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OF A LINEAR INTEGRAL EQUATION

By E. W. HOBSON.

[Received February 10th, 1914.-Read February 12th, 1914.]

IF K (s, t) denote a symmetrical function of s, t defined in the funda
mental square α 특 S 같 b, a 같 t ~ b, then it n1ay be regarded as the
nucleus (Kern) of the linear integral equation

f(s) = φ(S)-A J: K(s ,뼈(t) dt

If{φn (S) } ， {λn } denote the characteristic functions and numbers of
the eqnation corresponding to the nucleus K (s, t) , the following funda
mental theorems relating to the representation 6f K(s , t) are well known
for the case in which K (s, t) is a continuous function:-

ies ~ φ11， (s) φπ (t)
(α) If the series ~ Tn \U~ rn\v/ converges uniformly in the fundamental

n=-l An

square, then K(s, t) is its sum-function.

(b) If all the characteristic numbers {λn } with the possible exception
of a finite number of them are of one and the same sign, then
v φ’‘ (s) φι ( t)

、 certainly converges uuiformly to the sum I{ (s, t). This
n=l /‘

theorem was first established by Mercer.

It can easily be shewn that the uniform convergence of the series in
the whole square necessarily involves its absolute convergence at each
point.

The preRent communication contains the results obtained in the
course of an endeavour to ascertain how far the nucleus K (s, t) is repre
seuted by the series when that nucleus is not necessarily continuous, but
may have finite or infinite discontinuities in the fundamental square. In
many of the most important applications of the theory of linear integra.l



6 PROF. E. 'N. HOBSON [Feb. 12,

equations the case in which Kts, t) is discontinuous on the line s = t
arises; it is therefore desirable on this account, as well as on the general
ground of the desirability of restricting the generality of the theorems as
little as possible, that the relation of the series to a discontinuous nucleus
should be elucidated.. Throughout the investigation it is assumed that
all the integrals employed exist in accordance with Lebesgue's definition
of an integral. The Riesz-Eischer theory relating to series of normal
functions and to integral equations of the first kind is extensively used.

It is shown that a nucleus K (s, t) such that J: {K (8 t) }2dt is a limited

function of s exists, such as to have prescribed characteristic functions and

numbers {1>n(8)} , {An}, provided the series L J1>~~(8) I
J

2 converges for
n=l \ '\on

each value of 8 to a value which. is a limited function of s in (a, b). It is
further shewn that the function K (s, t) determined in accordance with
the prescribed conditions is unique, except for equivalent functions not
differing essentially from it. Several theorems are deduced from this
result, and a simple proof of Mercer's theorem is obtained by these means.

By means of an extension of a well known theorem due to Hilbert, to
the case of a discontinuous nucleus, an extension of Mercer's theorem is
obtained which applies to all nuclei which are not infinitely discontinuous
on the line s = t. Various other special theorems are obtained relating to
the convergence of the series.

It is shown that, in case the repeated function of K (s, t) is continuous,
or at least equivalent to a continuous function, the nucleus ](8, t) may be
divided into the sum of two functions K(l)(S, t), K(2)(S, t) that are orthogonal
to one another and are such that K(l) (8, t) has for its sole characteristic
numbers those characteristic numbers of K (s, t) that are positive, and
that K(2) (8, t) has for its sole characteristic numbers those characteristic
numbers of K (8, t) that are negative. The characteristic function
corresponding to a characteristic number of K(1)(8, t) or of ]('2) (s, t) is the
same as the characteristic number of K (s, t) corresponding to the same
characteristic number. This result may possibly help to decide whether,
or under what conditions, Mercer's theorem can be extended to the case
of a continuous nucleus that has an infinite number of characteristic
numbers of each sign. The question is shewn to depend upon whether
K(l)(S, t) and K(2)(8, t) are infinitely discontinuous, or not, upon the line

8 = t,

1. If K (s, t) be a summable and symmetrical function defined for the
points of the square a ~ s ~ b, a ~ t ~ b, it may be regarded as the
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nuc]ens of the linear integral equation

f(s) == φ (s) - ~ J:'K(S , t) 여 (t) dt,

with symmetrical nucleus.
The method of Fredholm is directly applicable to the equation in case

K(s , 에 is a limited function. In case K (8, t) is not limited, but whenall
the repeated nuclei fronl and after the one of some fixed order are limited,
Fredholm’s method is capable of extension so as to provide the solution of
the integral equation.

If K n (8, t) , K n+1(8, t) , ... , are all limited, and φ1"(8) is a characteristic
function for the nucleus K n (8, t) , with 차 as the corresponding charac
teristic number, then φr (8) is also ,* in general, a characteristic function
for the nucleus K (8, t) , the corresponding characteristic number being λn

a real n-th root of A~; and, conversely, every characteristic function for
1(8, t) with the' corresponding characteristic number can be obtained in
this manner. The case in which 11, is even , and two or more characteristic
functions correspond to one and the same characteristic number, is
exceptional.

Thus, let
찌
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be that part of the resolvant for the nucleus K n (8, t) 、~hich becomes
infinite when λn == A~. In this case the characteristic functions 깎，1) (8) ，

φ셋 (8) are not uniquely determinate. For we lllay replace φ:끼8) , φ감) (8)
by cos a. φ~.I ) (S) + sin a. φ샌)(8) ， sin a.¢~I)(8)-COS a. φ셋 (8) respectively, where
a is arbitrary, without altering the expression φ~.l ) (S) φ~1) (에+ φ섣) (8) φ섣) (t).

The corresponding part of the resolvant of K (8, t) will bet of one of the
forms (1) 、 (1)/"<\ I ,(2) / _\ ,(2)

φ~.~ I (s) φ~~I (t) + φ~-)(8) φ~-I (t)

λ-λr '

(1) 1 _ \ ,(1) 1..<\ I ,(2) 1 _ \ ,(2)
ψ~: I (8) φ~~ I (t)+ φ~.-I (8) φ~-' (t)

λ十λ.

