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(Read before the Institute of Actuaries, 25th November, 1850.)

NOTWITHSTANDING the very large amount of leasehold property,
which in the course of every year is bought and sold in this country,
and notwithstanding the extensive transactions—of almost hourly occur-
rence—in the public market, in Government and other temporary
Annuities, the subject of the rate of interest which any given purchase
will yield the buyer is very imperfectly understood, even by those most
deeply interested in the inquiry, unless they happen to be at the same
time well versed in actuarial computations.

It is not unfrequently imagined by a buyer, that if he purchase a
leasehold property or a temporary Annuity at a price corresponding
with the value of an Annuity at a given rate of interest, (say 5 per
cent.,) that he has made a purchase which will pay him 5 per cent., or
which, in other words, will enable him to spend 5 per cent. per annum
on his outlay, and at the same time replace his capital undiminished at
the expiration of the term.

This is a grave error, and very frequently leads to serious incon-
venience. If a purchaser buy an Annuity for a term of years according
to a 5 per cent. Table, it is absolutely essential that the surplus of the
Annuity over and above the interest on the purchase money should be
annually re-invested in some fund which will also yield a clear 5 per
cent., otherwise the buyer's expectation of replacing his capital at the
expiration of the term will not be realized.

This is invariably so, whenever the term for which the Annuity is
granted exceeds a single year; in which case only, as Annuities are
supposed (unless otherwise expressed) to be payable at the expiration
of each year, the surplus of a single year's Annuity remaining after
deducting the interest for a year, will be sufficient to replace the capital
originally expended in the purchase. For instance, suppose an
Annuity of £10,000 for one year to be purchased, according to a 5 per
cent, valuation,
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2 Annuities.

The cost will be £9,523 16 0
At the end of the year there will be due for interest

at 5 per cent. on this sum 476 4 0

Making a Total of £10,000 0 0
Which will be exactly met by the Annuity to be

then received £10,000 0 0

But an Annuity of a similar amount purchased for two years will not
exhibit the same equation.

An Annuity of £10,000 for two years, purchased according to a 5 per
cent. valuation, will cost about £18,594.

At the expiration of the first year the purchaser
will receive one instalment £10,000 0 0

Out of which he will take, as one year's interest
on his capital laid out, £18,594 929 14 0

Leaving surplus Annuity to be put aside as a
portion of the capital repaid £9,070 6 0

To make this example an extreme case, we will assume that no
interest is made of this sum, that no investment of it is attempted, but
that it is merely placed, for the sake of custody, until the completion of
the transaction, in a banker's hands,

At the end of the second year the purchaser will
receive the second and final instalment of his
Annuity £10,000 0 0

Out of which he again takes another year's in-
terest on his £18,594 originally laid out 929 14 0

Leaving as before a second sum of .
Which being added to the former balance

9,070 6 0
9,070 6 0

Makes a Total capital of
Which does not replace by

£18,140 12 0
453 8 3

The capital originally expended £18,594 0 0

The deficiency is manifestly the exact amount of one year's interest
at 5 per cent, on the first balance of the Annuity (£9,070 6s.) per-
mitted to remain for one year unproductive in the banker's custody.

From an examination of the forgoing example, two considerations
obviously suggest themselves, viz.—1. That the instalments of repaid
capital—or surplus Annuity, as they may more properly be termed—must
be re-invested as they are received; and, 2. That they must be made
to yield exactly the same annual rate of interest, as that produced by
the original investment.

The purchase, therefore, of a temporary Annuity according to a 5 per
cent. valuation merely implies, that an interest of 5 per cent. is annually
realized on those portions of the original purchase money which remain
from time to time in the investment.
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Annuities. 3

It is, however, obvious that the value of an Annuity certain for a
term of years, may be so calculated as to admit of the purchaser making
5 per cent., or indeed at his option any other given rate of interest, on
his outlay, during the entire term of the Annuity, and yet enable him
to replace that outlay at the expiration of the term, by the accumula-
tion of the annual surplus of the Annuity at some lower rate, say 4 or
3 per cent.

