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From (9), (10) we have

7
en2q2= “%l& — (8N1q1’+ Y )e(d-—y)d.

=7

We have also
Vo=Xe(NigyN +n3q0)—E ;
so that a third relation is required in order that we should
know Ny, ng, and 4.
According to J. J. Thomson’s theory, when there is only
one kind of ion in the tube,

Vi=aV+0.

It is our intention to discuss the experimental results in
their bearing on this and other theories in a future paper.

Our thanks are due to the authorities of the Presidency
College, Calcutta, for affording us facilities for carryingfon
the above investigations.

VI. Resulis of Crystal Analysis.
By L. VEGARD, Dr. phil., University of Christiania *.
[Plate TTL.]

§ 1. IN a previous papert I gave an account of the

crystalline structure of silver, as determined by
the Bragg reflexion method. The X-ray spectrometer was
in principle the same as that constructed by Bragg, only
differing with regard to details which were mentioned in
the paper.

Since then the work has been continued, and some of the
results obtained will be given in this paper.

Bssides some results concerning the structure of gold
and lead, which were announced in a paper read before
« Kristiania Videnskapselskap” on November 19, 1915,
the present paper will chiefly deal with the more elaborate
and complicated case, the determination of the structure
of the Zircon group, represented by the minerals zircon
(Zr8i0,), rutile (TiO;);, and tinstone (kassiterite) (SnQ,)s,
which are, as far as I know, the first cases of tetragonal
crystals which have yet been analysed §. '

Not being aware of the fact that the Spinel group recently
has been analysed by W. H. Bragg §, I have also made an

#* Communicated by the Author.

t L. Vegard, Phil. Mag. Jan. 1916,

1 An account of the analysis of the Zircon group was given in a
lecture in Kristiania Vid. Selsk. March 10, 1916,

§ W. H. Bragg, Phil, Mag. Aug. 1915, p. 305.

Phil. Mag. S. 6. Vol. 32. No. 187. July 1916. F
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analysis of the structure of this group. The following spectra
have been measured :—Magnetite (111), (110), and (100);
spinel (111), (110), and (100) ; gahnite (111). The experi~
mental results, as well as the lattice constructed from them,
were in close agreement with the results of Bragg; so a
more detailed account will be superfluous.

§ 2. The Structure of Gold and Lead.

The elements copper, silver, gold, and lead all have
crystals which belong to the holohedral class of the cubic
system, and from a crystallographic point of view we should
expect gold and lead to have a similar space-lattice to that
found for copper ¥ and silver f ; but still I think an actual
determination will be of interest, as several lattices might
give the right symmetry.

The gold crystals used for the experiments were kindly
lent me by Professor W. C. Brogger. 'T'he one specimen
had the form of an octahedron, but as it had linear dimen-
sions of the order of only one millimetre, we did not with our
instrument detect any reflexion from it. The specimen used
had the common form of a thin plate, twinned about its
principal face (111},

The crystal plate being quite thin, we only got reflexion
from the face (111).

The lead crystal was produced artificially. Several
methods were tried—e. g., a gradual cooling of the molten
substance, and sublimation of the metal in an electric
furnace ; but although crystals were formed, they mostly
consisted of branches made up of small individual crystals,
but we got no crystal face fit for our purpose.

The method which proved most successful was to let
lead precipitate on a piece of zinc from a solution of lead-
acetate.

In this way we got crystal leaves formed in a similar way
to the gold plates with the principal face (111), which gave
quite a strong reflexion.

In fig. 1 are given the relative strength and the position
of the reflexion maxima for the face (111) of gold and
lead as observed with narrow slits (04 mm.). The normal
variation of intensity with increasing order shows that the
“point-planes’’ parallel to the face (111) are equal and
equidistant, and in the simple case of a cubic crystal with one
sort of atoms there can only be one lattice, which satisfies this
condition and gives the right glancing angle.

* W, H. Bragg, Phil, Mag, xxviil. (1915) p. 355.
+ L. Vegard, loc. cit.
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For a given lattice we can, as shown by W. H. and
W. L. Bragg, calculate the glancing angle (6) when we
know the density (p) of the crystal, the atomic weight (A),
and the wave-length (A) of the X-rays.