[cos a. φ?)(s)+ gin a .φ，~2) (s)J [cos a.φ~.I) ( t) +sio a. φ션)(t) ]

λ-λr

+ [sin a.싸1) (S) - cos Q •싸.1) (8)J [sin a. 싹>Co - cos a. 싹~)(t) ]

λ+λT

* See my paper “ On the Linear Integral Equation," Proc. London, ltfath. Soc. , Ser.2,
Vo l. 13 , p. 307.

t Ibid .. p. 332 , where it is shewn that there is one canonical sub-group for K (s, t ,사
corresponding to each such sub-3rouP fOl' Kif (s, f , '\"), and t,ice versa.
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where a has some particular value. It is now clear that the characteristic
functions for K".,(s, t), corresponding to An == A;, may be so chosen that
they are also characteristic functions for the nucleus K (s, t) corresponding
to ~ = An to A = -Art or to the two characteristic numbers A == An
A=-Af"

'Ve may thus- in all cases regard the characteristic functions for
Kts, t) as identical with those for Kn(s, t).

Unless K (s, t) is in some way restricted it will not necessarily be the
case that the characteristic functions {<pr (sl] are continuous functions.

It is, however, a sufficient condition that they may all be continuous,
that K(s, t) should be a limited function with its discontinuities regularly
distributed, in accordance with the extended meaning of that term given
in the paper referred to above. It is there shewn that, if cp (t) is any

summable function, then for such a function K (s, t), r](s, t) cp (t) dt IS

a continuous function of s; thus the relation a

[7)
cpr (s) = A). Jc~ K (s, t) <pr (t) dt

can be satisfied only by a continuous function cpr (s),

If K(s, t) be unlimited, but Kn(s, t), Kn+1(s, t), ... , be limited
functions, it is sufficient to ensure the continuity of the characteristic
functions that Kn(s, t) should have its discontinuities regularly dis
tributed, in the sense referred to above.

When K (s, t) is any symmetrical summable function that differs from
zero at points of a Bet of which the plane measure is greater than zero, the
proof due to Kneser * that K (s, t) has at least one characteristic number
is applicable, whether the function be continuous or not, provided it
be Iimited, In case the function is unlimited, but the repeated nuclei
Kn(s, i), Kn+ds, t), ... , are limited, the proof establishes that Kn(s, t) has
at least one characteristic number, and this will also be a characteristic
number for K (s, t).

Two symmetrical nuclei K (s, t), K' (s, t) of the linear integral equation

/(8) =-<p(S)-A f: K(s, t)~(t)dt

will be said to be equivalent to one another when they differ from one
another only at points of some eet such that its section by any straight
line parallel to either the s- or z-axis is a set of which the linear measure

,.. See the Rendiconti di Palermo, Vol. XXII, p. 235.
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is zero. It is clear that equivalent nuclei have the same characteristic
functions {φ까 (s)} and the same characteristic cons빠nts {λ샤 . Also they
have the same repeated nuclei.
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2. Let it be assumed that the symmetrical nucleus K(s , t) , although

or limited, is s뻐 that f: {K(s , t) }2ds is a

limited function of t , and that the repeated nucleus \ K(s, t f
) K(t, t ’)dt’

」 α

is either equal to, or equivalent to, the continuous function 1(2 (8, t).

characteristic functions {φ’‘ (8)} are then all continuous.

It will then be shewn that ~ φn (S)뀌 (t)

value of K 2 (s, t); the convergence being absolute.
Since

The

not necessarily continuous

converges uniformly to the

J: {K(8, t)- :확 φ샤 (:fn (t) } g싫 = I; {K(s, t) }2 ds- ;활 {φ냈)} 2 ，

e series ~ {φn (t) } 2it follows that the se 、 ;') is convergent for every value of t,

and that its sum is 등 f: {K (s, t) } 2 ds, which is less , for every value of t ,

than SOl11e fixed positive number ]lif . We have
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for every value of 1·, where € is an arbitrarily chosen positive number; we
have then <
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Since E is arbitrary, it follows that, for a fixed value

、 φn (s) φ짜 (에of t, the series L rn\u~ f 7
J.\ V , converges absolutely and uniformly, and

π=1 λg
has therefore a sum that is continuous with respect to 8. From the
.symmetry of the variables sand t, we see that for all values of 8 and t
the series converges to a function that is continuous with respect to the
variables 8 and t separately, at every point (8, t).

for every value of fro
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{φn (t)} ~
Considering the seri λ

혈T {φa띠}2 < :￡ ”효 r {ψι(t)}2 < 표 ;
π=n~ λ; λ짜 n=m A~ ~ A싸 ’

[Feb. 12,

K
4
(t , t) = 증 뽀뜨(t)} 2

hence, if m be s뼈ciently large, 털T { φ썼) } 2 is less than an arbitrarily
n=m ’‘%

chosen positive number, for all values of '/' and of t. Thus the series
{φn (에 } 2

、 ';'1 is uniformly convergent. From this we deduce at once th따
n=l I ‘ %

ies ~ φn(S) φn (t)the serie 、 {n"..'1 is absolutely and uniformly convergent, since
n=l

| φμ (S) φn (에 I ~.! {φn (S) } 2+훌 { φπ (t) } 2.

It follows, from a known theorem, that the series converges to K 4 (S , t) ;

and we have

Since

J: {K2(s, t)-흙1 φIt (8밟 (t) }- ~ ds = K 4 (t, t)-흘1 { φ많) }2 ,

we now see that

A냈 Jt {E2(쐐
From this, we infer, by employing the Riesz-Fischer theory,· that for any
:fixed value of t, there exists a sequence of values of m , such that

똥 φπ(셋 fn (t) co뼈rges to K 2 (s, 에 as 'fn p없ses through the v빼es of the
n=l I‘π

sequence, the convergence taking place for all values of s with the possible
exception of those belonging to some set of linear measure zero. Since it

ha,s been shewn that the series Z1 % (s냈‘ (t) is everywhere convergent,

it now follows that, for each :fixed value of t , itconverges to K 2 (s, t) , for all
values of s except possibly those belonging to some set of linear measure
zero. The points of convergence to K 2 (s, t) are, for each value of t , every
where dense on the line α ~s 같 b, and the sum of the series is continuous

.. See , for example, the accoun t; of this theory given by W. H. Young and G. Chisholm
Young in the Quarterly Joμrnal of Mathematics , Vol. XLIV, p. 47.
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with regard to 8; therefore the series converges to the continuous function
K 2 (8, t) for every value of s; t having any fixed value.

It has now been shew뼈at ξi %뤘 d) converge8 for all va，l뼈 of

sand t to the sum [(3(8, t).

Since L {φ줬) } 2 , in which all the terms are positive, converges to

the continuous function 1(2 (s, s), its convergence must be uniform.

