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Abstract 

The greatest integer function is a very 

important function which is extensively used 

especially in math, accounting and computer 

science. This paper discusses the definition 

and various notations used for the greatest 

integer and fractional part functions simply. 

Brief description for some basic properties of 

these functions are also shown. Limit of the 

function is also introduced here; the limit of 

the floor function is said to exist at non-

integer values while not existing for integer 

values. The derivative of the function is 

computed using definition which is also 

related to the limit and the continuity of the 

function. 

Definition & Notation 

The greatest integer function or the 

floor function is defined as the following: the 

function f: R → Z given by f(x) = [x] or f(x)= 

|_x_|, where [x] or |_x_| denotes the largest 

integer not exceeding x [1]. Another 

definition is:  

and since there is exactly one integer in a 

half-open interval of length one, for any real 

x there is a unique integer m [2]. Refer to the 

plot of the function in figure 1. 

The following aternative expression 

can be used to simplify the previous 

definition: 

  

and . 

[2]. 

 

Figure 1: Plot of The Greatest Integer 

Function 

The fractional part is the saw tooth 

function, denoted by {x} for x ∈  R and 
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defined by the formula: Ɐ x, {x}= x - [x], 

0≤{x}<1 [2]. Look at table 1. 

 

Figure 2: Fractional Part (Saw Tooth) 

Function 

In many older and current works, the 

symbol [x] is used instead of |_x_| [3][4][5]. 

In fact, this notation harks back to Gauss in 

his third proof of quadratic reciprocity in 

1808 [5]. Some mathematicians prefer |_x_| 

because it can highlight the difference of 

ceiling and floor function [6]. However, the 

[x] symbol will be used throughout this work. 

x [x] {x} 

4 4 0 

0.5 0 0.5 

0 0 0 

-1.7 -2 0.3 

-2 -2 0 

Table 1: Example of Greatest Integer & 

Fractional Part Function 

Properties of Greatest Integer Function 

For all x, x ∈ R and n ∈ Z [7]: 

 

 

 

 

 

 

Limit of Greatest Integer Function 

Informal Definition: Let f(x) be 

defined on an open interval about xo, except 

at xo, If f(x) gets arbitrarily close to L for all 

x sufficiently close to xo, we say that f 

approaches the limit L as x approaches x0, 

that is  [8] . Formally limit can be 

defined as: 
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A function f(x) has a limit as x 

approaches xo if and only if it has left-hand 

and right-hand limits there and these one-

sided limits are equal [8];  

 

The greatest-integer function f(x) = 

has different right-hand and left-hand 

limits at each integer. 

 

The limit of [x] as x approaches an 

integer n from above is n, while the limit as x 

approaches n from below is n - 1. So the 

greatest integer function has no limit at any 

integer. 

At the same time, the greatest-integer 

function f(x) = [x] has the same greatest 

integer function at every x such that x is not 

an integer. 

Example: lim
𝑥→0.5+

[𝑥] = lim
𝑥→0.5−

[𝑥] = 0 

or  lim
𝑥→4.5+

[𝑥] = lim
𝑥→4.5−

[𝑥] = −5 

The Derivative of The Greatest Integer 

Function 

Recall the definition of the derivative. 

If f(x) is a function then: 

 

Using this definition we can find the 

greatest integer function: 

𝐿𝑒𝑡 𝑓′(𝑥) =
𝑑

𝑑𝑥
[𝑥] 

1 −  𝐿𝑒𝑡 𝑥 ∉ 𝑍, 𝑡ℎ𝑒𝑛:  

𝑓′(𝑥) =  lim
ℎ→0

[𝑥 + ℎ] − [𝑥]

ℎ

=  lim
ℎ→0

[𝑥] − [𝑥]

ℎ

= lim
ℎ→0

0

ℎ
= lim

ℎ→0
0 = 0   

2𝑛𝑑  𝑠𝑡𝑒𝑝: 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 ℎ ℎ𝑎𝑠 𝑏𝑒𝑒𝑛 𝑛𝑒𝑔𝑙𝑒𝑐𝑡𝑒𝑑 

𝑎𝑠𝑠𝑢𝑚𝑖𝑛𝑔 𝑡ℎ𝑎𝑡 ℎ 𝑖𝑠 𝑣𝑒𝑟𝑦 𝑠𝑚𝑎𝑙𝑙 𝑐𝑜𝑚𝑝𝑎𝑟𝑒𝑑 𝑡𝑜 𝑥 

3𝑟𝑑  𝑠𝑡𝑒𝑝: 
0

ℎ
= 0 𝑏𝑒𝑐𝑢𝑎𝑠𝑒 ℎ 𝑖𝑠 𝑎 𝑛𝑜𝑛

− 𝑧𝑒𝑟𝑜 𝑣𝑎𝑙𝑢𝑒 

∴ 𝑓′(𝑥) = 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∉ 𝑍  

2 −  𝐿𝑒𝑡 𝑥 ∈ 𝑍, 𝑡ℎ𝑒𝑛:  

𝑓′+ (𝑥) =  lim
ℎ→0+

[𝑥 + ℎ] − [𝑥]

ℎ

=  lim
ℎ→0+

0

ℎ
= lim

ℎ→0+
 0

= 0   
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𝑓′
−

 (𝑥) =  lim
ℎ→0−

[𝑥 + ℎ] − [𝑥]

ℎ

=  lim
ℎ→0+

𝑥 − 1 − 𝑥

ℎ

= lim
ℎ→0+

 
−1

ℎ
=  ∞ 

∵  𝑓′
−

(𝑥) ≠  𝑓′
+

 

∴ 𝑓′(𝑥) 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑒𝑥𝑖𝑠𝑡 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 

∈ 𝑍  

Thus the greatest integer function is 

not differentiable for all integers and is equal 

to zero for all non-integer values: 

𝑑

𝑑𝑥
 [𝑥] =  {

𝑛𝑜𝑡 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑏𝑙𝑒 , 𝑥 ∈ 𝑍 
0 , 𝑥 ∉ 𝑍

 

The previous statement can be related 

to the limit of the greatest integer function 

through the following: 

𝑇ℎ𝑒𝑜𝑟𝑒𝑚: 
𝑑

𝑑𝑥
𝑓(𝑥) 𝑒𝑥𝑖𝑠𝑡𝑠 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓  𝑓(𝑥) 

𝑖𝑠 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑜𝑢𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 [8]. 

The greatest integer function is 

continuous at any integer n from the right 

only because: 

𝑓(𝑛) = [𝑛] = 𝑛 

𝑎𝑛𝑑 lim
𝑥→𝑛+

𝑓(𝑥) = 𝑛 

𝑏𝑢𝑡 lim
𝑥→𝑛−

𝑓(𝑥) 

Hence,  lim
𝑥→𝑛

𝑓(𝑥) ≠ 𝑓(𝑥) and f( x) is 

not continuous at n from the left. Note that 

the greatest integer function is continuous 

from the right and from the left at any 

noninteger value of x. 
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