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et de la relation entre les discriminants on obtient, a cause de cette

derniere: (7) g\<p = ~~s [5 (l2y-

Enfin de la valeur de L on deduit

(8) .92^8 = - ^ - 7

Au moyen de ces quatre relations on arrive a exprimer les (4), (5) en
fonction de ?/, A, J?, C. Mais auparavant il importe d'observer qu'en
mnltipliant les doux demieres (7), (8) enfcre elles, on a, ft. cause des
(G), qne le premier membre est une fonction de y et do A ; nne tres-
simple calculation conduit a l'equation :

yt-XOBy'-lOCif + h (52?2 + | 4 C ) y- (\«-A*O + %AB'i-<&\QBO) = 0,

transformoe en y de l'equation / (a;) = 0.
On trouve pour le covariant (4) :

(10)

et analognement on aura pour les covariants (5) deux polynomes du
troisieme et du quatrieme degre en y.

En multipliant y et les trois polynomes en y des degros 2, 3, 4 par
des indeterminecfl, et en normnant aveo z lour somme, par rexpression
en zy analogue a celle de Tcliirnauss, on transformera l'equatiou
f (x) = 0 dans une autre, pour laqnelle le coefficient du second terme
est egal a zero ct les coefficients suivants seront fonctions de A, B, C
et des quatre indetermim'es.

Je demontreraia dans une prochaine occasion 1'application de la
methode exposee a la transformation des equations du septieme degrt*.
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I.
1. In analogy with Professor Sylvester's nomenclature in con-

noction with Reciprocants, I propose to give the name Projective or
Principiant Cyclicants to those Pure Cyclicants* which areDifferential,
Invariants for all homographic transformations of the three variables
of the second and higher derivatives of one of which with regard to
tho other two they are functions, i.e., to those which have the property
of persistence in form, but for a factor not involving second and
higher derivatives, when tho variables undergo any such transfor-
mation as

x y e

(1).
Ax' + By+Cz+D

It will be remembered that all puro cyclicants persist for the included
most general linear transformation, in which the A, B, 0 of (1)
aro zeroes.

Projcctivo cyclicants oboy of course all the laws of pure cyclicants
in goncral; i.e., they are homogeneous, doubly isobaric, and subject to
annihilation by the four operators (see Proceedings, Vol. xviii.,
pp. 142, 164).

O, = S j (m + l)a;n,+i,n-i^—{ (2),

* Gf. Proceedings, Vol. xix., pp, 377, &c.
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1 (3),

(4),
mn

axmn

in which zmn denotes —;—, , m .a for all values of m, n, and in
ml n\ dymdzn

which the limits of the summations are adequately expressed by
saying that in every derivative zpq which occurs, whether in a
coefficient or in an operating symbol, p and q must bo positive
integers, or a positive integer and a zero, whose sum is not less than 2.
We shall presently see that the further conditions, necessary and
sufficient, for a pure cyclicant to be projective are, that it havo the two
additional annihilators

(6),

(7).

It will be noticed that I am, for subsequent convenience, using a
notation which regards y and z as the independent variables, and x
as the dependent. In passages whero this is not the case, Qlt Oa,
Vv F8, Wu wa will still be used to denote the operators (2) to (7) with
the dependent variable, whichever it may be, written in them for x.

2. The formulae of transformation (1) may be replaced by tho
succession of the three following substitutions

Ox = {Ga,-ClA) X+CC^-c.B) Y+iO^-c.D) Z+Oox

Oy = (Ca2-CiA) X+(Cb2-c2B) Y + (C<12-c,D) Z+Cc,

Oz = (Ga3-c3A) X+(Cba-c,B) Y+(Cds-caD) Z+Cc,

X _ Y _Z _ 1

T =

CZ' =

:' r 1 z'

y
Ax+By'+Cz'+D

. (9),

(10),

the only case of failure being when 0 = 0. In this special case A
and B cannot be both also zero without the transformation (1)
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degenerating into a merely linear one. Suppose then that li, for in-
stance, is different from zero. The transformation (1) may now be
effected by the series of transformations (8), (9), (10), altered only by
tho interchange of G, cv c3, c3, and JJ, bu bv ba, preceded by the particu-
lar linear substitution of x for y and y for a*, and followed by that of y
for x and a;'for y. In all cases, therefore, the hoinographic transforma-
tion (1) may be replaced by a succession of linear transformations
and a transformation like (9).

II.

.'?. We have, accordingly, to study tho transformation (0), or say

1" _ V __L_JL
/ — ~ r — i — /

x y 1 z
with a view to determine differential expressions which persist in
form after tho transformation, and in particular oyolieauts which
have this property of persistence Thero arc advantages of simplicity,
as the sequel will mako sufficiently clear, in regarding y and z as the
independent variables, so that the relation, of course perfectly un-
restricted in form, which is supposed to connect x, y, z, is regarded as
one expressing tho first in terms of the second and third of these
variables. Similarly, of x', y\ z, tho two last are taken as the
independent variables. In this and the following nino articles, forms
of persistent expressions for the transformation (II) arc investigated
without any special reference to tho theory of cyclicauts.

A reason for the greater simplicity gained by regarding x and x as
the dependent variables in the two sets is, tluit the formulas for the
transformation of tho independent variables

or y'= «, « ' = ! (13),
z z

are thus quite unencumbered by any presence of the dependent.
Thus wo obtain from them at once the equivalences of operators

d 1 d , d
dy z dy dy'

d y d _ I d _ , , d n'3 d

from which also ~Vz-% 23 — = —-, (16) .
dy dz dz
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The completely reciprocal relations between the accented and un-
•ccented letters in (11), and its consequences, are of fundamental

nortance.

