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XLV.—The Rate of Multiplication of Micro-organisms: A Mathe-
matical Study. By A. G-. M'Kendrick, Captain I.M.S., and
M. Kesava Pai, M.D. (Pasteur Institute of Southern India). Com-
municated by Professor M'KENDRICK.

(MS. received March 13, 1911. Bead June 19, 1911.)

THE problem of the rate of multiplication of micro-organisms is one
which has often been attacked, but which has not, to our knowledge,
been reduced to a simple law.

If there be an unlimited supply of nutriment, an organism reproduces
itself by compound interest: in a geometrical progression—i.e. 1, 2, 4, 8, etc.
That is to say, that the rate of growth under unimpeded conditions is
proportional to the number present, at any moment, or

In test-tube experiments, however, this simple state of affairs is complicated
by the fact that the supply of nutriment is limited, and consequently,
as time goes on, the rate of multiplication falls off.

Every living organism employs the nutriment which it has absorbed
for two objects: first, the maintenance of the individual; and, second,
its reproduction. As, however, in the case of those micro-organisms with
which we shall deal, the rate of multiplication is very fast, we may,
for all practical purposes, consider that the amount of food-stuff utilised
for their upkeep is negligible, and assume that the whole of it is employed
in reproduction.

If we accept this simplifying assumption we may say that organisms
in a test-tube multiply, by a simple conversion of the available food-stuff,
into other organisms, and that the rate of multiplication is proportional
to the concentration of that food-stuff.

If a be the original concentration of food-stuff, the concentration at
the time t will be (a — y).

Introducing this factor into equation (1), we have

(2) cty = by(a-y),

which means that the rate of increase of fast-growing organisms is
proportional to the number of organisms present, and to the concentration
of the food-stuff.
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(b) In curve 2. The broth was heated to 37° C. prior to inoculation.
Tube placed in the air of the incubator. No external precautions
taken.

(c) In curves 3, 4, 5, as in (b), but in addition the tubes were placed
in a water bath in the incubator, and during manipulation, bath
and tubes were removed, the tubes being kept as much as possible
in the water bath,

(d) In curves 6 and 7. As in (c), but in this instance two water baths
were used, one in the incubator, the other outside of it. The tubes
were manipulated in the second water bath, which was also
kept at 37° C.

(e) In curve 8. The same precautions were taken as in (d): the culture
used for inoculation had been incubated for fourteen days.

We found, then, that by adopting the procedure as stated in (d), and by
using for inoculation only actively growing organisms from very young
cultures, the latent period was entirely eliminated (as is shown in curves
6 and 7).

The figures of curves 3, 4, 5, 6, 7 are given on the opposite page.
[Note.—It will be noted that in curves 4 and 5 the latent period was

still in evidence.]
We return to the mathematical theory.

Equation (2) -^ = by (a — y)

becomes on integration

(3) y=—-^.
l + e

where y0 is the value of y at the time t = 0, i.e. the number of organisms
originally inoculated, and a and b are constants to be determined.

When -M = 0 (i.e. when multiplication has ceased)

Enumerations beyond this point give irregular results; the samples taken
are uneven, probably on account of clumping.

From a study of the manner in which the curves flatten after eight
or nine hours' growth, a suitable value of a may be inferred in each
case.



C
ur

ve
 3

.
C

ur
ve

 4
.

C
ur

ve
 5

.
C

ur
ve

 6
.

C
ur

ve
 7

.

d •a t

T
im

e 
in

 h
o

u
rs

.

0 i 1 2 3 4 5 6 7 8

Q
u

an
ti

ty
 o

f
b

ro
th

.

A
ge

 o
f 

cu
lt

u
re

in
oc

ul
at

ed
.

C
on

st
an

ts
.

y 
lo

gi
o^

1,
76

0
1,

76
0

4,
02

0
4,

48
3

11
,4

19

72
,0

00
74

,0
57

38
0,

00
0

47
9,

24
0

2,
60

0,
00

0
3,

05
7,

20
0

19
,7

50
,0

00
17

,8
77

,0
00

77
,0

00
,0

00
72

,7
18

,0
00

12
0,

00
0,

00
0

13
0,

42
0,

00
0

10
6,

00
0,

00
0

14
9,

83
0,

00
0

25
 e

x
.

