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THE MACLAURIN SUM-FORMULA
By E. W. Barnes.
[Received and Read, February 9th. 1905.]
1. The formula :
z B d /

Z¢@) = C+ S p@)dr—3 o)+ T‘)_,J? —%-}— 1)
was originally obtained in 1732 by Euler,* and independently redis-
covered before 1742 by Maclaurin.t A full discussion of the question
of priority appears in Cantor, Geschichte der Mathematik, Bd. nr. (1898).

p- 668. Then Plana,! in 1820, and Abel,§ in 1823, obtained the formula
from which it can be developed :

2¢(w>=f¢(w>dx—% ()42 r plati—p@—t) _dt

0 2 82"2 -1

A generalisation of this formula, which it is interesting to compare
with my own generalisation with which this paper concludes, was given
by Abel]l in 1825. In 1889 Kronecker M discussed the formula (2) by
Cauchy’s theory of residues, and another discussion appeared in 1898 in
s text-book of Petersen.** More recently Lindelof+t has given certain
applications, and I have myself {{ generalised the analysis and considered
the question from the point of view of the theory of asymptotic series
in 1908.

I now propose to take up the question again, and, without the inter-
vention of such a theory, to obtain a form for the remainder different
from that obtained by other investigators, and to give a fresh demonstra-
tion of the conditions under which my extensions of the formula (1) are
valid.§§

* Euler, Commentarit Acad.. Sci. Imp. Petropolitane, T. vi. (1732 and 1733), pp. 68-97.

t Maclaurin, Treatise on Fluzions, p. 672, Edinburgh, 1742.

+ Plana, Mem. Aecad. Torino, T. XxV.

§ Abel, Euvres Completes (1881), T. 1., pp. 21-25; T. u., p. 77.

I Abel, ibid., T. 1., pp. 34-39.

9 Kronecker, Crelle, T. ¢v., pp. 157-159 and pp. 345-354.

%¢ Petersen, Vorlesungen tiber Functionentheorie, §§ 78—80.

+t Lindelof, Acta Soc. Sei. Fennica, T. xxx1.; Acta Mathematica, T. xxVIL., pp. 305-311.

11 Bames, Quarterly Journal of Mathematics, Vol. xxxv., pp. 175-188.

§¢ References to other investigations will be found in Boole, Finite Differences, Third
Edition, p. 153.
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2. The discussion of the question is based upon the properties of the
generalised Riemann { function, which is defined as follows :—Let s, a,
and w be any complex quantities, and let S.(a|w), or more briefly S.(a),
be the n-th Bernoullian function defined by the expansion, valid when
|z| < |2mfwl,

e~™ 2 Sal

= 2 a) (_x)ni

1—e n=0 n!

the accent denoting differentiation with regard to «, coﬁpled with the
condition S,(0) = 0. .
Let Ba(w) be the n-th Bernoullian number of parameter o given by

Bu(w) = S7(0]w)fn.
Construcet the function

i+1 S;,‘(Olw)_d: att
m=0 m! da™ 1+4s

b a.l(a) =

where the many-valued functions with s as index have their principal
values with respect to the axis of —w, 7.e.,, with respect to a line drawn
from the origin to —w and produced to infinity. Thus a* = exp[s loga],
where log a has a cross-cut along the axis of —w, and is real when a is
real and positive.

[We assume for convenience that w is not real and negative : in this
case further definition is necessary.]

Then, if R(s) > — (I41), where [ is a finite positive integer, the series

—~S_s1(a)+ éo [(a4nw)~*—S_, {a+m+1) o} +S-, (a+ne)]

is absolutely convergent except when
s=1 or a=—n0w ®=0,1,2,.., ®)
and is denoted by {(s, @) or by { (s, alw).
When E(s) > 1, _ w
(G a) = 2 (atnw)™,

and, when ¢ = « = 1, we have Riemann's ¢ function.*
When R(afw) is positive, it can be deduced from the previous definition
that, for all values of s and w,

{(5,0) = lr(;;s) s li—::‘"’ (—2)~'dz,

the integral being taken along a contour embracing the axis of 1/w,

* Riemann, Gesammelte Werke, pp. 136-144.
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starting from + o /w, enclosing the origin but no other singularity of
the subject of integration, and returning on the other side of the axis
of 1/w to 4+ /w. The expression (—2)'' = exp {(s—1)log(—2)} has
its principal value with respect to the axis of 1/w, which is a cross-cut for
the logarithm.

The definition of the function {(s, a) is a development of that due
to Mellin*: it is an application of the well-known theory of Mittag-
Leffler.t  For a proof of the convergency of the series I may refer to
my ‘ Theory of the Double Gamma Function™?! (p. 841), and for the
properties of {(s,a) to my “ Theory of the Gamma Function” § (Part IIL.).