It is to be remarked that the operative symbols in (14), (15), (16)
are symbols of total and not partial differentiation, so that, for in-
stance, if the function operated on involve tho dependent variable x

or x explicitly, -— Btands for — +a;,0 (— ) in which (— ) is the
dy LCM/J \dxl \dvat

symbol of differentiation with regard to x in so far as it is explicitly

involved, and — that for all those parts of the operation —- which
Idyl * dy

ignore the explicit presence of x. Wo shall be in little danger of
confusion in this matter, for it is only at the outset that we shall
have occasion to operate on functions in which tlio dependent variable
explicitly appears.

It is easy from (14) —(16) to obtain two independent linear
differential operators which persist in form after the transformation.
From (16), by aid of (12),

* f =*#<
dy dy

and by subtraction of" (16) from z2 times (15), and use of (12),

d . n d C / d . n i d ) /i o\
y 1-+2z — = - ]y T,+2?<-r,t (18).

dy dz ( dy dz )

It is clear, then, that we are to expect two classes of persistent
functions—a class which persist absolutely, and a skew class which
persist but for a change of sign. They may be called persistents of
positive and negative character respectively, and the operators (17)
and (18) may be called, respectively, positively and negatively per-
sistent operators.

Other persistent operators, equivalent of course in the aggregate
to these two only, may be with ease written down. Thus the sum
and difference of (15) and (16) givo us, respectively, the positively
and negatively persistent operators

£ } (20)i
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and, again, the earn and difference of (16) and « times (15) give as

+ fr+1) | j = * y,Ht+iy,±] (22).

It should bo remarked that in (17), and either (19) or (21), we have
two independent positively persistent operators.

4. The persistent operators arrived at in the last article enable us
at once to write down any number of persistent functions of the
variables and derivatives, when we notice that the formulro of trans-
formation (11) may themselves be written in persistent form. Thus,
in the independent variable z only, we havo the persistents, not of
course independent,

z+ 1 = 3 + 4 (23),
z z

(24),

z-*(z-l) = -z'-i(z'-l) (25),

Iog2= — logz '= w. say (26),

&c, &c. The two first of these are of positive, and the third and
fourth of negative, character.

Again, in both independent variables y and z, we have the persistent

z'ty =z'"ky = « , say (27),

and in the dependent and independent variables

s-'a; = z'^x = «, say (28),

or, again, y~xx = y'lx (29).

In (26), (27), and (28), we have in persistent form the exact equiva-
lents of (11).

By operation on (28) or (29) with any one of the persistent opera-
tors (17) to (22) we get a linear persistent function in aj, x10, xn, or
some of them, the coefficients involving one or both of y and z. By a
second operation with the same or another of the operators, we get a
new persistent linear in a), xm xm, xw xn, xw or some of them. In
fact, we get a linear persistent after any number of repetitions of
such operations. Let us choose two independent persistent operators,
(17) and (18) say. By use of them as thus indicated, noticing that
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the effect of the compound operation

is not altered by reversing the order of its component simple opera-
tions, we obtain a perfectly complete system of linear persistent
functions by assigning to m and n, in

all zei'o and positive integral values in succession. The functions are
positively or negatively persistent as n is even or odd.

For the explanation of (30) we have not far to seek. The relation,
whatever it may bo, which connects x, y, z, may be expressed in terms
of the elementary persistent functions u, v, w, of (28), (27), and (26).
Thus we have

Z — 6W \

V = ve^i (31),
x = ueit0J

and the companion formula)

z = e-'° \

. / = • * « - ! • [ (32).

Tho first two of each of these groups give us

d \u> d _|U7 d

dv dy dy

„» d /j d foo\
dy dy

and — = eu— +\veitB— — — e'a—,—\ve~lu> —
dw dz dy dz dy
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Thus the two sides of (30) are merely equivalent expressions for

and the completeness of the series of linear persistent expressions
given by (30) or (3-5) lies in the fact that these are constant multi-
ples of the entire system of coefficients in the expansion of an incre-
ment of u or z~*x in terms of increments of v or z~*y and w or \ogz.

It is at once clear that a completo system of persistent functions,
with y instead of z taken for dependent variable, is afforded in like
manner by the series of derivatives

-*—1 (36).
dwwdun

The case when z is taken as the dependent variable has less simplicity,
for u, v, and w all involve z, while only one of them involves x or y.

5. I t is not to be assumed that the complete system of linear per-
sistents for the transformation (11) given by (30) or (35) is the
simplest in form of all complete systems when written explicitly.
This statement may be illustrated by writing down the complete
system for the first two orders.

Operating on (28) with (17) and (18) in turn, we get the com-
plete Hystom of the first order

— _#I 0_a;1 0 {67),

2 S ~ *~* (#a;io + 2 a % - a ! ) = — *'"* (y'»w + 2zx'0i—x) ...(38).

An equivalent pair, obtained by operating on (28) with (21) and
(22), and remembering (24) and (25), is

y*w+(*-l) *bi-* = y'*w+(*'— l)«bi—*' (39),

yxlo+ (z + l) xol—x = — {y'x[o+(zf+ 1) #oi—x] (40).

Note that the formulas giving xl0 and a;01 in terms of accented letters
are (37), and

o!01 = x — yx10—z'x'oi (41).
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The complete set of linear persistents of the second order are

i 0 = ̂ o = ^̂ o (42),

^yx + zz = (0' + *'*) (43),dvdw

and. it -j—«5= *2 *y a)jO+4zit/a5ll

= + (the same expression in accented letters)... (44).

Now, the last two terms in (44) are themselves positively persistent
functions, by (27), (37), and (28). So too is its first term, by (42)
and (27). Thus our simplest complete system of the second order
consists of (42), (43), and the remaining terms of (44), i.e.,

= *'* (45).

There are advantages, however, as will be seen presently, in not
omitting the first term of (44), but in taking, rather than (45) the
somewhat less simple persistent

2-*(2/V+2z^11 + 4zIu;w) = * ' - ' 0 / u 4 + 2 Z y ^ + 42'
8a4) ...(46).

Again, note that the formulae for x1Of xnt xm in terms of accented
letters are

.(47).