Since

|뒀 φ11， (總”펙 같 :뚫 l φ11， (쫓“) I < 훌 찮 {φ줬) } 2 +옳훤 {한벤 } 2 ，

the integer m can be so chosen that, for all values of 1",

tF4 | φI/，쨌’‘ ( t) I and I찮1:; φn (總Ii (t) I '

are less than an arbitrarily chosen number, for all values of (s, t). It

follows that the convergence of L φII (8냈π (t) to K2상， t) is uniform and
n=l

absolute.

The following theorem has been established :-

I. If It (s, t) is αny synw'letrical nucleus, whether continuous or "ιot，

aηd for which J:쉰뺀{댁K(s직성， t)샤}냐2d값s 'l，상싫S상lμess t삐hαan SOlηme 껴fixe따썩d pos삶i성뼈tμ'l，v e nur/t빼빼빼ηm빼做뼈L띠뼈뼈be뼈er샤얘얘.냐ψψiψψn

depe~뼈en따lπt o.앤f t , a때?ηld .~하f K(상s ， t) is such th따Laαtits repeated nμcleμs is equal to,

or equivαlent to , μ con따l따ti낌n'l때~Uμ'ltDω01，μ없t싫s fm
n=l

1,erges μniformly α?떠 αbsolu tely to the vαlμe of K 2(s, 에.

The case of this theorem in which I( (s, t) is continuous has been
established by Kowalewski. *

3. It is known that, if φ1 (t), φ2 (t) ， ... , be a sequence of orthogonal
functions defined for the interval (α， b), and normalized so that

끄 {φ’‘ ( t)} 2d t = 1,

and if c1, C2' ••• , cru ••• , be a sequence of real numbers, the necessary and
sufficient condition that a function F (t) , of which the square is summable

=II< See his treatise Einfilhrμng iπ die Deterntinantentheorie.
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in (α ， b), should exist and be such as to satisfy the conditions

j: F (t)φn (t) dt == en , for n == 1, 2, 3, ...,

is that the series ci+c;+ ...+검+ ... should be convergent.
The function F (t) is unique, disregarding the distinction between

functions that differ from one another at points of a set of measure zero,
only in case the set of orthogonal functions is closed; i.e. when no other
function orthogonal to them all exists, such that its square is summable,
that it differs from zero at points of a set of measure greater than zero,
and such that it is not a linear function of a finite number of the given
orthogonal functions. Even -when the set of orthogonal functions is not
closed the function F (t) can be so determined that

J: {F땀dt

is equal to the sum of the series c~+c~+ ....
If xC에 is any independent function , of which the square is summable,

and such as to be orthogonal to all the functions {φι (t) }, then we have

J: F(t) X(t) elt == 0

The truth of this last statement follows from a consideration of the
fact that
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it being assumed that J: {X(t) } 2 d t == 1

As this expression is positive for every value of m , we see that

J: F (t) X(t)dt == 0

Let us now suppose that λ1， λ2， ..., λ1H ••• is any sequence of real
numbers arranged in order of increasing absolute 1lll1gnitude, and such
that Iλη I increases indefinitely as n does so.
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Let it be assumed that, for a fixed number 8 in the interval (a , b) , the

geri88 3l {ψ혔u..: is conVeI뺑

rfhen the equations

φIt (8) CO
헛한 = t F(t) φn (t) dt (11, = 1, 2, 3, ...)

are all satisfied by a function F(t) , such that

J: ∞ t ·“익a {F(에 } 2 dt =31 4보3 누

Conversely, the convergence of the series is necessary for the existence
of the function F (i) , such that its square is summable and that it satisfies
the equations. The function F (i) is unique in the sense that it can be
replaced only by another function which differs from it at points of a
set of which the measure is zero.

r { φπ(8) 냐
、;\Then we consider different values of s for which the series ~ 、 2

is convergent, we may denote F(t) hY K(8, t). n=l 선

I따 now be ass빠d that ~ Jφ냈) }2 is convergent for a떼II v때a따.ln뾰Ie

o따f 8 in the in terval (μα， bω) . Then K (8, t) is defined , except that it may be
replaced by a function which differs from it at points of a set of which the
section by each line parallel to the i-axis has linear measure zero.

The function K(s , f) , so defined, is such that

φn (8) == λIt J: K(s, 에 φn (t) di，

for all values of n. Also , if X(t) is any independent function such that
X(8) is orthogonal to all the functions {φn (8) } ， we have

J: K(8, t) X(t) di = 0,

and thus X(t) is not a characteristic function.

'Ve have now

f$ {K(s, t)-델 빠 (8많n (t) } 2 dt = I; {K(S, 에 }2dt-델 {펼) } 2 ;

and therefore for each fixed value of 8 we have

(b ( T7 I _.L\ Ii~까 φη(8) φ ，， ( t) 다 ,1J. _ (\

E연L i K(s, t)- 흘1 λ1l I dt O
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From this it follows, by using the Riesz-Fischer theory, that for each
value of s a sequence of values of 17ι can be determined so that

ι
”-짜
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converges to K(s, t) , except for a set of values of t of measure zero, as the
values of the sequence are assigned to m. It thus appears that the
function K (s, 에 is symmetrical, and that it may be regarded as the
nucleus of an integral equ~tion of Fredholm’s type, of which the functiong
{φπ (s) } are the characteristic functions and {λ까 } the characteristic
constants.

The following theorem has now been established :-

I I. If {φn (s)‘ } denotes a seq'uence of prepared orthogonαl functions for
the intel'val (a, b), and {A샤 denote,l) a seqμeηce ofreαl numbers in ascend
ing o'rder of αbsolμte magnit'ude, the necessary and sufficient condi뼈on

thαt a symmetricαlnzιcleμs K (s, t) sλ0빠Zist，#isJg?litefo,r eαch ναlμe of s, and for which {φπ (s) } are the characteristic

fμπctio-1'ts ， αnd {An } the chαracteristic nuηtbers， is that the series
z {φι (s) } 2

1 、 2--'- Sλoμld be c01wergent for all values of 8 in (a, b).

It should be observed that the plane set of values of (8, t) for which no

sequence of values of Tn exi뼈 such that 뚱 φ% (SX φπ (t) converges to
71,= 1 I‘π

J( (8, t) .is such that its sections by lines parallel to the axes are all sets
-of linear measure zero. It follows that the plane set has its plane measure
zero.

