... be the perpendiculars from the
vertices of the simplicissimum of reference upon (3),

4. B.C. . . ..
ﬁ .;;T’.l—ll_’.."”pl.px.p".“’
and if A=V, B=V, 0=7V; &,

so that the locus (1) is the isogonal conjugate of infinity, this implies
that the perpendiculars from the vertices upon the tangent locus at
any point are inversely proportional to the squares of the perpen-
diculars from the point of contact upon the corresponding faces of
the simplicissimum (and hence this is true for the circumcircle of a
triangle).

From (3), also, it follows that, if the linear locus

aA+Bu+yv+ ... =0
(da)i + (BB} + (Cy)i+ ... =0

(compare Salmon, Geometry of Three Dimensions, p. 416), and the
reciprocal equation is of order 271,

touches (1),
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If (X, 4, #,...) beany point, any line through it

A=XN_p—p _v—v
= = = .= 8
a b c p B2y

(where a+b+c+... =0)

will meet (1) at the points where p has the values given by the
equation

A (' +bp) (v'+ep) (v"+dp) ...+ B (X +ap) (vV+cp) (v +dp) ...
+ 0 (X' +ap) (4'+bp) (="+dp) ... +&e.=0;

or ’F'V’...[(‘% + §-+ g + ...)
r($rpr B ) oSt
(4

o (B B ) i) 2o

» _abe

Gar (G g+ Ta)] =0

and the line will lie wholly on the locus if the n+1 coefficients all
vanigsh, This involves that (Mu"’...) should lie on (1), and that
the eliminant of the other » coeflicients equated to zero and of

at+b+e+ ...=0

should vanish, which it must do since the edges lie on the locus. If
(A'u’v" ...) be one of the poles of infinity, the coefficient of p in the
above equation will vanish, and consequontly the sum of the recip-
rocals of the intercepts made upon auy line through one of them is
zero. This is a generalisation of the property of the centre of & couic
circnmscribed to a triangle.

From the value of (PB’0’D’), found in the last article, it appears

that pyoa.r=MA+ptr + ... +7)°

represents a locus such that (PB'C’D’) is constant. The linear loci
p=0, v=0,... are asymptotic to this,and their intersection, the
vertex opposite to X = 0, is the pole of infinity. Also, any line wholly
on the surface must be parallel to & face (not A = 0) of the gimpli-
cissimum.

tp

>*]>

0, or Au+D\ =

Aguin, %
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is a locus, such that (PB'C'D’"...) : (PA’C’'D'...) is & constant ratio;
and
4,8, 0
Aop

14

=0

a locus of the second degree which contains the intersections of
A=0,p=0; p=0,v=0; »=0,2=0,
is the locus of a point P such that
(PBOD..), (PACD ..), (PABD..))
satisfy a linear relation.

.Similarly, v .‘;\1. + %.5. _g_ + D =0

™

is & locus of the third order, such that, if P be any point in it,
(PBOD..), (PACD..), (PABD..), (PABC..)

are connected by a linear relation. This locus passes through the
intersections of any three of the linear loci

A=0, pu=0, v=0, =0,

and the process of interpretation may be carried on indefinitely.

XLI. It has been shown (Art. XX.) that, if a pencil of 2n co-
terminous lines, in space of #» dimensions, be cut by any linear locus,
the products of the contents of pairs of complementary (n—1)-ary
simplicissima, having their vertices at the points of intersection, must
satisfy certain identical relations, which lead to relations among the
anharmonic ratios of the pencil. These may be obtained as follows :—

All the (n—1)* minors of

by, by bgy eeeer by
Ciy Cp Cgy evvens Can
L A by
by, by Bgy weveee by

€y Cgy Gy eenees Con

Ly by by .. L
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must vanish. And therefore, writing (p, g, 7, ... t) for

by by b e by

Cpy Cgy Cpy wvneee c,

b, (n+1, n+2, ... 2n—1, 20)+(—1)"b,,, (n+2, n+38, ... 20, n)
+bas(n+3, n+4, oy n+1)+(=1)" by (0 +4,n+5,... n+1,n+2)
+&c. =0,

en(n+1, 042, ... 2n—1, 20)+(—1)"c, .1 (n+2, n+3, ... 2u, n)
+eppe (043, n+4, .oony n+ 1)+ (—1)copy (n+4,24+5,...n+1,2+2)

+&e. = 0,
&e. &e. &e.
Now,if these equations be multiplied respectively by the first minors of
Dus  Cuy  eeenes l.
by e L
b,, Cgy  seveee l, ’
b”-l, Cricly seveee z,._l

and the results added together,
1,2, ..n2—1,2)x+1,2+2, ... 2n—1, 2n)
+(-1)"(1,2,...2—1,n+1)(n+2,2+3, ... 2n,n)
+(1,2, ... =1, n+2)(n+3, n+4, ... n, n+1)
+(-1)"(1,2,...n—1,n+3)(n+4, n+5, ... n+1,2+2)+ &c. = 0,
which is the general type of the identical relations required.