6. In the last article we have found a complete system of three
linear persistents of the second order, which do not involve the
dependent variable a; nor the first derivatives cc,0, a?0l. Now the per-
sistent operutors (33) and (34) cannot produce functions involving
•T, aj10, a-0, from functions which are free from them. It follows that,
from the second order onwards, a complete system exists which only
involves the independent variables y, zt and second and higher deriva-
tives. It will now be proved that the type of such a complete
system is

n = ^ - ' - " e * 4 " 1 <—»n'> x (48),

where m-j-n<£2, and w,, 12t denote the operators (6) and (2).

We have already a complete system of the second order which
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accords with the type in (42), (43), (46), i.e., in

(42),

= •' 11 + f dajoj 1.2 \2« das,1/\2« dxoit )I 2z dajoj 1.2 \2« das,1/\2« dxoi

of which the first two are ^ ^ 4 , r-rrr -r^r-i a n d *he t h i r d differs
„ 2! du8 1! 1! dvdw

from T-r rr^ by a persistent of the same character. The general law
1 dw 1 d'"u 1 tf"*1*

will be proved to be that ww0 and M,,,I are —- -r— and , - , ,

while, in general, umn differs from : by a persistent of the
m! n\ dvmdwn

same character not involving xmn.
* • i d"'u

In the first place, that um0 is the persistent —. j - ^ - is proved in-
stantaneously as follows m v

ml dv'"-m\Vdy

= «-. (49).

We proceed to ground a mathematical induction, proving that umn is
in all cases a persistent function, upon the actual evaluation of
d

-T-Um,,'

dw
7. The order of the operations of w, and 12, on any function of the

derivatives is immaterial, for it is at once clear that the alternant
identity

(i)1ill—Qlhtl = 0
is satisfied.

Thus (48) may be written
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- 2 (m+n-2)I (m+s)
F T2r*'r! s\ m\ (m+n—r—2)

+s)\ \ (6Q)
—r—2)1 /

the summation being with regard to r and «, and comprising all pairs
of values (including zero) of those numbers whose sum does not
exceed n.

It follows that
d (z d . ! d

— < f rl>~il2n+m+l-2r-2,)(™ + n-2) \ (m + s) 1 (n — T — 8 + 1) „ ")
— •* ; it " nr + i f i T7 ^ oTi lt/m4-«,n-r-«+l f

(. 2r + l r!s!m! (w+w—r—2)! J

2r+'+1r!s!»»! ( m + w - r - 2 ) !

X %>in-$,n-r-t f

. 5 ( -•••i-t»n>m-i-8r-a,) (m + n - 2 ) l ( w + g + 1) ! )*
C 2r+* ' r l s ! w! (m+n—r— 2)! )

.M«.̂ m-i-ar-a») (m+n—2)1 (m+s)!

in which the first summation may, by putting r + 1 for r, be written

->»..•«-!-».«.) (m + n - 2 ) l2

and the third, by putting r + 1 for r and s—1 for s,

- 2 ) ! (m + s)\

In these two summations the value — 1 of r must be regarded as
admissible, and in the latter the value 0 of s is excluded. Subject to
this remark we obtain, then,

-fL « — S L* *» <> •"»-»- *•-*•) (m + n—2)! (m+g) !

rfw "*"" l y 2" '+ 1(r + l)!s!m!(m + n - r - 2 ) ! " > + ' ' " - r -

[(?i—r—s)(m+n—r—2)

+ (2n + m—1—2r-2s)(r + l )

—r—2)

]]. (51),
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the value —loir being admitted in the first and third products
within the square brackets. It is also clear that the admission of the
same value into the second and fourth products will introduce only
zero terms to the summation, since r-fl is a factor of each of those
terms, and since (r-f 1) ! in the denominator is taken as unity when
r +1 vanishes. Again, that the value s = 0 is excluded from the third
product makes no difference, for a like reason.

Now, it is readily seen that the sum of products in the square

brackets is (» + l)(m + n— 1) — ( r+l ) ( r+s)

• = ( n + l)(m + w - l ) - r ( r + l ) - « ( r + l ) (52).

It will be convenient to put r for r + 1 , since this may have all values.

Doing so, we find that

(

2" ' r ! s\ m\

_ (m+n-l ) (m+n-2) 5 / , ^{in,*m-1-2^-2,)

' f-2)\ (m-fa)!

dw

! TO!

z* 2»

. ( m " - f n ) ! ( 4 O ! )
2"'**"r"! «"! 7H"! (m"+n"-r"-2)\ '" •""-''-" } -

where

n = 7t—1, / —r—2, m"=m+l, n"=?i—1, r"=r—1, «"= fi— 1.

Consequently, by (50),

91

(54).
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It would, at first sight, appear as if the second and third members
of the right-hand side of (54) are not complete, but need to be re-
inforced by the addition of terms corresponding to the values —2, —1
for r in the second, and —1 for r" and —1 for s" in the third
member on the right of (53). But this is not the case. Values —2,
— 1 of / would mean values —1, 0 of r in (51) and (52), for which the
torm r ( r + l ) in (52) vanishes. Again, —1 for r" and —1 for H"
would mean 0 for s and — 1 for r, respectively, in (51) and (52),
values which make s(r+1) vanish.

A special result of greater simplicity replaces (54) for all cases
when n = 0, tho then meaningless symbols wH1,,,_i and wm+i, ,,_i having
in such cases to be replaced by zoroes. For, when n = 0, s and r can
be only zero in (50), and consequently in (52) s can only be zero and
r only zero or — 1 ; BO that the first of the three parts of the right-
hand member of (5H) or (54) is tho only one that exists.

This is easy to seo by actual operation on um0 without introduction
of tho general notation. Thus

d .. _ l.d , ,..

(5ft).

