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Secr. II..—OTHER SELECTED PAPERS.

(Paper No. 3592.)

“A Problem Relating to Railway-bridge Piers of
Masgonry or Brickwork.”

By FrepErick Karn EsviNa.

In the design of railway-bridge piers of masonry or brickwork, a
puzzling problem is met with when the horizontal forces (due to appli-
cation of the brake, till sliding takes place, to a train exposed to
wind-pressure), acting at an angle to each other, cause the centre of
pressure of the combined vertical and horizontal forces to fall beyond
a certain distance from the centre of gravity of the horizontal section
of the pier. This section is usually square or rectangular in shape,
and the following investigation will be confined to piers of these
two sections.

The difficulty in calculating the exact stresses resulting in certain
cases from the combined action of the horizontal and vertical forces,
is due to the fact that masonry and brickwork, even when built in
cement-mortar, cannot be relied upon to resist tension. Brickwork
in cement is capable of withstanding considerable tension, and
cases have occurred of partial damage to ordinary brick-in-cement
culverts, in which the portions remaining intact must have been
subjected to a tension of 80 lbs. per squareinch. But both masonry
and brickwork usually contain some joints at which the parts can be
separated easily, and in most railway-piers the joint between the pier
and its support is quite unable to resist tension.

In Fig. 1 the horizontal forces are assumed to be acting with such
intensity that the compression along a b is reduced to nil ; it will be
seen at once that the compression along ¢ d must be double the com-
pression due to vertical loads only, and that the centre of pressure will
be at the point A. Supposing the line of no-stress to occupy succes-
sively every position possible around the rectangle e b ¢ d, whilst
always remaining in touch with it, then the corresponding centres
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of pressure describe the diamond-shaped figare A B C D. This
rhombus is called the “kern ” (kernel) by German scientists, and the
distance of the point A from

Fig. 1. 4u the centre O is—
43
Eid 1
uhe a = -
TSR 2% TICTer ‘»% Y A h
2

M HHGE i | A being the area of the rect-
angle and I its moment of
inertia with e f as axis.

This gives for the rect-

angle :—
b bRk
TR TE
b 7 [ The kern therefore occupies

the middle third of the two

main axes, and with its assistance many of the problems relating to the
combined action of the horizontal and vertical forces may be solved.
If the centre of pressure be within the limit of the kern, asat ¢
in Fig. 2, it follows that there must be compression only, although of
varying intensity, over the whole section of the pier. Let a straight
) line be drawn through ¢ and

Fig. 2. O, intersecting the kern in

N v @ and b. Then the maxi-
-~ mum compression is given by
W _qb
X tov
] compression by w X g
A7 Od

being the total vertical load
L ; on the pier, and A the area of
the latter. If the material of

the pier be capable of resisting tension, the stresses can be found just
as easily if the centre of pressure falls outside the kern, say at p,
Fig. 2. Let the straight line through p and O intersect the kern in

and the minimum

W

cand d. Then the maximum compression will be V}( X %—Z, and the
pe

. . W
maximum tension x X 0 But if the piler be unable to resist

tension, a lir.eﬁof cleavage will be formed, say at ¢ f, so that
the area e f g will be lost, and the compression will be increased on
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the remaining part of the original rectangle. Unfortunately there
is no direct method of finding this line of cleavage (or no-stress) ;
and the cases investigated in the text-books seem to be confined to
those in which the centre of pressure falls on one of the two main
axes of the rectangle.

Supposing @ b ¢ d, Fig. 3, to be a horizontal section of a rect-
angular pier, with the centre
of pressure, p, outside the Fig. 3.
kern; then it is known that
e f, the line of no-stress, is
twice as far from p as p is
from ¢ d, and that the maxi-
mum compression is along cd,

CENTRE OF
SRESSURE

a: . ied.

and equal to W or
Area cdef’
that it is greater than the I I A ol
compression due to vertical |
loads only, in the ratio of il

gf_bc_c' It will be shown that b 1 <

these data are sufficient for solution of the problem under con-
sideration, namely, the determination of the maximum compres-
sion on the pier when the centre of pressure falls outside the kern,
and away from the two main axes.

Examining the area e fc¢d, Fig. 4, at e f there is no pressure,
whilst at cd there is double
the average compression, and Fig. 4,
the centre of pressure, p, is &
lgh from ¢d. Dividing de |
into ten equal parts, as shown,
and assuming the compression
along ¢ d to be 10, then along e
99 it will be 9, along 88 it
will be 8 ... along 11 it will
be 1, and along ef nil. In-
stead of taking the whole &
area cdef as being active,
an “equivalent area” of the maximum compression can now
be constructed by marking these reduced lengths.9,8,....1,0,
on the corresponding lines 99,88 . . . 11landef. Theareacdy
is thus obtained, and this is a triangle, with the centre of pressure,
p, on its centre of gravity. In Fig. 5 is shown the “equivalent
area” of a triangular section, with the base as the line of no-stress.