8. The general result obtained in the present paper is as follows:—
The Maclaurin sum-formula for a single parameter may, with the greatest
generality, be written

m~1

+1 Q' n (z
3, platma) = Y+ 3 2@ [L 5 pEds]  +h W

where Y (a) is a definite function of « and of the coefficients in the
expansion of ¢(z), and where ¢(x) is to be expanded by Laurent’s series
and the lower limit so chosen in the integral that the corresponding
term vanishes at this limit.

When ¢(z) is a (possibly non-uniform) function which has no
singularities outside a circle centre the origin and finite radius outside
which a, a+w, ..., a+mw, and me all lie, J; is a quantity which, when
is large, has its modulus at most of order 1/m‘*%.}]

When ¢(z) is an integral function of order 9 less than unity, J; tends
to zero as [ tends to infinity for all values of m, however large, and the
Maclaurin series is absolutely convergent. In general, when ¢(z) is an
integral function of order > 1, the Maclaurin sum-formula has no
meaning unless we apply the theory of asymptotic series to evalnate
both the series for Y (a) and the series which suceeeds it in the
enunciation.

The above formula can be generalised for any number of parameters,
and corresponding propositions hold good.

¢ Mellin, Acta Soc. Sci. Fennicee, T. xx1v., No. 10 (1899).

t Mittag-Leffler, dcta Mathematica, T. 1v., pp. 1-79.

1 Barnes, Phil. Trans. Roy. Soc. (A}, Vol. cxcvi., pp. 265-387.

§ Barnes, Messenger of Muthematicx, Vol. xx1x., pp. 64-128. This raper will be referred to
for convenience under the initials G.F., and the previous one as D.G.F.

|| {Note added April 5th, 1905.]—By this statement we mean that | Jimi*1-¢|, where ¢ is
an arbitrarily small positive quantity, can be made as small as we please by taking m sufficiently
large.

9- As originally defined by Borel, 4cta Mathematica, T. xx., p. 360.
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4.* TrEOREM I.—If s = u+w where w ts finite, then e="=1*!| ¢ (s, a) |
tends to zero as |v| tends to infinity, if 0L e <eLm and

|arg (afw)| = T—e.

We have, if B(s) > —(+1),
—S_yi{atm+ el +5-, (a+n)},

{s,a) = —S_u(a)+n 0{(a+7l ¥

l+1 Sm(O) dm al—n
m.-O m! da™1—s

where S_,i(a) =

Now [G.F., p. 80] S, (i 1) =15 @lw.
w Q)

Also (a+nw)', when the many-valued function has its principal value with
respect to the axis of —uw, is equal to (¢/w+n)°«', where each function has
its principal value defined as usual with respect to the axis of —1.

+1 Q m o 1~s
Hence wS_”(a)__§5m(0|1)|_(l € :l |

meo  m! Ldz™ 1—ste=

and

W' (s, a) =—2

m=0 ! d.'z 1—s

I+1 Sm (0'1 anr xl—s]
z=ajw

+ © { 1 l;\l Sm (O|1) m ml a]
“o l@/oFny  azo m! dz 1—st=owtn+1

i+1 m 1-3
cEEE ] )

m=0 m' dr™ 1—s

principal values of the many-valued functions with respect to the axis of
—1 being taken.
We can take a finite number N, such that, if n > N,

R(a/w)+n>R(a/o)+N = 5>1,

and, if N be sufficiently large, the modulus of arg (a/w+n) = 6, may be
made as small as we please. Also, if # > N, |afo+n|> R(a/o+n) > .

1 _ %y LGt
@D’ = TOLE+Dz

is valid provided |z|> 1, for all finite values of |s| however large.

The expansion

Now it has been seen that,t if [z/w|>1 and we expand
{S_i@tw)—8_, 1@)—2"} o

* April 5th, 1905.—This paragraph has been modified since the paper was communicated.
The reader may compare Mellin, Acta Soc. Sci. Feunice, T. xx1x., No. 4, pp. 47-48.
t+ D.G.F., p. 341.
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in ascending powers of 1/z, the initial (!4 1) terms vanish, and we have

% Pl+"‘(s) ws+l+r,

ot x’””

Ts+i+r) i Sn (0] 1)7!
TG Tr+1) moo m! ((4r4+1—m))

T (s|+1+7)
Thus PO < ¢ T T

where Ppyp(s) = (—)H

where « is a definite finite positive quantity independent of , N, #, and v. .
Now we have

N-1
stf(sr a')l < —S-a,l(a),w’— "Eowx[s—n.l(a:'i'w)_s-—s,l(x)_x_a]t=a+nu |

@ -] P (S)
>3 _LH_"___l_
+ .20 2 T@latny™)
The last series is less than

3 1 $ Dls|+i+7r+9)
w=r [@fo+ny 2] ST+ (| s))n

E el ! F(!S|+I) ”g
ne0 (n+’n)R(“)“+2 I‘(Is[) (1—1/71)""”'

<k

Suppose now that |v| becomes very large. Choose N so that N :|v|: 5
tends to a ratio of equality. Then (1—1/n)*!*! tends to a finite limit.

