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1V. A4 fecond Letter from Mr. Colin M¢ Laurin,

ProfefJor of Mathematicks in the Univerfity of

Edinburgh and F. ®. S. to Martin Folkes, Efq;
concerning the Roots of Equations, with the De-

monftration of other Rules in Algebra 5 being the
Continuation of the Letter publifhed in  the
Philefophical Tranfactions, N® 394.

Edinburgh, April roth, 1729,
S IR,

N the Y ar 1724, I wrote to you that I had a Me-

thod of demonftrating Sir J/zac Newton’s Rule con-
cerning the impoffible Roots of Equations, deduced
from this obvious Principle, that the Squares of the
Differences of real Quantities muft always be pofitive 3
and fome time after, I fent you the firft Principles of
that Method, which were publithed in the Philofophi-
cal Tranfattions for the Month of May, 1726, 'The
Defign I have for forme Time had of publithing a Trea-
tife of Algebra, where I propofed to treat this and fe-
veral other Subjeds in a new Manner, made me think
it unneceffary to fend you the remaining Part of that
Paper. But fome Reafons have now determined me
to fend you with the Continuation of my former Me-
thod, a fhort Account of two other Methods in which
1 have treated the fame Subje&, and fome Obfervations
on Equations that I take to be new, and which will,
perhaps, be more acceptable to you than what relates
to the imaginary Roots themfelves, Befides Sir J/zac
Newton's Rule, there arifes from the following gene«1
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ral Propofitions, a great Variety of new Rules, different
from his,and from any other hitherto publifhed, for dif-
covering when an Equation has imaginary Roots. I fhall
particularly explain one that is more ufeful for that
Purpofe, than any that have been hitherto publifhed.

Suppofe there 1s an Equation of (#) Dimenfions of

this Form, )
xn___Axii-—x+Bx-‘n—z_cxn—3+Dxn—-4
—Ex""* 4 Fx "¢ - Gx"" "4+ Hy*""*

| + Kx®r &c, = o.

And that the Roots of this Equation are, 2, 4, ¢,, e
8, byiskyly &c. then fhall A =440 +e4d e
-+ f &c. and therefore I call ,0,¢,d, e, f, &c. Parts
or Terms of the Coefficient A. For the fame Reafon I
call ab,ac,ad,ae,be,bd,cdy Xc. Parts or Terms of
the Coeflicient By abc,abd,abe,acd,bed, &, Parts or
Termsof Cy abcdy,abce,abcf,Parts or Terms ofthe
Coefficient D, and fo on. By the Dimenfions of any Co-
efficient 5 I mean the Number of Roots or Facors that
are multiplied into each other in its Parts, which is al-
ways equal to the Number of Terms in the Equation
that preceed that Coefficient. Thus A is a Coeflicient of
one Dimenfion, B of two, C of three,and {o of the reft,
I call aPart or Term of a Coeflicient C fimilar to a
Part or Term of any Coefficient G, when the Part of
G involves all the Faétors of the Part of C: Thus
abc,abedefg are fimilar Parts of Cand G after the
{ame manner abcd,abcdef are fimilar Parts of D and
F, the Part of Finvolvingall the Fa&ors of the Part of
D. Thofe I call diflimilar Parts that involve no corn-
mon Root or Facor: Thus a#b¢,and defg b are diflimi-
lar Parts of the Cocflicients C and F. The Sum of all

the



( 61 )

the Produ@s that can be made by multiplying the Parts
of any CoeflicientC by all the fimilar Parts of G, I ex-
prefs by ' G’ placing a finall Line over each Coeffici-
ent.: After the fame manner D'F exprefles the Sum
of all the Produs that can be made by multiplying
the fimilar Parts of D and F by each other; and C'x C'
expreffes the Sum of the Squares of the Parts of the
Coefticient C, but C'xC; exprefles the Sum of the
Produ&s that can be made by multiplying any two
Parts of C by one another. Thefe Expreflions being
underftood, and the five Propofitions in. Phil. Tran/-
N° 394, being premifed, next follows

PROP. VL

If the Diflerence of the Dimenfions of any tws
Coeficients Cand G be called (m) then fball the
Produtt of thefe Coefficients multiplied by one ano-
w3

X

therbe equaltoC' G 4= m 42 x B H + X

k. Al 4 ’ﬁj—jx 7t X m+ 6 x1xK.

2, I 2 3

Where B and H are the Coeflicients adjacent to the
Coefficients Cand G, A and I the Coeflicients adjacent
to B and H, I and K the Coefficients adjacent to Band H.

Itisknownthat C=abc4abd+abetabf+
abg,&c.and G =abcdefgtabeodefbtabedefi
+becdefgb, &c. andit is manifeft,

1. That in the Produ®t CG each Term of C'G!
will arife once as a2 b c2defg. But

2. Any Term of B H'as a?b?cdefgh may be the
Produ& of abe¢, and abdefgh, or of abd and
abcefgh,orofabe and abedfgh, or of abf and
‘ abcdegh,
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abcdeghyorofabgand abecdef hyorlaltly of sk
and #b¢ defg s fo that it may be the Produét of any
Term of C that involves with # & one of the Roots,
tsdhesfs g,b, multiplied by that Term of G, which in.
volves #b and the other five that is, it may arife in the
Produ&t CG as often as there are Roots in a2b*cdef g b
befides # and &, or in general, as often as there are Units
in the Difference of the Dimenfions of B and H, that
is, m -~ 2 times 3 becaufe » exprefles the Difference
of the Dimenfions of C and G, and confequently in ex-
prefling the Value of C G the Coefficient of the fecond
Term B'H' muft be » +4- 2.

3. Any Term of A1, as a*bcdefghi, may be the
Product of any Part of C thar involves the Root 2 with
any two of the reft b,0,deof,8,65¢ (the Number of
which is the Difference of the Dimenfions of A and I,
which is in general equal to » 4 4) multiplied by the
Part of G that involves # and the other {ix ; and there-
fore arbcdefg hi or any other Term of A'l’ muft arife
as often as different Produ&s of two Quantities can be
taken from Quantities whofe Number is # -4 4, that
4 4—1 m=43 m4 4

2 1 T2

sm 4% times or

times ;and confequently in exprefling the Value of CG

the Coeflicient of the third Term A’I” muft be nt 3
w 1
e

4. Any Termof 1xK as abcdefghik, may be the
Produd of any Part of C that involves three of its Fa&tors,
and of the Part of G that involves the reft, and there-

fore may arife in the Produ& CG as often as diffe{gent
1 ro-
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Produds of three Quantities can be taken out of Quan-
.. . . — et
tities whofe Number is # 6 that is,% -4~ 6 X Zas

2

"+ 4
3

fourth Term in the Value of CG muft be w4 4 «

I
mds5s m46

2 " 3
In general, in exprefling the Value of the Produ&®
of any two Coeflicients C and G, if x exprefs the Or-
der of any Term of this Value as A’l, that is, the
Number of Terms that precede it, the Coefficient of
22X - m LX m—1I

1 X 2

® times, and therefore the Coefficient of the

that Term muft be

x4 m—

3
Units in x.

Cor. I Ifitis required to find by this Propofition
the Square of any Coefficient E, then fuppofe # = o,
the Difference of the Dimenfions of the Coeflicients in
this Cafe vanithing, and we fhall have E* = E/ X E/ <=
2 D'F/ 4. 3><—4;x G 4+ 4x—i— x—:-x B 'Hr
&eo =E'XE 4 2 DF 4 6C' G! - 20B?H?
4 70 A’1' 4 252 K. Therefore if E'x E, ex~
prefs the Sum of the Produ@s of any two parts of E
multiplied by each other, we fhall have E* = Erx Ef
4 2 B x E;, and therefore E?xX E, = D'F’ 4-
3CG 4+ 10B'H'4 35 A'l’ 4~ 126K,