Fig. 1.
Gold (1)
1‘40 #’ * Ilb‘° jao}\ 3?'7
Lead i)
1‘2° 13% 247 1‘5 S

Settingangle of chambér

_Let the side of the elementary cube be a, and the number
of atoms associated with a cube of side a be n, then

s nA

where N is the number of atoms in a orame-at N =
BLS e 10%) gram~atom (
Let the spacing of the (111) planes be

dy; = €a,
then A
€@ = — e e .. 2
2.8i0. 8/ - @

where @, is the glancing angle of the first order.
From (1) and (2) we get

1 N

T2 A

Sin 61
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For the simple cube lattice (a): n=1, e= \%

For the cube-centred lattice (1) : n =2, e=: i/d

For the face-centred lattice (¢) : n=4, e= —53

A lattice like that of diamond (n=8, €= :/1~> is excluded

on account of the normal distribution of intensities.

Clalling the glancing angles in the three cases 8., 6, 6.,

we get
sin 4, =sin f;sin ..

In Table I.are given the glancing angles for gold and lead
calculated for the three lattices, and also the observed values,,
which are in perfect agreement with the values calculated
on the assumption of a face-centred lattice.

Tasre L.
Caleulated. Observed.
Ba. 6. | 7% 0,.
Gold ............ 11° 55 19° 08’ 7° 28’ 70 2¢
Lead ............ 9° 47/ 15° 38/ 6° 09’ 6° 09’5

Thus it is proved that gold and lead crystals have the same-
lattice as copper and silver.

§ 8. Tle Structure of the Zircon Group.

The mineral zircon is a compound with the chemical
formula ZrSiO,. It may be considered as an addition
product of equivalent portions of the two dioxides (ZrO,,
Si0,), or as the Zr-salt of an acid of Si corresponding to a
formula Zr(Si0y).

The zircon crystals belong to the tetragonal system of the:
bipyramidal class. Isomorphous with zircon are found a
number of substances, of which the following are the best
known :

Ratile (TiO,),, kassiterite (SnQy;),, and thorite (ThSiO,),
the latter being analogous to zircon.

The determination of the structure of these substances will
be of special interest also for the reason that there are a
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number of analogous dioxides which show quite a different
crystal form; and in some cases the very same dioxide
occurs in several forms. Thus the titanium dioxide (TiO,)
is found in three modifications, viz., the two tetragonal
forms rutile and anastase, and the rhombic bipyramidal
modification brookite.

Grenerally we should expect that the determination of the
crystalline structure of isomeric substances would lead to
important results, and especially in cases where we know
the energy of transformation from one modification to
another ; for this energy should equal the difference of
potential energy of the system of atoms in the two modi-
fications ; and from this equality we may expect to be able to
draw valuable information with regard to the law of the
forces acting between the atoms, or the forces which con-
stitute the chemical binding.

The present paper will deal only with the determination
of the structure of the zircon group ; but Ihope to be able to
extend the investigation also to the other modifications, and
to treat the more general atomic problem mentioned above.

The specimens of zircon crystals at my disposal had only
the faces (110) and (111) well developed. The rutile and
kassiterite crystals, of which we had very fine specimens, had
the faces (100), (110), (111), (101), but no face parallel to
the base (001)*.

In cases where the crystal has no face parallel to the
planes from which the reflexion is to be found, we have
generally T been able to find an edge parallel to the plane in
question, and the crystal has been mounted with this edge
horizontal and the reflexion-plane vertical.

In this way the reflexions from the zircon planes (100),
(101), (001), and the plane (001) of rutile have been deter-
mined . In this case, however, we cannot claim quite
the same accuracy for the glancing angle and the intensity
as when the reflexion is found from a plane crystal surface ;
but still the accuracy will be sufficient for our present
purpose.

§ 4.

The results of observations are given in Table II. and
graphically represented in fig. 2. For each of the three
minerals the glancing angles and intensity for several orders
have been found for the five reflexion-planes (110), (100),
(111), (001), (101) .

* All crystals were kindly lent me by Professor W. C. Brigger, of

the Mineralogical Laboratory.
+ With the exception of the (001) plane of Sn,0,.
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We observe the position of the chamber. If the position
angle of the chamber for spectra of the order n and i be
a, and a;, then

IMH ot TE L L L (3)

n
cot 8; = ; cosec— )

For each face the intensity of the strongest maximum is
put equal to 1. Thus it is only the intensities of different
orders corresponding to one and the same face which should
be comparable.

The intensities of the reflexion are measured in the
following way:—

The slit, which the primary beam has to pass before striking
the crystal, is made quite narrow, while the slit in front of
the chamber is kept open, and the ionization is measured for
angles which are near to the glancing angle of the spectrum
in question.

