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If p be any number of the form 4m+1, then

(i.)
E(p)

-2E (p-4<)-2E (p-8)
+3E (p-12)+3E (p-16) + 3E (p-20)

x(p)

+3X (p-12) +3X (i»-16) +3X (p-20)
+4xO>-24)-

(ii.)

E{p)
-2E(p-S)-2E(p-l6)

+ ZE (j?-24) + 3# (p-32) +3E (p-40)
—48)—

(i>-24)+3x (^-32)+3x (p-40)
28)+

the series being continued so long as the arguments remain positive.

The Relations of the Intersections of a Circle with a Triangle.

By Mr. H. M. TAYLOR.

[Send Feb. Uth, 1884.]

If, in a given triangle ABO, a triangle a/3y be inscribed, and the
circumscribed circle of the triangle a/3y cut the sides BO, OA, AB
again respectively in a', /3', y, then, as will be proved, if the triangle
afty remains constant in shape (see Fig. 1)—

(1) The angles of the triangle afi'y are determinate.
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(2) The lines aft', fty', ya', a'ft, ft'y, y'a remain constant in direction.
(3) If the lines fty', ya', aft (see Fig. 2) form a triangle A'B"O\ and

J3

FIG. 1.

the lines y/3', ay', j3a' form a triangle A"B"O", the triangles .42? 0,
A'B'O', A"B'(F are copolar, their common pole 0 being a fixed point.

(4) The ratio of the radii of the circles ABO, afty is proportional
to the sine of the inclination of one of the sides of the triangle a/3y

R
to a fixed straight line, i.e., — = 2/sin (\// + 0).

(5) The locus of the centre of the circle a/3y is a straight line.
(6) The envelope of any side of the triangles a/3y, a'/3'y' is a para-

bola which touches two sides of the triangle ABO.
(7) The circle afty envelopes a conic whose centre is at the centre

of the minimum (a/3y) circle, and one of whose axes is in the direction
of the locus of the centre of the (afty) circle.

1. The angles of the triangle a'/3'y' are determinate.
In Pig. 1, all the six points lie in the sides BO, OA, AB of the tri-

angle ABO.
In this case, which may be regarded as the typical case, the rela-

tions which exist between the angles of the triangles ABO, afty, a'/3'y',

may be written a + a' = J3+CM
ft+ft'=O+A> (1).

This may be proved at once, as follows (see Fig. 1) :

ft = afty — it—aa'y = Bay,

(¥= a'/3'y'= 7T—a'yy'= I?ya',

therefore ft+/3' = I?a'y + By a —ir—B=A+O.
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Similarly it can be shewn that

a+a' = B+O,

and y + y ' = A+B.

We may select the pairs of triangles in four different ways, and the
proposition applies equally to all the combinations.

The point y may be taken with the following pairs:

o, /3; a, ft; a',/3 ; a', ft,
and it is easily, seen that

($ay+fta'y = ftay+flay = (ia'y+ft'ay = ftay +jGay,

the sum of each pair of angles being equal to the sum

fiay+ftay.

In Fig. 3, which may be regarded
as the exceptional case, the circle cuts
one side BO twice, but the other two
sides produced. In this case

(2).(3+P = B [
y+y ' = 0 )

This may be proved thus (see Fig. 3) :

a = /3ay = 7r—fifty,

and o'= ft ay' = *— /3'yy',

therefore a+a ' = v—Afi'y+ir — Ayfi' = «•+A;
also /3 = afiy = w—ay'y = By'a,

and /3'= a'/3'y'= v—a'ay'=

therefore /3+/3' = J 3 y ' a y ;

and similarly y + y = 0.

The only special case of interest in the exceptional case (Fig. 3) is
when the triangles a/3y, a'/3'y' become coincident, and the circle be-
comes an escribed circle of the triangle ABO. We shall therefore
confine our attention for the future to the general case in which
equations (1) hold.

Special Oases.