{φ It (s) } 2
X풋;스L is divergent for a set of va뻐’

n=l I、π

measure zero, the method given· fails to determine a function K (8, t) for
which {1>π (s) } and {λπ ) are the characteristic functions and numbers. In
this case the given functions {φn (8)} may be replaced by a modified set of
orthogonal functions for which K (8, t) may be determined so as to have

the given characteristic numbers {λ샤 • Let φn (8) == φ71， (s), for all values

of s for which E1 {펼)} 2 is convergent, a띠 let 빠 (8) == 0 for all othm
n=! #'"n

values of s. The function 1(8, t) will then be determined, as above, for
those vn.lues and sand t which do not belong to the exceptional set; when
8 or t bnlongs to the exceptional set, we assign to 1(8, t) the value zero.
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The equations
&n센

and such that

are then satisfied for all values of s in (a, b) , and for all values of η.

4. Let it now be assumed that tIle gIVen functions 1φn (s);· and the

given numbers {λ It } are s뼈 that ，프1 {φ편))- 2 is not only convergent for

each value of s, but also that its sum is a limited function of s, in the
interval (α ， b).

In accordance with what has been established in § 3 , a symllletrical
function K (s, t) exists, such that

φn (s) == λIt J: K(s , t) φn (t) dt, for n == 1, 2, 3,

J: 끄1 {ψlLf) t2{K(B, t)}2dt == L λ

It will now be proved that there can exist no other function H (s, t)

not equivalent to K(s , t) , s뼈 that J: {H(s , t):-많 뼈lit따뻐te따e야for ea없없빠jιι따c야ch샤~h va뼈뼈1 V패돼va’It피u

of s, and linlited for all values of s, which shall have the functions {φn (sH

for its sole characteristic functions, and {λ1니 for the corresponding
characteristic numbers.

For assume H(s , t) to be such that

J: 엎II (s)aH(s, t) φπ (t) dt == λπ ’ for n == 1, 2 , 3, ....

vVe need consider only the case in which {φ，~ (s) } is not a closed
syst£::m , for, if it were closed, H (.'), t) and ]{ (s, t) 11lUSt be equivalent.

It is known * that any normal orthogonal system is enumerable; we

.. It was shewn by E. Schmidt (Comptes Reηdus de l ’Acαd깅mie des Sciences , Dec. 10 ,
1906 , p. 955) , that any orthogonal set of continuous functions ~ φ (s)} must be enumerable.
The proof will here be adapted by meansof a slight alterationto the case of functions that are
not necessarily continuous. Let F (s) be any function whose square is summable in (a, b).
and let φl’ 1 (s) , φP. (s) , ... ,φ까. (8) be any finite set of the functions {φ (s)} ; wehave then

J:{ ’ b \ 2 rb ’ ( .b

" t
F싸

It follows from this equality, since the expression on the right-handside is essentially positive,
that , if k be any fixed positive number, there can exist 0111y a finite number of the functions
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may therefore assume that {ψ까 (s)} is a part of some· closed system of
normal orthogonal functions which is obtained by adjoining an orthogonal
system {Xn(S)} , where n = 1, 2, 3, ... , so that {ψκ (s) }, {Xn (8)} taken
together form a closed orthogonal system.

Let us suppose that

f: Hκ t) Xn(t) dt =ψπ (s) ，

where ~n(S) may be zero for some values of n , but not for all values of n ,
in which latter case H(s , t) would be necessarily equivalent to K(s, t).

\Ve have now

I$ - ?lfl ?Lt1 {φπ(S) }2{H (s, t)}2 elt = }: {ψn (s)}2+ υ λ

the convergence of the series being necessary for the existence of H(s , t).

φ (8), such that
1 .r: F (S) φ (s) dsl > k

Assigning to k a sequence of values diminishing towards the limit zero, we see that the set of
those functions φ (s), for which I rb I

I I F(s) φ (8) ds I > 0
1.1 (1 I

is enumerable. We have then only to consider those functions φ (s) for which

rb
I F(s) φ (s) d8 = o.

.I II

Taking for simplicity a = -71", b = 71", which involves no loss of generality, let F (8) have
successively the values 1, cos s, sin s, cos 2s, sin 2s , ...; we h lLve then an enumerable set of
enumerable sets in each of which one at least of th녕 integrals is in absolute value> 0; the

wh이e composite set is enumerable 빠re is no function X (s) such that f ,. {x (s)Pds 짧sts

as a positive number, and such that

[7T X (s) ~않 η8 ds = 0 ,

for every value of η. For. in accordance with a known theorem , :first established by Fatou,
for such a function X (8) we have

-;- [7T {X싸ds = ，，~o {[,. X (s) cosnsds} 2 + 츠 {lTf X(S) sin7lSds선，

and thus it is impossible that all the integrals on the right-hand side can vanish. It has thus
been shewn that the set {φ (s)J must be enumerable, whether it be closed or not.

# It may be noticed that a set of orthogonal functions may form part of more than one
closed set of orthogonal functions. For example , in the interval (-?r, π) consider the or
thogonal set sin x , sin 2.1', ..., sin nx, .... This forms part of the closed set 1, cos x , sin x ,
cos 2x , sin 2x, ... ; but we might also adjoin to the set sin x , sin 2x, ..., sin nx, ... the ortho
gonal functions P2 (7I"x ), P4 (π) ， ... , P2 (κ) ， ... ; where P21‘ (x) denotes the Legendre’s func
tion of order 2η ; the extended set is then still an orthogonal set.
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Let us consider H(.s , t)-I(s, t) as a nucleus; we have

J: {H(s , t)-K(s, tn φπ (t) dt = 0,

and thus the functions {φ，， (s) } are not characteristic functions for this
nucleus. Also J: {I-:I (s, t)-K(s, t)} Xn(t ) d t =ψ11. (8) ;

and therefore it appears from these two sets of equations that

I: {H(s, t)-K(s, t) }2dt = ，철l 바 (8) }2

It is now seen that the repeated nucleus of H(s, t)-K (s, t) , viz. ,

J: {H(s , t')-K(s, t ’) } {H(t, t')-K(t, t ’) } cU',

is numerically less than

E톨1 {ψ% (S) }2 ，즈l {ψ，， ( t) }람，

and this is a limited function since it has been assumed that

J: {H(s , t)}2 clt,

and consequently. ~ 1ψ11. (8)}2, is a limited function of s. It now follows,
in accordance with what has been pointed out in § 1, that the nucleus
H(s, t)-Kts. t) has at least one characteristic function μ (S) ， and we have
seen that this cannot belong to the set {φη (s)}. We have therefore

J: μf){H(s, t)-K(s, t)} μ (t) dt =쓰 -,

where JI is the characteristic number corresponding to μ (s).