The maximum ionization current (when the ionization of
the * white radiation” has been subtracted) is taken as a
measure of the intensity of reflexion.

In order to make certain that the intensities thus measured
correspond to the same strength of the primary beam, the
intensity measurements for each face were carried out rapidly
and in symmetrical order.

§ 5. Interpretation.

The interpretation is based on the fundamental equation of
Bragg, combining the spacing d, the glancing angle 6, and

the wave-length A :
av=2dsinf,. . . . . . . (4

From the values of 8 given in Table IT. we can calculate
the spacing for any reflexion-face.

In Table ITI. are given the absolute values of dijgy=dg,
and dyg, as calculated from (4) (A=0607 x 10~%). Columnn 3

gives the ratios un and column 4 the ratios ¢'/a’ of the

leO
crystallographic axes, as taken from P. Groth, Chemische
Krystallographie.
‘We see that in the case of zircon and rutile,
dOOlr C,

100 a”

In the case of kassiterite the reflexion from (001) has not
been found ; but from the similarity between the spectra of
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the three substances, there can be no doubt that also for
kagsiterite the ratio :ili(’l is equal to ¢[a’.
100
The elementary cell has a volume
!

2 3 C
leO d001 = leO 67:
and the number of molecules n associated with this volume

8
N /
n = '—B/—Ip' 5, dfoo H o« . N . . . (5)

p is the density, N the number of molecules in a gram-
moiecule, M is the molecular weight; and in order to
preserve the analogy between the three substances, we write
the molecular formula for rutile Ti,O, and for kassiterite Sn,0,.

The number » is given in the last column of Table II1.;
and we see that within the limit of experimental error
the number n is equal to 1/8 for all three substances, or
in a rectangular prism with sides 2d100, 2d100. and 2dyg; there
should be just one molecule.

TasrLe II1.

d d
Substance. @100 door- d:—z; b .
cm, cm., 8
Zr8i0, ......... 2301078 147%x10™ 0640 0639 0124
Ti,0, e, 226, 146 ,, 0646 0644 0123
$0,0, e 2835 5 | e | e - 0123

Before proceeding further in our attempt to arrange the
atoms, we shall make a few remarks regarding our
elementary lattice, and the formation of compound lattices
and some of their properties.

Our elementary lattice will be a prism with one atom in each
corner. Let the side of its square base be a, and height ¢;
then the spacing of a simple elementary lattice would be

dioo = a, don = ¢, dyp = —

lel =
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In describing the compound lattices it may be convenient
to refer the lattices to a rectilinear coordinate system. We
let the origin coincide with one of the atomic centres, and
the z-axis be parallel to the tetragonal axis and the - and
y-axes parallel to the other sides of the lattice.

Any other elementary lattice which may be made to
cover the primary one by a simple translatory movement is
completely determined with regard to position by giving the
coordinates of one of its points. Very often it is most
convenient to give the coordinates of the point nearest to
the origin, which we shall call the point of construction.

Thus a face-centred lattice is made up of four simple lattices
with the following construction-points :

(000), (af2, a[2,0), (0, qa[2,c[2), (af2,0,c[2),

and the spacings :

= af2 = = 2
dio = af2, door 6/2, do 9V

The Jattice corresponding to the cube-centred lattice has
construction-points

(000) and (a/2, a[2, ¢[2),

(l101 =

and spacings

dio = af2, dir = ¢f2, dio = Vaé’
*L_ﬁ’ dlll — _-a———T__z:.
V14 (%) 20/24(3)

A lattice analogous to that of diamond is composed of two
parallel face-centred lattices with the construction-points

(000) and (af4, a/4, c/4),

and has the following spacings :

d101 =

(6¢)

dio = afd, don1 = ¢/4 duo = —2—
100 / 001 /4, o = V2
din = ‘i———1 dyy = a4 (6 dy

OVANCRVANCY
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Returning to our crystals, we shall first consider the most
general type, zircon. In the cell (2diu) . (2dyo) . (2dn10).
there should be placed

one atom of Zr, one atom of Si, and four oxygen atoms.

The simplest way in which we might arrange the atoms of
Zr and 8i in the cell would be to suppose the Zr atoms
arranged in a simple elementary lattice, for which we put
a=2dys and ¢=2dyy, and the Si atoms in a similar lattice
with construction-point (a/2, /2, ¢/2); but such an arrange-
ment would make the spacing of the (100) and (001) planes.
twice as large as they are actually observed.