K

2 . ) .
&c. taking as many Factors as there are

Cor.
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Cor. I It follows from this Propofition that
Et=FxE+2D'F+6C G'420B H 470 Al 4272 K.
DF= - - D'F'44CG415BH-45y6 Al 4-210K.
CG= - - - - CG4 6BH'}28A''4120K
BH= - - - - - - - -BH+ 8A'T4 4K
Al= - - =« = =« = = = =« «A'l'4 10K
K =

e

Cor. . It eafily appears by comparing the Theo-
rems given in the laft Corollary, that

E'E = - E*—=2DF+42CG—2BH+4 2AI— 2K.
DF'= - -« « DF—=4CG+49BH—16AI+}25K
CG' =+« - « = = = CG—6BH+420AI—50K
B’Hl — - - - - - - - - BH“"‘ 8AI+3fK
A’I’ T e @m @m m w m s ® = o= - - AI""‘"IOK'
PROP. VIL
P I P2 .
Letl=nx — X ; &e. taking as many

Fattors as the Coeffcient B bas Dimenfrons and
[ x E* fhall always exceed D F — C G - BH

2/

— A I 4 K awbhen the Roots of the Equation are al}
real antin’e&.

For it is manifeft that J exprefles the Number of
Parts or Terms in the Coeflicient E, and it is plain
from Propofition V (See Pbil. Tranfe N° 394) that

I—1 x E* muft always be greater than the Sum of

2

the Produds that can be made by multiplying any tw%
0
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of the Parts of E by each other, that is, than E'x E,, ;
but 2B/ X E/ = E* —E'E = (by the firlt Theo-
rem in the laft Corollary) 2DF —2CG 4 2BH

—_1

—2A’T 42 K, and therefore fince ! x Ef

muft always exceed E'E, , it follows that ! _—l il
2

muft always be greater thanDF — CG 4- BH —

AT 4 K when the Roots of the Equation -are real

Quantities.

Scuot. In following my Method this was the firft
general Propofition prefented it felf. Forhaving firft ob-
{erved that if / expreffes the Number of any Quantities,

] —
! muft

the Square of their Sum multiplied by

always exceed theSum of the Produds made by multi-
plying any two of them by each other;, and that the Ex-
cels was the Sum of the Squares of the Differences of
the Quantities divided by 2.7, it was eafy to fee in the
Equation ¥* — Ax """ 4+ Bx"7* = Cx"—3% L

Dx""*&c. =o. Since B is the Sum of the Pro-
duds of any two of the Partsof A, that if / exprefles

theNumber of the Roots of the Equation, d _}I < A"

muft always exceed B; and this is one Part of
the sth Propofition. In the next Place, I compared
the Sum of the Produés of ‘any two Parts of B with
AC, and found that it was not equal to AC but to
AC — D from which I inferred, that if 7 exprefles

K2 the
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Jom ¥
the Number of the Parts of B then --;-l-— % B* muft

always exceed AC — D and thefe eafily fuggefted
this general Propofition.

PR OP. VI

Let v expre(s the Dimenfions of the Coefficient C,.
and s the Difference of the Dimenfions of the Co-
efpcients C and G, then B and H being Coefocients
adfacent t0.C and G,n —rt —sxr C’ G/ Sballal-
ways be greater thans =4~ 1 X's 4~ 2 X BFH/ when
the Roots of the Equation ave allreal Quantities af-
fetted with the fame Sign.

For taking the Differences of all thofe Parts of the
Coefficient C that are fimilar in all their Fa&ors but
one, asa besab b, ab 7, &c.and multiplying the Square
of each Difference by fuch Parts of the Coefficient D
(which is of s Dimenfions): as are diflimilar to both
the Parts of C in that Difference, the Sum of all thofe
Squares thus multiplied, will confift of Termsof C/ G/
taken pofitively, and of Terms of B#H’ taken negative-
ly. By multiplying in this. manner s 57 —— abh|® 4
abc—abi|' 4 abc—abi]* &e. - #bc—ac " 4

abe— acifP+tabe—ack . +abc—bs bt +
abc—beef 4-abc—bok*Ke. by defg the Term of
D, that is diffimilar toall thofe Parts of C, you will
find that a2b*c*d e f £ will arife in the Sum of the Pro-
dufts 7 x # — r—stimes: For thofe Producs may be

alfo exprefled thus defga® b x ¢— bl c—7]'4-c —1J*

ScAdefgarc x b—hl' 4 b—i! 4 b — k" &c. 4
defg b
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N
defgberx a—h'4= a — 1" 4= o — k[* &e. where
the Number of the Differences ¢ wm 5, ¢ = 7, ¢ — E,
&ec. whofe Squares are multiplied by defgab* is ma-
nifeftly equal to the Number of the Roots of the E-
quation that do not enterz*b*c*def g orabedef g, that
is, to the Excefs of the Number of the Roots of the
Equation - above the Dimenfions of 26¢def g,a Term of
G, that is to # = 7 = 5. But in colle®ing all the
faid Produlls, # — r—s x a*b*¢*defg muft arife as
often as there are Units in 7: Becaufe the Terms
which are fubtracted from #b ¢ may differ from it in-
the Root c,as 2 b b, abi,ab k,&c. or inthe Root b, as
achyaci,ack Xc.orinthe Rootzasbehbci,bck s
that i&, #— 7 — s x a*b’c*def g muftarife asoftenas
there are Dimenfions in # b¢, a Térm of C,or as often
in general as there are units in #, which expreffes the
Dimenfions of C: Therefore'the Term ab*defg
will arife in the Sum of the above-mentioned Produéts

7 % #— 7 — § times,

The Negative Part muft confift of the Terms of
B/H’ doubled ; each of which,as 2 a?b*c def g may a-
rife as often as there can be Differences c—d,¢—e,
¢ —f, ¢ — g, d—e,&ec. affumed amongft the Terms
¢,d.e,f,& whofe Number isequal to s 4 2 that is s 4- 2

S41

%~ times ;. and therefore #2b% defg or any other

Part of B'H' muft arife in the negative Part s 4 «
X § -4~ 2 times ; and fince the whole aggregate muft
be pofitive it follows # —r—~—sx »C' G muft al-
ways exceed s 4~ 1 X 5 4 2 x B' H",

CoR..
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Cor.I. Suppafe we are to compare E'E' the Sum
of the Squares of the Parts of E with D/ F/ the Sum
of the Produéts of the fimilar Parts of D and F ; in this

Cafe s vanifhes, and therefore 7— 7 X 7 E!' E! muft ex-
ceed 2 D'F. Let z—7rx r=m and confequently
B f et IR o L == Yo f) e Ly 1 omm e 2, X
o 2 S W 2 A= 4y B == 3K = 3 =
M3 B9y =T — 4 X — 4 =M — 47416,
Since it is plain that #e—r — g X r=—q =2 —r xr
—gn <4 g* Then by this Propofition, {uppofing
BXEE e 2D F'= gt
#e— n41 XDF'—12CG = p?
m X CG'—30B'H' = ¢
m—3n+9 X B H —56A'l' = 4¢
m—4qn—4-16X A'l' —g0 KI' = e
The Quantities a/,0/,c!,d",e!, muft be always pofitive
whenthe Roots of the Equation arereal Quantities affe@-
ed with the fame Sign. The Coefficients prefixed to the

negative Parts are the Numbers 2,12,30,56,90, whofe
Differences equally increafe by the fame Number 8,

Co=r.II. Suppofing asbefore, that # — 7 x 7 = w3
and alfo that mX m—n 1= w'sW'xm —275F 4
=m"ym Xm—3n4 9 = n" &ec. it may be de-
montftrated after the manner of this Propofition, that if

mEE —2D'F =4

WEE —2x12CG =o'

" E'E:,-- 2 X 12 X 30 B' H! = 5"

#"EE —2 xX12X 30X 56 A'l = 4™ &e.
Then
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Then fhall 4',a",a", &c. bealways pofitive when the
Roots are real Quantities, whether they be affeted
with the {ame, or with different Signs. The Negative
Coeflicients arife by multiplying thofe in the preceeding
Corollary, 2,12,30,56,90, by one another.

