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Next, to effect tho partition p = c! + 2d\ In the course of the tentative work
above, tho form p ^ 3251*- 2. 30s

was obtained (at the start): this, and the now known form (a5 + b'), are suitable
base-forms (since a' + b3, os + 2dv, e3-2fJ are a quadratic triad), so that

p = 24162 + 21763- 3251s-2. 30*.

This falls under Case i. Hence, by (28),

(2176. 3251)"+ 2(2415. 30)« m (2415 .15)3 + 2(544 . 3251)" = _£
21763 + 2.302 " 152 + 25443 = /

(the factor 8 having been cancelled out of F,f).

Here /=» 592,097= 11.19.2833 = (33 + 2. l!)(l3 + 2.33)(413 + 2. 24*),
BO that the safe procedure is to divide conf ormally by each factor separately (writing
/ i = H»./a = 19» / 8 =» 2833), as in Art. 20. Omitting details, tho steps aro

g 331,4^.2 . 479,037»,

^ = 133,831^2. 77,5443

3 / 8333 / ,

the required partition.
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1. Many well-known theorems in the geometry of the triangle
relate to straight lines drawn at right angles to the sides of the tri-
angle.

In attempting to generalize these theorems we are led to consider
in what cases and in Avhat circumstances it is possible by orthogonal
projection to project a triangle and a given point in its plane into a
triangle and its orthocentre.

2. A well-known theorem given by Lazare Carnot states that, if
the angular points A, B, G of a triangle be joined to any two points
O, O' in its plane by straight lines which cut the opposite sides of the
triangle in the points Z>, B\ E, E', F, F', then these six points lie on
a conic. J?rom the well-known propertios of the nine-point circle it
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appears that? if the point 0 were the centre of gravity of the triangle
ABC, and if the conic DD'EE'FF'were an ellipse, then the orthogonal
projection which would project the ellipse into a circle would project
the triangle ABC and the point O'into a triangle and its orthocentre.

It Can be proved that, when the point 0 is the centre of gravity of
the triangle ABO, the conic DD'EE'FF' will be a parabola if the
point 0' lie on a side of the triangle or a side produced; the conic
will be an'ellipse if the point 0' lie within the triangle or in a part of
the plane reached by crossing two of the sides ; and the conic will be
a hyperbola if the point 0' lie within a part of the plane reached by
crossing one of the sides.

3. We shall now consider the more general problem to find, when
one of the points 0, 0' is given, the locus on which the other point
must lie in order that the conic DD'EE'FF may have a given
eccentricity.

If the terms of the Recond degree in the equation of a conic in
rectangular coordinates be

Ax*+2Hzy+By\

the eccentricity e of the conic is given by the equation

(2-e3)1

or the equivalent equation
e4 _(

(2-e3) ' .

.4. If the equation of a conic in trilinear coordinates
«aa +• vft*+wy3 + 2u'fty+2vfty + 2w'aft = 0

be transformed to rectangular coordinates by the usual transformation

a = pt — x COS a —y sin a,

ft = pt—x cos ft — y sin /?,
y = p&—x cos y -y sin y,

then

a3 { u cos' a + v cos' ft +10 cos' y + 2w' cos ft cos y + 2v cos y cos a + 2w' cos a cos ft }

-f scy [ 1u cos a sin a •+• 2v cos /3 sin ft + 2w cos y sin y + 2u (cos ft sin y+sin ft cos y)

+ 2v (cos y sin a -f- cos n sin y) + 2w' (cos a sin ft + cos ft sin a) j

+ torms of first degree = const.
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If this be written

Ax*+2Hxy +By* + terms of first degree = const.,
then

A + B = u + v + io + 2ti'cos(0—y)+2v'cos (y—a)+2w'cos (a— /3)

= u+v + w —2ti cos A—2v coa B—2w'coa 0;

A — B = u cos 2a + v cos 2ft+w cos 2y + 2w'cos (j3 + y)

+ 2t/cos (y+a)+2w'cos

—2v'cos (2a+B)—2wcoa ( 2 a - 0 )

s= cos2a {w+v cos20+wcos2£+2M'COS (B-O)

—2v'cos 5—2to'cos 0}

+ sin2a {v sin 20—wsin 2B-2M'sin (B-C)

2E = u sin 2a+1> sin 2^Hpw sin 2y+2% sin (/3 + y)

= w sin 2a+vsin(2a—

-2u'sin (2a + 2?)-2«/sin(2a-0)

= sin 2a (w+vcos 20+wcos 2B+2w'cos (B — G)

—2VCOBB—2W'COBO}.