Ij
 

h
o

u
rs

a 
=

 1
54

3-
24

6
3-

24
6

3-
60

4
3-

65
2

4-
05

8

4-
85

7
4-

87
0

5-
58

0
5-

68
0

6-
41

5
6-

48
5

7-
29

6
7-

25
2

7-
88

6
7-

86
2

8-
07

9
8-

11
5

8-
02

5
8-

17
5

ab
 =

1
-8

7

y 19
,0

00
14

,0
70

35
,9

00
35

,8
33

88
,0

00
91

,2
43

48
2,

00
0

59
0,

10
0

3,
40

0,
00

0
3,

74
9,

90
0

26
,3

00
,0

00
21

,4
62

,0
00

71
,6

00
,0

00
78

,9
03

,0
00

11
8,

00
0,

00
0

13
4,

29
9,

00
0

15
0,

59
0,

00
0

13
5,

00
0,

00
0

15
3,

46
0,

00
0

25
 c

.c
.

1J
 h

ou
ra

a
=

1
5

4

4-
27

9
4-

14
8

4-
55

5
4-

55
4

4-
94

4
4-

96
0

5-
68

3
5-

77
0

6
5

3
1

6-
57

4

7-
41

9
7-

33
2

7-
85

5
7-

89
7

8-
07

2
8-

12
8

8-
17

8

8-
13

0
8-

18
6

0
6

=
1

-8
7

y 17
6,

00
0

11
0,

20
0

28
0,

00
0

28
0,

39
0

60
8,

50
0

71
2,

20
0

3,
87

0,
00

0
4,

50
6,

00
0

28
,2

00
,0

00
25

,1
94

,0
00

74
,2

00
,0

00
86

,1
31

,0
00

12
7,

00
0,

00
0

13
7,

32
0,

00
0

15
0,

00
0,

00
0

15
1,

17
0,

00
0

14
9,

00
0,

00
0

15
3,

55
0,

00
0

15
4,

00
0,

00
0

15
3,

90
0,

00
0

25
 c

.c
.

1
| 

h
o

u
rs

« 
=

 1
54

lo
gi

o2
/

5-
24

6
5-

04
2

5-
44

7
5-

44
8

5-
78

4
5-

85
2

6-
58

8
6-

65
4

7-
45

0
7-

40
1

7-
87

0
7-

93
5

8-
10

4
8-

13
8

8-
17

6
8-

17
9

8-
17

3
8-

18
6

8-
18

8
8-

18
7

0
5

-1
-8

7

y 2,
85

0
2,

85
0

7,
50

0
7,

08
0

17
,5

00
17

,5
87

10
5,

00
0

10
8,

44
0

62
5,

00
0

66
4,

05
0

2,
25

0,
00

0
3,

97
1,

20
0

17
,7

50
,0

00
20

,3
33

,0
00

50
,0

00
,0

00
61

,1
69

,0
00

97
,5

00
,0

00
90

,6
72

,0
00

12
 c

.c
.

1 
h

o
u

r

a 
=

 1
00

Io
gi

o2
/

3-
45

5
3-

45
5

3-
87

5
3-

85
0

4-
24

3
4-

24
5

5-
02

1
5-

03
5

5-
79

6
5-

82
2

6-
35

2
6-

59
9

7-
24

9
7-

30
8

7-
69

9
7-

78
7

7-
98

9
7-

95
7

ri
-1

-8
*

y 64
,2

50
64

,2
50

16
5,

00
0

16
3,

55
0

35
7,

50
0

41
5,

96
0

2,
62

5,
00

0
2,

66
0,

90
0

16
,2

50
,0

00
15

,8
20

,6
00

45
,3

75
,0

00
66

,5
42

,0
00

12
2,

12
5,

00
0

13
1,

52
0,

00
0

15
8,

50
0,

00
0

15
4,

83
4,

00
0

19
4,

50
0,

00
0

15
9,

18
1,

00
0

12
 c

.c
.