. bl 1 | =1 L(si+)
The series n2=‘.0 T mFOTT tends to zero. The product xe Tls) ”

tends to zero when multiplied by e~~)*l. Hence the double series
tends to zero when multiplied by this expression.

We have now to consider the first series
N-1
—8_, (@)’ — 2_0 [S_siafo+n+1|1)—S8_, (a/o+n|1)—(afwtn)"]

The number of terms in the series ultimately bears a ratio of equality
to |s|. Therefore, if each tends to zero when multipked by e-t*—*)*l,
the same will be true of the snm.

Now, if we put a/w+n = r,e%, we have |0,| < 7—e and |(a/w+n)**"|,

where 7 is an integer
8er, = r%+" exp { —6Oa0}.

sERB., 2. voL. 3. No. 898. 8
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Hence exp { —(r—e¢')|v|} /|(a/w+n)**"| tends to zero as |v| tends to infinity,
at least like exp {(¢'—e)|v|}. This is true for all finite values of ». And
the same thing will be true if (a/w+n)**" be multiplied by any algebraical
polynomial or quotient of such polynomials in s.

Hence, finally, e~®~°!|w*{(s,a)| tends to zero as |v| tends to
infinity.

5. TreoremM IL—If k be any complex quantity of finite modulus, +f
|arg (@/w)| = m—e, where 0 < e € w, and if |arg(tjw)| = ¢, where
0L ¢ <e the integral

&G, @) #*T ()T (k—s)ds

vanishes when taken along any part of the great circle at infinity for
which u s finite and R(s) >—(1+1), ¢~* having its principal value with
respect to the axis of —w.

By the asymptotic formula for I'(z), where |2| is large and not in the
vicinity of the negative half of the real axis, we know that I'(s) I'(k—s)
behaves like

27.0xp [(s—%) log s—s+(k—s—3%) log (k—s)—Fk+s5]
= 2w exp { —(u+w)[log (k—s)—log s]—3 log s+ (k—3) log (k—s)— k|
the principal values of the logarithms being taken
= 27 exp[—= |v| + terms of lower order],

for, when v is positive and large, log (x—s)—log s = — 7t approximately ;
and, when v is negative and large, log (k—s)—log s = mt approx-
imately.

The modulus of the subject of integration behaves approximately like

l (L)~ [ | (s, @] | T T k—s)],

where (¢/w)*~* and «* have their principal values with respect to the axis
of —1. And this expression by Theorem I. behaves at most like

exp {(¢ —e|v]}.

Thus the integral along the part of the great circle specified vanishes.

Cor.—The same integral is finite when taken along any line, drawn
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in the finite part of the plane parallel to the imaginary axis, which does
not pass through the finite singularities of the subject of integration.

6. Tueorem III.—The previous integral vamishes when taken along
that part of the great circle at infinity for which « is large and positive
(v having any real value), provided

(1) |arglajw)| = 7—e, where 0<e<r

@2 |argtfew)| = ¢, where 0 L &' <e;

® |t <|at+no], n=20,1,2, ..., ®;

(4) the great circle passes between the points k—+n.

For the values of s considered #{(s, a) = éo ¥/(a+nw)'.

Let log = /i/:‘;_n = pn+iqn, and let s = Re*®; then

186, a)| < néo exp | R(p. cos ¢—qn 8in ¢)}.

Now, when |s] is large,

7w (s)

P (k=g = sin m(k—s) '(A—A+59)

behaves like m ex){(k—1) logs+1—k}.

Hence |{(s, @)#T'(s) ' (k—s)|, under the restriction (4), behaves at
most like Z exp {R[p.cos ¢—qn8in p—|sin ¢[]!, and this will tend

to zero like exp{—»nR}, where 5 > 0, provided p, is negative and
|q'nl < .

If p, be negative, we ' have the condition 8). If |qal <, we have
arg (t/w)—arg (@/o+n) | < =, and therefore we have the conditions
(1) and (2).

We therefore have the theorem stated.

7. TueoreM IV.—If k, a, and t be any complex quantitics of finite
modult subject to the conditions (1), (2), (8), and (4) of § 6, we have

Ek, &)=Lk, a8 = j s, a) 6 k% as,

where =% has its principal value with respect to the azis of —w, and
s 2
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where the contour L, encloses the points k+1, k+92, ... as in the figure,
but no other singularities of the subject of integration.

