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If p be any number of the form 4m+1, then
@)
E (p) _
~2F (p—4)—2E (p—8)
+3E (p—12) +3E (p—16) +3E (p —20)
—4E (p=24)— .. e

x(p)
+2x (p—4)+2x (p—8)
+3x (p—12) +3x (p—16) +3x (p—20)
+4x(p—241)— .

i)
E(p)
—2E (p—8)—2E (p—16)
+3E (p—24)+3E (p—32) +3E (p—40)
—4F (p—48)—.... C e

(=) {x (»)
+2x (p—8)+2x (p—16)
+3x (p—24)+3x (p— 32)+3x(p—40)
+4x(p 28)+ - )

the series bemg continued so long as the arguments remain positive.

The Relations of the Intersections of u Circle with a Triangle.
By Mr. H. M. Tayuor.

[Read Feb. 14th, 1884.]

If, in a given triangle ABC, a triangle a8y be inscribed, and the
circumscribed circle of the triangle afly cut the sides BO, 04, AB
again respectively in o, 3, y', then, as will be proved, if the triangle
af}y remains constant in shape (see Fig. 1)—

(1) The angles of the triangle '3y’ are determinate.
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(2) The lines o, By, ya', aB3, §'7, y'« remain constant in direction.
(8) If the lines 3y, ya', a3 (see Fig. 2) form a triangle 4A’B’C’, and

{

Fio. 2.
the lines 3, ay, Ba’ form a triangle A”B"(", the triangles ABC,
A'B0, A"B"C” are copolar, their common pole O being a fixed point.
(4) The ratio of the radii of the circles ABQ, afy is proportional
to the sine of the inclination of one of the sides of the triangle afy

to & fixed straight line, i.e., % = Lsin (y+0).

(5) The locus of the centre of the circle afy is a straight line.

(6) The envelope of any side of the triangles afy, a’8y" is a para-
bola which touches two sides of the triangle ABC.

(7) The circle afBy envelopes a conic whose centre is at the centre
of the minimum (afBy) circle, and one of whoseaxesisin the direction
of the locus of the centre of the (afy) circle. ‘

1. The angles of the triangle «’8'y’ are determinate.

In Fig. 1, all the six points lie in the sides B0, OA, AB of the tri-
angle ABO.

In this case, which may be regarded as the typical case, the rela-
tions which exist between the angles of the triangles 4BC, afy, a3y,

may be written at+d = B+0
BB =044 coovvviiviiiiiiiniiininnnn. .
y+y =4+B

This may be proved at once, as follows (see Fig. 1) :
B = afy = 7—ad’y = Dd'y,
..... i o f=dfy'=7—dyy'= Byd,
therefore B+8 = Bdy+Byd =n—B =A4+0.
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Similarly it can be shewn that ‘
a+a' = B+0,
and y+y'=A+B.
'We may select the pairs of trié.ngles in four different ways, and the

proposition applies equally to all the combinations.
The point y may be taken with the following pairs :

B; of; o B; .8,
and it is easily. seen that
Pay+Ba’y = Bay+fa’y = Pa’y+F'ay’ = Ba’y+faY,
the sum of each pair of angles being équa.l to the sum
ﬁa7+ﬁ'ay'.
In Fig. 3, which may be regarded
as the exceptional case, the circle cuts

one side BQ twice, but the other two
sides produced. In this case

ata’ =x+4

p+B= B g ()

r+y'= 0
This may be proved thus (see Fig. 3) : 4 cg——"a8

a = fay = =—pg'y, F1e. 3.

and a'=fdy ==x—B,
therefore atad = x—ABy+r—Ayf =+ A;
also = afy = r—ay'y = By,
and B = a'dy'= m—day’= Bay),
therefore B+p = By'a+Bay = ABC = B;
and similarly v+y =0

The only special case of interest in the exceptional case (Fig. 3) is
-when' the triangles afly, 'y’ become coincident, and the circle be-
comes an escribed circle of the triangle ABC. We shall therefore
confine our attention for the future to the general case in which
equations (1) hold.

Special Cases.

The most interesting special cases to consider are

Case I., where d=a
B=p E ..(8),
Y=v
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Case II., where a=4
} . N I Y N RN Y Y NN (5)’

whence o =7—-24
} ................................. (6).