LINE_OF HO-STRESS

~
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The equivalent area is bounded by two parabolas, is one-third the
area of the triangle, and has its centre of gravity on the middle of
ab. The “equivalent area” provides a simple method of finding
the maximum compression, as
Fig. 5. it is only necessary to divide
the total vertical loads by this
area. In the case illustrated
in Fig. 4, the maximum com-
pression is ———— 7 The
same reasoning applies to any
position of the line of mno-
stress. Dividing the distance
between this line and the
farthest part of the rectangle
CTREOF NOLETRESS or0-0  into any number of equal
omeor men o 40 e oo parts by lines drawn parallel
to the line of no-stress, and
marking off on these parallel lines the reduced lengths, 99, 88,
. .. 11, as in Figs. 4 and 5, the “ equivalent area” can be readily
drawn and the maximum
compression obtained; the
centre of pressure will be on
the centre of gravity of the
“equivalent area.” All the
different “equivalent areas”
come under one of the types
shown in Figs. 6.

If a great number of these
‘““equivalent areas” were drawn
and their areas and centres of
gravity fixed, lines of equal
pressures could be plotted,
which would serve to indicate
at once the maximum compres-
sion caused by the action of
the horizontal and vertical
forces combined; but any
attempt to solve the problem
in this manner would soon
prove to be an arduous task.
‘What is wanted is a simple method of determining a few lines of
pressure, and of deriving others from them.
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The Author was first led to investigate this problem by finding
that the “equivalent area” for a triangle having its base on the
diagonal of the rectangle was one-sixth the area of the latter, and
its centre of gravity, coinciding with the centre of pressure, was the
middle point of the line joining the centre of the rectangle with the
apex of the triangle under consideration. It seemed likely that
there would be a curve between the centre of pressure of this triangle
and that of the rectangle a g kb d shown in Fig. 7 (also giving an
“equivalent area” equal to
one-sixth the area of the Fig. 7.
pier), on which would be a . a
located the centres of pressure I .
of all intermediate ‘‘equiva-
lent areas” equal to one-sixth gl . N i h
the area of the pier. For con- L ~
venience, the terms *6-line,” '
¢3+85-line,” &c., will be used S
to denote such curves for

. 1 1
equivalent areas of &8 b
&e., of the area of the original
vectangle. The term  6-line ” will therefore denote the locus of the
centre of pressure for all cases in which the resulting maximum
compression due to the action of horizontal and vertical forces is six
times that due to the vertical forces alone. The calculations were
made for a rectangle 8 feet by
6 feet, but any other dimen-
sions could have been chosen.
For the 6-line the equivalent

8§x 6
area must be —— = 8 square

6
feet., Thus in Fig. 7, for the
rectangle, g b is 2 feet from
a d, with the centre of pres-
sure, at e, 0667 foot from
ad., TFor the triangle acd
the 6-line centre of pressure
is at f, the middle point of O d.
Tt also seemed very likely that all other areas represented by the
6-line would have one end of their fourth side on @ ¢ and the other
end on hc. This assumption proved to be correct, after the following
calculations had been made.

Taking a line of no-stress at ¢f (Fig. 8), so that a¢and fg are
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both 0:4 foot and dg 0:6 foot, the equivalent area is readily

calculated from the dimensions given on Fig. 8. It consists of a

triangle below a g, and a triangle plus two areas bounded by para-
4

bolas over ag. The former is found to be 3+2 X 0—2— =064 1in

. 2
area, and the latter 3-2 X 9—2—(? + 3 (2'8—16) X 0°6 =096 +
0-48. Adding these, the total equivalent area isfound to be 2:08 for
d f=1-0. The co-ordinates of the centre of gravity of this area
are 1-077 along hd, and 0-2603 at right-angles to A d. The cal-
culation shows that the abscissa is a simple function of the length
of the pler (in this case always 8-0), and the ordinate a simple
funetion of (x + y). The centre of pressure of any other area
with the ratio of x to y equal to gi
determined.  For the 6-line (area = 8-0) x and y are multi-

can therefore be easily

plied by ~2.—80§, giving #=1-538, and y = 2-308, whilst the centre
of pressure will have an abseissa of 1:077 on % d, and an ordinate of
8
.9 -1 -
0-2603 x 308 1-001 under & d.