L'
L, Ly
=) |1 I

We have, by Taylor's theorem,
$h atd) = ¢ a0+ 3 5 (0%, @

T

_ S (=)' L'+k)
- {(kya')'*' r§l T (k) {(""I"k, a‘)y

T
provided |¢| < |a+nw| for n=0,1,2, ..., @. But

7! L(k)
is the residue of the function
—{(s, @) BF F(S)IF((IS—S)
at its pole s = r+k, since, if s = r+k+te,
T(h—s) = I'(=¢ _ (=

(—e—1)(—e—2) ... (—e—7) T rle
Hence, under the conditions (1), (2), (8), and (4),

1 & L) T(k—s)
- = — k ko=~ = ds.
St @)l o+t = o= | 1l e O as
8. THeoreM V.—Let L, denote a contour, as in the figure, parallel
to the tmaginary axis, cutiing the real azis between s =1 and s = 2,
and with a loop to ensure that k is to the left and k+1 to the right of
the contour ; then, under the conditions (1) and (2) solely,

. L) D(k—
C(ks a)—f(k, a+t) = '2L le §(S, a) t’_k —-SE)—I;((—I;;—S)' ds.

e
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The integral vanishes by Theorem III. when taken round an infinite
contour to the right of the imaginary axis. The subject of integration
is one-valued with the prescription assigned to #~*. When we deform
the contour L into the contour L,, we pass over no poles of the subject
of integration. Hence, by Cauchy’s theorem, the required equality is
valid under the four conditions of § 6. But each side of the equslity is,
by Theorem II., a uniform analytic continuous function of ¢ even though
the conditions (3) and (4) no longer hold. We may therefore eliminate
these conditions and obtain the given theorem.

9. TreoreM VI.—If R (k) > —(+1), and |arg (afe)| < =,

m-—1 1 _ 141 S;, (a) ﬁj’l @
u.2=0 (a«-l-nw)" - §(k, a)+nz=:0 n! dz™ ®,0 z* _Lz=maw

1 ok L(8) L' (k—35)
+355 L $ (s, @) (ma)* =" = m— &

where the many-valued functions have their principal values with respect
to the axis of —w, the lower limit of the integral is © if R(k)>1 and
0 ¢f R(k) <1, and where L, is a contour, as in the figure, parallel to the
mmaginary axis, cutting the real azis between s = —1 and s = —(141),
and such that the point k is on its positive side.

We have [G.F., p. 89]

m-1 1 _
Eo @Fnaf = ¢ (&, a)—¢ (k, a+mw).
Hence, putting ¢ = mw in the previous theorem, we have, if |arg (ajw)| <,
ml _ 1 ik L) T (k—s)
Zoatnat - am Lf‘s' a) mal™" g &

By Theorem II. we may apply Cauchy’s theorem and modify the
contour of the integral till it assumes the position of the line L,. We
must take account of the poles of the subject of integration which we pass
over in the deformation. These poles are at the points

s=1,0, —1, ..., —{ and s=k.
The residue at s = k is —{(k, @). The residue at s=1 is [G.F., p. 95]

(mw)~** T'(k—1)
) 'k

The residue at s = —n (= = 0, 1, ..., }) is [G.F., p. 97]

(=)"18n+1(@) (mw)~*" T (k4n) - Sn+1(@) [_ﬂ z—kl
n+1 n! T'(k) (n+1)! Ldz" ——
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Hence
me! (mw)l - Senl@[d
N
it o(a+nw)* = {(k, &)+ Sa(a) +,,2,, o+ Laz © lm
1 T T (k=3
+om Lc(s, @ (mo~+ L= g,
If, now, j ‘i—f has a lower limit © if B(¥)>1, 0 if B(k) < 1, the
0,0

last series may be written*
Hil S,’;(G/) dnr d_.l:
azo n! Ldz™

We thus have the theorem stated.

®,0 (L‘k z=me

10. The form of the previous theorem obviously requires modification
when % has any value which makes some of the sets of points

k, k41, .. |
1,0 =1, ..., 1]
coincide. In these cases we may appeal to the principle of continuity to
establish the final result. For example, when & =1, the points s = &
and s = 1 coincide. In this case the residue of the function
$ (s, a) moy T () I'(1—ys)
at the point s = 1 is the coefficient of 1/e in the expansion of

—_— i@—ilogr(a,) :l[l-}-elogmw-{- Js

siner L e
and is therefore — 8y (a) log mw+yAP(a) where Y/’ (a) = EL log T (a). This
expression is evidently [G.F., p. 95] the limit when # = 1 of

xl-k
~[tko+si@ 5]
The previous theorem is thus true in general if limiting values be taken
when infinite terms arise.