It would, moreover, seem highly desirable that a set of Tables should
be calculated on this basis, to enable temporary Annuities and lease-
hold properties to be purchased in accordance with these views. It is
nearly a quarter of a century since Mr. Griffith Davies, in his Tables
for Life Contingencies, published in 1825, gave—I imagine for the first
time—a Table showing the value of an Annuity on a single life which
was to pay the purchaser 5, 6, or 7 per cent. on his outlay, and to
replace the original capital at 3 per cent., that is to say, according to
the 3 per cent. Northampton rates. With, I believe, the single
exception of Mr. Benwell,* who wrote in the year 1831 a few pages on
this subject, it does not appear to have occurred to any of the actuaries
who have from time to time been in the habit of employing that very useful
Table, that the principle on which it was computed was equally applicable
to Annuities certain until so lately as the year 1849, when it was shown
by Mr. Jellicoe, one of the Vice-Presidents of the Institute of Actuaries,
in a Lecture which he delivered before the Members of that body,
" that in the cases of temporary Annuities certain the present values
" as given by the Tables were not adapted to practical purposes,
" inasmuch as in order to reproduce the capital at the end of the term.
" the necessity arose of improving the portions of it returned from
" year to year, at the rate of interest proposed to be made in the
" interval."†

The idea of constructing a set of Tables in conformity with the
foregoing views, was suggested to me some two or three years ago by
Mr. William Drummond, solicitor, of Croydon, My want of leisure for
the inquiry did not, however, admit of ray immediately working out Mr.
Jellicoe's hint or following up Mr. Drummond's suggestions, and I have
from time to time deferred my proposed investigation of the subject.
With the assistance, however, of my friend Mr, Edgar Sharpe, A.I.A., of
the London Assurance Corporation,I have prepared a small set of Tables,
which will be found, I think, useful, as embracing those rates and terms
most likely to present themselves in practice; and I now submit these
Tables, together with the accompanying remarks and investigations,
to the Institute of Actuaries. The following is an algebraical inves-
tigation of the question:—

* It is, however, due to Mr. Benwell to state, that Ms work above referred
to distinctly treats the subjects now under consideration, but in a style so
little happy, and so involved, that the merit of the aetuary is apt to be
overlooked in the obscurity of the writer. Mr. Benwell, moreover, computed
some tables of a character similar to those appended to this Paper; two
of the columns in Table of his little work are identical with Value columns
7 and 11 in the accompanying table; which table was, however, independently
calculated, indeed, I never saw Mr. Benwell's book until the present Paper had
been written for some weeks, and was actually in type.

† See an account of this Lecture in the Post Magazine for 10th March, 1849,
B 2
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4 Annuities.

PROBLEM,

To determine the present value of an Annuity certain of £1 per annum
for n years, which is to pay, during its continuance, a given rate of
interest on the original purchase money, and to replace that purchase
money at the expiration of the term at a different rate of interest.

SOLUTIOIN

The annual payments of the Annuity being each = £1, let i'= the
rate of interest which the purchaser intends to make on each £1 of his
investment, or, as it may he termed, the remunerative rate. Let (r—1) =
the rate of interest at which the purchaser expects to accumulate the
surplus Annuity, in order to replace the original capital, or, as it may

be termed, the accumulative rate. Let = the amount of an

Annuity of £ 1 per ann. for n years forborne and accumulated at (r—1)
rate of interest (see Author's Doctrine of Interest Simple and Com-
pound, 1859. Prob. II. See. II.) and put V = the required value.

Now it is obvious that
the purchaser's annual interest;
the surplus Annuity to be accumulated, so that in

n years it may reproduce V.
If £1 per ann. in n years will accumulate into then

and if, for the sake of simplicity, we

represent 
by a single symbol, say we shall have

The correctness of this solution may be readily ascertained, because it
is manifest from what has been previously said, viz. that in order to
realize the rate of interest at which the valuation was made, it is
necessary that the surplus Annuity should be invested in, or accumulate
at, the same rate of interest, so that if the accumulative rate in the
above equations be made equal to the remunerative rate, that is, if
i = (r — 1), then V, the final value produced, should be equal to the
ordinary value of an Annuity for n years at (r—1) rate of interest, that
is to say,
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Annuities. 5

which is the expression for the value required. (See Author's Doctrine
of Interest. Prob. V. Sec. II.)

The equation V=(l—V i ' ) naturally suggests a very simple
method of solving the Problem, previously referred to, on which
Mr. Griffith Davies has founded his Table showing the value of an
Annuity on a Single Life, allowing a given rate of interest and the
premium for assurance.

It is to be borne in mind that every annual premium (p) payable
during the existence of a given life, for an assurance of £1 on death, is
an annual sum which (on an average of eases) will provide, or in other
words accumulate into, the sum assured on the extinction of the life in
question.