8. The materials for a mathematical induction proving umu a
persistent for the transformation (11), whatever numbers (including
zero) vi. and n be, provided that m + n <£ 2, are now ready. By (49)
«„,o is always a persistent. By (55) so is uml. Now (54) tolls us
that, if «,„„,«,„, ,,_i and «m,i,«-i are persistonts, «„,,„,, must be one.
Thus, since «„,i, uH,a, ullllli0 are pcrsistents, so is uIH2i since um2, '*,„(»
^..iti.i fti"o» s o ifl ihn-i; sinco ullt3, um2i «,,Jt l |2 are, so in um 4, ttc. Thus,
finally, umu is one for all values of n as well as for all of™.

That the general persistent «,„„ .is linear, is clear from the method
of its formation, w, and fi, being lineo-linear operators. That all the
linear persistents «,„„ aio independent is also evident, for in the order
•"•io> wm %2» wao» ««ii Misi Mus» W4«i w»i» &c-» e t t°b involves one derivative of x
which does not appear in any of the preceding. That the system is
complete from the second order onwards follows from the fact that up
to any order it has just as many members as there are of second and
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Jill + n *l A*i y7ji

higher derivatives T-^-JT*
 o r x»">- With u, —, and —, [see (28),

(37), and (38)], the system is absolutely complete.

9. The absolutely complete system of linear persistents for the
transformation (11), which is now before us, suffices of course to pro-
duce by combinations of its members every persistent which exists,
non-linear as well as linear. We now enter upon the theory of the
formation of non-linear persistents.

It is well known that, if 3 be any linear differential operator, and
17, V any two functions of the arguments on which it operates, and
if # be called £, when it and its repetitions act on Ef only, and 3, when
upon V only, then

for all positive integral values of n, and consequently

= e*u.e*v (56).

Now—(w,+ j/fi,) is such an operator $ upon functions of the

second and highor derivatives xmu. It follows, from (56) and (48),
that

unmum.n, = «»<*••»•-» el*"1 <-.•./no ajm,,3»(2lt'+m'-l> fl»s-|f—»i) a w

_ 2i(2.,+j,,'+m*m--j)el.-i(.l+I,n,) (a;,,,,,aw) ( 5 7 ) .

The right-hand member of this equality is then a persistent.

The extensions to products of 3, 4 , . . . , and finally all numbers of
elementary porsistents w,,m, is effected in like manner, the general con-
clusion being that, n(l) «„,„ denoting a product of i factors nlim,

Consequently, taking any sum of a number of -such products of i
factors for all of which 2m and 2u are constant numbers, %ox and w%

respectively, we deduce that, if n^iU.t (n) denote a homogeneous (of
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degree t) and doubly isobario (of partial weights iol and itf2)
function of the second and h igher linear persistonts u,un, and if IIJt Wa (x)
denoto the same function of the corresponding derivatives xmn, then

(59).

Tho right-hand member is then a persistent. I ts sign character
will bo + or — according as w% is even or odd. Thus the identity
expressive of its persistency is

3»(2w,*«-,-.) gii-'f-. + yno / / to (x) = ( — i y » 2'*c-!«'.+«'.-o ei«'~ V.+/n;i J/(') Co;')

(60).

10. Tho fundamental linear porsistents u.im un, «02> ••• umm ••• a r e
frco from tho dependent variable x and tho first derivatives a;10 and w0l.
Tho same will consequently bo the caso with tho rational intogral
persistents of any degree given by (59). On tho othor hand, tho
independent variables y and z occur iu all tho linear porsistents,
except that y is absent when n = 0. A s a rule, therefore, both y and
z will occur in all the rational and integral persistents (59).

Now y and z occur in different manners in umH. This linear per-
sistent contains terms free from y and terms involving y, y* ... yn

respectively as factors. The leading term a'l2"*"'"IJ .<;„„, is among
those which have no power of y as a factor. On the other hand, this
leading term has for a factor tho other independent variable z raised
to a power which is never zoro but always positive. There is in fact
no term in tho expression for nmn which has not a positivo powor of z
for a factor, except when vi = 0, in which caso a single term has for
its z factor the negative power z"k. Moreover, uo other torm involves
so high a power of z as the leading one.

We cannot expect, then, to Hnd rational integral persistents (59)
which do not involve z. I t is now to bo seen that there aro, however,
a vast, and no doubt infinite, number which only involvo a single
power of z us a factor throughout, and which do not involvo y at all.
Such will be called rational integral pure persistents. By dividing
one pure persistent by a suitable power of any other, tho z factor may
be made to disappear, thus yielding us an absolute pure persistent.
Absolute pure persistents are of necessity fractional.

Now, in (59), the leading term ll^\Wj(x) ia tho one on the r ight
which certainly cannot be mado to disappear ; for, if it did, so would
JIwlW, (u)> and (59) would be a more identity of zeroes. We seek then,
in order to make / / a pure persistent, necessary aud suflicient

VOL. XX.—NO. 352. L
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conditions that all the other terms disappear. These conditions are
at once seen to be

w, H%Wt (a) = 0, and ajl^ (x) = 0 (61).

The two are necessary, for the coefficients of the various powers and
products of powers of the independent quantities z and y must vanish
separately, and consequently, in particular, the coefficients of
jiim^ift-i-a) a n d ytfv*,*«t-i-i) m u s t v a T,ia n # Tlioy are also sufficient,

for, if w, II = 0, and fl, II = 0,

it will be a consequenco that

w ; i I = 0, iu jo ; j /=0 , and o ; j T = 0 (02),

for all positive integral values of r and $.
Space will not now permit a systematic classification of the puro

persistents for the transformation (11) to which we thus obtain the
clue, nor a dovelopmont of their interesting properties. It will bo
remembered that wo have been only seeking thorn in order to discuss
the selection from them of those which are also cyclicants, i.e.,
porsistents, but for a first derivative factor, for linear transformations
of the variables. In the rest of this paper they will then be dealt
with only in their bearing on the theory of cyclicants and kindred
functions.