PROP IX

Let a0l d'e's and m exprefs the fame Quantities
as inthe Corollaries of the laff Propofition.and m Erem
A4n 41 XDF =d 4V 420 4 5d' 4 14¢.

For by Cor. ii Prop. vi.

E' =EE4:DF46CG+200BH+10A"I' 252K,
and by the {ame

DF= - - -DF44CG 4 15BH 456 A'l' 4 210 K;
therefore w ' —m 4+ 24+ 1 XDF = n E E' 4
M= XDF fpp— 2 —2x20G
+m—3n—3 XsBH 4w — 41— 4 %
14 A'l' 4 m— 5 # — 5 X 4 2 K = (by {ubflituting
fucceflively for » E'E, w — » 4+ 1 x D' I,
m — 21 4+ 4 % CG, m—-gn-{-ng’ H/,
m— 4716 X A'l' their Values deduced from the
firlt Corollary of the laft Propofition) = &’ 4" 4=
2¢ 4 §d' + 14¢, where the Coeflicients prefixed
to 4.l ¢'.d's', are the Differences of the Coeflicients
of E'E,D'F, C'G,B'H/, A’} and K in the Values
of E* and D F taken from Cor. ii. Prop. vi. being 1 —o,
2 e I, 6 — 4y 20 == I§; 70 == 56 and 252 —= 210,

Cor.
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Cor. Since = n—7 X ¢ thereforem 4 # 41

=n— r=41Xr - 1; and confequent
””_-r + + quently ——

it E* muft always be greater than D F the

Produ& of the Coefficients adjacent to E 5 and hence
the Frattions are deduced, that in Sir J/zac Newion's
Rule are placed over the Terms of the Equation, which
multiplied by the Square of the Terms under them,
muft always exceed the Produds of the adjacent Terms
of the Equation, when the Roots are real Quantities :
For it is manifeft that the Fra&ion to be placed over
the Term Ex*~" according to that Rule is the Quo-
27 divided by 2+ !
71 r

X

tient of

PROP X

The fame Exprefions being allowed as in the pre-
ceeding Propofitions,it will be found in the [ame man-
nerthat as E*—m+ nd1 xDF=44-V4-2c4-54414¢ fo
m— 54 1 X DF—m+42044 XCG= - V'd-30od'4-28¢

m—2n~+ 4 X CG—m+3n49 XBH= - - c-fs5d}20¢
m—3n+ 9XxBH—m+-qn416 xAl= - - - - 44 y¢
=gt 16 X Al—mtfsntzsx K = - - - . o . e.

Thefe Theorems are eafily deduced from the Theo-
rems given in the fecond Corollary of Prop. vi. and the
firft Corollary of the viiith Propofition; and the Co-
efficients prefixed to 4,04 ¢!, ¢, are the Differences
of the Coefficients of the correfponding Terms in the
Values of E2,DF, CG, BH, A IandK in Cor. ij,
Prop. vi.

Cor,
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Cor. Hence the Produ@s of any two Cocflicients,
as DF and AI may be compared together when the
Sum of the Dimenfions of D and ¥ is equal to the
Sum of the Dimenfions of A and I. - Let the Dimen-
fions of A and F be equal to s and # refpedively, and
et B— S M S—1 M S — 2

2 s+1x S 2 X s+ 3 i

ing as many Fa&ors as there are Units in the Difference

7} v 732

of the Dimenfions of D and A. Letg =
B e X e I 2 i w41
&ec. taking as many F aét-

w4 2 w3
ors as you took in the Value of p. Then thatl Z_ P

DF always exceed AT when the Roots of the Equa—
tion are real Quantities affected with the fame Sign; and
this Rule obtains, though the Roots are affected with
different Signs when the Coefficients D and F are equal,

PR OP. XL

The fame Things being [fuppofed as in the preceed-
1ng Propofitions.
1. mE*—m+rx:DF+m+4szG——-m+9x —
2BHA4-m +I6X2Al—m+z5 x2K - -

2. m——n-—}-xxDF~m-—-7z+4x4CG+m—n+9x —
9BH—m—n+16 X 16 Al-+m—nF25x25KS™
3. m—2n44XCG—m—2n+9x6 BH}-m—2 1416 X ,
200Al 4 m—z2i425x50K - - - - - . =0
4.3 7z+9XBH——m—-—3/z+16x8AI+m—— n4-25%35K—=4",
s =4 16 XAl =it —g 12 +25x 10K =¢.
L ‘Thele
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Thefe Theorems follow eafily from the third Corol-
lary of the vith Propofition. The firft eafily appears
thus, ¢/ = mE'E' — 2 D' }' = (by that Corollary)
mEr—2mDF+2mCG —2wBHA4-2 m Al—2mK.

— 2DF4+8CG—18 BH4 32 Al — 50K.
= mE —mw 4+ 1xX2DF4+ w4+ 4%x 2CG —
w4 9x2BHA4 m 4+ 16x2 Al—mw + 25 x 2K.
‘The other Theorems are deduced from the fame Co-
rollary compared with Cor. i, Prop. viii.

PR OP. XIL
The fame Things being fuppofed as in the fecond
Corollary of the viitth Propofition.
3.ME* ez 41 XzDF+m+4XzCG—~m+9x1__ﬂ,
2BHt-m416 X2Al—m+25x2K - - . "
2 Er— 2w DP4 s —12x2CG—m =12 Xi_..a,,
2BHY-w — 240 x 2Al —m —600x 2K - - -j— -

3.m" E*— 2 m"DF 42 m" CG — w2’ ~ 360 x
2 BH-}-"J- 360 x8x 2 Al — " J-360x 35x2K § — % =

3.m"xE*—2DF-2CG —zBH-}m —750 X 28 Xg—”w
Al —m" —200x28x2K - - - - - . . T
&e.

Thefe Theorems follow frem the third Corollary of
the vith-Propofition compared with the fecond Corollary
of the eighth Propofition. The firft is the fame with
the firft of the laft Propofition. The fecond is de-
monftrated by fubftituting in m*E*E! — 24 C1 Gt =
a*/. The Values of F'L’ and C*G’ given in the third

3 Cor.
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Cor, of the vith Propofition. The third is found by
fubftituting in /! E/E! — 720 B'H! = 4!!! the Va-
lues of E/E' and B/H’; and by a like Subftitution
thefe Theorems may be continued.

A General COROLLARY.