11. Turorem VIL—If R (k) > —(+41) and |arg (ajw)| < =,

m—1 i+1 n fr
= at 3 SALLLE] 4,

nz_:o @a+nef — noo n! Ldz

where, when m is very.large, |Ji| is of lower order than m='-%®,

* When R(%) =1 and % is not real, such lower limit must be chosen as makes the integral
vunish there.
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We have J, = __j ¢k, @) me—tap-r LOT =) o
I'(k)
1
Hence |Jz|<2 j (k) *T(s) T (k—s)ds|

m-i-k ) 1

< 27r|w"r(k)|j,‘2|§(s' a)o'l (s)I‘(k—s)qu
C

< TFEm

where C is a finite quantity.

We have thus, provided |arg (a/w)| < , established the asymptotic ex-
pansion

=S N S..(a)
nEO (a+nw)k - f(k @+ Z [dl: 1— k T=me

for all finite values of |k| except X = 1. We have shown that the ex-
pansion is truly asymptotic in that, when m is large, the error committed
by stopping at any term of the series has a modulus less than that of the
last term retained. This expansion, the use of which was justified by the
theory of divergent series, was made fundamental in my ‘“ Theory of the
Gamma Function.”

In the exceptional case k = 1, we have

m—1 1

- — 1) y S (a) _‘_iil ]
neo &+ 70 e il P
12. THeorem VIII.—If ¢ (z) is a (possibly non-u-m;fohn) Function
which admits outside a circle of finite radius p the expansion Z c./z’,
r=2

and if the points a, atw, ..., a+mw, and mo all le outside this circle,
we have, when |arg (alw)| < 7, the Maclawrin sum-formula

el w l+1 @’ n (%
2 ¢(a’+nw) = 1~§2 Or f(’r’ a) +n§0 S;‘l('a’) [d—l'; Juu ¢(x) dz]z:—-mn -}- Jl,

n=0
where |J,| is, when m is large, at most of order 1[/m!*2.

By Theorem VI. we have

n—l — +1 S,.(a) a _d_
n_o (a,-{-nw)' g—( a) + n=0 ’ J z" ]::—mu
§L J' £ (s, a) (mew)*=T L) I'(r—ys)

—rtm
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Hence
m=1 114+2 m-=1 ¢
s ¢(a+nw) = 2 2 ——+ 2 2 L

n=20 r=2 (a+nw)r n=0 r=l+8 (a+nw)'

1+2 141 v 142 w
_Ec,{(r,a)-l-is(a) a +rc'dz] + y S

n! d:l} re=2 n=0 r=1+8 (@ +nw)"

s Tr—s) o
+o | thamare T T e

= 2 c,{‘(r a)+ 2 ' Sa@) [ d Y ¢(:z:)da:] ~

n=0 n’ dx”

N E cr{m-l —eon a)} ‘1l S (@) E rﬂ‘f]z:m

r=1+8 \n=0 (a-l-mo)' n=0 n! dz r=l48 ) "
1 . 2T (r—s)e,
+5. L,f (s, @) (mw)* T (s) Eﬁ T0) (o) ),ds

By hypothesis, when r is large, |c.| = p” approximately. Again, if
|zl <la+4no| n=0,1,2, ..., ®), log T';(a+2z) admits the expansion

2 -f-‘d -log I, (@) = E &0, a) a:) [G.F., p. 95].
Hence |r~'{(r,a)|, when »> R, is less than (14¢€)/u”, where u is the
minimum value-of |a+4nw| and ¢ > 0. This minimum value is not zero,
since |arg (a/w)| < .

By taking R sufficiently large, we may make ¢ as small as we please.

Hence |¢, {(r, a)| is less than {p(1+e)/u}", and therefore §2c,§ (r, @) is

convergent if a+nw, n =0, 1, ..., @, lies outside the circle of convergence
of ¢ ().
Again,
2 of Lo—tral= a3 1 3 o ¢, atma)
r,a) = o ——— == ¢ (ry, a+mew).
r=l+8 G n=0 (@a+ ) —¢ r=1+8 ¢ n=m (@4 nw) r=1+8

This series is a finite quantity which, when m is large, is at most of order
1/m / l+8
In the next place

55 S,.(a) [dx > Cr dx]
r=l+ T=Mme

E S (a)j E (—)r+? crir+1)...0r+n) dx]

o rols n| zr+u+l
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E rir+1)...04n) o

ey is obviously convergent

Now the series ,
r=l+8 ni

when |z|> p, and when m is large is at most of order 1/m!*"+%.  Hence,
when |mw| > p this group of series is finite, and when m is very large at
most of order 1/m'*®. Again, when » = 2, 8, ..., I4+2, the integrals

T'(r—s) e,
L) (mw)

1
27

J (s, @) (mw)* T (5)

are each finite, and each, when m is large, is of order less than 1/m'**.
Thus we see that, under the conditions enunciated, we have

m—1 n
T ¢atme) = 2 o {0+ 3 5@ j,.fw)dz] +Ju
n=0 T" o 2z =mw

n=0 n‘

where |J;|, when m is large, is at most of order 1/m'*2.