The spacings heing inversely broportional to sin 8, we can.
easily make a comparison with the observed angles and.
those to be expected for the four types of lattices previously
constructed, and we notice at once that the observed spacings.
have a relation to each other similar to those of equation (6 ¢)
corresponding to the diamond type of lattice, and a calcu-
lation will show that within the limit of experimental error
the ratios expressed in (6 d) are satisfied by observations,
or

8in Bygg: sin Ggoq ¢ sin Gyo 2 sin Gy ¢ sin by 1

- 4:4%:2\/2:2\/1+(%)2:\/2 (&
= 4:626:2-83:3-71: 211, J

From equations (6d) we find for the sides of the
elementary lattice :

a = 41d1003
c = 4d001.

Now in a lattice of the diamond type there are 8 points
associated with a volume equal to that of the elementary
lattice (a%), and consequently in a cell (af4, af4, ¢4 there
should be 1f8, or exactly the number which is found for Zr
or Si atoms in the elementary cell oodoor

This leads us to the assumption that in zircon the Zr and
Si atoms are arranged in a lattice of the diamond type.

Regarding the relative position of the Zr and Si lattices,
it is not necessarily determined from symmetry. The only
condition to be fulfilled is that corresponding points of the
two lattices must be situated on the tetragonal axis, or the
position of one must be derived from the position of the other
by a translation parallel to the c.axis. If the construction-
point for the Zr atoms has the coordinates (000), the
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coordinates for the construction-point of the Si lattice will
be (000), where O<i<ec.

To get further, we must take into account the distribution

of intensities for different spectra. An important fact in

this connexion is that the face (001) gives a normal distri-

botion of intensities. This fact limits the possible values of

110 ¢/4 or ¢f2.

The assumption {=¢[4, however, leads to consequences in
conflict with observations. Thus it cunnot explain that the
face (101) gives a nearly normal distribution of intensities,
and we have as the only possibility :

I = ¢f2.

The arrangement of the Zr and Si atoms is shown in
fig. 3. We might also come to this lattice in another way.
Tt might be considered as composed of two lattices of the rock-
salt type with points of construction (000) and (a/4, af4, c[4),
corresponding to the diamond type.

Fig. 3.
G
p
)
’3
A
‘(1
A
® Zratoms
oS/ —,;—

From the isomorpnism of the three minerals we should
expect the lattices of the metal atoms to be found by sub-
stitution of the atoms in the zircon lattice with corresponding



Downloaded by [Carnegie Mdllon University] at 06:33 17 January 2015

Results of Crystal Analysis. 7

atoms of the other substances. In both cases—for Ti,O, as
well as for Sn,0,—the Zr and Si atomsare to be substituted
with the same sort of atoms. This will considerably alter
the type of the lattice and make it much simpler. In fact,
the metal atoms will be arranged in a prism-centred lattice
with sides 2dyg, 2dies, 2doer : but in order to preserve the
analogy with zircon, we shall suppose the lattice formed in-
the same way from an elementary lattice, a=4d;4, ¢=4do1.

From the equations (6 ¢) and (6 d) we see that the raties.
for the spacings (100) (001) (110} (101) should be un-
altered ; but for the face (111) the spacing would in
comparison be four times smaller than in the case of zircon,.
or the sine of the first-order glancing angle four times
as large.

As a matter of fact this does not occur.

It is only the spectra corresponding to the orders
1, 3, 5, &c. of zircon which have vanished for the (111) face-
in the case of TiOy and Sn;O,, and the spacings have the-
following ratios :

d]go : dOOl : du{) H lel H dlll
e, 1

L (%)
5V = = .
U] 2/ ()
¢ ¢
This apparent discrepancy, however, is not fatal to the-
correctness of the assumed arrangement of the metal atoms;
for us a matter of fact the first-order spectrum for the

face (111) in the case of Ti;04 and Sn;0y is produced entirely
by the oxygen atoms.

=1/4:

§ 6. The Arrangement of the Ozxygen Atoms.

In the case of zircon the observed spacings for all the-
reflexion planes considered are just the same as we should
get from the lattice of Zr and Si without the oxygen atoms ::
hence it follows that the arrangement of the oxygen atoms.
must be determined from the intensity measurements. Only
in the case of rutile and kassiterite the maxima of order I,
3, 5, &c. for the face (111) should be due entirely to the
oxygen atoms,

The problem before us is to arrange the oxygen atoms in
the Zr—Si lattice—with four atoms to each pair of (Zr-Si),
atoms—in such a way that the distribution of intensities of’
the reflexion maxima is explained and the crystallographic
symmetry accounted for.
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There are two different types of arrangements according
to the view we take with regard to the chemical nature of
the substances. The one view is expressed in the formule :
Zr (8i0,), Ti(TiO,), Sn(Sn0,); and if these were the right
expressions, the structure—even in the case of rutile and
kassiterite—should distinguish between two sorts of metallic
atoms.