From this we see that
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hence μ (s) is orthogonal to all the functions {φ，， (05) }, and hence we have

rK(s, t) μ (t) dt = 0

SER. 2. VOL. 14. NO. 1222. C
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It follows that

PROF. E. 'V. HOBSON

J: H(s , t) fJ. (t) dt = μJs)H(s , t) μ (t) dt = ~;

[Feb. 12 ,

and therefore μ (s) is a characteristic function for the nucleus H (s, t).
This is contrary to the supposition that H(s , t) has {φ1t (s)} for its sole
-ch aracter istic functions. Hence H(s , t) must be equivalent to I( (8, 잉.

The following theorem has nO'\' been established:-

III. If {φn (S)} be α systeln of normal orthogonal functions , and {An}
.a set of numbers arranged in order of increasing αbsolμ te lnag Jl'i tμde， the
necessary αnd sufficient condition thαt a sνmmel1‘ical l1，'uc leμs K (s, t), such

titαt , iK(s, t)}2dt is α li1nited f'unction of s, may exist and be sucλ that
, l a

fφ까 (s) }, {λn } α're its sole 까arac tel·is tic functions and n'llmbers , is fha t

L ~완(.c;) ~ 2
’‘~1 t λ ，:， " J should converge for eαcll. vαlμe 아 s to α value 'W h…~s a

limited fzιnction of s. This function K (8: t) is the onlν ημcleus ， α'Pa r t

from, equivαlent ones, which sa i'is fi,es the αbove conditψns.

The set of values of (s, t) for which no sequence of values of 11ι exists

g뼈 that n찰 φn(히<pn (t) converges to K (s, t), is s뼈 t빼ts sections by

lines parallel to the axes are all of linear measure zero, and therefore the
set has plane llleasure zero.

'Ve have now established the follo\ving theorem:-

IV. If K (s, t) is anν syrn-metrical nucleus, not necessarilν C0 1t 

tinuous or limited, b따 Sμc ll， that 또 K (s, t) }2 dt exists as α lin따ted

function of s, ‘for all values of s in (a, b), then for eac l.• set of val1les of
(s, t) 썼tlL the possible exception of those belonging to α set of wh:Z:ch all
the sections by lines pαrαllel to the axes have linear measure zero , theTe

ex싫ts a seqμence 방 eaZ?4es @ m SItch that ”휠‘ ¢n(셋 φη (t) converges to

K (s, t) as m pαsses th1"Oμgλ the values 낌 tλe $equence.

If, at any point (s, t) not belonging to the exceptional set of points, the
R、 φ11. (s) φn (t)

S %r1 λn is convergent, ib must converge to tlle value K (s, t) ;

we have then the following theoreI끄 .-

φπ(8) ψl~ (t)
V. If the series ζ1 λπ corresponding to a nucleμs K (8, t), f Ol
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μψ뻐뼈뼈’새껴뻐hich J:띤뺀뺀{ 1(상s， t바)까} 2dt is α 1뻐u때떠빼m뼈’%떠l짜떠i삼te였d fu‘(/nc짧織，ne짧짧c강짧ti此ion of s윈， b야e s없μclL that i삼ω싫tμ떠i상s conve뼈1νve'1껴Je'1

gen때tfo이rever'ν po이intπt (상S ， 에 'lohich does not belong to S01ne set of pl，αne

measure zero , then the series converges to K (s, t) 'Wi th α similar exceptioπ.

If the series i8 eνel낀()here convergent, it converges to K (s, t) excep t
possibly αt points of a set of μ，hich the sections by lines parallel to the
axes hαve linear meαsure zero.

The following theorem is immediately deducible :-

VI. 당 K (s, t) be such that the furwtions φ/I， (s) are αII coηtinμoμs ， and

sμch thαt f: {K (s, t)} 2 dt 싫 al做ted fiμnc tion ψ， fi뼈l vα1μe，c; 앙 s in

(α， b), αηd if it be continuoμs in α closed connex set G, con.')isting of α

~es ~ φ11. (8) φ11. (t)domain and its boundαrν， a?ld if the serte %=l λ% is μnif01'11ιlν

<converge?ι t in G, then it converges throughout G to the SU1n K (8, t).

For the series converges in G to a function that is continuous in G.
Moreover, G has its measure greater than zero, and thus, in the arbitrary
'small neighbourhood of any point of G, there are points which do not
belong to the exceptional set. Hence K (s, t) cannot differ at any point of
,G from that function, continuous in G, which represents the sum of the
.sen es.

For example, if K(s , t) is continuous except when s = t , where it may
have any finite or infinite discontinuities consistent with the condition

that \ {I( (s, 에 } 2 dt should exist for each value of s as a limited function
Ja

-of s, and if ~ φπ (셋 1>11.(하 is uniformly convergent for all val뼈 of sand
‘= 1 I ‘ 11.

.t, such that Is- t I늘 £, when £ is an arbitrary positive number, then

ies ~ φn (8) φn (t) cothe serie η=1 시 nverges to K(.<J , t) at all points such that s추 t.
{(s , 에

'Th is applies, for example, to the case I( (8, t) = I :::tVI q., where f(s , t) is
a continuous function , and a < 훌.

5. Let all the n nrn bers λl' 사， ... , be positive, and let ]( (s, t) be
continuous; then , in accordance with a known theorem due to Hilbert,*

.. See E. Schmidt ’s paper in the Math. Annalen, Vol. 63, p. 453.

c 2
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we have

PROF. E. W. HOBSON

j:j:K(s, t) .f(S)j(t) ds dt = }:컸 {J늪(8) φπ (s) ds } 2,

[Feb. 12.

where j (8) is continuous in (a , b). If j(s) is chosen so as to vanish except
in the interval (SI' SI+e), and to be positive within that interval, the
number £ being so chosen that K (s, t) has the same sign as K (Sh S1)

in the square 81증 s ~ Sl+e, SI흑 t 같 SI+£' unless K (SI' SI) = O. It is
clear that that sign must be positive, since the right-hand side of the
above equation is positive; hence K(s1t SI)늦 0, and,as SI is any point, we
have K (.~， s) 늦 O. If we now consider the nucleus

K(s, t)-n확 따(뤘에

which is symmetrical and continuous, and has only the positive charac
teristic numbers λn+h λπ+2， ... , we see that

K(s, s)- n할 {φ폈H ~ 늘 O.