From thefe Propofitions a great Variety of Rules
may be deduced for difcovering when an Equation has
imaginary Roots. The Foundation of Sir //aac New-
ton’s Rule is demonftrated in the ninth Propofition, and
its Corollary. The feventh Propofition fhews that if

lm; X E2 does notexceed DF— CG4BH — A1
2

-} K, fome of the Roots of the Equation muft be ima-
ginary; and fometimes this Rule will difcover impof-
fible Roots in an Equation, that do not appear by Sir
Ifaac Newton’s Rule. Thefe are the only two Rules
that have been hitherto publithed. But the Rules that
arife from the Theorems in the eleventh and twelfth
Propofitionsyre preferable to both ; becaufe any imagi-
nary Roots that can bedifcovered by the viithor ixth al-
ways appear from the xith and xiit® Propofitions; and
impoflible Roots will often be difcovered by the xith
and xii*h Propofitions in an Equation, that do not ap-
pear in that Equation when examined by the viith and
1xth Propofitions. The Advantage which the Rules
deduced from the xith Propofition, have above thofe de-
duced from the preceeding Propofitions, will be mani-
feft by confidering that in the xit* Propofition we have
the Values of the Quantities ', 5/, ¢, 4, ¢, feparately ;
whereas in the preceeding Propofitions, we have only
the Values of certain Aggregates of thefe Quantities

L2 joined




(74 )

joined with the fame Signs. Now it is obvious that
if thefe Quantities be feparately found pofitive, any
fuch Aggregates of them muft be pofitive ; but thefe
Aggregates may be pofitive,and yet fome of the Quan-
tities 4’y U, ¢, 4, ¢!, themf{elves may be found negative :
From which it follows, that if the Roots of the
Equation are all affe@ted with the fame Sign, and no
impoflible Roots appear by Propofition xith, none will
appear by the preceeding Propofitions; but that fome
imaginary Roots may be difcovered by Propofition
xithy when none appear in the Equation examined by
the Propofitions that preceed the xi1h. If fome of
the Roots of the Equation are pofitive, and fome ne-
gative (which always eafily appears by confidering the
Signs of the Terms of the Equation) then the xiith
Propofition will be in many Cafes more apt to difco-
ver imaginary Roots in an Equation than thofe that
preceed it.

The Rule that flows from the firft Theorem of the
xith Propofition, obtains when the Roots of the Equa-
tion are affe@ted with different Signs, as well as when
they all have the fame Sign, and it is this; Multiply
the Number of the Terms in an Equation that preceeds
any Term, as Ex "~" by the Number of Terms that
follow it in the fame Equation, and call the Produ ».
Suppofe that 4-D,—C, 4 B,— A, 4 I are the Co-
efficients preceeding the Term Ex "7’ and that 4~ F,
— G, 4+ H, — I, 4+ K are the Coeflicients that follow

R
it; then if —m E* does not exceed # 4 1 X DF
2

— w+4XCG +m4+9gxBH—m4 16x Al
+m 4 25 x K the Equation muft have fome imagina-

ry Roots; where the Coeflicients w + 1, w + 4,49,
&ec.
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&c..are found by adding to s the Squares of the
Numbers 1,2, 3,4, Xc. which thew the Diftances of
the Coeflicients to which they are prefired, from the
Cocfficient E. The fecond Theorem of the xii™® Pro-

. o T ,

pofition fhews, that if —#' E* does not exceed # D F
2

— i — 12 x CG 4+ m— 72 x BH — #' — 240

x Al 4 »' — 600 x K, the Equation muft havefome

Roots 1maginary.

For an Example, If the four Roots of the Biquadra.
tick Equation x* — Ax’ 4 Bx* ~Cx 4+ D=0
are real Quantities, it will follow equally from the

ey . . .. 3
vih_viith, ixth, and xith Propofitions, that —8—-A’ muft be

greater than B, and that -—é—C’ muft exceed BD. The

viithfurther thews that 3 B* muft exceed AC — D
12

the ixthdemonftrates that 4 B* muft exceed A C; but

our Rule deduced from Prop xi. thews that 2 B* muft
1

exceed § A C— 8 D, the excefs being Y a'y and the

Rule deduced from the fecond Theorem of the xiith
Propofition fhews that B* muft always exceed 2 AC

-+ 4 D, the Excefs being —i—a". It appears from fe-

veral preceeding Propofitions, that if the Roots of the
Equation have all the fame Sign, then A C muft ex-
ceed 16 D ¢ Let the Excefles §B* — 12 AC 4 12D
= 7,43 —9AC=29,AC—16 D=y, and
it isplainthat ' (=48 —~ 10 AC 4+ 16 D) =¢

—_
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.
— =% 2p— syand that s =g 4~ 5 = .;_—x
2 p+ 45. Let us fuppofe,

1. That s is pofitive, then it is manifeft that if ei-
ther p or g be negative, @' muft alfo be found negative,
and cenfequently that when the viith or ix® Propofiti.
onsthew any Roots to be imaginary, the xith Propofiti-
on muft di{fcover them at the fame time. But as 47

2
(= g—s5 = —x 2 p—5) may be found negative

when p and ¢ are both pofitive, it follows that the
Rule we have deduced from the xit Propofition may
difcover imaginary Roots in an Equation, that do not
appear by the preceeding Propofitions : Thus if you
examine the Equation ¥* — 6 &* -4 10 ¥* — 7 &
- 1 by Sir Jfazac Newton’s Rule, or by our vijth
Propofition, no imaginary Roots appear in 1t from

cither. But fince2 B — §AC 4 8D (= —a/ ) =
2

200 —210 4+ 8§ = — 2 is in this Equation nega-
tive, it is manifeft that two Roots of the Equation muft
be imaginary. Let us {fuppofe
2, That sis negative, and that from the Signs of the
Terms of the Equation, it appears that fome Roots are
pofitive and fome negative ; then in Order to fee if the
Equation has any 1maginary Roots, the moft ufeful
Rule is that we deduced from the fecond Theorem of
Prop. xii. wiz. that if B2 does not exceed 2 A C -
4 D fome of the Roots of the Equation muft be ima-
ginary : For the Excefs of B2 above 2 AC 4 4D be-
I X I .
ing —a"=—xqg4+5s=—"—X2p-+ 45 ands
4 4 10

.

being
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being negative, it is manifeft, that if 4 or p be nega-

. 1 . I
tive — 4" muft be negative ; and that — 4" maybene-

4
gative when ¢ and p are both pofitive; that is, This

Rule muft always difcover fome Roots to be imaginary
when the viith or ixt® Propofitions difcover any impofii-
ble Roots inan Equation ; and will very often difcover
fuch Roots in an Equation when thefe Propofitions dif-
cover none. For Example, if you examine the Equa-
tion x* 4~ §x° 4 6x° — ¥ — 12 = 0, you will
difcover no imaginary Roots in it by the viith or ixth
Propofitions; and though AC— 16D (=1+s) be ne-
gative, it does not follow, that the Equation has any
impoflible Roots, becaufe it appears from the Signs of
the Terms, that the Equation has Roots affe¢ted with
different Signs. But fince B2 —2 AC— 4D (=
36 4 10 — 48 = — 2 ) is negative, it appears
from our Rule, that the Equation muft have fome ima.
ginary Roots.

I might thew in the next Place, how the Rules de-
duced from the xith and xii*h Propofitions may be ex-
tended {o as to difcover when more than two Roots of
an Equation are imaginary, and in general to determine
the Number of imaginary Roots in any Equation ; but
as it would require a long Difcuflion, and fome Lemma-
ta to demonftrate this ftrictly, I thall only obferve that
thefe xit" and xiith Propofitions will be found to be
{till the moft ufeful of all thofe we have given for that
Purpofe. To give onc Example of this; If we are toex-
aminethe Equation #* —4 4%’ 464" X' — g4 2 b’ x

4+ - 4+ —
+ b* = o by Sir Jfaac Newton’s Rule, it is found
to have four impoflible Roots when 4 is greater than 4 ;

for though the Square of the fecond Term multipli-
ed
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ed by —g-be equal to the Produ& of the firft and third

Terms, yet in that Cafe, in applying Sir J/zac New-
tow’s Rule, the Sign — ought to be placed under the
fecond Term, and the fame is to be {aid of the Square
of the fourth Term. The Rule deduced from the viit
Propofition thews four Roots imaginary, when & is
greater than , and alfo when 52 is greater than 15 4¢;
but a Rule founded on the xith Propofition, thews the
four Roots to be imaginary always when # exceeds 2,
or when b7 exceeds 9 47 ; from which the Excellency
of this Rule above thefe two is manifeft. I have faid
fo much of Biquadratick Equations, that I muft leave
it to thofe that are willing to take the Trouble, to
make like Remarks on the higher Sorts of Equations.