Now Mr. Davies' Table is so constructed, that the value given for
the Annuity is to be reproduced by the assurance on the extinction of
the life; and as the purchaser is to have his interest on this value out
of every £1 received as Annuity, it is obvious that the premium which
reproduces the value or the assurance, is the difference between the
said interest and £1, in like manner as the difference between £1 and
Vi, in the above equation, reproduces V by accumulation, but there is a
difference in the conditions under which the Annuity certain is repro-
duced at the expiration of the term, and those under which the sum
assured is reproduced on the extinction of the life. V in the first case
not only represents the original outlay, but also represents the sum to
be ultimately reproduced; but in the case of a Life Annuity, V does not
represent the original outlay, inasmuch as the premium (p) being
made payable at the commencement of each year, the outlay V must he
increased by the first premium expended: neither does V, increased by
the amount of this premium, represent the sum which is to be insured
or reproduced, because one year's interest on both V and the first pay-
ment of the premium must be secured by the assurance, inasmuch as
from the nature of a Life Annuity, which is made payable at the end
only of each year, to the termination of which the annuitant survives,
no Annuity is received for the year in which the life drops, conse-
quently in that year the purchaser would lose both premium and
interest, were it not secured to him by the assurance. We have, how-
ever, seen that £1 = both premium and interest, and therefore V + 1 =
the amount to be assured ; and since V + 1 = the sum to be assured,
p (V + 1) = the premium actually expended, as an original outlay in
the first year, and as the surplus of the Annuity in all subsequent
years, therefore the original out lay=V+ p (V+1), and the purchaser's

interest thereon = Vi' + piJ (V + 1) ; and since as we

shall have instead of

the corresponding equation
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6 Annuities.

which will be found to correspond with the solution given by Mr.
David Jones in his work on Annuities, &c, Vol. I. p. 190, and to be
equivalent to the more simple and far more elegant expression given
by Mr. Davies for the solution of the same problem in his unpublished
work, Chap IV. pp. 250, 251, viz.:—

where

It is apparent, on a little consideration, that the foregoing problem is
in some measure complicated by the circumstance that the value of the
Annuity and the sum to be assured both differ from the sum actually
expended by the purchaser.

For instance, the value of the Annuity is v,
The sum to be assured is V + l,
The sum expended is V +p. (V + 1).

The necessity for these differences, as I have already pointed out,
arises from premiums being made payable in advance at the beginning
of each year, and also from the circumstance of Annuities being not
payable for the year in which the annuitant dies.

If an Annuity, however, in addition to being payable at the end of
each year, if the annuitant be alive, were also to be made payable at the
end of the year in which he died, that is, if the Annuity were to be
made payable for the year of death ; and farther, if the annual premium
were to be made payable at the end instead of at the commencement of
each year and also for the year of death, in such case it is evident that
V will equally represent the value of the Annuity, the sum actually
expended, and the amount to be assured, and the problem would then
become quite as simple in its form as that of an Annuity certain. For
example, the value of an ordinary Annuity on a single life aged
A years will be represented in my Notation (1840) by I A , and the
value of a reversion of £1 payable on the extinction of the same life by
the symbol Now it is obvious that the value of an Annuity which
is made payable for the year of death is That is to say
the value of the ordinary Annuity is increased by the value of £1 pay-
able at the end of the year in which A dies, and since .

the annual premium (ø) payable at the end instead of the beginning

of the year, and for the year of death, will be

or what is the same thing,

and
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Annuities. 7

therefore as and

and instead of

we shall have

To resume, however, the subject more immediately before us in this
paper. The equation

offers a very simple rule for the construction of a set of Tables. The
rule itself may be thus given in words at length.

" Multiply the amount of an Annuity forborne for n years at the
" accumulative rate into the remunerative rate, add unity to the pro-
" duct, and multiply the reciprocal of the sum into the amount of the
" Annuity forborne, as above, and the product will give the value of
" the Annuity required."

EXAMPLE.

Required the present value of an Annuity of £1 per annum for 20
years, the purchaser to make 5 per cent. per ann. interest of his outlay,
and to replace his capital by the investment of his surplus Annuity at
3 per cent.

Here the Annuity

and by Tab. III., Author's Doctrine of Int., A at 3 percent. = 26·8703.

value.
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9 Annuities.

TABLE showing the Present Value of an Annuity of £1 per Annum, for a
given Number of Years certain, supposing the Purchaser thereof to take
out of the Annuity £5 per cent., £6 per cent., or £7 per cent., per Annum,
as an available Interest on his Purchase Money or Capital advanced,
while he is only enabled to re-invest the SURPLUS of the Annuity beyond
the available Interest, so as to make 3 per cent., 3½ per cent., 4 per cent.,
or 5 per cent. thereof.

London Assurance Corporation, 7, Royal Exchange,
23d September, 1850.

PETER HARDY.
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