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Nezt, to effect the partition p = ¢*+2d% In the courso of the tentative work

above, tho form p = 32513~ 2.30°

was obtained (at the start) : this, and the now known form (a?+ b%), are suitable
base-forms (since a?+ b3, 6% + 2d%, e?— 2f2 aro a quadratic triad), so that

) P = 241563+ 2176% = 3251°=2, 303,
This falls under Case i. Hence, by (28),

pa (2176 . 3251)3+ 2 (2415 . 30)? - (2415, 15)"+2(544. 3261 _ F
21763+ 2.30° 163+ 2, 5443

(the factor 8 having been cancelled out of F, f).
Here [f = 592,007 = 11,19.2833 = (37+2. 13)(124+2. 3%)(413+ 2. 247),

g0 that the safe procedure is to divide conformally by each factor separately (writing
Si=11,f3=19, fy = 2833), as in Art, 20. Omitting details, tho steps are

£ X o (2416.162+2(544. 32512

= 331,4882 2 . 479,0873,

7 11 = (3+2. 13
7 331,433%+ 2. 479,0373
Refio 14334 . = 133,8312+4 2. 77,5443
=7 19 = (1P+2.3Y) /83104 2.77,544%,
F, 133831242, 77,5447
- Fe . 133831342, 77,5440 | conn o 0056t e
Fo= 2 Ti= @ltrz.om oo t2 i

the required partition.

On ‘a Series of Cotrinodal Quartics, By H. M. Tavior, M.A.
Received and communicated December 10th, 1896,

1. Many well-known theorems in the geometry of the triangle -
relate to straight lines drawn at right angles to the sides of the tri-
angle. '

_ In attempting to generalize these theorems we are led to consider
in what cases and in what circumstances it is possible by orthogonal
projection to project a triangle and a given point in its plane into a
triangle and its orthocentre.

2. A well-known theorem given by Lazare Carnot states that, if
the angular points A4, B, C of a triangle be joined to any two points
0, 0’ "in its plane by straight lines which cut the opposite sides of the
triangle in the points D, I, E, I, F, I, then these six points lie on
a conic. From the well-known propertios of the nine-point circle it
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appears that; if the point O were the centre of gravity of the triangle
ADC, and if the conic DD'EE'FF” were an ellipse, then the orthogonal
projection which would project the ellipse into a circle would project
the triangle ABC and the point O’into a triangle and its orthocentre.

It can be proved that, when the point O is the centre of gravity of
the triangle AB0, the conic DD'EE'FF’ will be a parabola if the
point O lie on a side of the triangle or a side produced; the conic
will be an'ellipse if the point 0 lie within the triangle or in a part of
the plane reached by crossing two of the sides; and the conic will be

a hyperbola if the point O lie within a pa,rt of the plane reached by
crossing one of the sides.

3. We shall now consider the more general problem to find, when
one of the points O, O’ is given, the locus on which the other point
must lie in order that the conic DD'EE'FF may have & given
eccentricity.

If the terms of the recond degree in the equation of a conic in
rectangular coordinates be

Ax*4-2Hzy 4 By,
the eccentricity e of the conic is given by the equation
l—¢* _Ap-—IT°
- @=) @+BY
or the equivalent equation ] )
¢ _ (A—DB)*+4H"
CEr NV EY)

4. If the equation of a conic in trilinear coordinates
wa® + B+ wy '+ 24’3y + 208y + 2w'aB = 0
be transformed to rectangular coordinates by the usual transformation
a = p,—zcosa—ysin a,
B= p,—acos B—ysin B,

Yy =p;—xcos y—y siny,
then

a? { 1 cos® a +v cos® 3+ w cos® y + 2u’ cos 3 cos y4-2v" cos y cos a;+-2w' €OS @ COS ﬁ}
+ay {Qu cos a 5in a+ 2v cos 3 sin 3+ 2w cos y sin y+ 2u' (cos Bsin y +sin 3 cos y)
+ 20’ (cos y sin a+cos asin y) + 21’ (cos a sin $+cos B sin n)}
+y“ { wsin’atvsin’f+w sin® y 4+ 2u'sin 8 sin y+ 20 sin y sin a+ 2w’ sin asin B}