In inveftigating the preceeding Propofitions, when [
found my felf obliged to go through fo intricate Cal-
culations, I often attempted to find fome more eafy
Way of treating this Subjett. 'The following was of
confiderable Ufe to me,and inay perhaps be entertaining
to you. By it, I inveftigate {ome waxima in a very ea-
{y Manner, that could not be demonftrated in the com-
mon Way with f{o little Trouble.

LEMMmA V. Let the given Line AB be divided
any where in P and the Rectangle of the Parts AP and
P B will be a maximum
when thefe Parts are e- A— P B
qual.

This is manifeft from the Elementsof Euclid.

Lemma VI If the Line AB is divided into any
Number of Parts AB,CD, DE, E B, the Produ& of
all thofe Parts multiplied into one another will be a

AN~
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maximym when the Parts are equal amongft themfelves.
For let the Point D be where you will, it is manifeft
that if DB be bifle&ed in E, the Produ@ AC x CD
xDE % EB will be
reater than A C x - .
® DxDexoB A C D E ¢ B
becaufe by the laft Lemma DE x E B is greater than
De xeBj and for the fame realon AD and CE muft
be biffeted in C and D ; and confequently all the
Parts AG,CD, DE, EB muft be equal amongft
themfelves, that their Produ& may be a waximum.
LeEmMa VI The Sum of the Produ@s that can
be made by multiplying any two Parts of A B by one
another is a maximum when the Parts are equal. The
Sum of thefe Produ@tsis ACx CB4-CDx DB4DE
x EB: Now that DE x EB may be a maximum,D B
muft be biffefted in E by the vth Lemma, and for the
fame reafon AD and CE muft be biffe@ed in C and D,
that isall the Parts, AC,CD, DE, EB muft be equal,
that the Sum of all thefe Produ&ts may be a maximum.
Lemwma VIIL The Sum of the Produ@s of any
three Parts of the Line AB is a maximum, when all
the Parts are equal. For that’Sumis ACxCD x DE
4+ EBXACXCD4+ACXxDE4+CDxDE;and
fuppofing the Point E given, it is manifeft that A E muft
be equally trifected in Cand D that ACxCDxDE
may bea maximum by Lemma vi.and that ACxCD
+ ACXDE 4+ CD x DE may be a maximum by
Lemma viith, From which it is manifeft that all the
Parts AC, CD, DE, E B muft be equal, that theSum of
the Produds of any three of them may be a maximum.
Lemma IX, It is manifeft that this way of rea-
foning is general, and that the Sum of any Quantities
being given, the Sum of all the Produds that can be
M made
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made by multiplying any given Number of them by
one arother, muft be a maximum when thefe Quanti-
ties are equal. But the Sum of the Squares, or of any
pure Powers of thefe Quantities, is a minzmum, when
the Quantities are equal.

THEOREM.
Suppofe xr — A x" " 4 Bax""t — Cu "7 4
Dx""*—Ex""* &c. = o, to be an Equationthat
bas not all its Roots equal to one another : Let 1 ex-
prefs the Dimenfrons of any Coefhcient Dy and let

B X =2 ] e .
I =unXx X X } & Yaking as wa-
2 3 4

y /4
nyFattors as there ave Unitsiny ythen fhall —x Ar
ne

be always greater than D, if the Roots of the Equa-
tion arereal Quantities affeited with the fame Sign.

This may be demonftrated from the precceding Pro-
pofitions : But to demontftrate it from the laft Lemma-
ta, let us afflume an Equation that has all its Roots
equal to one another, and the Sum of all its Roots
equal to A, the Sum of the Roots of the propofed Equa-

[

tion. This Equation will be x — -”—A = o, or

W o— 1 A*

X AX*T T g% X— x""*— 1%
2 P
n—1 n—2 A3 »—3 )
X X — X &c. = oand if r ex-

2 3
prefs the Dimenfions of the Coeflicient of any Term
of this Equation (or the Number of Terms which
pre-
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preceed it) it is manifeft that the Term it felf will be
Ar T |
I —= x "= But by the Suppofition D x *~"is the

Correfponding Term in the propofed Equation, ahd D
muft be the Sum of all the Produés that can be made
by multiplying as many Roots of that Equation by one

4

A

— muft be the
Sum of the like Produé&s of the Roots of the.other
Equation ; which’ muft be the greater Quantity by
the prececeding Lemmata, becaufe its Roots are equal
among(t themfelves, and their Sum isequal to the Sum
of the Roots of the propofed Equation; and the Sum
of fuch Produls is a maximum when the Roots are
equal amongft themfelves. By purfuing this Method,

another, as there are Units in 73 and

.. ' 2B 2
it may be demonftrated that ;i—;”«—ltx / muft always

exceed the Coefficient prefixed to the Term#*~" in an
Equation whofe Roots are all real Quantities affected
with the fame Sign; providing that » be a Number
r
1x3¢ |
x 2

greater than 2 ; and alfo that

BT IR — 2|
muft exceed the fame Coefficient, if # be any Num-
ber greater than 3.

It is eafy to continue thefe Theorems.

The third Method which I mentioned in the Begin-
ning of this Letter, is deduced from the Confideration
of the Limits of the Roots of Equations; and though
it is explained by fome Authors already, yet as I de-

M 2 monftrate
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monftrate and -apply it to this Subje@® in a different
Manner, I fhall add a thort Account of it,

Lemma X, If you transform the Biquadratick
x¢*—Ax* 4 Bx' —Cux -4 D=0 into one that
fhall have each of its Roots lefs than the refpe&ive Va-
lues of x by agiven Difference ¢; fuppofe y = x —e
or & = ¢ - y and the transformed Equation, the Or-
der of the Terms being inverted, will have this Form.

et 44 e'yf6e Y440y yt=o.

— Ae' —3Ae*y—3Ac)y — Ay

+Be 4-2Be g4 By

—— [ ¢ y

+ D
Where it is manifeft,

1. That the firlt Terme* e Ae* 4= Be* —Ce4-D
1s the Quantity that arifes by {ubftituting ¢ in Place of
x in the propofed Equation x* = A ¥’ - B »* —
Cwx 4 D.

2. That the Coefficient of the fecond Term 4¢* —
3A¢" 4 2Be— Cis the Quantity that arifes by
multiplying each Part of the firft e* — Ae* - Be?
— Ce D by the Index of ¢ in that Part, and divi
ding the Produ& by e.

3, That the Coefficient of the third Term 6 ¢z —
3 Ae 4B is the Quantity that arifes from the preceed-
ing Coeflicient 4¢* — 3 A ¢* 4~ 2 Be— C by multi-
plying each Part by the Index of e in it, and dividing
the Product by 2 e.

4. That the Coefficient of the fourth Term arifes in
like Manner from the preceeding, only you now di-
vide by 3. ¢; and in general, the Coefficient of any
Term may be deduced from the Coefficient of that
Term which preceeds it, by multiplying each Part of

2 the
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the preceeding Coefficient by the Index of e in that
Part, and dividing the Produ& by e and by the Index
of y, in the Term whofe Coeflicient is required.