11. It is worth while to remark that I first arrived at the necessary
and sufficient conditions (61), that a pure function 11 be, but for a
power of z as factor, a persistent for tho transformation (11), in a
somewhat different mannor, by proving; that, since

X = Z"X X,

A- i.
dy dy

d

(63),

* Comparison of (G3) with (48) givoa ua tho following rulo lor deducing «,„„, or
rather ( —l)"2l l 2"+ m" l )« / i m, from tho vuluo of x'mn in terms of vuriablcs and un-
accented dorivativos:—" J)ivido by tho square root of tho multiplier of rmn, and ia

' tho quotient replsico z by 2;.1'
For tho deduction of x'mn from »,„„ tho ruld is—

" Multiply by ( -1 ) " and by (4s)*(2"+'"-l), and thon replace s by fr."
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and consequently that

(-1)"' JEC CO = s1"^1"' e^"'*'0'* Hi'.L. («) (64).
The method is on the whole easier than that above detailed, for, in the
work corresponding to that of Art. 7 above, no residual torms such
as the (r + l)(r + s) of (52) occur. The advantage of the method
which I have hero followed lies in its incidental investigation of
complete systems of linear and rational integral porsistcnts which
are not pure or free from y.

Combination of the two results (60) and (04) leads to an interesting
conclusion which might undoubtedly bo proved independently and
made the basis of a third method. By operating on each side of (64)
with e'-W-^O'i, and multiplying by zi{lw'+*'-<), we get

(-lyV*'2^"'-^-1'2'^0''^^

Bnt, by (60), the right-hand member of this identity is also equal to

(_l)-.2'i(^+-.-«e^'')(-.'+«"fi:) nW^ yy

We have then the identity of operators

e(-i/to)<..tirn,) _e("2=')(-;*vn,') (G5),

the function operated on upon the left being any function of tho
second and higher derivatives of x with regard to y and z, or, more
gonerally, of any function of thoso derivatives and of y and z, but
not also of x, xw xol. Tho transform of such a function is necessarily
free from x\ x'l0, x'ol.

12. Tho results as to the transformation (11) with y instoad of x
taken as dependent variablo are, from the complete symmetry of the
formula) of transformation in x and y, at once seen to bo deduced
from those already obtained by mere interchange of the letters x and
y and of first and second suffixes throughout.

For tho purposes of the rest of this paper, it is best to state the
equivalent of this fact in a somewhat different way. Companion to
the transformation (11), i.e.,

we have the transformation

x _ y _ 1 _ z
77 ,, (66);

y z '
L 2
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For this transformation as for the other there is a complete system of
linear persistents of which the type, for values of m and n whose sum
exceeds unity, is

n

and a complete system of rational integral persistents

in which wa, O, tire tho operators (7) and (3), obtainod by inter-
changing first and second suffixes in w, and n, rcsj)ectively. The
necessary and sufficient conditions that the homogeneous and doubly
isobaric function II be a pure persistent for the transformation (66)

arc then w2If = O mid fia7/=:0 (69).

III.

13. We now proceed to the consideration of homogeneous and
doubly isobaric functions of the second and higher derivatives, which,
as well as being annihilated by ono or both of the operators w,, w2, and
one or both of O,, fi2, have the further property of being annihilated
by one or both of the operators Vu V2. Throe classes of these func-
tions will occupy our attention. The most restricted class is men-
tioned first.

A. Projective or Primu'iriaut Cyclicanls, as defined in Art. 1. It is
now seen that tho necessary and sufficient conditions which they
satisfy aro that they have all six annihilators w,, w5, $2,, O3, Vu Vr In
tho next article but ono, it will be made clear thut their annihilation
by w2 and V2 is a mere conscquenco of their annihilation by the other
four.

JJ. 1'rojectivo Scmicyclicants.—These possess the three annihilators
o',, 12,, Vv Their property is that they persist in form, but for a
factor involving the variables and first derivatives, after any trans-
formation which can be produced by a succession of transformations
like (11), and special linear transformations like

x = IX + m Y +nZ + p \

y = VX + m'Y+uZ+p ( (70),

z = n"Z+p" )

i.e., after any special homographic transformation, such as

c"z' Cz'
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C. Principiant Semicyclicants, the specially interesting class of pro-
jective semicyclicants which have the fourth annihilator w, as well
as the three w,, fy, Vv

Some projective and principiant semicyclicantB are annihilated by
F2 as well as by the operators, annihilation by which defines them,
and have in consequence additional properties. It is probably
unwise, however, to burden the subject with further nomenclature.

14. The following important alternant identities are easily veri-

*fied :— oi,fa»2—OJ2W, = 0 (72),

w,^—n,w, = 0 (73),

w2Q,-03w, = 0 ,(74),

o^Oj—OJWJ = o>8 (75) ,

wjfi,—n,wa = Wl (76) ,

- £ - 3 s - - ° (77)-
•4-5** = °' : - - ( 7 8 > -

M> + 2 W i
.

i- r- W2 = 2W, + M>8 — i ( 8 0 ) ,
"2/ ay

wxVi-Vx<*x = 0 (81),

a>2Fa~F8ws = 0 (82),

= w,F1-7lw8 (83),

the function operated on being one of second and higher derivatives
of x with regard to tho independent variables y and z, and in the case;
of (79) and (80), one which is homogeneous and doubly isobaric. In
case of all but the four (77) to (80), tho function m;iy involve aUm
the variables.

A close analogy between the properties of *.»„ o;2 and F,, Fa •will be
observed on comparing many of the above identities with corres-
ponding ones obtained in my.previous papers in Vols. xvn., xvni.,
xix. of the Proceedhiffs. It may be well to rewrite these here,
especially as where they were obtained it was convenient to use x
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and y as the independent variables instead of y and z as at presont, and
as it is now desirable, in order to use the two sets of results in connec-
tion, to have them, too, in the present notation before us. They are

0,7,-7,0, = 0 (84),

oa7,-72o8 = o (85),

0,7,-7,0, = 7, (86),

0 |F,-710 l=7i (87),

from Vol. xix., p. 9, and

Viij~£j Vl = 2«»(•+«'.)+«.!°. (88)>

(89),

(90),

(91),

0,-f- - j - O, = ~ (94),
az as ay

O,f -£o ,= f (95),
ay ay az

from Vol. xix., p. 380. To these add

0 , 0 , - 0 , 0 , = wx-w% (96)f

and VxVt-VtVx = 0 (97),

of which last, as it is far from obvious, a proof is appended. The
symbolical notation of my paper in the Proceedings, Vol. xvirr., pp.