We have excluded the first term ¢,/z from the expansion of ¢(x), since,
when £ =1, it has been seen that a slight modification of the fundamental
formula is necessary. The general theory remains unimpaired. When

¢ = Z ¢ /27, | il is at most of order 1/m!**.
r=1

Further slight generalisations as to the nature of ¢(z) may be made.
We may state the general theorem—The Maclawrin sum-formula {§ 8 (A)]
is, when |arg(a/w)| < 7, valid for any (not necessarily uniform) function
which has no singularities outside a finste circle outside which a, a+w,

., a+mw, and me all le.

18. Tueorex IX.—If ¢ (z) is an integral function of order less than
urity and |argajow| <, the Maclaurin sum-series ts absolutely con-
vergent, and we have the equality

2 ¢ (a+nw) = 2 Crf(—' a)+ 2 S0 (Z:n‘j:wz)dxl:"w,

n=0 n!
where ¢ @) = _goc z
If we put k =—7 in Theorem VII., we have

= e Su@ [d" !
'E: (a+nw) = {(—r, )+ ,Eo 2! Ldz 71 deem’

for; when n = r+2, r+38, ..., I41, the terms of the series vanish, and,
when k =—r, 1/T'(k) = 0, and therefore the integral J; vanishes.
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=

If, now, ¢i(z) = X ¢,z", we have
: )

m=1 el , . el
z ¢k(a+nw) = 2 ef(—r, a)+ = Ft e Spl@ [ da* z*

ro0 n=u n! Ldr" r41 li=me

I
|| Mr

k+l S"(a) du k cr xr+l]
I =Mw

{(=ra+ Z a2 ¥l

r
wherein, when n = 0 in the second series, » ranges from 0 to &,

« *el S (a)
P

r=0 §(—' (L)+ n§ -—ll—!— [(Z-D"j ¢ (J:)d‘z:]-'":"‘” (1)

Now (G.F., p.97] &(—r, @) =—8r(@)/(r+1).

Again, Si.i(@)/(r41)! is the coefficient of (—z)"*! in the expansion
12_86_.“ in ascending powers of 2, and this expansion has a radius of
convergence equal to 27/|w|.
Hence, when r is large, |¢,{(—7, a)| behaves like || 7! {|w]/27}"
N

of

Therefore, when & tends to infinity, £ ¢,{(—7, a) is convergent if |c, |
r==)

behaves, when r is large, like {r!}~'~¢, where ¢ > 0; that is to say,
if the order of ¢(2) is less than unity.

When ¢(x) is of order greater than unity, £ ¢, {(—r, a) is divergent:
r=0

it is only convergent in particular cases when ¢ (z) is of order unity.
In the next place, when & tends to infinity, the second series in the
equality (1) becomes

§ Sa(a)

a=0 N: ' jo ¢ (z) dz ]z::mm

This series is absolutely convergent if ¢(z) is of order less than unity.
= (nw
S,,(a) ¢ V(mw). Now ¢ 0n9) o the coefficient

For its general term is i—1)!

of a*~! in the expansmn of ¢(@a+mw) in powers of a, und therefore
D) . ) ‘e Tan o0 1 .
T behaves, when 7 is large, like =D where ¢ > 0.
S (a) (n—1) ”___I. __—.—-1
Hence ’ ) (mw) | behaves like i 27r} T DT and therefore

the series is absolutely convergent.
We thus have the theorem stated.
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14. We have now established the results stated in § 3 for the case of
a single parameter. We see that it is hopeless to expect, when ¢(z) is
an integral function of order > 1, to apply the Maclaurin sum-formula,
for in such cases Z ¢,{(—r, @) becomes divergent. I have, however,

r=0

shewn in my previous paper on this subject that in such cases the theory
of divergent series will often enable us to interpret such a formula.
This mode of interpretation is, however, foreign to the range of ideas
of the present investigation.

15. I will now indicate briefly the generalisation of the previous
theory to the case of any number of parameters.”

Let ,S.(a|wy, .:., @), or briefly .S.(a), be the n-th r-ple Bernoullian
function defined by the expression [M.G.I., § 3]
4 (—)’,s‘fl“’(m I o i AT

P n=1 n!