The most interesting special cases to consider are

Case I., where a = o-\

/3' = /3 • (3),
y' = y )
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whence

125

Case II., where

whence

ir A
a = — —

H 2 2

7 " 2 "" 2 '

a = 7T —

.(4).

(5),

.(6).

Case III., where

whence

y = B = o'

.(7),

.(8).

If we apply the general case of equations (I) to the triangle A'R(X
(Fig. 2), we obtain at once the equations

whence A'= 0+y—/3 "|
B'=4+a-y
CT=B+/3-aJ

.(9);

and/if we apply the equations (1) to the triangle A"B'O", we obtain

a + y' =0"+A" ,
P+az=A"+B'J

whence

<T = 4 + 0-/3
.(10).



126 Mr. H. M. Taylor on'the Relations of the [Feb. 14,

2. The lines a/3', 8fc. remain constant in direction.
It is seen at once, from Fig.

4, that the inclinations of a/3
to the sides OA, OB are y, y
respectively.

3. Tlie triangles ABO, A'B'O',
A"B"O" are copolar, their com-
mon pole 0 being a fixed point.

Now, applying Pascal's
theorem to the points taken in ^ 7

/ nm / • TIG. 4.

the order aa/3/3yy, we see
that the pairs of lines a'a, /3y'; /3'/3, ya'; y'y, a/3' intersect on a straight
line; or (Fig. 2) that the pairs of sides BO, B'O'; OA, CfAl; AB,
A'B" of the triangles ABO, A'B'O' intersect on a straight line. In
other words, the triangles ABO, A'B'O' are coaxal. They are there-
fore copolar, i.e., AA', BB', 00' meet in a point, 0 suppose.

Again, applying Pascal's theorem to the points taken in the order
aa'j3/3'yy', we see that the pairs of lines

««',/3y; /3/3', y'«; yy, a'/3
intersect on a straight line; or (Fig. 2) that the pairs of sides BO,
B"O">, OA, 0"A"; AB, A"B"oi the triangles ABO, A!'B"(T intersect
on a straight line.

In other words, the triangles ABO, A"B"O" are coaxal. They are
therefore copolar, i.e., AA", BB", CC meet in a point.

Again, applying Pascal's theorem to the points taken in the order
/3'/3a'yy'a, we see that the pairs of lines

0'/3, y / 5 /3a', y'a ; a'y, a/3'
intersect on a straight line; i.e., (Fig. 2) AA"A' is a straight line.

Similarly BB'B1, CG"C are straight lines.
Therefore we have three straight lines, viz., AA"A', BB"^, CC'G',

passing through the point 0.
I tmay be remarked that, so far, this proposition is true for any

conic section.
It appears, from Fig. 4, that as long as a/3y is of constant shape, the

lines /3y', ya', a/3' remain parallel to themselves ; and the same remark
applies to the lines /3'y, y'a, a'/3.

We see therefore (Fig. 2) that, since y'/3, y'A", ftA" are all fixed in
direction, AA"A' is a fixed straight line.

Similarly, BB'B0, OO"(J are fixed straight lines, and therefore 0 is
a fixed point.

4. — =Ls t ' »OH0) .
v

As the whole figure is determinate, when wo fix lliroc of the six
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points a, p, y, a', P', y, it is clear that we can express any angle and
any line in the figure in terms of the sides and angles of the triangle
ABO, of the angles u, P, y, and of the inclination of one of the sides
of the triangle apy to one of the sides of ABC.

If we call the angle Bay, 0,
the inclinations of the other
sides of a/3y to the corres-
ponding sides of ABC are
given in Fig..5.

We will now establish the
relation which, exists between
the angle 6, and the radius of
the circumscribing circle of
the triangle a/3y, assuming

. the angles a, p, y known.
We have (Fig. 5)

p _ sin i?ya _ sin
sin yBa = ya

Fia. 5.