Thus the series ~ {φn (s)}2 is convergent for every value of s, and its
n:l A’‘

Bum is limited for all values of 8.

It follows from theorem III that there exists a nucleus k(s, t) such that

I {k (s, t)} 2 dt = 죠1 {한(S) } 2 ，

of which the characteristic numbers are 혀， 채， ..., and of which
φ1 (8), φ'2 (S), ... are the characteristic functions. This nucleus is unique.
except for equivalent ones.

The repeated nucleus

k2(s, 에 = j: k(s, t ’) k (t, t') dt'

has for its sole characteristic values AI' λ2' ... , and for its Bole character
istie functions φ1 (S) , φ2(8) ， '0' (see § 1).

Hence, si띠nee J:심헬썩{냐써k힘2μ핸꽤(8ι쐐Sι，
accordance with wha빠t has been shewn in theorem III, be equ미1꾀iva봐’Je밍nt to

K(ιS직， tκ) ， and therefore by the theorem I 0야f § 2, we see that }: φ%μ(않S잉) φ”μ(t))

co아onver힘ge잃s uniformly to I( (8, t).
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If a finite number of the numbers {λπl- be negative, we may apply
the above result to the nucleus

K(s , t)-넣T φπ(skφπ( t) ,

where l' is so large that all the negative characteristic numbers are in
eluded in the first r. This nucleus has its characteristic constants
λr+h λr+ 2， ... all positive, and the above result may be applied to it. It
has thus been shewn th따-

VII. If the synz,metrical nucleμs K (s, 에 be continμous， and αII its
characteristic constαnts， 'W i th the possible exception of α finite nμ1nber of

them, a1'eof one sign, then ~ φn (st φn (t) converges un'ifoηnlν to K(s, t)
as S ll1n.

This is Mercer’s theorem.*

6. The theorem of Hilbert quoted in § 5 will now be extended to the
case of discontinuous functions of which the squares are summable.

vVe shall assume that K (s, t) is limited only by the condition th뼈

J: 퍼 (s, t)} 2dt exi뼈 for each value of s, and is a limited func빼 of s

in the interval (a, b). Let p (t) be a function whose square is Bummable

i뼈e interval (α， b) . rrhen, if 9 (8) = J: K (s, t)pet) dt, we see that 9 (s) is

a limited summable function.
Consider the function

F(s) = 9 (s)-흘1 % (S) I g (t) % (t) dt

The series in the second term on the right-hand side is equivalent to

or to

훌1 λπ 끄 K (s, t)싸(t) dt J: J: K “, t') pet')따(t) dtdt' ,

흘1 IK(s, t) ￠n (t) dtI φ’‘ ( t ' ) 1) (t') dt' ,

• See Phil. Trans. , Vol. 209A. Another proof has been givlm by Kneser, in the Rend.
di Palermo, Vol. XXXVII, p. 195.
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which , in accordance with a theorem 훌 due to E. Schmidt, is absolutely and
uniformly convergent.

We have now
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and hence, in accordance with what has been shewn in § 8, we see that

J: K(s, t) F(t) dt = 0

We have now
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It follows that F(s) = 0 for every value of s, with the possible
exception of those belonging to a set of measure zero.

Therefore the uniformly convergent series

51 φ，， (s) J: g(ψ φn(에 dt

converges to g(s) for all values of s with the possible exception.
The series is equivalent to

φπ (s) rb

πE 햇한 Lφn (에 p (에 dt.

Multiplying by q(s)ds and integrating, we have

∞ ~ ~ ~ ~r

건1 자Lφn (S) q (s)ds t φπ (t) pet) dt = JallK양， t) pet) q(잉dsdt，

where q (s) is a function whose square is summable.. The legitimacy of
the term-by-term integration is unaffected by the possible existence of
the exceptional set of points of measure zero.

We have now shewn th따

r.r. K(s, t)p(t) q (s)dsdt = 흘1 옳 f: φn (s) q (s) ds J: φn (8)P (s) ds,

where p (s), q (s) are any functions whose squares are summable in (a , b),

• Math. Annalen, Vol. LXIII, p. 440.
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and where. K (8, t) is s빼ct only to the condition that f. {K (8, t) }’d t

exists for each value of s and is limited as a function of s.
Let p (8) and q (8) be identical; the theorem then becomes

f I;K(s, t)P(S)P(t) dsdt = ?l힐 값 {J: φπ (s)p (s) d8 }

7. Let it now be assumed that K(s , t) is such that all the charac
teristic numbers {λn } are positive. Let p (s) be defined by p(s) = 1, when
Sl-£ 특 S듣 8 1+e, and p (s) = 0, fOl' all other values of 8, where £ is a
fixed positive number, and Sl a fixed value of s.

We see then that HK (s, t) ds cU,

taken over a square with its centre at the point (SI' ,1)1) and its sides
of length 2e parallel to the axes, is essentially positive.

Let us now assume that all the characteristic functions {φκ(8)} are
continuous, and let us apply the result just obtained to the nucleus

K쐐 n첼 φn뤘π (t) ,

which is such that

or

E{K(s, t)- 펀l 양II (魔(t) } 2 t1t,

I {K(s, f) }2빠

is a limited function of s, the value of 111; being fixed.
We see that

옳JJK (S ， t) 값dt- 옳U현 φII떻t (t) dsdt

is essentially positive for each value of 1nand each value of €; the integrals ,

being taken over the square with centre at (81, S1).

Now ?l장II φπ(sl φι ( t) being a continuous function of (s, t) , we see that
π= 1 I ‘ u

윌 Hit죄폐폐LEE칭iE딩Ii! φ싸싸Rμ(체: ψι싸따샤μ싸(“t에) d값s el섭 I폐딛3’lit샤↓ {펴φ야펀’?폈;
안'±€- JJ 11=]

where ηm converges to zero as € does so, and thus can be made arbitrarily
small by taking € sluaH enough, for each fixed value of ?n.



24 PROF. E. W. HOBSON [Feb..l~

Thus HK(s. t)dsdt_ll~lI‘ {ψn (.~I) rJ

i;§ ll K(s, t)dsdt-n=1 시 -7)

is essentially positive.
If K (s, t) be such th빠 it is not infinitely discontinuous 와 the point

(S1J SI)' we can choose e so small that IK딩， t) I is lilnited in. the square
SI- e즉 S 등 SI+e, SI- e등 t 등 SI+ e.