If » =2, and 1, 2, 3, 4 denote four points in a straight line, the
formula gives .
1,2)3, 4+, 3)(4, 2)+(1,4)(2,3) =0,
the well-known relation.

In general, the number of relations will be equal to the number of
combinations of 2n things, n—1 together, ..,

)
a+1)! (n—1)1’
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and therefore fifteen for tridimensional space. Thus, if 1,2, 3,4, 5, 6
denote any six points in a plane, and (1, 2, 3) the area of the
trianglo whoso vertices are at 1, 2, and 3, taken in that order,

(1,2, 3)(4 5, 6)—(1, 2, 4)(5,6,8)+(1, 2, 5)(6, 8, 4)
-(1,2,6)3,4,5)=0=1,
1, 3, 4)(2, 5, 6)—(1, 8, 2)(5, 6, 4)+ (1, 3, 5)(6, 4, 2)
-(1,3,6)(4,2,5)=0=u,
1, 4, 5)(6,2,3)—(1, 4, 6)(2, 8, 5)+(1, 4, 2)(3, 5, 6)
-(,4,3)(5,6,2)=0=u1,
1,5,6)(2 3, 4)—(1,5,2)(3,4,6)+(1, 5, 3)(4 6, 2)
—(1, 5 4)(6,2,3) = 0=1v,
(1, 6, 2)(3, 4, 5')—(1, 6,3)(4, 5,2)+(1, 6, 4)(5,2,3)
—(1,6,5)(2,8,4)=0=v,
(2,38, 4)(6,5,1)—(2, 3, 6)(5, 1, 4) +(2, 3, 5)(1, 4, 6)
—-(2,8 1), 6,5) =0=vi,
(2, 4,5)(6,3,1)—(2,46)(3,1,5)+(2 4 3)(,5, 6)
—(2, 4,1)(5,6,3) = 0=,
2,5,6)(4,3,1)—(2, 5,4)(3,1,6)+(2, 5,3)(1, 6,4)
—(2, 5, 1)(6, 4, 3) = 0 = vur,
(2,6,1)(54,3)—(2,6,5)(4,3,1)+(2,6,4)(3,1,5)
' —(2,6,8)(1,5,4) =0=1x,
. (3,4,5)(6,1,2)~(3,4,6)(1, 2,5)+(3, 4, 1), 5,6)
—-(3,4,2)(5,6,1) =0=x,,
3,5 6)(1,2,4)—(3,5 1)(2,406)+(3,5,2)(4,6,1)
, —(3, 5,4)(6,1, 2) =0 = x1,
(3,6,1)(2,4,5)—(,6, 2)(4 5, 1)+, 6,4)(5,1, 2)
—(3, 6, 5, 2, 4) = 0=xun,
4,56)38,2,1)—(4,53)(1,6)+(4, 5,2)(1,6,3)
—(4, 5,1)(6, 3, 2) = 0= xim,,
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(4,6,1)(5,3,2)=(4,6,5)3,2,1)+(46,3)(2,1, 5)

—(4, 6, 2)(1, 5, 3) =0 = x1v,,
(5: 6, 1)(2’ 3, 4’)—'(52 G’ 2)(3: 4, 1)+ (5’ 6, 3)(4': 1, 2)

—(5) 6, 4=)(1’ 2! 3) =0=xv. ’

and, denoting the sinisters of theso cquations by the Roman figures
to which they are put equal,

L+ X+ xv.=0, 14+ x+xwv.=0, L+ 3r+x01=0,
n4vir.+ xv. =0, m+vur+xv.=0, 1.4 mx.+xmu. =90,
m.+ vi.4 xv.=0, ur+viurn+xi1.=0, m+ 1Xx.+ x.=0,
w4t v+ xtv. =0, 1w+ vi+xi.=0, 1w+ 1x.+ x.=0,
Vo vi.+xun, =0, v.+ viL+ xr. =0, v.+vin+ x=0.