Case III., where

a=vy
=B

whence a=0=p
f=4= 7'} PPN (- ) B
B=a

If we apply the general case of equations (1) to the triangle A'B'(f
(Fig. 2), we obtain at once the equations

vy+d =0 +4"

B+vy' = B'+0’}
at+f =A'+F

whence A = O0+y-—p
B= A.+a_7} TR R RN TRTY RY R TYY ......(9);
0 =B+pB—a

and,*if we apply the equations (1) to the triangle 4”B"(0", we obtain
7_*.ﬂl = Bl’+ GII
at+y = 0"+ A': ’
6+a’ = A.”+.B'

B =0+4+y—a
0" =A4+4a—p

whence A" = B+f—y
} ORI e )}
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2. The lines af, §c. remain constant in direction.
It is seen at once, from Fig.
4, that the inclinations of af3
. to the sides 04; CB are v,y
respectively.

3. Thetriangles ABO, A'B'C,
A"B"0" are copolar, their com-
mon pole O betng a jized point.

Now, applying Pascal’s
theorem to the points taken in
the order a'afByy, we see
that the pairs of lines a'a, By'; B3, ya'; ¥y, af¥’ intersect on a straight
line; or (Fig. 2) that the pairs of sides BO, B'('; C4, OA’; AB,
A’B’ of the triangles ABO, A'B'( intersect on a straight line. In
other words, the triangles AB0, A'B'(f are coaxal. They are there-
fore copolar, t.e., A4", BB, 00’ meet in a point, O suppose.

Again, applying Pascal’s theorem to the points taken in the order
aa’3'yy’, we see that the pairs of lines

ad, By; BB, va; yy,dB
intersect on a straight line; or (Fig. 2) that the pairs of sides BC,
B’C”; CA, C"4"; AB, A"B’ of the triangles AB0, A”B"0” intersect
on a straight line. :

In other words, the triangles AB0, 4"B"C” are coaxal. They are
therefore copolar, t.e., A4”, BB”, C0” meet in a point.

Again, applying Pascal’s thegrem to the points taken iu the order
5'Ba’yy'a, we see that the pairs of lines

BB, vy Pd,ya; dy,aof
intersect on & straight line ; 4.e., (Fig. 2) 44”4’ is a straight line.

Similarly BB"B, CC”C are straight lines.

Therefore we have three straight lines, viz., A4”4’, BB"F, CC"(,
passing through the point O.

" It'may be remarked that, so far, this proposition is true for any
conic section.

It appears, from Fig. 4, that as long as af3y is of constant shape, the
lines By, ya’, af’ remain parallel to themselves ; and the same remark
applies to the lines By, ¥a, o', )

We see therefore (Fig. 2) that, since y'8, v'4", BA” are all fixed in
direction, 44”4’ is a fixed straight line.

Similarly, BB"B’, C0”(" are fixed straight lines, and therefore O is
a fixed point.

4. g = Lsin (y+6).

As the whole figure is determinate, when we fix tluce of the six

Fig. 4.
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points a, 5, v, , B, ¥/, it is clear that we can express any angle and
any line in the figure in terms of the sides and angles of the triangle
ABQ, of the angles u, 3, v, and of the inclination of one of the sides
of the triangle af3y to one of the sides of 4BC.

If we call the angle Bay, 6
the inclinations of the other
sides of aBy to the corres-
ponding sides of ABC are
given in Fig..5.

We will now establish the
relation which exists between
the angle 8, and the radius of

the circumscribing circle of
the triangle af}y, assuming Fio. 5
the angles a, 3, ¥ known.
We have (Fig. 5)
: __ sin Bya __ sin (44 0—6)
Du=vya sinyBa " gin B’
_ . 8in Cfa — B, Sin(a—C+6)
Ca = fa sin [J'G’a fa sin 0 !
and Ba+Ca = B0 =a.