Lemma XL If any Equation x* — Ax""* 4
Bx""?— Cux "7 ?&c. = o be transformed in the
fame Manner, by fuppofing & = y — e or x =
¢ + y,and confequently ¥ = ¢ 4 y|", Ax"" ' =
Axe—_..i-y\”‘—‘,Bx”hz:Bxem—l:-y r'—-z &C. The
transformed Equation will have this Form, the Order
of the Terms being inverted,

7 1 _ ,
e e 'y nx —— xe" T2y & = o
2

—AeP T g 1 X A"y 1 X y XAe" Iy &e,
— PP
+Ber b —2xBe? Ty enemax - 3xBe”“‘}n&c.

2
7

~Ce" =3 xCe" 4y —mn—3x :4xCe“5y2&c.

&Kec. &Ke. Xe.

Where it is manifeft,

1. That the fit Torm ¢ A " - Be "% —
Ce™* &c. is the Quantity that arifes by fubftituting
e in the Place of x in the propofed Equation x» —
Axn-—l +an-—2 ___an-—; &c.

2. That the Coefficient of the fecond Term
2" e pp = I X A" dupp— 2 X Be” T —
n—3 X% Ge"7* &c. is deduced from the preceeding
er— Ae" " 4 Be"™*—Ce”7? &c. by multi-
plying each of its Parts by the Index of ¢ in that Part,
and dividing by e. 3. That
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3. That the Coefficient of the third Terin is dedu-
ced from the Coefficient of the fecond Term, by inulti-
plying after the fame manner, each of its Parts by the
Index of ¢ and dividing by 2 . In general, the Co-
efficient of any Term y*is deduced from the Coeffici-
ent of the preceeding Term,that is of "~ * by multiply-
ing every Part of that Coeflicient by the Index of ¢ in
it, and dividing the Produd by re.

Lemm a XIL If you fubftitute any two Quantities
K and LL in the Place of x in a* — Ax3 4 Bx —
Cx <4 D, and the Quantities that refult from thefe
Subftitutions' be affected with contrary Signs, the
Quantities K and L. muft be Zimits of one or more
real Roots of ‘the Equation x+ — A a3 4= B — Cx

D = 6. That is, one of thele Quantities muft be
greater, and the other lefs than one or more Roots of
that Equation.

For if you fuppofe that a,b,¢,d, are the Roots.of
that Equation, then it is plain from the Genefis of
Equations, that x4 — A &3 + B x> —Cx 4D =
X —a X x—bx x —¢ X x—d; and therefore

K and L being fubftituted for ¥ in x— ax x — 6 %
x — ¢ X x ~—d, the Produ& becomes in the one Cafe
pofitive, and in the other negative; fo that one of the
Faors & — @, % = b, 20 — ¢, x — 4 muft have a
Sign when K is {ubftituted for x in it, contrary to the
Sign which it is atfected with whenrLs is {ubftituted in
in it for x, fuppofe that Fa&or to be x — 4 ; and
fince K — b and L. — b are Quantities whereof the
one is pofitive, and the other negative, it is manifeft
that & one of the Roots of the Equation muft be lefs

than one, and- greater thanthe other of the two Quan-
3 tities
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tities K and L. : So that Kand L. muft be the Zimits
of the Root 4.

I {fay further, that the Root.whereof K and L are
Limits, muft be a real Root of the Equation ; for the
Product of the Faftors that involve impoflible Rootsin
an Equation can never have its Signs changed by {ub-
ftituting -any real Quantity whatfoever in place of w3
becaufe the Number of fuch Roots is always an even
Number, and the Produ& of any two of thefe Roots
fuch as & —m—V —u, andx —m -+ V — 2 is
% — m|' 4 »* which muft be always pofitive, what~
ever Quantity be fubftituted for x while # remains
pofitive, that is, while thefe two Roots are impoffible.

LEmwm a XIIIL If you {ubftitute K and L for x in
x* = A x"7" 4 Bx""?2 &c. and the Quantities
that refult be affected with contrary Signs, then fhall
K and L be the Lmits of one or more real Roots of
the Equation x» — Ax""' + B x""? &c. = o.
This may be demonftrated after the fame Manner as
the laft Lemma.

TuHeorEML If 4,0,06,d are the Roots of the
Equation x4— Ax? 4-Bx?— Cx -+ D = o,they
fhall be the Zimits of the Roots of the Equation
4x'—3Ax* 4+ 2Bx—C=o0.

Suppofe @ to be the leaft Root of the biquadratick
xte— Ax3 4 Bx2—Cx 4+ D = o, b the {econd
Root, ¢ the third, and 4 the fourth, and the Values of
y in the Equation in the xth Lemma, will be g — ¢,
b —ey¢ — ¢, d — ¢y then by {ubftituting {ucceflive-
ly a,byc,d for e in that Equation of g, one of the
Values of g will vanifh in every Subftitution, and the
firft Term of the Equation of g, viZ.e4— Aes
Bez — Ce 4 D vanithing, the Equation will be re-
duced to a Cubick of this Form. 4¢
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4et 4 6y 44ep: 4 yr=o0
—3Ae*—3Aey—A p>

4+ 2Be 4By
— C

And confequently 4¢3 —3Ae* 4= 2B ¢ —C muft
be the Produ& of the three remaining Values of y ha-
ving its Sign changed ; that is, it muft be equal to
— b —aX¢— a xd — awhen ¢ is {uppofed equal
to a, it muft be — 2 — b X ¢ — b X d — b when
e =0b; itmuft be g — X b — ¢ X d — ¢ when
e=c; and it muft be — 2 —d X b—dx ¢ —4d
when¢ = 4. Now it is manifeft that thefe Produ@s
b—aXc—aXd—aya—bXc—bXd—b,
@ CXbeXd—Ca—dXb—d xX¢—4d
muft be affe&ed with the Signs 4 ==, -4~, — refpec-
tively; the firft being the Produ& of three pofitive
Quantities, the fecond the Produ& of one negative and
two pofitives, the third the Product of two negatives
and one pofitive, and the fourth the Produ& of three
negatives. 'Therefore fince by fubftituting 4, b,c,d
for ¢ in the Quantity 4¢* — 3Ae* 2Be—C, it
becomes alternately a pofitive and a negarive Quantity,
it follows from the laft Lemma that 4,2, ¢, 4 muft be
the Limits of the Roots of the Equution 42—
3A¢? 4 2Be — C =o, or of the Equation 44 3 —
3Ax?4 2Bx — C= o,

Conr. It follows from this Theorem,that it 2'%'and '
are the three Roots of the Equation4x3—3Ax* -
2 Bx — C =o, they muft be Limits betwixt a,b,¢,d
the Roots of the Biquadratick ¥+ —Ax*+4 Bx? —
Cx 4+ D = o: For if a,b,c,d are Limits of the

Roots
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Roots 'y 'y and ¢' 3 thefe Roots converfely muft be Zs-
mits betwixt a,.b, ¢ and-d.

THeoREM II. Multiply the Terms of any Bi-
quadratick x+—A x4 Bx:—Cx 4 D=oby
any Arithmetical Series of Quantities Z 4 4 m,% + 3 m,
74 2m,]4- m, J, and the Roots of the Biquadratick
a,b,¢,d will be the Limits of the Roots of the Equa-
tion that refults from that Multiplication that is of the
Equation.