It is casy, by tho help of these identitics, to show that all the rela-
tions may be derived from five, but 1 have not succceded in deriving
them from four, as the theory (Art. XIX.) secms to require. This is
probably due to my having overlooked some relation (probably not
lincar) betwecn 1., 11., &c.

Tho above relations hold for any six points in a planc. If two
points, say & and 6, coincide, those of the (ificen rolations which do
not become identically true, reduce to

(1,2,5)(3, 4, 5)— (1,3, 5)(2 4, 5)+ (1, 4, 5)(2, 3, 5) = 0.

Hence, if 1, 2, 8, 4, 5 be any five points in a plane, the following re-
lations hold among tho triangles whose vertices ure at these points :—

(1,2,5)(3,4,5)—(1,8,5)(2, 4,5 +(1,4,5)(2,8,5 =0,
1,2, 4)(3, 5 4)—(1, 3,4)(2, 5, )+ (1, 5, 4)(2, 3, 4)‘= 0,
(1,2,3)(4, 5,3)—(1, 4,8)(2, 5, 3)+(1, 5,3)(2,4,3)=0,
(1, 8,2)(4, 5, 2)—(1, 4, 2)(3, 5, 2)+(1, 5,2)(3, 4, 2) =0,
2,3, 14,5 1)—(2,41)3,5 1)+(2,51)(8,4,1)=0.

If ono of the anharmonic ratios be unity, others are so also; e.g., if

1, 2,3)(4 5, 6)= (1,2, 4)(, 6, 3),
from 1,, 1, 2,5)(,3,4) =(1, 2, 6)(@3, 4 5),
and from xv., (1, 5, G)(2, 8,4) = (2, 5, 6)(1, 3, §)

and the lines 12, 34, and 56 aro concurrent.
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If another independent ratio be unity also, say
(1, 8, 4)(%, 5, 6) = (1, 3, 5)(¥, 4, 6),
then (1, 8, 4)(%, 5, 6) = (1, 3, 5)(2, 4, 6) = (1, 5, 6)(2, 8, 4),
by 11, (1, 3, 2)(4, 5, 6) = (1, 3, 6)(2, 4, ) = (1, 4, 2)(8, 5, 6),
and by 1x., ‘
1,2, 6)(3,4,5) = (1, 5, ) (2, 3, 6) = (1, 2, 5)(6, 3, 4),

and tho lines 15, 36, and 2.6 aro concurrent, and also 13, 26, and 45
are concurrent.

Similarly, tho typical relution whoen » = 4—in other words, among
the products of complemontary tetrahiedra which havo their vertices
ut any cight pohity in tho samo tridimensional space (Z.e., in the same
lincur locus in space of four dimonsions)—is

(1, 2,3, 4)(5, 6,7, 8)+ (1,23, 5)(6, 7,8, 4)
+(1, 2 3,6)(7, 8,4, 5)+(1, 2, 3, 7)(8, 4, 5, 6)
+(1, 2,3, S)('L, 9, 6, 7) =0:

these are *0; or 56 in mumber, and should be depondent (Art. XX.)
upon 23 independent relations.

By sapposing two of tho points to coincido, the following typical
relation is obtuined among the tetrahedra the vortices of which are
situnted at any sovoun points :

(1, 2,3, 41,56 7+@0,2 3, 5,7 41)
+(1,2,3,6)(7,41,5)+@1,23, 7)(41,56) =0;

and, by supposing two other points to coincide, this typical relation
among the totrabodrs the verticos of which occupy uny six points
in gpuce

(1) 2) 3’ 4’)(1: 2: '51 6)—(1) 21 3a 5)(lv 2: 6’ 4)
+(@,23,6)(1,2 4,5) =0.

In tho geometry of space of n dimensions all the anharmonic
systems up to the n* have their-upplication. Pencils of 2u straight
lines throngh a point cutting a lincar locus, form a system of the

1n—1"class; pencils of 2n—2 plancs through a line cut linear loci repre-

souted by two equations in a system of the n—2" class ; and soon,

until pencils of four lincar loci through a common intersection cut u

line in points which form an ordinary anharmonic system, <.e., in

accordance with the nomenclature above in one of the first cluss.
Vol Xx1.—nNo. 391, %
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XLIL A special case, which scems to be the propor gonoralization
of a hwrmonic pencil aviscs, when the peneil mecting at (V, 0, 0, ...) is
composed of the 2n straight lines

v=r=..=0, p=r=..=0, p=v=..=0, &¢;

the edges of tho simplicissimum of referenco which meet ab the origin
of the pencily and the othor » lines

(or more generally of the 2z lines
N=0, P=0,..; M=0, '=0,..; M=0, N=0, ...; &,
and —AM= DBN= O(OP=...,

AM=—DN= 0P=..,

AM = DN=-(0P=

& &c.,
all of which meet b the poing
M=0, N=0, I'=0, ...).