142, &c.,iB used, so that rft' in an expanded result means -.—.

Lot cmn denoto the coefficient of rf"Z,n in
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which, for shortness, call n%. Then

^ 7, = *

therefore 47 1 7 l ={S[ ( r + l)(v+i,.nT]}{S[(

Therefore co. »>T in 4(7,7,-7,7,)

= {(

= (n + 1) co. ̂ n + 1 in -f (p2) /i-(ro + l) co. ,f+ICn in -£

= 0, for all values of m and n.

Hence (97) follows. We have thus evaluated all the alternants of

pairs of - - , —•, w,, w2, O,, fi2, F,, 73, the only one not written down
tix ay

above being the elementary identity

d d d d /v
dy '• dz dz dy

15. A few only of tho many conclusions which are involved in the
altornant identities befoi'e us will bo added to thoso detailed in my
former papers.

(i.) If a function P is annihilated by w,, so are O,P, VlP, and w9P.

(ii.) If a function P is annihilated by w2, so are fi8P, V%P, and w,P.

(iii.) If a function P is annihilated by both w, and w2, so are both

(iv.) If a function P is annihilated by F,, so are O,P, WjP, and VSP.

(v.) If a function P is annihilated by 72, so are OjP, oi%Pyand VXP.

(vi.) If a function P is annihilated by both F, and Fs, so are both

This last is stated as the companion of (iii.), but I have given and
applied it in an earlier paper.
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(vii.) If a function P is annihilated ly(llt so are VXP} j - P> and wxP.
ay

(viii.) If a function P is annihilated by Qt, so are VtP, -=-P> and w,P.
dz

(ix.) If Wj and Oa annihilate a function, so does a)v

(x.) If h>% and fij annihilate a function, so does tov

(xi.) If w,, F,, fi,, Oj annihilate a function, so do ws anrf F,.

The last fact tells us, as was stated in Article 12, that annihilation by

(i*,, F,, O,, fig is enough to certify a protective cyclicant.

16. Generation of seminvariants from, other seminvariants and in-
variants.

From (vii.) above we learn that, operating on any seminvariant
or invariant of the forms

(98),

&c.

to, generates another iseminvariant of the system. That the operators

F, and —- have the same property, I have mentioned in earlier papers.
dy

It is to be noticed that the three generators produce from any given
seminvariant other seminv.iriants of quite different types. Thus,

(a) Fj generates from a given seminvariant another of higher
degree, the samo weight (second partial weight), and eventually
(after a succession of operations) one of a diminished number of tho
forms.

(/3) —, y being the fii*st of the two independent variables, generates
dy

one of the same degree, of the same weight (second partial weight),
and of an increased number of forms.

(y) °'i generates one of the same degree, diminished weight (second
pai'tial weight), and eventually (upon repeated application) one of a
diminished number of forms.

I hope on some futuro occasion to deal with these and other
simple generators of seminvariants, e.g., separate parts of the above
generators, at greater length.
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17. Generation of pure persistents for the transformation (11) from
others.

If <.>! and fi, annihilate a pure function P, then P is a puro persis-
tent. Now, by (77) and (92), â  and fi, under these circumstances

dPannihilate also — ; and, by (72) and (76), they also annihilate w,P.

Consequently — and w2, i.e., w8 and

1 = % \ (m + 1) rcm+1(,,-A- } (99),
dy ( dxum )dy

are generators of pure persistents for the transformation (11) from
other such persistents.

18. Generators of projective semicycUcants from other protective sem.%-
cyclicants or cyclicants.

If w,, fij, and F, annihilate a pure function P, it is a projective
semicyclicant; or a projective cyclicant if it is also annihilated by fi2,
i.e., if its two partial weights ai'e equal.

Now (77) and (92) tell us, as in the last article, that w, and O, must
dPalso annihilate —- ; and (88) tells us that, if only i-\-wx = 0, F, will

also annihilate — . Consequently, the operator —, applied to a
dy ^ dy

projective semicyclicant or cyclicant the sum of whose degree and
first partial weight vanishes, generates another projective semi-
cyclicant. That from any semicyclicant it generates a semicyclicant
1 have previously shown {Proceedings, Vol. xix., p. 382).

Now, P (i, wu w2) being any projective cyclicant. or semicyclicant
of type i, toi, w2, since xin is another, it follows that

P (i, iou Wj)

is one whose degreo and first partial weight have a vanishing sum.
It follows that

d P (i, wx, wt)
dy < ' " »

is another projective semicyclicant, which when multiplied by
a î•"•,)• i produces one that is integral, its type being (t + 1, Wj + 3, w8).
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But

d C P (i, to,, to.) ") 1

— J Jp(«, to,,

Thus the quadro-linear operator

is a generator of projedive semicyclicants from other projective semi-
cyclicnnts and cyclicants. That it generates semicyclicants from
somicyclicants, is practically shown in the passage above cited of my
paper in Vol. xix.

Two classes of projective semicyclicants have simpler generators .
from other semicyclicants of the same classes. These follow.

19. Generator of projective semicyclicants having the additional pro-
perly of being annihilated by Vt from other scmicyclicants of the same
kind.

If w,P = 0, n , P = 0, VXP - 0, F,P = 0, it follows from (76) that
ft,. wiP = 0, from (72) that w,. w, P = 0, from (83) that Fx.w,P=0,
and from (82) that F2.WjP = 0. Thus w, is a generator of semi-
cyclicants of the kind described in the heading from other semi-
cyclicants of the same kind.