+ torms of first degree = const.
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If this be written
Az’ +2Hary + By' +terms of first degree = const.,
then
A+ B = u+v+w+2u cos (B—y) +2v cos (y—a) + 2w’ cos (a—f)
= u+v+w—2u" cos A—2v’' cos B—2uw cos 0;
A—B = u cos 2a +v cos 2f3 +w cos 2y +2u’cos (B+7)
+2v’cos (y+a) +2w'cos (a + )
= ucos2a +vcos (2a—2C) + weos (2a +2B) +2u' cos (2a + B— )
—2v’cos (2« + B) —2w’cos (2a - 0)
= cos 2a {u+v cos 204w cos 2B+ 2u’cos (B—0)
—2v’cos B—2w'cos O}
+sin 2a {v sin 20 —w sin 2B ~2v/sin (B—0)
+2v'sin B—2u'sin 0};
2H = usin 2a+vsin 2ﬂ+wsm 2y+2u'sin (B+7y)
+2vsin (y+a) +2w'sin (a+8)
= u sin 2a 4+ vsin(2a—2C) + wsin (Qa:}-2B)'+ 2u'sin (2a+B—0)
—2'sin (2a+ B) —2u'sin(2a—0C)
= sin 2a{u+vcos 20+ wcos 2B+ 2u'cos (B—0)
—2v'cos B—2w'cos O},
+cos 2a { —vsin 20 +wsin 2B+2u sin (B—0)

-2 sm B+ 2w'sin 0} ,
Therefore

(A—B)'+4H! = ¥+ &e. + 4u”+ &c. +2uv cos 2 (a—B) + &e.
+ 24" cos (a—B) + &c. + 4uw’cos (2a—B— y)+&c
+2uv’ cos (a—vy) + &e.
= u¥+ &c. + 4u” + &c. + 2uvcos 20 + &e. — 8u'v'cos O + &e.
+ 4uv’ cos (B— 0) + &c. —4uv’cos B+ &c.
If we take the triangle ARC as the triangle of reference, then, if

the coordinates of O be a, B, v, and those of O'be ', 8, ¥, and z, y, 2
be current coordinates, the equation of the conic DD EE'FF" is

2 1 1 1 1 1
5;3 + (gt )= (Gt e~ (g o) =
Compal ing thxs equation with the equation
uz + vy +wa’+ 2u'yz + 2v'zx + 2w'zy = 0,
we see that each of the expressions 4+B, A—D, 2H is of —1

w!
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dimension in afly, and that therefore the equation

(A—DY+4H’ = ,), (A4+B)
“admits only terms of the form '
1 1 1 1 1 1,
?’ /137 _yt;! B;r ’_'y";a :I—L);’
it follows therefore that, if the point 0" («', 8, ¥') be fixed, and the

eccentricity e be given, the locus of the point O is a trinodal quartic
having 4, B, C for nodes.

It appears also from the equa.tion

(2

3 3
AB-H (2 q)., —~——(4+D)
that the locus A B—H?® = 0 separates the parts of the plane in which
O must lie in the two cases: (1) when the conic is an ellipse, and (2)
when it is a hyperbola.
It may be remarked that, if the conic be a circle, the locus of the
point O is reduced to a point.

5. The remaining part of this paper is concerned more especially
with the case when the conic is a parabola. It is somewhat more
. convenient in discussing this problem to use triangular coordinates.
The condition that the triangular equation

1 3

et ”(ﬁly 5) (s ta) (i + 35) =0

should repr esent a parabola is
1 1 1
S a5) (et )

w‘l

,,_4

4, 4 4‘&1(

pﬂ;'y-y' vy'ad'  ad'pf

o

v () -(re) -Gty - (pras)
v2 (o) (a2 (i 2) (g )
+2(;37+71")(7];'+y1'a) o

50 that

{;7’ R /327+"+ 3+;—;}ﬁly+&c.