- 8 )

sin B

Ca = pa s in a o sin (a —C+Q)
. Jl = fta v . L,

sin p 0a sinOand Ba+Ca = BO = a. •

Therefore, substituting for Ba, Ca, and using the relations

ya = 2r sin p,

Pa = 2r sin y,

where r is the radius of the circle a/3y, we obtain

o . ,}sin (A + C—0) , o . sin (a — C + d)
cr sin p *-:—— 1 -\. 27- sin y ^-.— = a.

sin B sin 0
Now, if B be the radius of the circumscribing circle of the trianglp

ABO, we have a = 222 sin A. Therefore we may write
B_ _ sin/3 sin (.B + 0) sin y sin (a — 0+6)
r sin A sin B

This equation may be written

M =
r

sin A sin 0
.(11).

(12),

where £ sin * =
sm ̂ 1+

V sin ( a - 0 )
sin A sin U

T i sin/3 , 7) . sin y cos (a — C)
L cos v = . ^ cot I>'H / . .—-~

sm L̂ sin A ain O
It is clear that L must be a symmetrical function of A aud a, I? and
0 and y. We will proceed to find L% sin9 4̂ sin3 B sin8 (7.
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From the last equations we have

sinu
sinycos(a--Of)\>

?k )sin/3coti?+

sm*J3 am* 0
therefore V sin* A sin* B sin* G

= sin* /3 sin10+sin1 y sin* B—2 sin /3 sin y sin 2J sin 0 cos (-4 + a)
= Bin1 ft sin1 0+sin8 y sin1 B—2 cos a sin /3 sin y cos A sin £ sin 0

+ 2 sin a sin ft sin y sin .4 sin B sin 0
= sin* /3 sin 0 (sin .4 cos J5 + cos .4 sin 2?)

+ sin* y sin J? (sin J. cos (7+cos A sin 0)
—2 cos a sin /3 sin y cos -4 sin B sin 0
+ 2 sin a sin ft sin y sin .4 sin 5 sin 0

= sin* /3 sin A cos £ sin 0+sin* y sin .4 sin J? cos 0
+cos A sin I? sin G (sin* /3 + sin* y—2 cos a sin /3 sin y)
+ 2 sin a sin ft sin y sin A sin I? sin 0

=• sin* a cos A sin I? sin (7+sin* ft sin .4 cos JB sin 0
+ sin* y sin A sin i? cos 0
+ 2 sin a sin/3 sin y sin .4 sin 1? sin 0 (13).

5. The locus of the centre of the circle afty is a straight line.
It may be shewn in various ways that the locus of the centre of the

circle a/5y, when afty is of constant shape, is a straight line.
In Fig. 6 it is easily seen that, if %, y, z bo the perpendiculars from

Fio. 6.
the ccntroof the circle ufty on the sides of the triangle ABO, or, in
other words, if x, y, z he the trilinear coordinates of the centre, using
the triangle ABC as the triangle of reference, then

x = rcos (Jft—0)

(14).
= rcos^>—V) i
= rcos(y-a+0-0) t
= rcos(a + y—B— 0)J
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The coordinates â , yu zx of the minimum (a/3y) circle are found as
follows :—

From equations (12) and (14),

* = | cos (0 + *- I ) = I sin 03+*)

= -=̂  (Lsin }p cos/3+Ii cos i/> sin /3)

+ (sinj3 cot5+ 8 i n J l ^ i ^ ) ) sin/3 }

B / sin/3 sin ft' , sinyBJny'x \
L* sin il \ sin B sin 0 /

similarly yx = - ^ / sin y sin / sin a sm a\
L*sinJ3\ smO sin-4 /

= rcos(jB-^)V
= rcos(B-0) I.
= rcos(5—0)J

> (14a).

_R /sin a sin a' , sin/3 sin /T\
1} sin G \ sin A sin B ) '

From these equations, by eliminating r and 0, we obtain the equa-
tion of the straight line, which is the locus of the centre, i.e.,

or x sin (a—a') +y sin (/3—j3') +a sin (y—y') = 0.

We must observe, that Case I., i.e., when a = A, /3 = J?. y = C, is
an exceptional one; for equations (14) then become

x = r cos

y
z

Hence wo see that the centre is the point, whoso coordinates satisfy
the equations x = y = a, i.e., the point is the centre of the inscribed
circle of the triangle ABG.