If P be of type (i, wu w9), waP is of type (i, wl—1, wt). Thus, in
particular, if w, exceeds io2 by unity, we may expect a projective
cyclicant to be generated.

20. Generator of prindpiant semicyclicants from principiant semi-
cyclicants or from cyclicants.

Principiant semicyclicants have been defined as those projective
semicyclicants which w2, as well as wu fl,, Vlf annihilates.

F, is a generator of such from such or from projective cyclicants;
for, as in the last article, we see, by means of (82), (86), (83), and
(97), that if w,, wa, fl,, F, all annihilate a pure function P, they all
annihilate V3P.

If P is of type (i, ivu «;,), VtP is of type ( t+1 , to,, wt + l).
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21. Projeclive and principiant cocyclicants.
A cooyclicant is, it will be remembered, a covariant of the cyclico-

genitive forms

= (2.0, %. «m O (-««• «»)' (102),

&C. & O .

whose leading coefficient is a semicyclicant; and it has been shown
(Vol. xix., pp. 379 and 20) that, (So, Sv... ^m)( —%, «iO)m being a
cocyclicant,

v

(103),

/So (as, 2/z) being the corresponding scmicyclicant (in x dependent).

A projective cocyclicant is now defined as one whose leading co-
efficient is a projective semicyolicant, and in particular a principiant
cocyclicant as one whose leading coefficient is a principiant semi-
cyclicant.

In proving that overy protective, or in particular principiant,
semicyclicant in * persists, but for a factor involving first derivatives
and variables only, after the special homographic transformation (71),
we have, in vii'tue of (103), proved the same property of persistence
to belong to all projective, and in particular principiant, cocyclicants
in z.

22. Some instances of projective cyclicants, semicyclicants, Sfc.

It is d priori clear, and has been noticed by Halphen, that in the
criteria of developable and ruled surfaces we must have two projec-
tive or principiant pure cyclicants, persisting for all homographic
transformations.

The two are

and •''SOJ **".JI» ^i2» ""os

ai o» nt nt

SO' *81I "MS) tl'U

'̂SOJ * ! ! > ^ 0

• (104),

.(105).
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Both have been seen in earlier papers to be annihilated by ilXi £la,
F,, F2. Tho further conditions, that w, and (therefore also) w9

.annihilate them, are easily verified, w,, for instance, produces the
fourth row of (105) from the first, and the fifth from the second.

Tho operator Q, (101), annihilates (104). By repeated operation
on (105), it will however pi*oduce a succession of pi-ojective scmi-
cyclicants.

23. The simplest of all semicyclioants is %,. This is annihilated
by w,, wj, and F2. It is, then, a principiant semicyclicant having the
additional property of being annihilated by Vr Consequently, the
quadratic cyclicogonitive form

is a principiant cocyclicant with the additional F8 property.

The other cyclicogenitive forms are not cocyclicants at all.
The generators -0, w2, F3 produce nothing from the pinncipiant

semicyclicant x3a.

24. Of the other Bimple semicyclicants and cocyclicants given in
my last paper (Vol. xix., pp. 392—398), most are projective and
indeed principiant. This is not the case with 3â oa5u — 2a!Joa;j1, which
w, does not annihilate. It is easily verified, however, that the semi-
cyclicant of Vol. xix., p. 395 (59), viz., 0 (3xs0xn — 2xiUxi1), or

.(107),

4*40,

is annihilated by both w, and u>r This, then, is a principiant semi-
cyclicant, and the corresponding covariant in z of the cyclicogenitive
forms, viz.,

j \ ) - « t i . « i o ) ' (108) ,

is a principiant cocyclicant.

O, GP, G*, ..., operating on (107), produce other projective (not
necessarily principiant) semicyclioants of higher degreo and first
partial weight. Again, F2, F2, Fj3, ... operating upon it produce a
limited number of other principiant semicyclicants.

The family of surfaces whose criterion is Q, or the left-hand mem-
ber of (108), has been alluded to in Vol. xix., pp. 395, 396. . It is now
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seen that the family includes more than has been there stated, viz.,
in fact, surfaces which cut planes parallel to z = 0 in curves in per-
spective, and not merely in homothetic curves.

25. The semicyclicant .(109),

of Vol. xix., p. 397, § 18, or p. 13 (10), jis annihilated by Wj and wa as
well as ilu Vv and Vr It is then a principiant semicyclicant having
the extra property of being annihilated by Vit and its corresponding
cocyclicant in z,

(HO),

3
*01

is a principiant cocyclicant whose leading coefficient is annihilated
byF2.

Operation on (109) with O, GP, G8, ... produces other projective,
not shown to be principiant, semicyclicants. The other generators
w2, V% are here annihilates.

26. Of the soinicyclicauts and cocyclicauts discussed in Vol. xix.,
pp. 398—405, which are of second partial weight zero, and one of
which is obtained from every Sylvesterian pure reciproeant, all are
projective, being annihilated by w,, and not merely those which aro
obtained from projective or principiant reciprocal!ts. Theso last have
the proporty of being also annihilated by wr It is this fact which
has led me to distinguish between two classes of projective somi-
cyclicants, and cull the more restricted class which u>i annihilates by
Professor Sylvester's second name principiant.

The present conclusion may be stated concisely by saying that
homogeneous and isobaric functions of the cyclicogenitive forms
J?s, ES1 2?4, ..., which have the annihilator

(107),

are prujective cocyclicants; and that principiant cocyclicants which
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are functions of E3i Ev Eit... have also the annihilator

27. Formation of projectiva or principiant cyclicants.

I t will now be proved that—Every invariant of a principiant co-
cyclicant whose semicyclicant source is also annihilated by Vv considered
as a quantlc in —%, z10, is a projective cyclicant.