(—)ze™™

II 1—e v =
k=1

]

coupled with the condition ,S,.(0) = 0. The expansion is valid when |z |

is less than the least of the quantities |2wi/on.| (K =1, 2, ..., 1.
Take L+7 ) n ]
Sese) = 3 SR0O) ar | x )

oo m! dz™ (r—s) ... A—s)) "

As in my previous theory [M.G.F. §§12 and 17), it is necessary to
introduce a symbolic notation to simplify the cumbrous expressions to
which the algebra otherwise gives rise. '

Let F, be a symbolic operator which is such that

Folop@)]rmme = oMy o+ ...+, o) — }3rp('m,m,-i-...+*+...+m,w,.)
+Zr élsb(mlwl—}-...*+...*+...+m,.w,.)—...+(—)’"“él¢(mkw,,).

oe=] o=
In the first summation the star denotes that one of the w’s is to be
omitted : in fhe second summation every two different pairs of o’'s must
be successively omitted, and so on.
We assume that in the Argand diagram the points w,, ..., @, all lie on
the same side of some straight line I’ through the origin. Let 1/L denote
a line perpendicular to P drawn from the origin into the region in which the

* Thix theory is based on my rescarches in the domain of multiple gamma. Bernoullian, and
Riemann ¢ functions. An account will be found in ‘‘The Theory of the Multiple Gamma
Function,”’ Cambridge Phil. Trans., Vol. xrx., pp. 374-425. This puper will be referred to as
M.G.F
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'8 lie, and let L be the line conjugate to this line with respect to the
real axis.

Further, let (a+Q)~* = exp[—slog (a+£)], where
Q =no+... 410,

the logarithm being rendered one-valued by a cross-cut along the axis
of —1/L (i.e., the negative direction of the axis of 1/L) and log (a+)
being such that it is real when a+Q is a positive quantity.

Then, if R(s) > —(I+1), where ! is a positive integer, the 7-ple
Riemann { function (s, ale,, ..., w,), or more briefly {.(s, a), is defined
by the equality [M.G.F., § 20]

(s, @)

=— 3 ; —Y -1
=-2 5 (L 8-s@t Qb et (= Soarlat D= )

+ (=) S, 1(a).
When R(s) > r, we obtain

2 2 1
;r (s, a) - r.‘EO o mEO (a+nlwl+ . --+nrmr)’ )

Let L denote a contour, embracing the axis L, similar to the contour
defined in § 2. Further, let (—2)*~! = exp{(s—1)log(—=z)} where the
logarithm is rendered one-valued by a cross-cut along the axis L, and
where log (—2) is such that it is real when z is real and negative. Then.
provided a lies on the same side of the line P as the w's, or, as we shall
say, provided a is positive with respect to the «’s, we have

ny (l—s)J e~ (—z)tdz

$r(s, @) = - )
O a—een
-

where the contour L encloses no poles of the subject of integration except
the origin.

16. We have [M.G.F., p. 401], if % be any complex quantity,

1

Gy ) =Gy atmma) = 2 Gooa (b, atman|on .., ).

n =

Hence

m -1 m,—1 1

n.2=0 nf:'o (at+nw+... 47, 0)

= ¢ (k, A)+(=) F [{(k, a+2))ieme,
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or, gince [M.G.F., § 22) F.[1)icme = (=)},

mp—1 m,~1
3 r (_l)r _ . '
n,2=o n,z=1 (@+no+...Fn0) F.[§(k, at2)— &k, @))oeme

Again, it has been shewn [M.G.F., § 56] that, if R(s) > —(l+1) and
$ = u—+w, the quantity '
| & (s, @2 | e~

where z* has its principal value with respect to the axis of —1/L, tends
exponentially to zero as |s| tends to infinity, provided

CH'LQ = rpe'¥s, Q= neoy+... 410,
and 7, < 1, || < 7. .
We now define the contours L, .I,, and Ly to be the same as those
introduced in the diagram in § 7, except that ,L, cuts the real axis
between 7 and (r+1).
In the same way as formerly, we may now prove that

1 ek T T (k=)
2? j’ f"(s‘s a)-l: F(k) ds

taken along the contours L, ,L,, and L, is finite provided », < 1 and
|\n] < 7, and that the integrals along the last two contours are finite
provided |y, | < = for all values of =,, ..., n,, whatever be the value
of 7.

Further, the integral along the contour L, is equal to that along the
contour ,L;.

Now the integral along the contour L,

= the sum of the residues of the subject of integration at £41, A+2, ...
3 Tp+k) (=)
p— P

p=1

= % ﬁ.a—a—f(k,a-)

. Vol _(=rLk+p
[smce 8_<z-"§r(k’ a) = —Tm SrptEk, “’)]

=k, )= (&, at1).