R e e
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Thercfore 8 {-—,- + -5
Yu

_((L_1y1 (1 _ 1yl (1 _1y1)°
—.{(’E _7') p +(~,’ o) 3 +(a' ,s') ” }

Therofore 84/8v'ufy {(B'+7) a+ (¥ +a) B+(a'+8) v}
= {¢(B=7) By +B (¥ ~a) ya+v' (@ —B)aB}?,

an equation which gives the locus of the point Gfor any given position
a3’y of the point O', when the conic DD EE'FI is a parabola. The
eqquation may for convenience be written 8«'f3'y'affyli = 8*

6. It may be noticed that the line I = 0 is tho polar of the point
O’ with respect to tho conic fy+ya+a3 = 0, which is the circum-
scribing ellipse of minimnm area.

I'he conic & =0 is a hyperbola circumseribiug the triangle ALC
and passing through its centre of gravity ¢ and also through tho
point 0",

I'he conie S = 0 is completely determined by the position of the
point O’, but any position of the peint 0' on the conic § = 0 wonld
equally well determine the saine conic § = 0. On the other hand,
every diffcrent position of the point O on the conic 8 = 0 gives riso
to a dillerent quartic 8«3y'ufiyl = S% 1t scems convenient, in
discussing the diffcrent forms of the quarvtic, to assume the conic
§ = 0 determined by some point on it and then to trace the changey
in the (uartic cuvve for dilferent positions of the point O, while it
traces out the conic § = 0.

T'his has been done for me by my friend Me. W. IL. Blythe, who
has kindly drawn a series of diagrams illustrative of the manner in
which the shape and the position of the uartic curve change with
the position of the point O

A paper by Me. Blythe exhibiting these diagrans aceompanies this
paper. '

7. It is easy to prove that the straight line 845 = 0 mcets the
quartic twice ab the point o, and is a tangent to the eurve at the
point of intersection with

a(Wf+dy+28Y)=pd (5—y) =0,

a B =y 1
W(B=Y) Wy £y T WH ey ¥ T (@)

that is, at the point
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B

Similaz‘ly, the straight line -B- + -Y- = 0 meets the curve twice at
Y

the point 4, and it touches the quartic curve at the point where it
meets

a (2a+8+y)+8 5 (B'=r) =0,
that is, at the point
a‘ [3 .L

A S
BF—y 27484y 2d+3+y
— 1 ;
(B —=y)— (B =7)Rd+ B +7y)
-1 1

= ) T TS

8. We will now discuss in which of the portions of space, into which
the plane is divided by the three sides of the triangle ABC and the
line I, the curve 8a'/f'y'afyL = S* lies.

It is clewr from the form of the equation that the portions of space
in which the curve lies are to be found from each other by crossing
two or fowr of the straight lines « = 0,5 =0,y =0, L = 0.

If, therefore, for any given position of the point o3y, we deter-
mine the position of the line L and ulso the position of some point on
the curve in one of the pavts of the plane, we shall have determined
in which parts of the plane the curve lies.

IMist, let us take the ‘case where 3’ +7/, y'+a’, and o'+ 8 are all
positive, that is, where the point «’3% " lies within the triangle A
formed by drawing through the angulwr points of the triungle A BC
purullels to the opposite sides; then the expression L o

« (F+7)+B (Y +a) +y (¢ +13)
is positive it a, B, y be all positive. Therefore, in this case, if o', 3, ¥’
be ull positive, there must be some purt of the curve within the tri-
angle 4BC, but, if one of the three (uantities «', 8, " be negative,
there is no part of the curve within the triangle AL,

In this case, the triungle is not cut by the line L.

Next, let us consider the case where o' +3' and o'+y" ure both
positive and '+ is negative; in this case, the line 1 will cut the
sides AC and AB both internally in some points (@ and I, and the

quantity L will be negative for points on the same side of QI as 4,
VOL. XXVI1l,—N0O, 59. Y
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and positive for points on the opposite side. It follows therefore
that, if the product 3’y be positive, some part of the curve lies within
the quadrilateral RBC(), and, if the product 'y’ be negative, no part
lies within the quadrilateral RBOQ. Again, in the case where 3"+
is positive and both o’ + 3’ and «’+ v are negative, the line L cuts both
the sides AC and 4B internally in some points  and Il ; and the

. quantity L is positive for points on the same side of QR as the point
4, and negative for points on the opposite side. It follows thervefore
that some part of the cnrve lies within the quadrilateral RBCQ.