+ cos 2a { — usin 2G + wain 2B+2w'sin (B— G)
—2«'sin J? + 2w;/sin 0}.

Therefore
{A - By+4H1 = u%+&c.+4^+&c. + 2uv cos 2 (a -/3) + &c.

+ 2MVCOS (a— /3) + &c. + 4ww'cos (2a — /3—y) + &c.

+ 2uv COS ( a — y) + &C.
= w*+&c. + 4w'2 + &c. + 2MT; cos 2 0+&c. - 8«Vcos 0+<&c.

+ 4Wcos (B—0) + &c—4MV'COS B + &C.

If we take the triangle ABG as the triangle of reference, then, if
the coordinates of 0 be a, ft, y, and those of 0' be a', p", y, and x, y, z
be current coordinates, the equation of the conic DHEE'FF' is

Comparing this equation with the equation

uxi+vy2 + iozi+2u'yz+2vzx + 2w'xy = 0,
we see "that each of the expressions A + B, A—B, 211 is of — 1
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dimension in et/?y, and that therefore the equation

admits only terms of the form
J_ J_ J_ 1_ J_ 1_
a2' /3" y " / V ya' atf!

it follows therefore that, if the point 0' (a', /?', y') be fixed, and the
eccentricity e be given, the locus of the point 0 is a trinodal quartic
having A% B, G for nodes.

It appears also from the equation

that the locus AB — H2 = 0 separates the parts of the plane in which
O must lie in the two cases: (1) when the conic is an ellipse, and (2)
when it is a hyperbola.

It may be remarked that, if the conic be a circle, the locus of the
point 0 is reduced to a point.

5. The remaining part of this paper is concerned more especially
with the case when the conic is a parabola. It is somewhat more
convenient in discussing this problem to use triangular coordinates.

The condition that the triangular equation

' + Q& + y* [w' + rr)zx( +

act /j/j yy \(5y pyl \ya ya
should represent a parabola is

\py pyl pp \yu ya//jpyy yy aa aa/>p act \py pyl pp \yu y

^ yy'Kofi u fit V^y' /S'y/ \ya' y'a

. + 4 ) ( + i ) + 2 ( i + i ) ( +
ya/Va/j ujtj/ \a/j afil\py py

/}y p y / \ya y a/.

SO that

a' f? I y1'
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Therefore 8 \ 4 " + }-,} -o- + &c.
C y u up ) py

= \ f.L_ i_\ L + fi__JL) _L + (±-JL).1]9.
C. V yS' y I a \y a I ft \ a /:)' / y 3

Therefore 8u')8'y «/3y{(/S'+y') Q + (y '+a ') /3 + (a'+/3') y}

an equation which gives the locus of the point Ofor any given position
u'/3'y' of the point 0\ when the conic DD'EE'FF' is a parabola. Tho
equation may for convenience bo written Sufi'y'afiyL — 6>s.

6. It may be noticed that the lino L = 0 is tho polar of the point
0' with respect to tlio conic fiy -f ya-f a/3 = 0, whiuli is the circum-
scribing' ellipse of minimum area.

The conic <S' = 0 is a hyperbola circumscribing the triangle ABO
and passing through its centre of gravity G and also through tho
point 0'.

The conic & = 0 is completely determined by tho position of the
point O\ but any position of tho point 0' on the conic S = 0 would
equally well determine the same conic S = 0. On the other hand,
every different position of tho point 0' on tho conic S = 0 gives riso
to a different quartie 8d'/3'y'((/3yZy = S'K It seems convenient, in
discussing tho different forms of tho quartie, to assumo tho conic
S = 0 determined by some point on it and then to trace the changes
in tho quartic cui-vo for different positions of the point O', whilu it
traces out tho conic S •=• 0.

This has been done for me by my friend Mr. AV. II. Blytho, who
has kindly drawn a series of dingranis illustrative of the manner iii
which tho shape and the position of the quartic curve change with
the position of the point 0'.

A paper by Mr. Blytho exhibiting these diagrams accompanies this
paper.