Hence, under the sole set of conditions | Y| < 7, we have

T (k—
6 atr =6 @) = — = [ 6t 0wt TIE=D as
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H mlz-l -1 1
ence e Z .
nm=0 n,=0 (a+n, w,+...+n,w,)"

= (=) F [ (&, at2) = (K, 0)Lama

(=) " ok ') T (k—s)
=5 L,.S'(s’ a)F, [z ]z=m—r—(k)—ds,

k being any complex quantity, and the many-valued functions having their
principal values with respect to the axis of —1/L.

17. We may now show that, provided a lie on the same side of P as
the w's,

wy—1 n,—1 1

z ...
m=0 n.,z-_-o (a+n 04 ... +n.0)

l4r r) n (z L ot
s NN

om0 ! "Ldz" z

') T (k—s)

N

+6. a4 L [ &0 OF Lo

z x
where the integration in 5 j is 1 times repeated, and such lower limits
are taken that successive integrals vanish at them.
For, by Cauchy’s theorem, '

(=)! _k T's) T (k—s)
Llf'(s’ L

2

—y=1
= -(-—-)——J’ +the sum of the residues of
Iy

2me
o - T IL(k—s)
—\ 8~k LWL \w™9)
(=) ¢r (s, (L)F,[:L' J.t:'mu T )
at the poles s =4 and s =7, r—1,..,,2. 1,0, —1, ...; —L

The equality is limited by the condition

) myot...+meon
l arg (a+'nlwl+‘.. +n,.w,>

which must hold for all positive integral values of the »’s, and when any
but not all of the m’s are zero. The inequality is equivalent to saying
~ that @ must not be such that '

atn o+ ...F 00, = — 0 (myoy+ ... Fmrw),

where 0 is a real positive quantity. It is satisfied provided a lie on the

< T,
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same side of the line P as the «'s. In particular we may modify the
formula so as to take a = 0.

Now the residue of the function to be considered at s = r—n, where
n=0,1,2, .., r—1, is [M.G.F., § 81]

___)r—n rs(lr—rwl)(a,) Fr[xf—u_k] — T (k—7-+7b)

L&)
S(T)(a) 3 s d
n! F [dz"g j ?;]mm'

the integration being 7 times repeated and the lower limit each time
being so chosen that the corresponding integral vanishes at it. The
residue at s = —n, where # =0, 1, ..., [, is [M.G.F., § 81]

r u+1(af) Fl [ —k—n] I‘(I1-+k') (_)u
n+1 =Tk T'(n+1)

~aptr Ee ][5 wers

The residue at s = k is

—'(_)' g-r(ky a') Fr [1}x=ma = f-r (k: a’)'
‘We thus obtain the theorem stated.

It is evident that exceptional cases which muat be treated by the
calculus of limits arise when £ =1,2,...,r. [Cf. M.G.F., §§ 24 and 28.]

18. Substituting p,m for m,, ..., p,m for m,, where the p’s are finite
positive integers, we now have the important asymptotic equality

pim—1 ppn—1

> ... = (a+n,w1+...+n,w,)"‘

0y =0 »,=0

l+r S(") (a) du z—k-n' ]
=Gk o+ 2 F [dz” A0 C—F) ... —F) despme

+le

. . 1
where | J;| is, when m is very large, at most of order less than TR

The modulus of the last term of the series is of order m~'~*®, and hence
| Ji| is of order less than this last term. The expansion is therefore truly
agymptotic. It is the expansion obtained previously [M.G.F., § 18],
where its use was justified by the theory of divergent series.

19. Suppose now that a is positive with respect to the ’s, and that

¢ (z) admits outside a circle of finite radius p the expansion Z %, then,
k=r
if the points a+ all lie outside this circle, we have, when m is large,
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the equality

pm-1 pm—1

S ... 2 4@+

n,=0 n,=0

- 5ottt SEOR[E] [ soic] b

where | J; | is at most of order m=*-".

The first  terms of the series for ¢(z) have been omitted because of
the modification of the fundamental formula thereby introduced. The

general theory remains unimpaired: when ¢(z) = E cxf/x*, J; is at most
of order m~1. k=l .

The proof proceeds as for the case of a sirgle parameter, and the
general theory stated for a single parameter holds good.

20. If a is positive with respect to the w's and ¢(x) is an integral
function of order less than unity, which admits the expansion
2 ¢.2*, we have the absolute equality
k=0

1

. p.g; dla+9Q)

=0 n,=0

- 2 S9(a) d" r r .
_,Eock{,.(—k, a)+ = ] F”[ﬁ‘ L ocp(z)dzl___m

n=0 n

mm—1

[n other cases the series 2 ¢.{,(—#%, a) 1s, in general, divergent.
k=0