The tangents at the double point A are

8Bya By (B +y)=y By =« f + By (a =BV +2ByBY (Y —a') (' —B).
These tangents will be real if
{BY (Y =) (= B)—4aBy (B'+7)} =B (¥ —a)* (=)}

is positive, that is, if « (3'+ ) (¥ +a")(a’+08) is positive ; that is, if
the point «’3’y" lHes within the quadrilateral BCB'C” or in any of
the gpuces reached from within the quadrilateral by crossing two of
its sides.

9. For convenience, we wl take the equation of the quartic to be
@GP+ Uy + ')’ B = 2aBy (la+mB+uy).
‘When this equation is written in the form
(«By +bya+caB) = L2afy {(1+be) a+(m+ca) B+ (n+ab) v5,
we see that the straight line
(I4+bc) a+ (m+ca) B+ (n+ab)y =0

is & double tangent to the quartic touching at the points where it
meets the conic

aBy +bya+caf3 = 0.

As the above form of the equation of the quartic is equally true
when the sign of one of the letters «, b, ¢ is changed, it follows that
the straight lines

U+be)a+(m—ac) B+ (n—ab) y=0,
(I—be) at (m+ac) B+ (u—ab)y =0,
(I =bc) a+ (m—ac) ,8+ (n+ab)y=0

are double tangents, their points of contact being the points where
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they meet the conics
—afly +bya+ca = 0,
afy—=bya+cof3 =.0,
aﬁ‘)'-Fbya—'caﬁ =0,

respectively.

The eight points of contact of these four double tangents lie upon
the conic

(=1%*) a®+ (mP—c%a?) B2+ (n?—a®?) y'+ 2mnBy + 2nlya 4 2lmaB=0;
and the equation of the quartic may be written
{(+bc)a+(m+ac) B+ (ntab)y} {(1+be) at(m=—ac) B+ (n—ab) v}
x {(I—be)a+(m+be)B+ (n—ab)y} {(1—be)u+ (m—ac)B+ (n+ab)y}
— (P =V")a’ + (mP— L"«"’) B+ (n'—a'?) ¥ 4+ 2mnfy + 2ulya + 2lmaj3 12
= — o'’ { By’ + by 'a" + B —2aBy (la+ mB+ n'y)} =0.

Of the four conics
aBy+bya+cufl = 0,

—afy+byatcafl =0,
afly—bya+caff =0,
afy +bya—cafl = 0,

three are hyperbolas and one is an ellipse. They touch in pairs at
the angular points of the triangle ABC.

10. When we compare this form with the earlier form
8a'¥'y'«fyL = S,

we have
a=d(BF=y), b=0(=d), c=y (-8,

L =4y (B +y)+B7Y (a'—B') ' ~7"),

I+ be=4a'3y' (B +7v),

I—bec=4a'Fy (3 +v)+28y (¢’ =B )a"—7")
=2y’ {2a'ﬁ'+2q"y'+a"— a'ﬁ'—a'y'+/;'7'}
= 2}y’ {“'2‘*' a’B'+a’y +BY
=28y (' +B) @ +7).

Therefore 12— = 8a’B% (B +7' )y’ +a’)(a’ +3). ,
Y
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The equation of the conic through the eight points of contact of
the four double tangents therefore is

4a'fy {(B+7)a+ (¥ +)B+(a’+B) 7}
x2{BY(«+F)(a'+¥)at+yd(f +ad)(B +y)B+dB (v + )y +B)v}
+2a'B'yY (=7 )y —a'Ya'=3) {a'(B'—¥") By + B’ (y'— ') yu
+y(a—pB)aB}=0;

or

4B+ )y +a) @ +B){(B +7)a+ (¥ +a)B+ (" +) v}

_ﬁ'y'a 'y'a'ﬁ (‘l’ﬁ’y L S [
A+ Tt SR ]+ BV = —B)

x {a'(B'—y) By +5' (y =) ya +¥'(a'=i¥") 0B} = 0.
The equations of the four double tangents of the quartic ave
(B+y)at (¥ +d)B+(«"+5) v =0,
287 aty (W+F)B+L (' +9) y =0,
v (@' +8) a+2dyB+a (F+yY)y =0,
B («+y) atd (B +y) p+2¢Ry =0.