Evidently similar caleulations can be performed for any position
of e f (so long as f is on the line ¢ d), and a few trials will show that
when « is to y as 0°4 is to 0+6, if the centre of gravity of the
“equivalent area” is on any ‘z-line,” it will have an abscissa of

1:077 on % d, and an ordinate of;fi X 1001 below ad. Thus for the

4
X 1-001 = 0-50, &e. An important case is that in which f falls on
¢, as it is clear that the proportionality to the 6-line will cease when
J 1s anywhere on b ¢ except at the point ¢. The line ef for this case
will be termed the “limit-line.” For df =1 the equivalent area
has been found to be 2:08 and for df=dc = 6-0, it is clear that
the “equivalent area” will be 6 X 2:08 = 12+48, and the limit-line
8 %6
1248
0-6, all lines of pressure between 3-85 and infinity can now be
drawn by making the abscissa on h d egual to 1:077, and the

4-line the ordinate is§ X 1-001 = 1:501. TFor the 12-line it is 1—%

of pressure = = 3:85. With the ratio of x toy that of 04 to

. 6 . .
ordinate equal to 5 X 1:001, z representing any pressure-line

between 3-85 and infinity. Similar calculations were made for
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various ratios of @ to y, and the results obtained are given in the

following Table :—
TaBLE I.—ABSCISSAE AND ORDINATES OF THE 6-LINB,
- 09080710605 04)0310201},
i ®© 1 01!0203]04|05{06|07[08]09
z= 2:00 1-003(1°967)1-918/1+837/1-7141°5381°2050°968)0°541) 0
y= 0 0-2210-4920-8221-2251-7142-308J3~0213-8714-865 6
Abecissa °n} 0 0'140I0'2950'4660'6530'8571'077‘1-3091'5481'7842-0
Ordina‘té . . . . . - . 1 1-21 1.3521.5
under ¢ d _}0 6670 702[0 744/0-792:0 850[0 918/1 001‘1 100/1-217
Limit-line . |2:00 |2-21 12'46 2-74 13-06 )3-43 )3'85 4-32 {484 )5-41 ’iw

The foregoing Table gives eleven points of the 6-line of pressure,
and by setting out these points the curve can be traced as shown at
e fin Figs. 9 and 11.

Calculating the ordinates below ¢ d for the ¢ limit-lines ” of Table
I, another curve, namely, i f, Figs. 9 and 11, is obtained. The
problem is now nearly determined. It will be seen (Fig. 9) that
four sharply-defined areas, Oim, tmf, ihnf, and nfd, can be
marked off, and that these four areas include all positions of

b

the centre of pressure. In Fig. 10 these areas are shown shaded.
Avrea T contains the centres of pressure for all pressure-lines between
the 1-line and the 2-line, inclusive, 7.e., those due to the line of no-
stress keeping outside, or just touching, the original rectangle ; area
IT includes all centres of pressure due to the original rectangle being
reduced by the line of no-stress to five-sided figures of types d and e,
Figs, 6, the pressure-lines ranging from the 2-line to the 6-line; area
IIT contains the centres of pressure for types a and ¢, Figs. 6 (the
[THE 1INST. C.E. VOL. CLXV.] Q
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2-line to the infinity-line); whilst area IV includes the centres of
pressure for type b, Figs. 6, ranging from the 6-line to the infinity-line.

It is now necessary to find some additional centres of pressure on
the diagonal, O d, Fig. 11. For those between f and d this operation is
simple, since here only triangles have to be dealt with, and these have
“equivalent areas ” equal to one-third the area of the triangle (with
the line of no-stress on the base of the triangle), whilst the centre of
gravity of each *equivalent area ” is in the centre of the line drawn
from the middle of the base-line to the apex opposite. This means
that the centre of pressure for
any z-line, where z is greater
than 6, will be at a distance from

d equal to fd \/ g Supposing
it be desired to draw the 12-line
complete, the ordinates between
g and § are obtained by halving
those of the 6-line, and since

,6,_
L dl= 2'5\/—1—é=1‘768, the

point ! is fixed. To connect
J with? a number of triangles are constructed having an “ equivalent
8 x6

12
the centres of pressure fall between I and j are selected. In this
manner as many points as may be desired can be obtained, thus
completing the 12-line from ¢ to .

To find the centres of pressure between O and £, a number of lines
of no-stress between O and x (Figs. 6, d) are assumed, and the
‘“ equivalent areas” and distances of their centres of gravity along
Of from O are calculated. The results for a number of cases are
shown in Table IT,

d,

area ” of

= 40, or an actual area of 12+0, and those for which

Tasur IL—CENTRES OF PRESSURE OoX O f, Fras. 6 (d) axp 1L

4- 364! 50 '5 533.6:0

P{i‘r’f;‘re_‘} 2:0 [2°22 |2-477,2+773) 3-0 13°33 13-645] 4°0 :
Distance l '
from 0}/0-833(1-012/1+20 [1-389(1-516/1-678[1-815/1-952'2- 1672 263/2+3892+5
along Of ‘

The pressure-lines referred to in Table IT can be readily plotted.
Thus the points on KO are obtained by dividing twice k¢ by each
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pressure and laying off the result obtained along % ¢ from A. (This
gives for the 6-line, he = _2_>612 = 0:667; for the 3-line, Ak =

2x 2
—3— = 1-333, &c.) To draw the 3-line complete, the ordinates

between k and p are obtained by doubling those of the 6-line; the
point ¢ is obtained from Table IT; and between p and g a flat curve
is plotted by drawing ¢  parallel to ¢m, and pr parallel to O f, the
curve pg to be a parabola with ordinates parallel to pr. A few
trials with equivalent areas of type e, Figs. 6, will show this curve
to be practically correct.