Ixt+— 1] Ax34 ] Bx*— ]Cx4 /D=0
Sgmxr—3mAxs +2mBx*— mCx

Suppofe that fubftituting the Roots #,b,¢,d of the
biquadratick Equation x4 e Ax3 4~-Bx?— Cx 4
D = o fucceflively, for & in 443 — 3Ax: J-
2B x — C, the Quantities that refult are —R, 4 S,
— T, 4+ Z; while ¥4 Ax?:4-Bx? —Cx 4D
is in every Subftitution equal to nothing; and it is ma-
nifeft that the Quantity

G Ixt — IAx3 4 IBx*—ICx 4 ID
S 4mxt—3mAx*42mBx2>—mCx
will become (when a,b, ¢,d are {fubftituted fucceflively
in it for x) equal to —m R x, 4 mSx, — T x, 4,
mZx ; where the Signs of-thefe Quantities being al-
ternately negative and pofitive, it follows that a, b,¢,d
muft be Liwits of that Equation by Lemma xii.

CoRr. Hence it follows,that 2, b, ¢ and d are Limits
of the Roots of the Cubick Equation Ax3—2Bx=
-+ 3 Cx — 4D=0, and converfely, that the Roots of
this Cubick are Limits of the Roots of the biquadratick
Equation x4 —Ax34-Bx*—Cx 4 D = o, for
multiplying the Terms of this biquadratick Equation
by the Arithmetical Progreflion 0y 1,— 25— 3, — 4,
the Cubick Ax:e—2B x> 43 Cx — AD = o
arifes. N . THE-
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THEOREM IV, Ingeneral, the Roots of the Equa-
tion x* — Ax"" 1 4 Bx*"? —Ca™™ &c. = o,
are the Limits of the Roots of the Equation nx™*
—n = IXAX"T?fne—2XBx"7? &c =o,
or of any Equation that is deduced fromit by multi
Plying its Terms by any Arithmetical Progrefion
PEAITF 2d4,]F 34 K. and converfely the Roots
of this new Equation will be the Limits of the Roots
of the propofed Equation x» — Ax """ 4= Bax""?
&c. = o,

This Theorem is demonftrated from the xith and
xiiith Lemmata in the {fame manner as the preceeding
Theorems were demonftrated from the xth and xiith,
From thefe Theorems it is ealy to infer all that is deli-
vered by the Writers of Algebra on this Subje&.

THEOREMIV. The Equation x» —Ax""" 4
Bx"=?*— Cx""? &c. = o will have as many ima-
ginary Roots as the Equation nx"" ' e—p — 1 X
Ax*"* __u2—2%XBx""*&c.= o, or the Eqlia-
tionAx "' 2Bx"T* 4 3Cx "3 &c. =o.

Suppofe that any Root of the Equation #x "~ ' —
B IXAX" ' g em2 xBax"" & = o, as
2 becomes imaginary; and the two Roots of the Equa-
tion ¥*~—Ax""' L Bx""* &c = o, which by
Theorem IIL ought to be its LZimits, cannot both be
real Quantities ; for it is manifeft from the Demonftra-
tion of Theorem I. that if they are real Quantities,

then being fubftituted for ¥ in 272" ' — =1 X
Ax""* 4 7 —2 xBa " &c. the Quantities that
refult mult have contrary Signs, and confequently the
Root p,whereof they are Lzm;ts, muft be a real Root ;

which
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which is againft the Suppofition. The fame is true of
the Equation Ax "~ — 2Bx "7* 4. 3Cx"7? &,
= o, for the fame Reafon.

Cor. The biquadratick &4 = A’ =B ?—
Cx 4 D = o, will have two imaginary Roots, if
two Roots of the Equation 4x% — 3Ax* 4= 2B x
— C = o be imaginary; or if two Roots of the Equa-
tion Ax3 —2Bx? 4 3Cx —4D = o be ima.
ginary. But two Roots of the Equation 44 —3 A x*
+ 2Bx —— C == o muft be imaginary, when two
Roots of the Quadratick 642 w3 Ax -4~ B= o, or
of the Quadratick 3Ax? — 4Bx~43C = oare
imaginary, becaufe the Roots of thefe quadratick Equa-
tions are the Limits of the Roots of that Cubick, by
the third Theorem ; and for the fame reafon two Roots
of the Cubick Equation A ¥3—2Bx2 4 3Cx —

D = o muft be imaginary, when the Roots of the
quadratick 3 A x> — 4B x 4 3 C= o,0r of the qua-
dratick B2 — 3Cx 4-6D = o are impoffible.
Therefore two Roots of the Biquadratick x4 — A x 3
4 Bx?——=Cx 4 D = o muft be imaginary when
the Roots of any one of thefe three quadratick Equa-
tions 6x* — 3Ax +B =0, 3Ax? —4Bx
3C=o0,bx*— 3Cx 4 6D = o become 1magina-

ry ; that is, when 3 A*is 16 than B, 4 p lefs than
y ? 8 9

AC, or ._;..c * Jefs than BD.

Cor. I By proceeding in the fame manner, you
may deduce from any Equation x* — Ax """
Bx"—?* _.Cx""* &c. = o,as many quadratick
Equations as there are Terms excepting the firft and

laft whofe Roots muft be all real Quantities, if the
N2 pro-
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propofed Equation has no imaginary Roots. The
Quadratick deduced from the three firft Terms & » —
Ax""" 4+ Bx""* will manifeftly have this Form,
AR e T =2 X 3KC. XX e = I X
B2 X3 XN —fXC.XAX S ##—2 X1 — 3
X #— 4 X#— §&c. xB= o, continuing the Fac-
ors in each till you have as many as there are Units in
# — 2. Then dividing the Equation by all the Fa&-
ors 7= 2, # — 3 &Xc. which are found in each Coef-
ficient, the Equation will become 7z % 7 — 1 x a2 —
72— 1IX2Ax 42 x1 xB= 0o,whofe Roots will be
imaginary by Prop. i.when # x # — 1x 2 x 4B exceeds

# — 1|’X 4 A, or when B exceeds Az, {o that the

2 7
propofed Equation muft have fome imaginary Roots

N1

when B exceeds A; as we demonftrated after

27
another Manner in the vth Propofition. The Quadra-
tick Equation deduced in the fame Manner from the
three firft Terms of the Equation Ax "~ — 2B
+ 3Cx "2 &c. = o, will have this Form # — 1 x
2—2XBe=3KC.XAX2 — =2 XB—3 X 11— 4
Ke.x2Bx 472 —3x72—4xn—4 &Xc.x3C=
o3 which by dividing by the Facors common to all the
Terms, isreduced to # — 1 X7 — 2 x AX? — 7 —2 X
4Bx+4 6 C = o,whofe Roots muft be imaginary when
2 p—2
— x
3  #e—1
that cafe fome Roots of the propofed Equation muft be
immaginary.

Cor. LL In general, let Dx "=+ —Ex """ L
F"7~"=" be any three Terms of the Equation, x» —.

Ax

ne—2

x B* is lefs than A C ; and therefore in
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Ax"""' 4 Bx ""* &c. = o, that immediately fol-
low one another, multiply the Terms of this Equation
firft by the Progreflion #, # — 1, # — 2, &c. then by
the Progreflion » — 1, # — 2,7 — 3, &c. then by
M= 2y # = 3,7 — 4, &C. till you have multiplied
by as many Progreflions as there are Units in ey —1 2
Then multiply the Terms of the Equation that arifes,
as often by the Progreflion o, 1,2, 3 &c. as there are
Units in 7 — 1, and you will at length arrive at a
Quadratick of this Form,

Nt I XSt X eV e T X e = 2 K. X Ve X
Xr—2Xr—3x7 —4 &c D x?