In space of three dimensions the anharmonic ratios uul('qpondmg»
to such w system are given by

(1,2, 3) (4, 5,6) = (L, 2,4)(3, 5,6) = (1,2, 5)(3, 4 6) = (1,2,6)(3,4, 5)
(L3, 6,6) « (1,3,8)(2,4,6) : (L,3,6)(2,4,5) : (1,4,5)(, 8,0)
(L4, 6)(2,3,8) : (L5, 6)(2,3,1) 0 8:1:—=1:0:~—1
0=t :=1:0

and the other systems oblained by changing the signg of «, 0, or ¢
willy like the above, have their anbarrmonic rabios

2, £, 1, 0, orw,.

The complete system, which includey all the rays of these, is com-
poscd of the livst three of these rays, and four othoers, such that, if
they cul any plane in the points 1, 2, 3 and 4, 5, G, 7, respectively,
then, i€ any three of the last fonr poinks he t.l.LLll as the vertices of
tumngl« the points 1, 2, 8 are the feeb of concuvreent lines from the
vortices through the remaining point.
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It is casily proved that, if the lines 56, 64, 45 touch a conie about
123 at theso points respectively, tho six points form a systom of the
kind, the scventh being tho point of concurrence of 14, 25, 36.  There-
fore, if from any point threo tangent planes be drawn to & quadric
surface, the threo points of contact, and tho threo points whero tho
intersections of tho tangont plancs meet tho polar plano of tho
original point, form a system of tho kind stated.

Again, if two sets of points 4, 5, 6 and 4, 5°, 6" are cach thus con-
jugate to the samo threo primary points 1, 2, 3, and if 7 and 7' be the
additional points connccted with these systems, the oight points
4, 5,6, 7 and 4,5, 6, 7 all lic on the samo conic, to which 123 is
self-conjugate—rviz., if tho rays through 1, 2, 3 be the cdges of the
simplicissimum ag above, and those through 4, 5, 6 tho remaining
three lines, these and that through 7, ’(:— = % = —:}1 and 4, &, 6’ and
7 the samo with ', V', ¢’ writton for a, b, ¢, on

N,

a b, et =0

n o gm .
a? 03,

In tho same way, in space of n dimeusions a pencil of 21 rays of the
kind defined ab the beginning of this article cuts any transversal
lincar locus in 2 points, such that first 2 points are the feet of con-
enrrent lines from the vortices of the simplicissimum defined by tho
accond %, and tho anharmonic ratios are

+2, 43 1, 0, w.

Any sct of 1 points so conjugate with a given set of # points,
involves, by changing tho signs of «, &c., a nystem of 2"~ points con-
stituting 2"-' sets of ratios.

Al the w. 2" points belonging to # snch systems conjngate to the
same 2 points, Ho npon the samoe quadric loeus in space of (n—1)
dimensions, to which tho simplicissimmn, of which the vertices avo at
the % points to which cach system is conjngate, is self-reciprocal ; and
ifa,b,c...; @, b ..., &. be the constants determining these points,
this locus is

2

) A T

at, U, & .|

, = 0.
a? bP "
2
P
a0 ave (11 (11}

z 2
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Each system of points nwpon such a quadric is analogous to a
system of points in involution ; the n verfices of the simplicissimum
corresponding to tho foci of the involution. HKach point on the
quadric determincs the other 2"-! points of its sysicm.

It may also he shown that the four systems of this kind, detormined
on the faces of the tetrahedron of reference by the samo point of con-
currence, lio on the same quadvic surfaco; for, if this point be
a:b:c:d, the points ou A\ =0 are

O:—b:c:d, O:b:—c:d, O:b:c—d;
those on p =10,

—a:0:¢:d, a:():-—-c:d,'a:O:c:—d
those on v =0,

—a:b:0:d, a:=b:0:d, a:0:0:—d;
andon » =0,

—a:h:e:0, a:=b:c:0, a:b:—e:0

these all lie npon

)\ [l v’ ., { Ap py pmovw .
RTINS 3 I - e=0
i+ b’ ¢ + &k +3 ab + e + ad it le lhl + cd } ’
2 ),
or A R R E o B
@ b c d ab " ac | ad

which has double contact with the circumseribed quadric

Mo A A oy e v

— =),

ab ac ad be " bd " ed
which passes throngh the points
(=a,b,e,); (a0, =byc,d); (s, —e,d); (u, by, —d).