According to the other view, zircon is considered as a kind
of addition product of two dioxides ZrQ,, SiO,;; and if we
substitute Zr and Si with either Ti or Sn, we should expect
to get a lattice where all Ti or Sn atoms are equal.

In accordance with the first view, we should arrange four
atoms of oxygen round each of the Si atoms in accordance
with the symmetry of the crystal.

We have to consider the following three arrangements :—

(1) The four O-atoms are placed along the tetragonal
axis through the Si atom, and with the O-atoms symme-
trically arranged on both sides of the Si atom.

(2) The four O-atoms are arranged in a plane through
the Si atom perpendicular to the C-axis with tetragonal
symmetry with regard to this axis. There are two different
arrangements. If we take the Siatom as origin the O-atoms
will be situated in the (wxy) plane and will either have the
coordinates :

¢, (—Zal)a L =D, (=i, —=1),or (1,0),(0,D), (Oa_l)» (—=1,0),

where [ is a parameter.

(3) The oxygen atoms are arranged on the diagonals AG,
BH, &ec.,fig. 3. Let the construction-points of the two face-

centred Si lattices be (000) and (a/4, a/4, ¢/4), then the con-

struction-points of the oxygen lattices would be :
(esa, €a, €a), (-—ela, —e1a, €¢), (_ela’ €1, —e€1c)

(e,a, —€12, —€1¢), and

a a 4 \ « a ¢
(1 + €20, 1 + €24, 1 -+ €¢ b (:L — €20, 1 — €4, 1 + 520&),

a a-}eac ec\ <a+ a [4
— — €, & 4 €00, T = € - €9y = = €9, — — €L }.
imes g ten g aoh ((ran —an (- o)

To get the right spacing for the face (100}, ¢, and &, must
bave the same numerical value ; but still we have to distin-
guish between the two cases :

(Ba) e =6,

(3 b) €] = —€q.
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This arrangement will be clear by noticing that if a==¢
the oxygen atoms would be arranged in the corners of tetra-
hedra with the Si atoms at the centres.

None of these arrangements, however, is able to explain
the experiments. Thus the types (1), (2), and (3 a) would
make the second order spectrum of the face (111) vanish,
contrary to observations.

The question whether the oxygen atoms might be arranged
according to (38) is of fundamental importance with regard
to the properties of the atoms. If the atoms were arranged
in this way, the tetragonal lattice could be considered as a cubic
lattice compressed in the direction of one of the principal axes,
and there would be nothing in the geometry of the lattice to
explain its tetragonal form.

The compression of the lattice would be due to symmetry
properties of the centres (atoms), and under the conditions
present the atoms would exert a different force in the direction
of the tetragonal axis from that in a direction perpendicular
to it.

The arrangement (3b), however, cannot be accepted
although it gives a finite value for the second order spectrum
of the face (111) ; but no value of e will satisfactorily explain
the actual intensity-distribution observed. Thus in order to
account for the disappearance of the first order spectrum of
(111) for rutile and kassiterite, we must put e=—1/8. With
this value of e the amplitude in the case of rutile would be
given by the formula :

111 = 1+1'38 cos n g,
which would give a ratio of the intensity of the first to that
of the second order equal to about 16 : 1, while the spectra
actually observed are in the ratio 1 :1.

In a similar way we can show that we cannot arrange the
oxygen atoms round each of the Zr atoms, when the Zr
atoms are to take up a central position in groups of four
‘O-atoms.

Let us then try to associate two oxygen atoms with each
Si and Zratom. The O-atoms must be situated on a straight
line through the Si or Zr atom considered and at equal
distances on both sides of it ; but the distance from a Si
atom to the two neighbouring O-atoms may not be equal to
the corresponding distance for the Zr atom,

Then the determination of the lattice under these condi-
tions would involve the determination of the two distances
(parameters) and the orientation of the lines through the
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Zr and Si atoms relative to the axis of the crystal and
relative to each other.

With regard to the direction of the lines, let us first
determine their position with regard to the tetragonal axis,
and consider the following three cases :—

(1) All lines are parallel to the tetragonal axis. This
orientation is excluded because for zircon it would make the
second order spectrum of face (111) vanish.