— =X P e X X B f = 2 X M= 3 &C.
XT XY — IXye—a2xy—3 &Xe.xEx

F A= —IxXH— 2 — — 3 X} —g &,
Xr4IXyr Xy — 11Xy —2 &eXF = o,

and dividing by the Fa&ors # ——r— 1,7 e r —2,&¢,
and 7 — 1, » — 2 &c. which are found in each Coef-
ficient, this Equation will be reduced to » — 7 41
X# — rX2x1xDx? —np—rx2xrx2Ex 4
2x I1x7 4 1x v F = o, whofe Roots muft be jima-

=T X i xE® is
n—r—+4+1 r41x
lefs than D F. From which it is manifeft that if you di-

ginary (by Prop i.) when

. s : none—1
vide each Term of this Series of Fraions —, .
I 2
Hoe— 2 #H—3 _ H—t T YNt .
) , &c. — by that which
3 4 r 7= x

preceeds it, and place the Quotients above the Terms
of the Equation x»— Ax "~ ! - Bx""2—Cx"*?
&Co =
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&ec. = o, beginning with the fecond: Then if the
Square of any Term multiplied by the Fra&ion over
it be found lefs than the Produ& of the adjacent Terms,
fome of the Roots of that Equation muft be imaginary
Quantities. There remain many things that might be
added on this Subjed, but I am afraid you will think
I have faid as much of it as it deferves 5 and therefore
I thall only add the Demonftration of fome Algebraick
Rules and Theorems that are very eafily deduced from
the xith Lemma.

I. The Rule for difcovering when two or more Roots
of an Equation are equal, immediately follows from
that Lemma, Suppofe that two Roots of the Equation
x* —Ax""*4Bx""*—Cux""? &c. = o are
equal; and twoValues of y (which is equal always to
x—e)will be equal. Suppofe that e is equal to one of thofe
two equal Values of ' ; and two Values of y will va-
nith, and confequently y 2 muft enter cach of the Terms
of the Equation of y; and therefore in this Cafe the
firft and fecond Term of the Equation of y in Lemma
xith muft vanifh, that is, " — Ae” ™" 4 Be”~? —
Ce"*&c.=oand e ' —p—1X A" 4
#ne—2XDBe" T —p3xCe” *&c. = o atthe
fame time ; and confequently thefe two Equations muft
have one Root common, which muft be one of thofe
Values of x that were fuppofed equal to each other. Itis
manifeft therefore that when two Values of & are equal
in the Equation ¥ — A x"~* 4 Bx""*&c.=o,
one of them muft be a Root of the Equation 7 x "= *—
n—IXAX" T 4 n—2xBx""&c = o.

If three Values of x bef{uppofed equal amongft them-
felvesand to ¢, thenthree Values of y (= x — ) will
vanith, and the firft three Terms of the Equation of y

1n
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in Lemma xi. will vanifh, and therefore # x7 — 1
Xe" " e — I X —2X A" e 2 X e 3
xBe "™+ &c = o; and one of the equal Values of x
will be a Root of this laft Equation, and two of them
will be Roots of the Equation #a "~f =% — 1 X
Ax" ' n—2xBx*" 3 &c.=o. In general, it
appears that if the Equation 7" —Ax""* J} Bx"""*
&c. = o haveas many Roots equal amongft themfelves
as there are Unitsin S, then fhall as many of thofe be
Roots of the Equation #x "~ 'ae g1 X A " *
12 x Bx"" *&c. = oasthereare Units inS —1
as many of them fhall be Roots of the Equation
X — IXX" " e Ix2 = 2 X A" 73 4
3o x = 3 X Bx""*% &c. = o, as there are Units
in S — 2 and fo on.

II. The general Rule which Sir 7/zac Newton has
given in thedrticle de limitibus Equationum for find-
ing a Limit greater than any of the Values of x im-
mediately follows from the xith Lemma; for it is mani-
feft that if e be fuch aQuantity as fubftituted in all the
Coefficients of the Equation of y, vi2. in e”— Ae™—*
4Be" * &co ne""t —n— 1x Ae" 5 —2
#e—1 ne—2

Xe» T —pe— 1 X

xBe* 3 &c.n X

X
2
n— 3

Ae"™ =2 X

S X Be”™* &c. gives the

Quantities that refult all pofitive ; then there being no
Changes of the Signs of the Equation of y in this cafe,
all its Values muit be negative; and fince y is always
equal to x — ¢ it follows that ¢ muft be a greater Quan-
tity than any of the Values of x; that is, it muft bea

< Liwmit
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Limit greater than any of the Roots of the Equation
x*— Ax"" "4 Bx""?* &e. = o.

II1. From this xith Lemma fome important Theorems
in the Method of Series, and of Fluxions,and the Re-
folution of Equations are demonftrated with great Faci-
lity ; it is obvious that the Coefficient of the fecond
Term of the Equation of y in that Lemma is the Flux:-
on of the firft Term divided by the Fluxion of e; the
Coefticient of the third Term is the fecond Fluxion

of that firft Term divided by 2 ¢, fuppofing ¢ to flow
uniformly. The third Term is the third Fluxion of

the firft Term divided by 2 x 3 e*3 and (o on. There-
fore fuppofing e” —Ae" "' Be""*&c. = ¢, the

Equation for determining y will b £ ¢
: ool et s

yt

+ PEVINOPNT ¥ &c = oy and hence, when eis near
2

the true Value of x, Theorems may be deduced for ap-
proximating to y, and confequently to x, which is fup-
pofed equal to y 4 e.

IV.Let AP (= «x) be the Ablcifs and PM (= 2)
the Ordinate of any Curve BL M; and fuppofe any
other Abfcifs AK =¢ and Ordinate KL — ¢, then

¢ ¢
I =PM)=cF— :x _ ¢
fhall 2 (=PM)=cF >y +— iyl
¢ -
&
+zxsx4e4y%c

For let = be fuppofed equal to any Series confifting
of given Quantities, and the Powers of x, as to A x»
Bxr+4 Cxs &c. and {ubftituting ¢ F y for x, we fhal]
find after the manner of the xith Lemma,

3 =
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Z=Aci T nAe* 'y

=1y &e,

r—-—-:
4 BerFrBe' Ty 47X —-——xBe""xy*&Ccu

5-—--:
4CetFsCe' ™'y 4 5% «—«-—xCe ~* 4 Ke.

&, &'e. &e.

B

A e XK & P

Butwh’enx-—gthenz:c—Ae +Be'+Ce;
Ke.c=nAe” 'eJrBe" e 5Ce’ e Ke,
XA —IXAE"T e rxr—1xBe' e
4 sxs—1xCe'™*é* &c. and therefore & = ¢ .

_%_y -+ ;_:;},a T y* &Kc. After the fame

2X3¢

manner you will find that s = = + £ y -+
x

- 2
2xzﬂf

+

&of —A” B’ C&C""
zxsxycorc e?+ Ber - Ce’ e,

.__.__.J) e, § .---—-—-'_, '.z
Axxty] +Bxx+)l +Cxxtsl Ke.=24 ';-c*y

(@) =
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+ —z-g 9* &c, The Area KL M P is equal to the Flu-
2

ent of & y or of ¢ 4y, but

. b4 . .% . é. [
cy—..:zy:l:—;yy—i—;;‘,y’y:tzxs&d”}’&c-
I T A
andzy::cy-{-7}/};—}-;;-;}1’}/-!-2)(3&2}’)/&0.

And confequently by finding the Fluents '

¥ ‘ —y+ &e.
2X3 €7 2X3X4¢

KLMP =cyF —y" +

9

2
3 + > ;y"&(c_

z
orKLMP:zy;l—_M;}"i" Tax3X4x

2X3 X

This laft is the Theorem publithed by the learn-
ed Mr. Bernouilli in the Aa Lipfie 1694. It is
now high Time to conclude this long Letter; I beg
you may accept of it as a Proof of that Refpe& and
Efteem with which

{ am,
§ I R,
Zour moff Obedient,
Moff Humble Servant,

Colin ‘Mac Laurin,