Therefore, substituting for Ba, Ca, and using the relations
vya = 2rsin g,
Ba = Yrsiny,
where 7 is the radius of the circle afy, we obtain
%r sin 3 sin gA+C 0)+27_ gin v sin ga;g+9)
Bl

Now, if E be the radius of the circumscribing circle of the triangle
ABQ, we have ¢ = 2Rsin 4. Therefore we may write

B _ sinBsin (B+0) +sm'ys1n (a—C+B)

r sin 4 sin B sin 4 sin O s (1),
This equation may be written
i? = L sin (40) e rerereveeeeeeeeeennn (12),
h _ smﬁ sin y sin (a— C)
where Lsiny =i+ ndsn0
Leosd = sm,B cotL‘+ sin vy cos (a—C)
" sind sin 4 sin C

0 and y. We will pl oceed to find L’ sin® 4 sin? B sin? (.
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From the last equations we have

. . .
L'sin® A = (Binﬁ-}- Bm'ysmga—OI)

gin J
. sin y cos (a—0)\?
+ (smﬁootB+ oin O )

_b8in’'@ | sin’y , 2sinBsiny ‘
=sn'B s’ 0 smBemC (B+0-a),
therefore L’ 5in’ 4 sin® Bsin' ¢
= gin? 8 sin® O+ sin’ y sin® B—2 sin B sin y sin B sin C cos (4+a)
= sin® 3 sin? 0 +sin’y sin® B—2 cos a sin 3 sin y cos 4 sin B sin 0
+2sina sin 8 sin y sin 4 sin Bsin 0
= sin®f sin O (sin 4 cos B+ cos 4 sin B)
+8in® y sin B (sin 4 cos 0+ cos 4 sin 0)
—2 cos a 8in 3 sin y cos A sin B sin 0
+2sginasinf3siny sin 4 sin Bgin O
= sin’ 8 sin 4 cos B sin 0+sin®y sin A sin B cos 0
+cos A sin Bsin C (sin®3+sin? y—2cos « 8sin S sin'y)
+2sinasin Bsin y sin 4 sin Bsin 0
= sin*a cos 4 sin B sin C'+sin? 3 sin 4 cos B sin 0
+siu’y sin A sin B cos 0
+2sinasinfBsinysinAdsin Bsin 0 .....cevoveeenee(13)
5. The locus of the centre of the circle afy 1s a straight line.
It may be shewn in varions ways that the locus of the centre of the
circle afiy, when afly is of constant shape, is a straight line.
In Fig. 6 it is casily secn that, if 2, y, s be the perpendiculars from

Fie. 6.

the centro of the circle af3y on the sides of the triangle ABO, or, in
other words, if 2, y, = be the trilinear coordinates of the centre, using
the triangle ABC as the triangle of reference, then

z = rcos (3—0)

y=rcos(y—a+ 0—9)} veesesssasnnnsences (14).

% = r cos (a+y—DB—0)
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The coordinates z,, 4, # of the minimum (afy) circle are found as
follows :—

From equations (12) and (14),
=2 oo (f+¥—F) = Esin B+
= % (Lsin Y cos B+ L cos § sin B
=B { (sinﬂ+ 821—1%?1%;;02) cos 3

Lisin 4
+ (sin B cot B+ Mﬁ'ﬁ%’—_—(})) sin 3 }
-t
similarly 3, = i (si“;:ig Yy einoh “’) ...... (14a).
7 s?n 3} (sins‘:nsi:ll S + Bins/?: l1’; H)

From these equations, by eliminating r and 8, we obtain the equa-
tion of the straight line, which is the locus of the centre, i.c.,
#s8in (4+2a)+ysin (B+28)+2sin (0+2y) =0 ...... (15),
or @ 8in (a—a’) +ysin (8—F") +2s8in (y—v") = 0.
We must observe, that Case L, t.e., when a=4,8=B,y=0_, is
an exceptional one ; for equations (14) then become
2 = rcos (B—0)
y = rcos (B—O)} .
z = rcos (B—0)
Hence wo see that the centre is the point, whose coordinates satisfy
the equations @ = y = 3, .e,, the point is the centve of the inscribed
circle of the triangle ABOC. '
In Case II., the equation (15) becomes
28in34+ys8in3B+25in30 =0...c0000eiee(16),
which is satisfied by the coordinates of the centre of the nine-point
circle of the triangle ABO, which is a particular case of Case II.
In Case III., the equation (15) becomes
z8in (4+20) +y sin (B+24)+zsin (0+28) =0,
which may be written '
s sin (B—0)+ysin (0—4)+esin(4—B) =0 ......... 17),
whick is satisfied by the coordinatcs of tho centro of the circum-
YOL. Xv.—No. 223. K
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scribing circle of the triangle ABC, which is a particular case of
Case III.
If a, o’ (see Fig. 2) coincide, the point A4’ will coincide with them.
We will call this point a”.
It will be seen (see Fig. 5) that, when a, a’ coincide, §=0, and that
w_  8in (A+0—L) _ 2rsinfBsinf
Ba"=ay sin B =  snB