In that case 짧 jjlf(쐐sdt 등 N ,

where N denotes the upper limit of IK(s , t) I in the squa.re so chosen. 'Ye

ies ~ {φκ (SI) }j)

now see that the serie 、 cannot diverge, for if it diverges we
π=1

can choose m so large that

N>윈
-
、
사

찌
r
-

대Z
떠

and since ηm may for this value of 1n be taken arbitrarily small by proper
choice of e, the expression

rr K (s. t) dsdt- '‘5m{φn (s) }2

깊2 JJ K (s, t) dsdt- n~1 λ’‘
-ηm

would then be negative, which is impossible.

s {φn (SI)}2

Therefore the series ~
I
rr~

\~l/ I is convergent, provided ](s, t) is not
η::l λn

infinitely discontinuous at the point (SI' SI).

Be ~ {φπ (SI) } 2

l、 is divergent, ]((s, t) must be in효nitely discon-
π= 1 I

‘π

tinnous at (SI' SI).

In case K (s, t) is such as to have no infinite discontinuity on the

straight line s = t , the se바es ~ {φ
냈

) } 2
is convergent for every value of

~‘
φ，， (s) φ，， (t)

s in (a , b). It then follows th따 the gerieg E 1
ig eve핸wh

absolutely convergent.

Employing the theorem V established in § 4, we now have the
following theorem :-

VIII. If K싱， 야 be any symnwtrical nucleμs for whick all the ckarac
teristic numbe'l's are positive and the characte'ristic functions all C01l-

tinμous， such that , {K (s, t)} 2 dt is α liη~ited fuπction of 8, and also such
J a.
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α，s not to be i1껴nitelν discontin'l•ous at any po-int on the straight l샤e s= t,
the series ~ φ%섹 φn (t) converges to K (s, t) ev얀ywhere ψth the possible

exception of points of α .~et of whick the sectioπs by l짜es parallel to the
azes haνe l앙~ear 1neasμre ze'ro.

This is an extension of Mercer’s theorem to the case of discontinuous
nuclei with positive characteristic numbers. It is easily seen that it can
be extended to the case in which a :finite set of the characteristic numbers
are negative.

8. Let K (s, t) be any symmetrical nucleus for which {φ짜 (s)} and {λn }

are the characteristic functions and constants, and -let it be assumed that

the series 1: I! , is convergent.
n=1 I I ‘ 7& 1

Let El' Eg, ..., denote a sequence of decreasing positive numbers such
that ε1+£2+··· converges to .a. positive number ,arbitrarily chosen. Let
η1]. ， 11험， η얘， •.•, be a sequen엎- of increasing integers so chosen th빼

We have then

It follows that

찮 1갔T <Er, ￡ T솔T < 택，

J:렐1 {φn (S) } 2|、 | ds< 택 ，

J:받1 {φ (8)}2‘ n.\ S} ) ds< 택，
파 lλn. 1

m등1 {씬(s! } 2 < 턴，

in the points of a set of linear measure > b-a-El; that

Rε1 {φu상) r~ I

듀 lλπ| 、댐，

in the points of a set of linear measure> b-a-E2' and so on.

It follows that in the points of a set of linear measure > b-a-"
쩨~ r { φn(하 } 2 __ po

‘ 가-"\--1- “ i
”‘I

for all values of r.

Now choose a set of values of {, say {I, 화， ..• converging to zero , and
such that {1+{2+". converges toa positive number 0 arbitrarily small.
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We see then that in a set of measure> b-α-0， the series L {φ11. (s)} 2"::1 Iλ11. 1

converges uniformly. Since 0 is arbitrarily small, we see that L {φ1& (외 va
is convergent for all values of s th a.t do not belong to Eome set of linear
measure zero.

Since |φn펀κ(t) I ~ 1 { φ (8) ]- 2 I 1 { φπ ( t) ]- 2|등 훌 n +l| λ，샤 lλπl

ies L φ11. (s) φn et) Iwe see that the series L '{'1I. \'~ 't'n \ " / is absolutely convergent, provided
λη

neither s nor t belong to the exceptional linear set. We thus see that

z φ11. (셋 φ11. (t) IS conver뿜nt， except possi바 at points of a set of which
n=l I‘π

the plane m~asure is zero.

It has thus been shewn that :-

IX. If K(s , t) be αny symmetl'icα1 nucleus not necessαrily continuoμs

or limited, sμcλ tilαtthe series of which the terms αre the reciprocal닝 of

its characteristic numbers is αbso lμte Zy conve띠ent， then ~ <Pn (센 <Pn (에 l, S
n=1

αbsolμtely convergeπt， except possibly αt po'Z:nts of α set of which the plane
ηteas~ιre ιs zero.

Employing theorem V, we now obtain the following theorem :-

X. If K (8, t) be any symmetricαl nucleμs， limited or ~(;nliηtited， sμch

that its chαracteristic fUlnctι~ons are continuous, and such that

J: -[]( (s, t)} 2 dt is α limited functio껴 s, then, if the series of which the

terms αre tλe reciprocαls of the cλαrαcter차tic nμmbers is absolutely con-
φπ (s) φα (t)ve1·gent, the series ~ '{'n\v~ '{'n\Vf converges to ]( (s, t) 뼈th the possible'

n=l λj1.

exception ofpoiηts (s, t) of α set of which the plαne meαsure is zero.

9. Let K(s ,t) be such that, provided Is-tl is 늦 €, where € is an

arbitrarily chosen positive number, I ~ φn (s) φn (t) I is less than some
| π=1 I

fixed positive number, for all values of η1- ， and for all the values of.sand t
whieh satisfy t .he prescribed condition. Al넓so let us assume that a’lIthe
c얘ha없，1'펴갚a없，et뼈e1'더lA따tic nun빼ers -[λn j. corresponding to K (s, t) are positive.
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It can then be shewn, by employing Abel’8 lemma, that the series

z 빠(셋 epn (t) convei·ges uniformly for all 뼈 values of 8 and t, s빼 배at

I8-t I늘 €.