In the same way, in spaco of four dimensions, the five systems
determined on the faces of tho simplicissimum of referonce by the
same point of concurrence,

fa:b:c:dze),

all lic upon

Ap Mr Ao py , opm ue vp , mp
ab+ taTete it t dteta="
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and, in space of five dimensions, the systems determined by the point

(a:b:e:d:a:f)

. h‘l "2 yB 'II"B_ pl . !
lie upon a“+'7;T‘+c’+T + 5 +f‘

_ 5 Av  Anr | Ap py }
) {ab+ac+ad+ c+a.f+ +&e.

and so on, the quadric locus being-of the form

(2 5+ )< (hriee-)=o

and having contact with

(""+’i'—' ...... )=o

ab  «c

along its interscetion with

AyBE =0
n b

a locus of which interpretations are given in Art. XXTII. ad finem.

XLIIL Two quadrie loci, which interseet in the linear locus at
infinity and another linear locus, ave similar and similarly situated,
having two centres of aimilitnde in the line of contres.

U=A N+ Ayl + Agv* + ... + 24 e+ ... = O0......... 1)
and U+(BA+Bu+By+..) A+p+v+..)=0 ......... )
ave two such loei.

AN w2 Vp

a b ¢ T V=S(abic..)
where (a+b+c+... =0) (Art. XVIIL)
be any line throngh (X', p’, ¥, ...) cutting (1) and (2) at distances

If =mp,

p oend p’, these are determined by the equations

U'+mp(a‘ﬂ]~+b‘~“~+ 5;-” +. )

+mip® (4@ + Aypb* + Ay + ... + 2413 b +...) =0,
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and U+(BN+DByp' + B0 + ) (N Hp'+v' +.0)
, (AU’ av ar’
+mp {a, N +b :l? +cTiv'
+.ot (Ba+Bb+Bet .. ) N +p'+v'+ .. }
+mp { Ay + Agh* + Ayt + ..+ 24, 0c+ ...}

In ovder that tho valnes of p” should bo cquimultiples of thoso of
p, it 18 necessary and suflicient that

14 BNA 440 ¥

’ U’ g v (3).
E A LA @)
dp dv

(iA'

R §1+_@1‘7"+B2b+-n,,6+...) V)2
a

Tor similitude, these quantitics must remain unchanged for all valuos
of a, b, ¢, consistent with a+b+c+... =0

Dia+DB,b+ D+ ...

A LAl
LA R
Cav taw toast

must also remain unaltered. Putting this cqual to g,

(By=B) b+ (By—B) c+...

and thercfore

= (a0 (Lr_dTy,
dy’ AN & dN
B,-Dn B,—D
a L)) 1 — s _— =g
" W _arTav_ar = T
dw’ AN AN
therefore

v _ B, _dU'_ B, _av’ _ B,
1

N p Wy W = ..=h sy ... (4);

thereforo DY/ (BN + By’ + By’ +...) = BV,
q

But, by (3), Ulﬁf__ﬂslz};*;]_’sh: —2q—'V=0;

therefore U'+h =0,

and tho equations (4) may bo written

au’ . alr
1 d)\' Bl =q -d—}-l-’

= —q¢' U= m suppose;

auv
~Dy=q W—B’=
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also, g+ v +..) =qV,
8o that there aro n+3 equations from which to climinate
X, 'Jﬁ', @ ... and m,

and all but one aro linear. Hence the resnltant is a quadratic in ¢,
cach solution of which determines one position of (X, ¢’ ¥/, ...).

]‘f (All’ ,‘”’ v", ...) nn(‘] (XIII, ""', VI,” ..')
be the contres of (1) and @),
dU" _ a0 _ dU’ _

thereforo WS A S T
ﬂﬁa dU—,; —]}1V=El—gm —Bs.V:-‘-l-U-'-"— —B,V=..;
d\ dp dv
and the line joining these points is thereforo
AU_dU 4U_4U
dp AN _ dv dN
B—0n, " B=n "

and by (4) tho centres of similitude lio npon this.

Othor propertics of similar and similarly situated quadvic loci are
givon in Art. XXV. (note), Avt. XXXI,, and in tho Addendum to
Arxt. XIIL, prefixed to this paper.