Co" = af sin y=2rsinysin-y'
@ =W eno sinC !
wherefore a” divides the side B( in the ratio
sinBsinf , sinysiny’
ginB  §nC
If B”, v” be the points where BO, 00 cut the opposite sides, we
. 4. np_ sinasina , sinBsin
shall have Ay" i y"B = snd | enB
. . )’ . . 7
Ba” : a” _ sinfSsinf . sinysiny .
o+ a"0 sin B gin O vesngenenn(18).

03" : 3’4 = Binysin y . 8ina sina’
BB sin C sin 4
It will be observed that the point O is the centre of mass of three
masses proportional to
sin 4 sin B sin 0
ginagina’’ ginBsinB’ sinysiny’

placed at 4, B, C respectively.

In Case L.,
cos® B cos’g
Ba" . a"U — Sin’ﬂ . sin’-y _ 2 . 2
: sinB "sinC  snB ~ gin0

= cot -]21 : cot g— =5—b:5=C erreernsnnnn.(19),
where 28 = a+b+cy
therefore ' Ba” = s—b, Cd’=s—c;

whéng:e we see that a” is the point of contact of the inscribed circle
of ABC.
In Case 111,
Bd”: a"C =sin ' : siny = sin 2B ; sin 20
=ginBcosB:sinCcosl......cerrrnnnnee(20),
8in2B _  asinlicosB
pin 2L +sin 2C sin A cos (B—C)’

thercfore Dud”"=a
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In Case III.,
Ba”: a0 = sin Asin C , sin Bsin 4

0= nB  sm0 = sin! O : sin’ B......(21),
" _ sin® ¢ _ ac
therefore Ba" =a ST OTsm B = Fis
" b?
Ca” = b_gn"

6. The envelope of By is a parabola which touches AB, AC.

We can shew that each side of the triangle aBy, if it remain of con-
stant shape, touches a parabola, which touches two sides of the tri-
angle ABC.

Take the side By, and let us consider AC, AB as axes of oblique
coordinates z and y.

Then the equation of 8y may be written

2o ¥ By
A8 " Ay BY
or (see Fig. 5),
2 + y — 2rsina _ 2Rsina
sin(B—y+0) ' sin(C+y+6) sind ~ Lsin 4sin (y—6)

@ + y —
sin(A+6)  sin(u—0) sin (y—0)

2 sin (y—0) {=sin (u—6) +ysin (\+6)} = 2M sin (A +6) sin (u—8),
z {cos (Y—p)—cos (Y+1—26)}+y {cos (f—A—28) —cos (Y+A)}
= M {cos (A\—p+20)—cos (A+p)},
which may be written
@cos (Y—pu)—ycos (P+A)+Mcos (A+p)
+co820 { —z cos (Y+p)+ycos (Y —A)—Mcos (A—p)}
+8in 20 { —z sin (Y+p) +ysin (Y—A) +Msin A—u)} = 0.
This we will write for the time
A+Bcos 204+ Csin20 = 0.

Therefore the envelope is

or

suppose .........(22),

A= B*+(C°,
Therefore the equation of the envelope required is
{ wcos (y—p)—y cos ($+A)+Mcos (A +p)}
= {—wcos (Y+p)+ycos (Yy—A)—Mcos (A—p)}
+{—wsin(Y+p)+y silllt(\g—)\)+Msin A=},
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which, being rearranged, gives
o sin? (Y —p) +4"sin’ ($-+X) — 2oy sin (Y—p) sin ($-+A)
—2 M sin (Y —p) sin (A +p)

—2y Msin (Y4+A) sin A+ p) +M*sin* (A+p) =0 ......... (23).
This is the equation of a parabola which touches the axzes of
coordinates at a=M .M,
sin (Y —p)
y _ sin (A+p)
and at y‘—M°sin 1)
Now A=B-y, p=C+v.
Therefore the coordinates of the points of contact are
sin 4 ) sin 4
=M, —F—F— =M. ——F— ... .
A=l -0y =M murny @