It is now possible to determine any pressure-line between the
1-line and the infinity-line. In Fig. 11 the 2-, 3-, 6-, and 12-lines are
shown ; but for the purposes of Table II1 many more were drawn.
The quarter of the original rectangle is divided into smaller rect-
angles (Fig. 12), each one-
fortieth the dimensions of the Fig. 12.
section of the pier. The values
of the centres of pressure at (
the intersections of these lines |__ ] ’

] .
!

.35; ™~ ! N Pid
are determined by scaling |4 I S
L mE
between the two nearest pres- [zs Z
sure-lines; the results obtained {20 ! \; ]
. M\ o !
are recorded in Table III. 1) T
10 ~ -
Table IIL can be used for | —% s b
. y U
the solution of most problems ) §zt1- Il
| ‘05 40 -20 -25 0-50

involving the action of hori-
zontal and vertical forces on :
rectangular piers. It is only necessary to find the component
of wind-pressure and vertical loads in decimals of the length
of the pier, and the component of the brake-force and vertical
loads in decimals of the breadth of the pier, and to take from
Table III the value of the resultant centre of pressure. As
an example, let it be desired to ascertain the maximum com-
pression on a pier 100 feet in height and 25 feet by 12 feet
in cross-section, the wind-pressure being 50 tons, the brake-
force 50 tons, and the total vertical loads 1,850 tons, The
component in decimals of the length of the pier will be ~1~————?g5g< )10295
=0-108 ; and the component in decimals of the breadthof the pier will
be 1—%’5: vy =0:225. In Table III the pressure-line at the
intersection of 0+225 with 0+100 is found to be 3:27 and that at
Q2
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its intersection with 0+125 is 3-54. Dividing proportionately for
0-108, the resulting pressure-line is found to be 3+36, or, in other
1,850

35 x 12
3-36 = 2072 tons per square foot. Supposing, in another case, the
components of the pressure to be 0262 and 0183 of the length and
breadth of the pier respectively,

the line of pressure is found, on Fig. 13.

reference to Table 1II, to be in
the square shown in Fig. 13. :
Dividing proportionately, verti- 568 NEED) 554
cally and horizontally, the pressure-
line is found to be, in both cases,

words, the maximum compression on the pier will be

0 'a;
~ @

-l

-200

4-94. 1If the two results should t§§_2)_.r(@'_§9),4,5?,;%%;5%@4‘,__(-_2,%2_:
differ slightly, the mean value is :
250 | | (4-68) 250

The only method of dealing with 458
this problem previously known
to the Author is one which was
described by Mr. J. H. Fraser in a Paper on “ The Design of Bridges,”
read before the Engineering Students’Society of Melbourne University
in 1892, 1In this method the centre of pressure is determined in the
usual manner, and a trial line of cleavage (or no-stress) is assumed.
Stiff paper is used for the drawing, and after the “ equivalent area”
is marked, it is cut out and
balanced on a pin passed Fig. 14.
through the centre of pressure. a : &
Probably the piece cut out will el o
overbalance to one side, and . N 4
a new line of cleavage is g ! AN h
assumed which will counter- s
balance the area shown to be . .
in excess. The problem is g
solved when the “ equivalent .
area” cutout balances perfectly s
on the centre of pressure P
determined in the first in-
stance. Care and patience are necessary, as several trials are
usually required to obtain a satisfactory result. By this method,
however, great accuracy is attainable. The example already quoted,
having reference to a pier 25 feet by 12 feet, was worked out by this
method, and the maximum compression was found to be 20-7 tons
per square foot, or the same as that obtained by means of Table ITT,

H
!
|
!
]
|
taken. !
?
\

C
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Referring again ‘to Fig. 7 and Table I, the following problem
presents itself for solution by mathematics or graphical statics. If
all lines of no-stress (for the 6-line) given by Table I, be drawn, it
is seen that they gradually shift from gk to @ ¢, and during the whole
of this operation they appear to be tangents to a curve O g, Fig. 14.
It would be interesting to find the equation to this curve, and also
that of the 6-line derived from it. The latter is, of course, always
on the outside of the * kerns” of the different trapezoids formed by
the movement of g % round the curve O g.

The Paper is accompanied by a tracing, from which the Figures in
the text have been prepared.
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