The condition that the quartic should degenerate into two conics
is identical with the condition that the conic

8a'By {By (B +v¥)+ya(y +a)+aB(a'+8)}
= {ad'(B—7)+BB (Y —a)+ 7y (=B}
should degenerate into two straight lines.
This is
(B—y), B B-7)y-d) YY) e—p)|=0,
—y (), — 4By (V)
BB =y )y —a) B (v'—d, A (v’ —a')(a'= )
— 4B (4P, ~ 4B (5 +7)
oY (B=y)'=B) BY(y'—a)(a'—F) ¥ (@—B)
—4dBY (Y +d), —4aBy (B+y)
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e

which reduces to
«*By (6'+v) (v +a) (¢ +8) = 0.
The quartic therefore splits up into two conics only when the point

o'f’y’ lies on a side, or a side produced, of one of the two triangles
4ABC, A'BC.

If «" =0, the equation of the quartic becomes
By (B—y) =0,

that is, the quartic reduces to the two straight lines BC, AG, repeated
twice.

If B'+y = 0, the equation of the qnartic becomes
{24 BBy +3 (« —=B) ya+h (d'+B)af}* = 0.
The quartic therefore reduces to the conic
2By + (' —B)ya+ (' + ) aff =0,
repeated twice. This conie circumscribes the parallelogram ABA'C,
and has its centre at the middle point of IBC. It is an ellipse,
a degenerate parnbola, or a hyperbola, according as the poiut '3’y

lies between the points B" and (', coincides with one of them, or
lies outside them.

The guartic degenerates into a straight line and a cubic when the
point a’f'y’ lics in one of the straight lines AG, BG, CG; thus, if
13" = ¥, the equation of the quartic admits of the factor a; the quartic
therefore in this case veduces to the line BC and the cubic

8aBy {23'a+(a'+P) B+(a'+3) B} = a {(o'+B) B—(a'=B) v}"

The form of this cubic will change as the point O’ moves along the
line A4.

11. The following diagrams illustrate these results.* Let
S = pyd (B=y)+vaf} (v—a)+afy’ (a=p),
L=u(+¥y)+83 ¢ +d)+y(d+5).

A point P [, B, v'] moves along a conic of the form S; it is re-
quired to trace the changes in the form of the quartic

S = 8a'p3’'y'aBy L.

Take the triangle of reference as equilateral.

* The rest of the paper is duo to Mr. W. H. Blythe; see § 6.
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Igure 1 represents the loens of
P, a hyperbola passing through 4, I},
C, the angular points of the triangle
of reference, and through its centre
of gravity.

This locus cuts the lines 34y =0,
vy+a=0, a4+ =0 in the points
L, M, N.

{The points L and N are too dis-
tant to be shown in the figure ; their
position is indicated by letters placed
ut the side of the dmgmm ]

In taking different positions of P on the locus given in Figuve 1,
we obtain all possible forms of the quartic; but the hyperbola in
Figure 1 will in certain cases reduce to two straight lines, namely, o
side of the trinngle and its corresponding median, d.e., a =0 and
B=7v. When P moves along « =0, the quartic reduces to two
coincident pairs of straight lines « =0 and 2 =v.

When P moves along the straight line 8 =1y, the quartic reduces
to the straight line a = 0, together with a cubic having a node at A.
The forms of these cubics will be given later on; see Figures 16
and 17.

It is shown in Salmon’s Higher Plane Ourves that each quartic
represented by the above equation has a corresponding conic, such
that, if a, B, ¥y be a point  on the quartic, a,nd z, ¥, z the corre-
sponding point ¢ on the conic, then

at By tyzizay.