It will be seen that, since the inclination of By, 8y’ to the sides
AB, AC are merely interchanged, and their lengths are in the

constant ratio :il:: :,, the corresponding enveloping parabolas will have
the same relation, :
In Case L., 4::.—121, 7:%—-%,

=—2B o x, 0 _4_
therefore V—C—y= 5 0.2+2—2 ,

=-3 r,c__4

V+B—y=—F +B- T+ o =—F.
Therefore the distances ,, y, of the points of contact with the sides
are equal. Now R cos L
Msin 4 = 2Bsina 2o = —2r, cos4,
| T _R& 2
"

where 7, is the radius of the inscribed circle of the triangle ABC.

--2r, cos 4 A
Therefore #, = y, = ———= = 2r, cot 7= 2 (s—a),
—sin -2-

where 25 = a+b+c.
The parabola therefore touches the sides AR, AC at double the dis-
tance from A of the points of contact of the inscribed circle of ABC.

In Case II., l’l=0+l, y=20,
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therefore Yp—C—y = —0+%

y+B—y= B+,

— 2Rsina
and T Lsind Temd — )
sind _ a v
therefore =B o0 20080 i (25).
RsmA ‘a
1= Cs B 2cosB
1
In Case ITIL, ¢ =—¢, L=_En—1? y=B;
therefore \P O—y=—¢—0—~B= A-—qp—-w,
¥v+B—y=—¢,
_2Rsina_ _ 2Rsin Osing _ _ csing
T Lsind sin 4 sinA '
_ csing __ ¢sin B sin 0
therefore =+t A—9) sin® A oo (26).
_, csing
_y'—+ sin ¢ =

Therefore the parabola touches AB at B and AC at a distance
b2 from 4.

7. The envelope of the circle afy ts a conic.
Let =, y, 2, @', §', 2 be the coordinates of the centres of two equal
circles of radius r; then, from equations (14),

z+a’ = r {cos (B—0) +cos (3—0)} =2rcos{B—} (6+06)} cos (6—0);
but, from equation (12), '

= Lsin (y+0) = Lsin (y+6),
therefore 0+ =x—+0),
or 0+ 6 = »—2)) = 26, suppose,

if 6, be the value of § which makes the radius a minimum.

. Therefore, if & be the coordinate of the middle point of the line
joining the centres of the pair of equal circles (7),

& =} (z+) = rcos (3—06,) cos (6—0),
similarly § =} (y+v') = r cos (y-—a+C—80,) cos (6—0'),
z2=13}(z+%) =rcos(a-+y—B—6,) cos (6—0).
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Therefore, if 2;, ¥,, 2, be the coordinates of the centre of the minimum

circle £_3 = —B,
z, hoooa
or the point (4, 7, z) coincides with the point (z,, ¥,, 5,).
If r, be the minimum radius,

.'_ZE.=L’

7
£ = Lsin (y+0) = Lsin (4 —06,+0) = Loos (6,—0),
therefore rcos (0—6,) = r,.
Now =z~=, =rcos (8—0)—r,cos (3-8,
=r {cos (3—0)—cos (6—80,) cos (3—8,)}
= r {cos (B—0,+6,—9)—cos (§—8,) cos (B—0,)}
=r.sin (0—6,) sin (3—6,) = A. 3,
where ¢ is the distance between the centres of the circles 7, 7,.
Therefore, eliminating 6 from the equations
rsin (8 —6,)sin (3—6,) = Aé }
rcos (6—6,) =, ’
we obtain i sin’ (8—0,) = A& +r2sin’ (B—0,).
Now, if we take the centre of the circle » for the origin, and the locus
of the centres of the (aBy) circle as the axis of z, we may write the
equation of the circle thus,
(#—9)"+3* = N\ cosec® (B—6,) +17),
or &* +y*—r}—28x = &7 {A' cosec® (B—6,) ~1}.
The envelope therefore is
a? ____A’.__.. ] 2
N i’ (B—6) TV ="
which is a conic section, whose axes are
r, and rl\/ {l—s—iﬂw},
sin®¢
where ¢ is the angle which the straight line (15), the locus of the
centre, makes with BC.