XLIV. Two quadric loci in space of # dimensions have a common
self-conjugato simplicissimnm. ILect

U=A N+ AP+ A0 + .+ 24 20 +... =0
W=DB,\ 4+ B+ By* + ...+ 2B p+... =0

bo the quadrics, and let (X', p',»"...) bo a point which has the same
lincar polar with respcct to each of them.

v’ ay’ U, _
av T trgs =0

aw' | aw' aw’
a aw’ W aw
o Moo teg Ty e =0

Therefore A +p

aro identical loci.
av _aw’ . au’ 4w’ . AU aw’
Theref b AR HR O Rl s~ it &o.
erotore aN oA  dy dy v oAy &o.,

:2r: 1, say;
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and, eliminating X’,p’, ", &c. from the resulting #+1 homogencous
linear equations,
Ay=Dyr, Ay—Dyr, Ay—DBiyr, ...

Ayg=Dhyr, Apy—DByr, Ay— Byr, ... =0rererene(D)
A=, Ap— Doy Agy— Begr, ...

an equation of tho (n+1)" degreo in 7.

(It is, indeed, the diseriminant of U—+W = 0, and the values of »
are those for which this quadric has a double point.)

Each root 7, 73, &c. of (1) givesaseparnte solution for X, u’, v, ..., 8o
that, when the roots arve all nuequal, the n+1 corresponding points

()‘]/’ l‘;: ";, -~~)! ()\é: ,“';9 ";, ~--)7 ()‘:uls ity ";,ul)

are the vertices of a simplicissimum, and each lies upon the linear
polar of all the others with respect to both the quadries.

For, if 7, and 7, be two values of »,

’ 7’ ’ ’
Wy g A AWy &.,
A, A, du, dp,
av;_ AW AU AW
dan, T ax;’ dpg d/:,

therefore "”L + :JU . ;d’U’
l dv,

and

=,‘.{ ,.ZW, F ;dlwl, o «llIlV, g }

% (lU, .
T ta I v,

=7.{ ,,zn,+ ;411‘1{,_ b AW }
3

or 1’U‘+ ;(ll]' *.
. (l¢

,llU, LU dU;
(l)\,+'7' 'lv+

mr AT A A
dA; dp; .
and therefore, 7, and 7, being different,
' aw5 ,AU; . dU;
+p " du +v,- v, +..
AW
av: +..=0,

but +1

d Wg

N any

¢
+.d’[,+‘
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12

and (A, pi, v....) lies npon the polar of (A, p:, »;...) with respect to
each of the quadrics U =0 and W=0.

Hence, when the roots of (1) are unequal, these two quadrics have
n definito self-conjugnte simplicissimum, the vertices of which are the
double points of those quadrics of the system U/—rW = 0 which
have donble points.

When two or move of the roots of (1) nre cqual, tho corresponding
vertices aro no longer determinate. 1f two be equal, one of the
gquadrics J—» W = 0- is expressible as a linear homogeneous function
of n—1 squaves, and has donble points along a straight line ; if three
of the roots be equul, one of the gquadries is expressible as a linear
homogeneons function of n—2 squares, and has donble points over a
planc; and so on. .
~ Tor if, when roferred to n common self-conjugate simplicissimum,

U =a\N +bptcv* +dn? +e* +... =0,

W =a\N+ 0+ v+ dn+epP+... =0,
it is necessary and sufficient, in order that

aNA 4 bpip+ o'y 4+ dn'n 4+ (!pIpA-{- =0
and ANA+ Y p Vv d T+ épp+... =0

may be identieal, that all but ono of the quantities X', ¢/, ¥/, ... should
vanish, nnless some of the coeflicients be such that some of the ratios
azb:,. e :V:c... hold—i.e., unless the equation (1) has cqunl
roots. When this is the case, it is only necessary that those coordi-
nates, of which the cocllicients do not  satisfy tho proportions
above, should vanish.  Thus, if a:b :: a’: U, all the coordinates but
XN and g must vanish; if a:Dh:c:: @V : ¢, all but X, g/, +"; and
80 on.

If, in the first ease, (A,, gy, 0, 0), (A, 1oy 0, 0) be new positions of
the two vertices on (1.2),

aA A+ bpey ey = 0,

and if (A, py, vy, 0), Ay, pyy ¥, 0), (A, g 5, 0) be new positions of the
three vertices in the plane (1, 2, 3),

a\ A+ gy po+ovy vy = 0,

aAAg+ b ps vy, = 0,

algAy +bpypy +ovyy, =0 ;
and similar relations hold in other cases.