In Case II., the equation (15) becomes

x sin 3A+y sin 3.B+3 sin 30 = 0 (16),

whioh is satisfied by the coordinates of the centre of the nine-poiut
circle of the triangle ABO, which is a particular case of Case II.

In Case III., the equation (15) becomes

« sin (A+2C) +y sin (B+2A)+g sin (0+2JJ) = 0,

which may be written

which is satisfied by tho coordinates of tho ccntro of the circum*
VOL. xv.—NO. 223. K
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scribing circle of the triangle ABG, which is a particular case of
Case III .

If a, a' (see Fig. 2) coincide, the point A! will coincide with them.
We will call this point a".

I t will be seen (see Fig. 5) that, when a, a' coincide, 0=/3, and that

Uy s in£

n „ n, sin y 2r sin y sin y

wherefore a" divides the side BO in tha ratio

sin /3 sin ft , sin y sin y
sin B ' sin C

If /3", y" be the points where BO, 00 cut the opposite sides, wo

shall have Ay" : y"B = sin 1̂

j> » • "n _ sin /? sin ft . sin y sin y'
sin î  sin

v/ . p,, . _ sin y sin y , sin a sin a

.(18).

sin C sin A
It will be observed that the point 0 is the centre of mass of three
masses proportional to

sin .4 sin B sin 0
sin a sin a" sin /3 sin ft1 sin y sin y"

placed at A, B, 0 respectively.
In Case I.,

8 B jO
. . . cos8— cos8 —

77 " . »n _ sin8/* . sin'y _ 2_ . &_
~~ sin J5 ' sin 0 ~~ sin B ' sin 0

= cot | - : cot %. = s-b: s - c (19),

where 2s = a+b + c;

therefore Ba" = s—b, Oa" = s—c;

whence we see that a" is the point of contact of the inscribed circle
of ABG.

In Case III.,
Ba" : a"O = sin ft : sin y' = sin 21?: sin 20

= sin I? cos I? : sin 0 cos (7 (20),
sin 27? a sin B cos I?

therefore Ba" = a —
sin 2i/ + sin 26' sin A COH (B—C)
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In Case III.,

Ba" : a"0 = s i n A ™°: s i n J ? s ^ = = s i n ' C : s i n ' I ? (21),
sin 2? sin (7

therefore Ba" = a — sin2 0 ac*
sin'tf+sin'tf

6. 27ie envelope of fiy is a parabola which touches AB, AC.
We can shew that each side of the triangle a/3y, if it remain of con-

stant shape, touches a parabola, which touches two sides of the tri-
angle ABC.

Take the side (3y, and let us consider AC, AB as axes of oblique
coordinates x and y.

Then the equation of /3y may be written

fy /V
or (see Fig. 5),

as . r/ 2r sin a 2E sin a
sin (5— y + 0) Bin(C+y + 0)~ Bin A ~ LsinA sin (t//^0)'

8-I^XTe)+ fixate)" rf.(f«) 8nppose (22)l

2 sin (^—0) {CB sin (fi-6) +y sin (X+8)} = 2Msin (\ + ^) sin (/u - 9),
0 {cos 0//-/i)-cos (\//+^-20)}+7/ {cos ( ^ - X - 2 9 ) -

= M {cos (\—/u + 20)-cos
which may be written

a? cos ($—fj.)—y cos (^ + \)-f Mcos
+ cos20{—a;cos(v//+^)+ycos(^—X) —iHcos (X—^
+ sin20{—a5sin(^+^)+ysin(^—X)+i*fsin(X—/u)} = 0.

This we will write for the time

.4 + £ cos .20 + 0 sin 20 = 0.