If 8 bo tho semicyclicant source of such a cocyclicant, it is
annihilated by wu u,iy £lu F,, Vr fy,& has then tho annihilators w,,
w2, F,, Fa, by (75), (74), (87), (85). £l\8 has the same annihilators
by the same identities, and so on. Thus all the coefficients of the
cocyclicant have tho annihilators w,, w2, Ft, F3, and consequently any
function of them has the samo. Now, an invariant of tho cocyclicant,
being an invariant of the cyclicogenitivo forms of which that co-
cyclicant is a covariant, is annihilated by £1, and £}„. The invariant
has then all the annihilators w,, w8, Vv Vv £lu Q>.,, and is consequently
a projective cyclicant—a pei'sistent or differential invariant for tho
goneral homographic transformation.

It may happen that a seminvariant of the cocyclicant occurs which
in annihilated by ilit through breaking up into factors, one of which
is a function of second partial weight zero, and the other an invariant
of the cyclicogenitive forms. Such seminvariants, with the first
factor rejected, also give projectivo cyclicaiits.

We have examples of cocyclicants which yield principiant cyclicants
in this manner in the quadratic jyclicogenitivo form and in (110).
For their discussion, see Vol. xix., p. 16.

Other principiant cyclicants with the property in question aro to
bo expected to be produced from any homogeneous and doubly isobaric
forms of which w,, wa, Vv F8 are annihilators, as in Vol. XIX., p. 14.

1 am not suro that this method will be very productive

'28. The following two propositions afford other methods for tho
production of projective cyclicants.

(a) If 8 be a projective semicyclicant of type i, wu wv which is anni-
hilated by F2 as xoell as by otu fJ1} Vu then w^'^S is a projective
cyclicant.

(6) If S" be a princij'iant semicyclicant, i.e., one annihilated by w.t as
well as by u>u illy F,, of type i, wu xvit then V"' '"' S' in a projective
cyclicant.
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By Art. 19, if wlt fy, Vv F9 annihilate 8, they also annihilate w,S,
a), 8, Wj#, &c, &c. Now, since the operation w2 diminishes wlt by unity
and leaves w% unaltered, the two partial weights of to^'^'S are equal.
Consequently, by (96), Os annihilates ^'"'S; and hence also, by (75),
so does wa. w"l~"*8 is then a projective cyclicant.

Again, if wlt w2, Qx, Fx annihilate 8', they annihilate Fa#', by
Art. 20. In like manner they annihilate F̂ /ST, F̂ /Sf, &c, &c. Now|
Fa increases wa by unity, and does not alter wv Thus the two partial
weights of V"l'v>38' are equal; so that,'by (96), n9 annihilates F"''Wil#',
and consequently so does F9, by (87). Thus Vfl~"'8' is a projective
cyclicant.

The only possibility which may interfere with the success of these
methods is that w^1""' and y"x~Wa be annihilators under the circum-
stances considered. I cannot see, however, that the complete system
of alternant identities (72)—(96) gives us any reason for fearing this
to be generally the case.*

29. One more method for the systematic calculation of projective
semicyclicants and cyclicants will be exhibited. It has been shown
(Vol. xix., pp. 22, 23) how to obtain all the linearly independent

pure cyclicants of a given type (*»-„"> "5" ) » an<^ ^ e m e ^ ° d ^ a s

been extended (Vol. xix., p. 379) to the obtaining of all the linearly
independent semicyclicants of a given type (i, wv m,). It has been
proved, also, that a superior limit to the, and it may be the exact,
number of these pure cyclicants or semicyclicants is the excess of the
number of seminvariants of type (i, wly wt) of the cyclicogenitive
forms over the number of type (t + 1, «0i + l, wt).

Now, let 8U JS3, /S8, ... .be a complete system of semicyclicants, or
pure cyclicants of the type (i, wv wt) thus determined, and let
8'u 8'2, 8'9, ... be a complete system of type (i, wlt w%—1). By (73)
and (84), the operation of w1 on a semicyclicant generates another
semicyclicant. Thus we must have

utl(al8l-\-ai8i+ai8s+...) (109),

* Shotfld it be the case, we are none the less helped in our search for projective
cyclicants. Suppose, for instance, that w™S = 0 or V™S' •• 0, m being not greater
than u>!—w3. Then w™~x S or V™'1^, as the case may be, is annihilated by «i, o>3,
Vi, r a , nlt in virtue of Art. 18 or 19. Consequently w™"1^, or V^'1^, as thecase
may be, is the leading coefficient of such a cocyclicant as haB, by Art. 26, the pro-
perty that any one of its invariants is a projective cyclicant.
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equal to Bach an expression as

. . . ) 8'2

For a*! to be an annihilator of the sum on which it operates in (109),
we must have simultaneously

wa8 +. . . = 0 ,

nas +... = 0,

m"ai-\-n"ai+... = 0, &c. Ac.,

a number of equations for the determination of a,, a,, a,, ... less than
the number of those coefficients by the excess of the number of
8lt Sif ... over the number of 8[, 82

By this means are found all the functions of the type (i, wlt wt)
which Wj as well as iij and Vx annihilate, i.e., all the projective semi-
cyclicants of the type. If wl = wv then, by (96), £2a is also an
annihilator, and the functions are projective cyclicants.

If N (i, wv w3) denote the number of linearly independent semin-
variants of type (i, wlt wt) of the cyclicogenitive forms, it is thus
seen that the number of linearly independent projective semicyclicants
of the type, or cyclicants if wx = wit is likely, though not certain, to
prove to be

N(i, wv wJ—N(»+1, wx +1, w%)—N(i, wx, w%—\)

l,w1 + l , w 1 - l ) (110).

30. The resemblance of the operators <«»„ u>it O,, I2g to Mr. Forsyth's
A,, A,, A4, A, which, annihilate functions of the derivatives that are
invariantic for homographic transformations of the independent
variables only, is striking, but must not mislead. The distinction be-
tween Wj, wx aud A4, A8, though at first sight slight, is essential. It is
a remarkable conclusion from one of Mr. Forsyth's theorems that
sone of his invariants can be pure cyclicants, for all of them involve
first derivatives. The important memoir here referred to is published
in the Phil. Trans., Vol. CLXXX., pp. 71—118.