We will now examine the three special cases marked I., IL, ITI.
separately.

Case 1., a=d
B=ﬂ'} . RN ¢:) §
y=v



1884.] Intersections of a Circle with a Triangle. 135

This is the same as saying
arc 3y = arc B (see Fig. 7),
&e.
therefore arc 53’ = arcyy’
= arc ad’.

The chords ad’, B3, yy" are therefore 4 Bwp, ¢
equal to one another, and conse-
quently equidistant from the centre Fre. 7.
of the circle. ' .

1t appears therefore that in this case the circle is concentric with
the inscribed circle of the triangle ABC.

It can easily be seen that

AB = Ay
By = Ba'}
Ca = COF
and that By is parallel to By,
)'a' ”» » 7’09
aﬁ' ”» ”» a’ﬁ-

It will be seen that the point O in this case is the intersection of AD,
BE, CF, where D, B, F are the points of contact of the inscribed
circle of the triangle ABC.

, 4
In Case I, a=a=%—?
s=p=2-28
B=F=5-3 . e (4).
=y=r_-L
Y=vr= ) )
Therefore, by equation (11),
B . c A
2 Loeos(L+0-0
:ﬁ—cos 5 sin (B+0) cos 3 008(2 +C )
r  gindsinB sin 4 sin C
or, rearranging,
B_1_ sin(®+3B) @)
r 4 sin }A sin 1B sin {C

Here, if 0 = % -——g—, we have the case of the inscribed circle,
when, as is well known,
R 1

r

4:Sin-4— sin Eaing

2 2 2
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It is evident that the inscribed circle is the minimum circle of
Case I.

Case II, a=A B
B= B}(5)
y=0C0

(see Fig. 8).
Here, if Aa, BB, Cy meet in a 3
point, the point is the centre of the
triangle ABC, and a, 3, y are the
middle points of BO, (4, AB.
In this case we have the nine-
point circle of the triangle ABC.

CAYB=tLyyYB=tyaff=a= A
Therefore By’ = B4, similarly fa’ = B0C;
similarly also ya’ = yB, aff = a0 } cerrnenniensns (28).
78 =vyA, ay = aB

A B ¢
Fia. 8.

It appears therefore that the perimeter of the hexagon af’'y a’By’ is
equal to the perimeter of the friangle ABC.

Again, from equation (11),
R _ sin(44+C—0)+sin(4—0+6)
r sin 4

__2sin 4 cos (C—
- sin A

9) — 2 cos (C—8) = 2s8in (32—+C'—8) ...(29).

If 6= C, we have the case of the nine-point circle, and —‘? =2

It is evident that the nine-point circle is the minimum circle of
Case II.

Case III.,

a = vy=28

F=a= C} «.(8).
Y=8=4

Here ffy=af

(see Fig. 9),

therefore By'= af3,

therefore y'a is parallel to 4 :
BB, te. to AC. Similarly Fia. 9.
a3 is parallel to AB and B’y to BC.
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Again, in this case, because Ca.Ca’ = C8.C8),

Ca _ 0B _ A
G B _Ch .

cevererereen (30):

The perpendicular distances of 8’y from BC, and of y'a from CA4,
are Cf'sin 0, and Casin C respectively ; hence it follows that in this
cage the perpendicular distances of a’8, 8'y, y'a from the sides of the
triangle ABO, AB, BC, CA respectively, are proportional to AD,
B0, CA.

In the particular case when these three lines «/3, 8y, y'a pass

through a point, the circle becomes what has been called the ¢ Tri-
plicate Ratio ” circle. (See Quarterly Journal of Mathematics, Vol.

xix., p. 842.)

The point through which the three lines are drawn is the centre of
similitude of the two triangles ABC, A"B"C". (Fig. 2.)

In Case III. (Fig. 9), we see at once that the angles Bay, Cfa, 473
are equal, since we have

a=( and y=B.

In this case, therefore, the sides ay, Ba, y3 of.the triangle afy
make the same angle 0 with the sides B0, CA, AB respectively of tho
triangle ABC.

It will be observed that the angle 8 is the inclination of the sides
of the triangle a’3’y’ to those of ABC in the opposite direction.