Therefore the envelope is

Therefore the equation of the envelope required is

{ rccos (i//—ft)— y cos((/>+X) + 2lfcos(X+^)}J

= {— xCOB (\p+n) +y cos (\p—X)—il/cos (X—/i)}1

-x sin (4>+n) +y sin (̂ —X) +31 sin(X—/
K 2
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which, being rearranged, gives

a>* sin1 (\f/—ft) +y* sin1 0^+A) — 2zy sin (tp—ft) sin 0//+X)
—2zMsin ($—ft) sin (X+f«)
-2yJ!fsin.(^+\)sin(\+/i)+iirsin>(\4-^) = 0 (23).

This is the equation of a parabola which touches the axes of
B j ncoordinates at *, = M. Bj
sisin (\p-ft)

j . ir sin(\-fu)and at y^M. . ) . ,T(.sin 0/»+X)

Now \ = J?-y, ^
Therefore the coordinates of the points of contact are

XX=:M. £ £ ^ , "f.=:Jf. 5™4 (24).
1 s i n ( ^ O y ) ' y i s in(^+l?y) ^ ;*

It will be seen that, since the inclination of /3y, /3'y' to the sides
AB, AO are merely interchanged, and their lengths are in the

constant ratio -)™ a
;, the corresponding enveloping parabolas will have

the same relation.

InCaseL, *=-f, r = f-f'

therefore

2 ^ 2 2

Therefore the distances &,, y, of the points of contact with the sides
are equal. Now

= ^ = l 4 ,
where ^ is the radius of the inscribed circle of the triangle ABC.

- 2 r * C O 8 f A
Therefore xx = y, = — = 2r, cot — = 2 (s—a),

-sinf 2

where 2s = a+b+c.
The parabola therefore touches the sides AB, AC at double the dis-

tance from A of the points of contact of the inscribed circle of ABC.
In Case II., ^/=(?+^-, y = C,



1884.] Intersections of a Circle with a Triangle* 133

therefore ^—0—y = — C+ —

and

ix. £ r> sin A a ^
therefore «, = B -= = ~ 7. /

cos G 2cosCM

E

Lew A

2 C M (25).

\

Ip Case III., + = -<!>, Z = ~-^I> y = B>

therefore ^—0—y = —<f>~O—B = A—<f>—ir,

_ 2E sin a __ mi 2E sin (7 sin 0 _ csin^
"" L sin .4 ~" sin A ~~* sin X *

therefore a, = +
sin

Therefore the parabola touohes AB at J? and AG at a distance

b —? from .4.
a*

7. 2%6 envelope of the circle a/3y «r a contc.
Let x, y, z, x, y', z be the coordinates of the centres of two equal

circles of radius r ; then, from equations (14),

as+as'rs r{cos(/3-e)+cos(fl-0 ' )} = 2rcos{/3-!(e + 0')} cos(6-0 ') ;

but, from equation (12),

— = Lain
r

therefore

or 6 + & = v—2\p — 20, suppose,

if 0, be the value of $ which makes the radius a minimum.
. Therefore, if x be the coordinate of the middle point of the line

joining the centres of the pair of equal circles (r),

x = \ (z + a;') = rcos (/3-0,) cos (0—0'),

similarly y = * (y+y') = rcos (y—o + C—0,) cos (0—0'),

i = I (z + z) = r cos (a + y—B—0,) cos (0-0 ' ) .
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Therefore, if a?,, yu zl be the coordinates of the centre of the minimum

circle £. = -£ = —
xi Vi zi

or the point (#, y, z) coincides with the point (#„ y,, z,).
If r, be the minimum radius,

B T

y = isin W+6) = Zsin (JTT-0, + 0) = Lcos (6,-0),

therefore r 008(0—^) = rv

Now x — %1 = rcos(fl—d)—r1cos(ft—6l)
= r {cos (j3-0)-cos (0-0,) cos (/3—0,)}
= r{cos(/3-0, + 0,-9)-cos(0-0,)co3(/3-0,)}
= r . sin (0-0,) sin (/3-0,) = A . S,

where d is the distance between the c^ntrBs of the circles r, r,.
Therefore, eliminating 0 from the equations

r sin (0-0,) sin (/3-0J = \f> 1
r cos (0-0,) = r, 3 '

we obtain r* sin3 (/3 - 0,) = A1* + rj sin' (/3 - 0,).