1 
h

o
u

r

a 
=

 1
60

lo
g

,,

4-
80

8
4-

80
8

5-
21

7
5-

21
4

5-
55

3
5-

61
9

6-
41

9
6-

42
5

7-
21

1
7-

19
9

7-
65

7
7-

82
3

8-
08

7
8-

11
9

8-
20

0
8-

19
0

8-
28

9
8-

20
2

o6
 =

 l
-8

7

O I tr
t- 5' s C
O B G
o as O
n



654 Proceedings of the Koyal Society of Edinburgh. [Sess.

The following figures illustrate this maximum value:—

Vo-

22,800

32,150

100,550

a after fourteen hours.

147,000,000

151,000,000

167,000,000

From a practical point of view this is of extreme importance, as
obviously error in the number inoculated has little or no effect on the
total number attained to. Provided that the number planted be com-
paratively small, it is unnecessary to enumerate each flask, in the prepara-
tion of vaccines in large quantities. Indeed, with a suitable and accurately
based system (concentration of broth, etc., being kept constant) vaccines
could be prepared month after month at standard strength without any
enumerations being made. B. coli, in the quantities of broth which we
have used, reaches a maximum in from twelve to fifteen hours.

When t = 0

y=yo>

and 'j'-0 (the initial rate of increase) = by0 (a — yg),

,;.,

As in our experiments a is measured in hundred millions and y0 rarely
exceeds a hundred thousand, we may consider

at

That is to say, with log y as ordinate and t as abscissa the slope of the
curve at the commencement is equal to ab. This value can be obtained from
observed results, and its value substituted in equation (3). The values of
ab so obtained are entered on the Table of Numbers given above.

[Note.—ab is measured in logarithms to base e, whereas in the accom-
panying tables logarithms to base 10 are employed. Log y to base 10
multiplied by 2-3026 = log y to base e.]

Since the constant a denotes the original concentration of food-stuff, and
b depends on the ability of the organism to acquire its food (modified by such
accelerating or retarding influences as temperature, degree of alkalinity,
presence of medicaments, etc.), it might have been hoped that in the relation
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— &y.o = ab lay a method of estimating nutritive values and possibly even

of determining whether a particular substance acted as a food or as a mere
accelerator. But it is at this point that the simplifying assumption breaks
down, for obviously an extreme degree of concentration of food-stuff can-
not cause an infinite rate of multiplication. The simplifying assumption
ascribes to the organism the business of obtaining its food; it presupposes
a lightning rapidity of assimilation after it has come in touch with its food,
and a lightning rate of multiplication after sufficient nutriment has been
assimilated. These conceptions are impossible, and it is only where the
period of a generation is large in comparison with the times required for
assimilation and division that the simplifying assumption holds good. We
have, in fact, applied molecular physics to molar vital phenomena, and we
meet with necessary limitations.

The rate of growth (ab) may, however, be applied to a comparison of
bacteria as to their multiplying properties; and it may also be most
advantageously employed in the comparative investigation of fluid media
(bouillon, sugar, etc.) with a view to their standardisation and improvement.

The period of a generation can be deduced as follows:—One generation
corresponds to a multiplication of the original number by 2; or to an
addition of 0301 to its logarithm to base 10. But ab is the rate of

change of log10y0, or change per unit time. Hence = number of

generations per unit time. In curves 3, 4, 5, ab = 0'812, and unit time is
one hour; consequently the period of a generation is 22-27 minutes.

CONCLUSIONS.

1. The rate of multiplication of fast-growing micro-organisms is pro-
portional to the number of organisms, and to the concentration of food-
stuff.

2. The initial rate of multiplication affords a factor of comparison both
of efficiency for media and of reproductive properties of organisms.

3. Vaccines may be prepared in large quantities on the basis that
a maximum number of organisms is attained to, this maximum being
dependent on the concentration of nutriment, and independent of the
amount of culture inoculated.

(Issued separately October 24, 1911.)