If one of these points be given, the other can be found from the fact
that Q4 and ¢4 make equal angles with

B+y= 0,
QB and ¢B with v+a=0,
and QU and g0 with a+3=0,

The position of -the corresponding conic can also be determined
geometrically, for it touches the six straight lines

B+y=0, y+a=0, a+8=0,
aa’+fB'=0, BB+yy' =0, yy'+ad'=0.
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It is only necessary to know the straight line
ad +3p 4+ vy = 0.
This line cuts the sides of the triangle ABC in the points at which
«+BB =0, AF+yY =0, yy+ad=0
meet them.
It will be found that the line at infinity corresponds to the civenm-

scribing circle of ABC.

Figure 2.—When P is at the centre of gravity of the triangle, the
corresponding conic is the cirenmscribing circle.  The quartic is
represented by the three sides of the triangle ABC and the line at
infinity.

IMigure 3.—Next, let P move to a point between the centre and the
angle C.

The corresponding conic is an ellipse cutting all the sides of the
triangle internally, and the circumsecribing circle in four points, two
on the arc CA and two on the arc CB. The quartic has therefore
four asymptotes corresponding to the four points at which the conic
meets the circle.

Two infinite branches pass through the angle B and two through
A. Each pair have a corresponding hyperbolic branch having the
same asymptotes.

These branches, which touch the lines

a+B=0, f+y=0, and y+a=0,

are too distant to appear in .the figure, but are shown in Figures
4 and 5.
The part of the conic lying outside the triangle 4 BC between 4B
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and the circumscribing circle cbrresponds to a loop of the quartic
outside the angle C.
Since the conic touches
ad'+03' =0, BG+yy =0, yy'+ad =0,
the quartic touches
af+00 =0, By+yF =0, yatay=0,
Figure 4—When P moves to the angle O, the corresponding

couic, still an ellipse, touches the side AB. The loop of the quartic
at C disappears, and we have a cusp at (.

A

Figure 5,—As P continues to move in the same direction along its
locus, the corresponding conic does not cut AB; therefore we find
an acnode at C.

Figure 6.—When P coincides with L, the corresponding conic
becomes two coincident straight lines; therefore the quartic re-
duces to two coincident conics.

Figure 7.—As P continues to move lin the same direction, the
corresponding conic, now & hyperbola, does not cut BC, C4, or the
circumscribing circle, but cuts AB externally. The quartic therefore
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las acnodes at A and B, and consists of two finite loops having a
node at C, both external to the triangle.

Figure 8.—~When P coincides with 3, the corresponding conic be-
comes two coincident straight lines that do not cut the circum-
scribing circle.  The quartic reduces to two coincident ellipses that
circumscribe ABC.

Iégure 9.—When P lies between M and B, the corresponding conie
may be either an ellipse or a hyperbola, for, when the locus of P cuts
the circamscribing circle, the corresponding conic becomes a para-
bola.

This fact, however, does not affect the form of the quartic, for it
ouly implies that it touches the circumscribing circle.

The corresponding conic cuts the sides A0 and BC externally, but
not the side 4B. .

The form of the quartic as shown by the figure is such that it has
an acnode at C.

Figure 10.—When P coincides with B, the loop beyond B dis-
appears, and is replaced by a cusp.

10 1l

Figure 11.—When P continues to move towards N, the corre-
sponding conic ceases to cut AC; we now find acnodes at B and (.
The quartic assumes the form of Figure 7, one loop being too
elongated to be entirely shown,
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Figures 12, 13, 14, and 15 are similar in form to 6, 5, 4, and 3, if we
interchange the angles A and C.

13

N

Figure 16.—Take the special case in which P moves along the line
B =1vy. At the centre of gravity, we again obtain Figure 3. Now

let P move towards the angle 4. The quartic reduces to the straight
line a=0 and a cubic.

These together form a figure as given, analogous to Figure 15.
When P coincides with A, we again obtain a cusp.

When P moves up to the intersection of a+8 =10 and a4y =0,
the quartic reduces to @ = 0 and 8+vy = 0, each repented twice.

.6‘ -

Figure 17.—We next get a figure somewhat similar in form'to
Figure 9.

The changes that follow can be traged from figures already given..