The intersections of quadric loci in space of # dimensions. may be
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classified according as the roots (1) are equal or unequal. Thus, in
ordinary space,

(i.) all tho roots may be unequal,
(ii.) two roots may be equal and W = AU+ LM,
(iii.) three roots may be cqual and W= AU+ L’
(iv.) two pairs of roots may be equal and
U = ALM+BIL'M,
W=ALM+DBLM;

and so for space of any dimensions.

XLV. 1If the transformation of Art. V. bo applied to U = 0, tho
result, tho equation in simplicissimum content coordinates to tho
interscction of U = 0 with the linenr locus determined by tho p+1
points

@0 U1 21y 20 )s (Zay Yo Zgy o00)s ooe (@pa, Ypat, Zpar)s -
will bo

VA4 Ut + U+ 420 A+ oo = 0 cvevvinenennn (72),

whoro U,, stands for tho value of U when z,, y,, 2, ... are written for
, Y, 2, ... and 2U,, for the result of operating on this with

d d d
(2}, E +yngJl +2, d—z, +...).
If p+1 = n, so that tho locus determined by the points is & linear
locus in spaco of » dimensions, and then, if this be the tangent locus
at (2, Yy, 2 ...), & point on U= 0,

Uy=0, U,=0, [;3=0..,

and tho discriminant of (1) vanishes; thoreforo the linear tangent
locus at any point on a quadric locus, in space of n dimensions, inter-
sects the quadric in a quadric in space of n—1 dimonsions (4.e., on tho
linear locus), having o double point at the point of contact (comp.
Art. XXXIIIL); and if the locus through the = points be a tangont, tho
discriminant of (1) vanishes ; and conversely, for if the discriminant
of (1) vanishes, (1) has a node, and if this be taken as the first
vertex of the simplicissimum of n vertices

Uy=Uy=Uly=..=0,

and the linear locus touches at this point.
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Since the cquation to the linear locus is
Ty Yy % o
Ty Y %1y aee

By, Yoy Zgy e = ax+PBy+yz+... =0 . (2),

By Yuy Zuy oos

it follows that the vanishing of the discriminant of (1) is tho con-
dition that (2) should touch U = 0, and therefore a, 3, v, &c., the first
minors of the determinantin (2), must satisfy the reciprocal cquation
o = 0; and hence the discriminant of (1) can only differ by a simple
mualtiplier from the value of o when the above values aro writton for
«, 3, v, &e. (Bducational Times, Questions 8940, 8970 and 9828).
By an entiroly similar proof it appears that, if
S=o oyt oy + ...+ 206+,

the diseriminant of 3 can only differ by a multiplicr from A"-! U, with
the first minors of

a, ﬁ) Yy eee
@y, ﬂn Y1y oo
Qg 1321 T b

QAny Bm Yy oo
writton for z, y, 2, &ec.
It p=1, U,N+2UM e+ Upyp’ =0
“ determines the points in which the line joining the two given points

outs’ U=0; and, if U, U,—U;, =0, this lino is a tangent, and
theroforo

d . 4, d 2
— = = el . =0
4T, U {(mll+ydy,+zdz,+")v"}

is tho equation to the group of lincar tangents from tho point
@ ¥ 21 o00)-
If p = 2, the plane through these given points cuts U= 0 in
UuNt U+ UV + 200 + 0. =0,
and this will touch if

U UV 20, Uy U= Uy, U~ Uy U= U U = 0
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and

4‘U11U22U+3Un(“’1d+?h;l+ )U( ;l‘*‘yz”"*' )U

—4:U32U—Un{( y“dy ) }

d d _
Uw{(“x(ﬁ‘i‘?ﬁ@‘i‘---)v} =0,

is the equation to the group of tangent planes which can be drawn
to U=0, through the line joining (=, y,, 2, ...) and (2, ¥y, 25, ...); and
80 on.

XLVI. The (n+1)-ary quadric, the sinister of the equation to o
quadric locus in space of n dimensions, has only onc invariant, the
discriminant ; bat two such guadrics have in all (n+42) invariants—
the two discriminants and # other functions involving the coefficients
of both—these last are the coefficients of the powers 1, 2, ... % of r in
(1), Art. XLIV. They are-combinants and are derived from the
discriminant of U by operating upon that function with

1 d
;!(B"ZiX,]Jf "dA.,+ I “+ )

giving to p all values from 1 to =.

Ag stated above, the roots of (1) give the quadrics through the
intersection of U = 0 and W = 0, which have double points.