Now, if we take the centre of the circle r for the origin, and the locus
of the centres of the (ajSy) circle as the axis of », we may write the
equation of the circle thus,

(x-By + y* = X3aa cosec' (0-0,) +r|,

or aj2+2/s-r;-2^

The envelope therefore is

which is a conic section, whose axes are
, / C, sins(j9-0,)7r, a n d r l V / | l ^ 1 j ,

where <f> is the angle which the straight line (15), the locus of the
centre, makes with BG.

We will now examine the three special cases marked I., II., III.
separately.

Case I.,
•(3).
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This is the same as saying

arc/3y = arc jS'y' (see Fig. 7),
&c.

therefore arc /3/3' = arc yy'
= arc cm'.

The chords aa, (S(S\ yy' are therefore —
equal to one another, and conse-
quently equidistant from the centre
of the circle.

It appears therefore that in this case the circle is concentric with
the inscribed circle of the triangle ABC.

It can easily be seen that

and that

By = Ba [
Ca = 0/3'J

/3y' is parallel to /3'y,

«/3' „ „ a'/3.

It will be seen that the point 0 in this case is the intersection of AD,
BE, CF, where D, E, F are the points of contact of the inscribed
circle of the triangle ABC.

In Case I., a = a' = £ - A-

C

•(4).

Therefore, by equation (11),

cos ^ sin (£ + 0) cos-§-cos(4+Cf-0)

sin A sin B sin A sin Cr

or, rearranging,

7?
Here, if 6 = — ——, we have the case of the inscribed circle,

when, as is well known,

1L = L sin(d+\B) (27)
r 4 siniAsinfBsinAC V

r . . A . B . C
4 sin — sin — sin —-c Z Z
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It is evident that the inscribed circle is the minimum circle of
Case I.

Case II.,
(5)

y
(see Fig. 8).

Here, if Aa, J3/3, Gy meet in a
point, the point is the centre of the
triangle ABC, and a, /3, y are the
middle points of BG, CA, AB.

In this case we have the nine-
point circle of the triangle ABG.

L Ay'$ = L yy'/3 = yojS = a = A.

(28).
Therefore /3y'=/34, similarly /3a'
similarly also ya=yB, a/3' = a

y(¥ = yA, ay' = aB J

It appears therefore that the perimeter of the hexagon a(¥y a'/Qy' is
equal to the perimeter of the triangle ABG.

Again, from equation (11),

JB _ Bi
sin A

fe+C-e) ...(29).
T>

If 6= C, we have the case of the nine-point circle, and — = 2 .

It is evident that the nine-point circle is the minimum circle of
Case n .

Here (Ty = a/3

(see Fig. 9),

therefore Py'= a/3',

therefore y'a is parallel to
/3/3', i.e. to AC. Similarly
a'/3 is parallel to AB and (3'y to BG.
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Again, in this case, because Ca. Ca = 0/3. 0/3',

The perpendicular distances of (¥y from BC, and of y'o from CA,
are 0j3' sin 0, and Ca sin (7 respectively; hence it follows that in this
case the perpendicular distances of a'/3, /3'y> 7a from the sides of the
triangle ABO, AB, BC, CA respectively, are proportional to .41?,
BO, OA.

In the particular case when these three lines o'/3, /3'y, y'o pass
through a point, the circle becomes what has been called the " Tri-
plicate Ratio " circle. (See Quarterly Journal of Mathematics, "Vol.
xix., p. 342.)

The point through which the three lines are drawn is the centre of
similitude of the two triangles ABO, A"B"G". (Fig. 2.)

In Case III . (Fig. 9), we see at once that the angles Bay, Cfia, Ayfi
are equal, since we have

a— 0 and y = B.

In this case, therefore, the sides ay, (ia, yft of. the triangle a/3y
make the same angle 0 with the sides BO, GA, AB respectively of the
triangle ABO.