7. It is easy to prove that tho straight line /? + y = 0 meets tho
quarlic twice at the point A, and is a tangent to the curve at the
point of iutcr.sccl.iou with

«(«'y3'+«y+ 2/3V) -flu (fi'-y') = 0,

that is, at the point

a _ - > + / 3 _ _ _ _ - y _ 1
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3 vSimilarly, the straight line -— + —- = 0 meets the curve twice at

the point A, and it touches the quartic curve at the point where it
meets

that is, at the point

8. We will now discuss in which of the portions of apace, into which
the plane is divided by the three sides of the triangle ABO and the
line L, the curve Su'ft'y'uftyL = S* lies.

It is cleur from the form of the equation that the portions of space
in which the curve lies are to be found from each other by crossing
two ov four of the straight lines a = 0, /3 = 0, y = 0, L = 0.

If, therefore, for any given position of the point a'fi'y', we deter-
mine the position of the line L and also the position of some point on
the curve in one of the parts of the plane, we shall have determined
in which parts of the plane the curve lies.

First, let us take the case where fi' + y', y'+o.', and a'+($' are all
positive, that is, where the point «i'/3'y'lies within the triangle A'.D'O
formed by drawing through the angular points of the triangle ABO
parallels to the opposite sides; then the expression L or

« (fi' + y')+P (y+«')+? («'+/*')

is positive if a, /3, y be all positive. Therefore, in this case, if a', /3', y
be all positive, there must be some part of the curve within the tri-
angle ABO, but, if one of the three quantities a', (i\ y be negative,
there is no part of the curve within the triangle AIM.

In this case, the triangle is not cut by the line L.
Next, let us consider the case where u'-f /3' and u+y' are both

positive and /3'+y'is negative; in this case, the line L will cut the
sides AO and AB both internally in some points Q and 11, and the
quantity L will be negative for points on the same side of QR as A,

VOL. xxvin.—NO. 595. Y
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and positive for points on the opposite side. It follows therefore
that, if the product ft'y' be positive, some part of the curve lies within
the quadrilateral HBOQ, and, if the product fi'y be negative, no part
lies within the quadrilateral BBOQ. Again, in the case where fl'-ty'
is positive and botli a' -f/3' and a'-f y are negative, the line L cuts both
the sides AC and AB internally in some points Q and iJ; and the
quantity L is positive for points on the same side of QB as the point
A, and negative for points on the opposite side. It follows therefore
that some part of the curve lies within the quadrilateral JRBCQ.

The tangents at the double point A are

These tangents will be real if

is positive, that is, if a (/>'+ y') (y'+ «0 (a+/3) is positive ; that is, if
the point a'/3'y' lies within the quadrilateral BGB'G' or in any of
the spaces reached from within the quadrilateral by crossing two of
its sides.

9. For convenience, Ave wfll take the equation of the quartic to be

tta/3 V + h V"2 + cV/? = 2a/3y (la + inp + ny).

When this equation is written in the form

(ufiy + byu + caftY = 2u/3y {(l+bc) a+(vi + ca) fi+(n+ab) y\,

wo .sou that thu straight lino

(1+ he) a + (m + ca)p + (?i + ab) y = 0

is a double tangent to the quartic touching at the points where it
meets the conic

apyj-bya + cuft = 0.
As the above form of the equation of the quartic is equally true

when the sign of one of thu letters a, b, c is changed, it follows that
tho straight lines

u + (m-uc)fi+(n-ab)y = O,

(l—bi) a+ (ni, + ac)ft+(u — ab)y = 0,

(I-be) a+ (m-ac) ft + (n + ab)y = 0

are double tangents, their points of contact baing the points where
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they meet the conies

afiy — by a + cafi = 0,

a/3y-f bya—ca/3 = 0,
respectively.

The eight points of contact of these four double tangents lie upon
the conic

(I2- &V) a»+ (in2—cV) (P + (n 2 - a2&2) y2 + 2mwj8y + 2nZya + 2lma(3 = 0 ;

and the equation of the quartic may be written

{(l + hc)a + (m, + ac)P + (n+ab)y} {(l + bc) a + (m-ac) fi + (n-ab) y]

X {(I—bc)a + (m + bc)p + (n—ab)y} {(l—bc)u + (m—ac)P + (n + ab)y}

— {(Z2-62c2)a2 + (m2-<;V)/32 + (n»-a'ft9) y2 + 2mn/3y + 2n?ya + 2Zma/3 }2

= - r t 2 /A ' 2 {^V + ?;2yV + c2a2/32-2ai8y (Za + m)3 + My)} =0 .