For

n=할P 따씬 φ짜 (t) = ;-L- ??똥P φ꽤) φ，， (t)
n=m+l An I ‘ m+p+l m+l

+ 3환 [(잖 - 싫김) 뒀 φπ(8) φn(t)] ;

and since
1 1

~--....---~ 0,
λm+q λm+p+1 - ,

lz:慧 φn (3환(t) I __ P I Tl I 1 1 、 PI<~+P(~--.... _...._}<~
I - Am+P+l \λm+ l λm+p+ 1J -... Am+l

where P is a fixed positive number, dependent only on €. Since ~ is
/、m+ l

arbitrarily small, by making m large enough, the uniform convergence of
the series is established.

If we assume that K (8, t) is continuous except on the line s = t , where

it is infinitely discontinuous, and that' {K 상， t) }2 dt is a limited function
Ja

of 8, the functions {φπ(8)} are all continuous, and the theorem VI of § 4 is
applicable.

We obtain then the following theorem :-

XI. If K (8 ,에 i8 cont짜UOU8 except on the line 8 = t, where it may be

썩nite싫scon微0μs， b'ut sμcλ that J: -[ K (s, t) ]- 2 dt is a 1쐐ited func-

tion of s, aηd 하 |델 φπ (s) φ’‘떼 is less tλan some ‘fixed finite number,

쐐dependent of m , fOl° all valμe8 of sand t such thαtis - t I~ €, where €

is an αlobitrarily cλosen positive number, then the seT상es ~ φ까 (8)φn (t)

converges μniformly to K (8, t) for αII val'lιes of s α’‘d t sμck that

Is-t I늦 €.

This theorem is applicable to the case of the Sturm-Liouville functions
and to other orthogonal functions which arise in connexion with linear
differential equations.
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10. Let K (S, t) be such tba많 {K(s , t)} 2dt is a limited fn빼n of 8,

and that the repeated function of [{ (s, t) is equivalent to a continuous
function [{2(s, t).

rrhen, as has been shewn in theorenl I , ~ if>n (석φπ (t) converges uni-
formly to [(2(S, t). n=뇌1 I\.사n

T願he빠e하re敏fo따빼O야뼈r때e L펙{灣철搬F) }담2 c뼈onve뼈vel'總?팽뿔짧g웰웹es t뼈o얘없)얘입acon따t꾀따따삐In삐n\뼈1\

Let us consider separately those values of λ which are positive and
those which are negative; let the former be denoted by

(P) -,. (P) "' (P)
λ1 , λ2 , λs ,

and the latter by (N) "' (N) "' (N)A{'J, A2·· J, λ3 , ...,

each series being arranged in order of increasing absolute magnitude. It
is then clear that the two series

~ (짧현~ l 2

?노1 l λ얀) ) η즌1 {戀) } 2

are each convergent and have limited sum functions.
Let K (l)(s, t) be that nucleus, constructed as in § 3, which has

{φ얀) (s) }, {λ양사 for its sole characteristic functions and numbers, and
let K(2) (s, t) be the nucleus, similarly constructed, which has {φ싼(s },
{λ싼 } for its sole characteristic functions and numbers. We have then

J: -[ I{(l) (s, t) ;- 2dt =點總 2, I; 1K(2)(s, t) }2dt = 5I {總 }2 ;

and therefore

,
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Since 1>~센(t) is orthogonal to all the characteristic functions of K (l) (s , t) ,.

we have J: K(l) (s, t)짧(t) dt = 0;

and similarly, we have J: K(2)(S, t)짧(t) dt = 0
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It follows that

fa {K(l)(s, 에+환) (8, 에빠}짧짧(뼈얘뼈dt야= 짧짧써

and fa {K(l)(S, t)+K(2)(S, t)} 1>~N) ( t) dt = λ뺀짧(s) ;

Hence the nucleus K (1)(s , t)+K(2)(S. t) has the same characteristie
functions and constants as K (8, t). It will be shewn that it has no other
characteristic. functions than these.

Since K(생， t f
) is orthogonal to φ씬 (t’) ， φ싼(t’) ， ..., we have

fa K (l)(s, t f
) K(2)(t, t') dt' == 0,

hence f.[훈1) (8 ， t댔(2) (s, t') ] [K<l ) (t' , t)+K(2)썼] dt’

= J: I{(l싸 t’)K(l)(t, t’)dt'+J:Kβ)쐐 K(2)(t’,t) dt' ,

and thus the repeated function of K (l)(s, t)+ J«2)(S, t) is the sum of the
repeated functions of K(l)(S, t) and K(:!.) (s, t).

Also

SInce

J:iK(s, t)}2dt =fa {K<l )“ ’ 잉+K(2)(S, t)} 2 dt,

J: I{(l ) (S, t) K(2)(s, t)dt =0

Since J: {K(l)(S, t)+KI했 t)}2dt =잃戀} 2+ ，프1 {總 }2,

it now follows th빠 K(l) (s, t) +K(2) (.~， t) has no characteristic functions and
constants other than those of K (s, t).

The following result has been established :-

XI I. If K (s, t) be sμcλ that its repeated junction is eq따uαlent to a
continuous junction, then K(s, ψ may be expressed as the sum of tψojμnc

tions K(l)(S, t), K(2)(S, 예， ortλagonal to one another, and sμch that K(l) (s, t)
has for its sole charαcteristic numbe'Ts tιose numbers correspon값ng to
K(s, t) wλich a're positive; a·nd sμcit that K( '2) (8, t) has for its sole charac
te'ristic numbers those numbers cOl'responding to K (8, t) ψhich are negative.
Thecharαcteristicfiμnctio'1l， corresponding to α characteristic number of
K (l ) (s, t) or of K(2) (8, 에 is the same αos tλe chαracteristic junction of K (s, t)
corresponding to the saηle characteristic '/ιumber.
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This theorem is applicable in particular to a continuous nucleus
K (8, t) , which may have an infinite number of characteristic numbers
of each sign.

If it were certain that K(l)(S, t) , K(2) (8, t) were not infinitely dis
continuous on the straight line 8 = t, theorem VIII would be applicable

to these nuclei, and the uniform convergence of ~ φn (8않n (t) to K“
cou비lId be deduced. As, however, this possibility cannot be excluded, at
all events α priori, no further general result has been obtained for the
case of a continuous nucleus with an infinite number of characteristic
numbers of each sign beyond that obtained in § 3; that, for each point
(8, t) , with the possible exception of points belonging to a set of measure

zero, a sequence of values of m can be go determined that %im φπ (센 φn (t)

converges to K (8, t) as m goes through the values in the sequence.