It will be observed that the angle 6 is the inclination of the sides
of the triangle o'/3'y' to those of ABC in the opposite direction.

Again, from equation (11),

= + s 8 + s i n 9 e o t j B + sini?
r sin B sin A sin 0 C sm A sin C

sin

if COt0COtl?+ . f

sin A sin 0 sin A sin B sin 0

= cot4+cot.B+cotC (32).

If 0 = JL, we have the case of the triangles a(3y, a'fi'y, having

their sides at right angles to those of ABO, when
2? __ 1+cos .A cos I? cos 0 . „ -
r ~~ sin A sin B sin 0

(See Trinity College Scholarship Examination Papers, December,
1883.)

If tan0 = — tan.4 tan 1? tan 0,
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.1 aT1 B sin0
then — = ——-—:———:—-

r sin A sin B sin U
=±x/{sinM8in8J5sin2(7+cosMcos25cos2C} (34).

This is the case where the points a, f\ y, a, /3', y are the feet of the
perpendiculars on the sides of ABG from D, E, F, the feet of the
perpendiculars from A, B, G on the opposite sides. (See Math.
Messenger, Vol. xi., p. 177.)

re i . o LA, i .r>i i. h 1 + COS .4 COS 2? COS 0
If cot 0 = cot A + cot I? -f cot C — —L.—---—_ . _ ,

sin A sin B sin C
2(l+cos^cos.BcosC)

2 = 2 roq 0 -

This is the case of the " Triplicate Ratio " circle.
The numerator of the last fraction

= sin2 A + sin2 B + sin2 G,

and the denominator

= ^/{sin2 A sin2B+sin2 B sin2 0 + sin2 G sin2 A},

therefore — = .... ' ' , 272>> (35),
r /(&V+c2a2 + a2&2) v y '

which is the form given by Mr. Tucker in the Quarterly Journal,
loc. cit.

AT • R sin
Now, since — =

r
is a minimum -when 6 + <j> = —, in which

2
(36).7

r sinf
If /3a' be parallel to AB,

I (3'aC = I dfrC = Z BAG = il,

and Z a/3'0 = Z /3a'O = B.

Hence we see that the triangle afi'G (and by symmetry each of the
triangles Afty\ a By) is similar to the triangle ABG, and

ya = 2r sin 0 = a/3' = /3y' = /c suppose.

Therefore £y = £« = ya_
a c o

/r_ no nry
\j(x ^_ \y p __ ap

b a c

a '

.(37),
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whence By = — k, Ca = — k, Aft = — k )

I \ (38).
Ba = -f h W'= -k, Ay = - k \

o c a I

Therefore Aft ,By . Ca — k* — Ay.. Ba . Off (39).

It is evident that, in Case III., the centre of the circle afty is the
centre of the inscribed circle of the triangle formed by producing the
three chords fty, ya\ aft\ i.e. (see Fig. 2) of the triangle A'B'C.

If we wish to find the point 0 for Case III., we may find the posi-
tion where o, a' coincide.

This will happen when
Ba'+Ga = BC7

or -^-k-\ k = a :
be

therefore k = - ^ - 2 (40).
b +c

If this point be called a", we may write
O "

,, , Ba" ca

therefore c7 = V

or a" divides the side BO in the ratio c2: 62, as was proved before.

On the Induction of Electric Currents in Cylindrical and Spherical
Conductors. By HORACE LAMB, M.A.

[Communicated Jan. IQth, 1884.]

The following calculations relate chiefly to some cases of induction
of electric currents in a long circular cylinder by variation of the
magnetic field in which it is placed, this field being supposed uniform,
with the lines of force parallel to the axis of the cylinder. For
example, we may suppose the cylinder placed in the interior of a long
hollow coil, round which a variable electric cui*rent is made to circu-
late. In one instance I have added the solution of the corresponding
problem for the sphere. The theory of the free transverse currents in
a circular cylinder has been recently given by Lord Rayleigh.* The

* British Association Reports for 1882, p. 446.