Of the four conies

= 0,

= 0,

afty — bya + cafi = 0,

afSy + bya — caft = 0,
three are hyperbolas and one is an ellipse. They touch in pail's at
the angular points of the triangle ABC.

10. When we compare this form with the earlier form

we have
a = a'(/3'-y'), b = /J'(y'-a'), c = /(«'-£'),

Z—6c = 4a73V(/5'

= 2/3V

Therefore Z2-Z;V = 8«73'2y'2(/3/ + y')(v' + a')(a' + /3')-
Y 2
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The equation of the conic through the eight points of contact of
the four double tangents therefore is

- « ' ) y«

or

<•/* + y y +« « +P )y

x {«'(/3W)/3y+W-Oy«+yV-/3>i3}' = o.
The equations of the four double tangents of the quartic are

2/3'y'a + y' (a + /3',) /3 + /3' (a' + y') y = 0,

y'(o'+/3') o + 2aV/3+«' (/3'+y) y = 0,

/3' (a' + y') a + a' (j8'+ y') /5 + 2a'/3'y = 0.

The condition that the quartic should degenerate into two conies
is identical with the condition that the conic

should degenerate into two straight lines.

This is

a'/fr 03--y')(y'-a') a'/(/}'_/)(«-/?')
-4a73'y'(y' + a')

= 0,

-4a'^y' (a +/3'), -4a'0'y' (/S' + y')
aV(/3'-y')(a'-/n ^ V ( y '_ a ' ) ( a ' _ / 3 ' ) y^a'-zS')2

-4^/3'/(y' + o'), -4a'/8'y'(/8'+y'),
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which reduces to

n'2/3V (F+yy(y'+«J(a:+py = 0.
The quartic therefore splits up into two conies only when the point

a'fi'y' lies on a side, or a side produced, of one of the two triangles
ABC, A'FC.

If «' = 0, the equation of the quartic becomes

that is, the quartic reduces to the two straight lines BC, AO, repeated
twice.

If p + y — 0, the equation of the quartic becomes

{2a')8'/3y + /3'(a'-/3')va + /3/(a' + i3')ai3}3 = 0.

The quartic therefore reduces to the conic
2a'/3y + (a'-/3')}a + («' + /3') a/3 = 0,

repented twice. This conic circumscribes the parallelogram ABA'G,
and lias its centre at the middle point of JJC. It is an ellipse,
a degenerate parabola, or a hyperbola, according as the point a'/i'y'
lies between the points B' and C, coincides with one of them, or
lies outside them.

The quartic degenerates into a straight line and a cubic when the
point a'/3'y'lies in one of the straight lines AG, BQ, CG\ thus, if
/>' = y', the equation of the quartic admits of the factor a; the quartic
therefore in this case reduces to the line BC and the cubic

8a'/3y (-/3'a + (a' + /?')/3 + (a' + /3')/3} = a {(a' + ft') /3-(«'-/3') y}2.

The form of this cubic will change as the point 0' moves along the
lineylG'.

11. The following diagrams illustrate these results.* Let

8 s /3y«'(/3-y)+y«/3' ( y - « ) + a^y' (a-/3),

A point P [a', (I1, y'] moves along a conic of the form S ; it is re-
quired to trace the changes in the form of the quartic

Take the triangle of reference as equilateral.

* The rest of the paper iH duo to Mr. W. H. Blytho; sec § G.
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Figure 1 represents the locns of
P, a hyperbola passing through A, J>,
C, the angular points of the triangle
of reference, and through its centre
of gravity.

This locus cuts the lines />•+ y = 0,
y-fa = 0, a-f/3 = 0 in the points
L, ilf, JV.

[The points L and .AT" are too dis-
tant to be shown in the figure ; their
position is indicated by letters placed
at the side of the diagram.]

In taking different positions of P on the locus given in Figure 1,
we obtain all possible forms of the quartic; but the hyperbola in
Figure 1 will in certain cases reduce to two straight lines, namely, a
side of the ti-iangle and its corresponding median, i.e., a = 0 and
ft = y. When P moves along « = 0, the quartic reduces to two
coincident pairs of straight lines u = 0 and /3 = y.

When P moves along the straight line /3 = y, the quartic reduces
to the straight line a = 0, together with a cubic having a node at A.
The forms of these cubics will be given later on; see Figures 16
and 17.