If a,, a,, ... a,, &. be the first minors of the discrimiuant of U,
the coefficient of 7 is

B,y + Byt . +2Bpay+ ..,

and this vanishes if a simplicissimum self-conjugate with respect to
W = 0 can be inscribed in U/ = 0; for then

B,=B,=By=...0 and a,=a,=.,. =0 (Art. XXX)).

If V=0 and X = 0 be the equations to the sectious of U = 0 and
W = 0 respectively, by the linear locus
aA+Butyv+ ... +6r =

——i.e., through the n points

((,—‘:%,0,0... ;_I_’;‘) (0,{{%,0, ...6:_"—5), &o, (Art, V.,
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—the discriminant of ¥—»X = 0 will be an equation in » of order =,
the first and last coofficients when reduced being the discriminants
of Vand X ; and so tho sinisters of tho reciprocal equations to U = 0
and W =0, the mcaning of the others may bo obtained from the
goomotry of (n—1)-dimensions. Thus the vunishing of tho cooflicient
of r implies, from the gencral result above, that all lincar loci, the
coeflicients of which make it vanish, cut ' =0, W = 0 in sections
such that o simplicissimum of » vertices self-conjugato with respect
to the section of W = 0 is inscribed in that of U= 0.

lu this way I interpreted the contravariants of two quadric sur-
faces in a paper read here in Decembor 1883 ; and so, if U and W be
quinary quadrics, and

a—rr+2rr—2" 1%’ =0

(where o and ¢’ are the reciprocals of U and W), the expanded form
of the discriminant of V—rX =0, o, r, 7, 7', ¢’ are the A, 6, ¢, ¢, &’
of the quadric surfaces V=0 and X = 0 (Salmon, Geometry of Thres
Dimensions, p. 145). v

If r = 0, us above, it is possible to inscribo in V = 0 a totrahedron
gelf-conjngato with respect to X = 0.

If 77=0, thore is a tetrahedron sclf-conjugato” with respect to
V =0, tho faces of which touch X = 0.

If = = 0, the cdgos of a tetrahcdron, sclf-conjugate with respect to
either V= 0 or X = 0, touch the other.

The cou_ditxon ‘that a tetrabedron may be inscribable in X =0,
which has two pairs of opposite edges on V = 0, is

—_ 8 2.7
dorr = r°+8c%’,

and that it may bo possiblo to find a totrahedron luving two
pairs of opposite edges on one of tho quadrics and its four faces
touching the other

do't'r = "+ 80"

It thus appenrs that two (n+1)-ary quadrics have (n+2) indopen-
dent invariants, and (n+l) independent contravariants.

If u=0 and w=0 be the tangential equations to U, =0 and
W = 0 rcspectively, u—zw = 0 will be the tangential equation to the
system of quadrics which touch the same system of common tangent
locias U= 0and W=0.

The equation to u—rw = 0 in simplicissimum coordinates will be
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of the #* order in r, and of the form
T—rTH...trm'T'srW =0,

and tho coeflicionts 7', &c. of all tho powers of r except 0 and », will be
tho covariants of tho two quadrics, and thercforo these are n—1 in
number.

The contravariants above might have beon obtained in a similar
way by forming the tangential cquation to U—rW =0, when they
would be the cocfficients of all the powers of » from 1 to n—1, and
these covariants might have been obtained by employing a trans-
formation similar to that of Art. V. to the contragrediont variables.

It has not secmed advisable to attempt to carry tho genoral investi-
gation of the concomitants further, as the results would be more
cagily obtained and morc cloarly intelligible by working thom out
successively for four, five, and u-dimensional space.

I regrot to bave to add tho following corrigenda to tho previous
papors =

Vol. xix., p. 444, 1. 17, for 2" ! yead 2'*'.

p. 455, 1. 20, for ”‘27'—11 reud L
. S = 1 ¢ L
(p+DIZ (D37
p. 460, 1. 11, for 'r’l’ V, read o* Ve

n—2p—1

4 < 4. J_’ . ﬂ 2
p. 468, L. 3, for o read o | 48

I.l
L5, Jur Ig?, read hp*V™
P 474, 1. 14, for U'U” read 4T7U”.
L 17, for UT, rewd 4UU,
p- 478, 1. 27, for Q,, vead (.

[P.8.—Tt is only during the printing of this paper that I havo
noticed Mr. Brill's question (8431) and its solution in the Reprint
from the lducational Limes, Vol. 3Lvai., p. 111, Tn this tho cquations
of p. 335 are enunciated for six points on a circle.]