Again, from equation (11),

B _sin(4+C—0) , sinBsinf _ . { sin B }

r sin B +sinAsin0—c°se+sme cOtB-'-slinAsinC’
_ sin (0+9) |
= eing T ONTTOTRRTRNOTRN ¢35 3

. _ sinB _ 14-cos A cos B cos(

if cob ¢ = cot B+ sindsin0~  sin A4 sin Bsin 0

=cot A+cot B+cot C ...oovvvvviirninnnnnn . (82).

If 0= T:-, we have the case of the triangles afBy, a/’y’, having
their sides at right angles to those of ABC, when

R _ 1+cosdcosBcosC 33)
T - sinABinBsinC AR N Y Y TN TN Y T .

(See Trinity.. College Scholarship Ezamination Papers, December,
1883.)

If tan § = — tan 4 tan B tan C,
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R sin 8
th L sng
. r sinAsinBsinC
‘= /{sin’ 4 sin® B sin? '+ cos® 4 cos’ B cos’ C} ......... (34).

This is the case where the points a, /3, v, @', 8, v" are the feet of the
perpendiculars on the sides of ABC from D, E, F, the feet of the
perpendiculars from A4, B, C on the opposite sides. (See Math.
Messenger, Vol. xi,, p. 177.)

If cot 8 = cot A +cot B+ cot C= 1 +.cos A.cos B.cos G,
sin A sin Bsin C
then £ = 2cos 6 = 2 (14cos 4 cos Beos 0)
o

V{(1+cos A cos B cos C)* +sin’ 4 sin® Bsin® C}’
This is the case of the * Triplicate Ratio " circle.
The numerator of the last fraction
= gin® A +sin® B+sin® O,

and the denominator
= /{sin® 4 sin® B+ sin? B sin® C+sin® 0 sin® 4},

B — a2+b2+ci

r Y+t +ath?) T
which is the form given by Mr. Tucker in the Quarterly Journal,
loc. ctt.

therefore

ceesrereeena(35),

Now, since B _sin(6+9)
T sin ¢
7 is & minimum when 60+4+¢ = %, in which case
R _ 1 _ .
- —m—«/{l+(COtA+COtB+COtC)} ......... (36).
If Ba’ be parallel to AB,
LfaC=2£aC=2BAC = 4,
and Laff'C = £Ba’C=B.

triangles Aj3y’, ’By) is similar to the triangle ABC, and
ya' = 2rsin@ = off' = By" = k suppose.

Therefore By = Ba’ = 7__“’
...... a o b
b = p (37),
AB_AY _ By
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whence By=2% Ca= L2 k, AB=2Lk
b c a
Bl S b OB Ch av oo [ e (38)
a= T ) ﬁ = ? ) Y= ; k
Therefore AB.By.Ca=k =4y .Bd'. 0B .......cuv......(39).

It is evident that, in Case III., the centre of the circle afy is the
centre of the inscribed circle of the triangle formed by producing the
three chords By, ya', aff, i.e. (see Fig. 2) of the triangle A'BC".

If we wish to find the point O for Case III., we may find the posi-
tion where a, a” coincide.

This will happen when

- Ba’+ Ca = BC,
or. L+ bi=a ;
b c
therefore . k=5:l—_l;_c—c, S PPN (- 1) B
If this point be called a”, we may write A
” ac, ’” ab2
Ba" = b——’-{-c” Ca”’ = b——’-l-c’;
” 2
therefore %ﬁ; = %,

or a” divides the side BC in the ratio ¢* : b*, as was proved before.

On the Induction of Electric Currents in Cylindrical and Spherical
Conductors. By Horace Lams, M.A.,

[Communicated Jan. 10th, 1884.]

The following calculations relate chiefly to some cases of induction
of clectric currents in a long circular cylinder by variation of the
magnetic field in which it is placed, this field being supposed uniform,
with the lines of force parallel to the axis of the cylinder. Yor
example, we may suppose the cylinder placed in the interior of & long
hollow coil, round which a variable electric current is made to circu-
late. In one instance I have added the solution of the corresponding
problem for the sphere. The theory of the free transverse currents in
a circular cylinder has been recently given by Lord Rayleigh.* The

& British dssociation Reports for 1882, p. 446.