It is shown in Salmon's Higher Plane Curves that each quartic
represented by the above equation has a corresponding conic, such
that, if a, ft, y be a point Q on the quartic, and xt y, z the corre-
sponding point q on the conic, then

a : ft I y '.: yz '. zx '. xy.

If one of these points be given, the other can be found from the fact
that QA and qA make equal angles with

/3+y = 0,

QB and qB with y + a = 0,

and QO and qO with a+ft = 0.

The position of the corresponding conic can also be determined
geometrically, for it touches the six straight lines
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It is only necessary to know the straight line

327

This line cuts the sides of the triangle ABC in the points at which

cm' + /3/3' = 0, fift' + y y' = 0, y y' + «u' = 0

meet them.

It will be found that the line at infinity corresponds to the circum-
scribing circle of ABC.

Fujnrr. 2.—When P is at the centre of gravity of the triangle, the
corresponding conic is the circumscribing circle. The quartic is
represented by the three sides of the triangle ABO and the line at
infinity.

Figure 3.—Next, let P move to a point between the centre and the
angle (7.

The corresponding conic is an ellipse cutting all the sides of the
triangle internally, and the circumscribing circle in four points, frvvo
on the arc GA and two on the arc GB. The quartic has therefore
four asymptotes corresponding to the four points at which the conic
meets the circle.

Two infinite branches pass through the angle B and two through
A. Each pair have a corresponding hyperbolic branch having the
same asymptotes.

These branches, which touch the lines

a + /3 = 0, /3 + y = 0, and y + et = 0,

are too distant to appear in the figure, but are shown in Figures
4 and 5.

The part of the conic lying outside the triangle ABO between AB
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and the circumscribing circle corresponds to a loop of the quaiiic
outside the angle G.

Since the conic touches

the quartic touches

aft'+/3o' = 0, fty + yft' = 0, y'a + ay = 0.

Figure 4.—When P moves to the angle (7, the corresponding
conic, still an ellipse, touches the side AB. The loop of the quartic
at G disappears, and we have a cusp at G.

5

Figure 5.—As P continues to move in the same direction along its
locus, the corresponding conic does not cut AB; therefore we find
an acnode at G.

Figure 6.—When P coincides with L, the corresponding conic
becomes two coincident straight lines; therefore the quartic re-
duces to two coincident conies.

Figure 7.—As P continues to move |in the same direction, the
corresponding conic, now a hyperbola, does not cut BC, GA, or the
circumscribing circle, but cuts AB externally. The quartic therefore
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has acnodea at A and B, and consists of two finite loops having a
node at C, both external to the triangle.

Fujure 8.—When P coincides with If, the corresponding conic be-
comes two coincident straight lines that do not cut the circum-
scribing circle. The quartic reduces to two coincident ellipses that
circumscribe ABO.

Fujure 9.—When P lies between M and B, the corresponding conic
may be either an ellipse or a hyperbola, for, when the locus of P cuts
the circumscribing circle, the corresponding conic becomes a para-
bola.

This fact, however, does not affect the form of the quartic, for it
only implies that it touches the circumscribing circle.

The corresponding conic cuts the sides AO and BG externally, but
not the side AB.

The form of the quartic as shown by the figure is such that it has
an acnode at 0.

Fujure 10.—When P coincides with B, the loop beyond B dis-
appears, and is replaced by a cusp.

Fujure 11.—When P [continues to move towards N, the corre-
sponding conic ceases to cut AC; we now find acnodes at B and 0.
The qnartic assumes the form of Figure 7, one loop being top
elongated to be entirely shown.
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Figures 12, 13, 14, and 15 are similar in form to 6, 5, 4, and 3, if we
interchange the angles A and G.

~\2

Figure 16.—Take the special case in which P moves along the line
/3 = y. At the centre of gravity, we again obtain Figure 3. Now
let P move towards the angle A. The quartic reduces to the straight
line a = 0 and a cubic.

These together foi-m a figure as given, analogous to Figure 15.
When P coincides with A, we again obtain a cusp.
When P moves up to the intersection of <»+/? = () and a + y = 0,

the quartic reduces to a = 0 and /3+y = 0, each repeated twice.

Figure 17.—We next get a figure somewhat similar in form*to
Figure 9.

The changes that follow can be traeed from figures already given.-