(2) The lines belonging to one sort of atoms (Zr say)
might be parallel to the tetragonal axig, the lines of the
other sort perpendicular to this axis. The latter lines are
divided into two groups in such a way that an individual
of one group is perpendicular to one of the other. Such an
arrangement would not explain the distribution of the
intensities of the face (111) for zircon and the disappearance
of the first order spectrum of the (111) face of rutile and
kassiterite.

(3) All lines are perpendicular to the tetragonal axis.
Let us consider the lines through the Zr atoms. The lines
through the atoms belonging to one of the face-centred Zr
lattices must be perpendicular to the lines through the atoms
of the other face-centred lattice. In order to preserve the
right spacing for the faces (100) and (111), the lines must
be drawn so as to halve the angle between the sides (a) of
the square base of the lattice.

The lines through the Siatoms must be arranged in the

same way.
Fig. 4.

® Zr atorms

0S8/ ——

With regard to the relative position of the lines through
the Zr atoms and those through the Si atoms, there are two
different possibilities, which will be apparent from fig. 4,
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which gives the distribution of points in two consecutive
planes (001).

In a plane (001) either all lines may be parallel as shown
in the figure, or the lines through Si can be drawn perpen-

dicular to those through the Zr atoms. The latter arrange-

ment is excluded as it would not explain the distribution of
intensities of the (111) face.

We shall then consider the arrangement represented in
fig. 4, which, as will be seen, with a proper choice of the
parameters e and €, will give the right lattice for the
zircon group. This lattice is composed of 12 face-centred
lattices with the construction-points which are given in

Table IV.

TaBLe IV,
Atom. z. Y. 2.
[

Zr { 0 0 0
........................ —ajd a/d o/d

Si /2 0 0
........................ ajt ” o/4

€a €a 0

. . | —6,a —e,a 0
O associated with Zr.. -—a,1/4+sla, a1/4—-ela o/t
—a/t—e,a a/t+ea ¢/4

a/24¢e,0 €0 0

. . . af2—e,2 | —ea 0
O associated with Si... a/4+eza ;/4_62a o/t
L ajd--e,a a/4+e,a c/4

Curiously enough, this lattice does not apparently possess
the same symmetry elements as the crystal ; thus the planes
(100) and (010) are not symmetry planes with respect to
the points of the lattice, and the lattice possesses no tetra-
_gonal screw axis.

But still the lattice has the properties necessary to explain
the symmetry of the crystals.

Let a (100) plane containing Zr and Si atoms divide the
lattice in two parts I and II. The points of the mirror
image of I do not coincide with equivalent points of II;
but they can be brought to coincide by a translatory motion
.along the three axes (v=a/4, y=af4, 2=c/4).

Phil. Mag. S. 6. Vol. 32. No. 187. July 1916. G
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The distance moved being of atomic dimensions, the
difference of position of the points II and those of the image
of I is not to be detected as long as we regard the properties
shown by a large number of atoms.

Thus this asymmetry should not even be felt by ordinary
light waves because one wave-length would cover some
thousand atoms ; first when we come to a wave-length of
the order of that of Rintgen rays, the want of symmetry
with regard to the face (100) can be detected.

From these considerations we arrive at the following
general rule.

Fig. &,

Arrangement of atomns in

101 plane
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[#) N e’o ~ N ~ \O
o Lr atoms
CSi »
A 0 n
~ —— ~Llines of intersection with (i planes

In order that a certain space lattice shall explain an
element of symmetry ascribed to the finite crystal, it will be
sufficient that the lattice possesses a symmetry of the follow-
ing kind :

The lattice must be brought to coincidence with itself by
performing on it the operation characteristic of the symmetry
element in question and a translatory movement x = e,
y=e€b, and z=e;¢, where a,b, ¢ are the sides of the elementary
lattice, and &, e, €5 quantities not greater than unity.
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§ 7. Calculation of Intensities and Determination of
the Parameters,

When the rays are reflected from a face with equivalent
and equidistant planes the intensity distribution is said to
be normal, and according to Bragg it is characterized by a
gradual diminution of intensities with increasing order.

The exact law for this variation is not known. Bragg *
finds that the intensities corrécted for the temperature
effect as derived from the formula of Debye t+ are approxi-
mately inversely proportional to the square of the order
number (n). The cause of this variation is yet unknown.

In spite of the faet that the rate of variation will vary
from one case to another, it will generally not be difficult to
see from the observed intensities whether the spectrum is
normal or not. The criterion is not so much the rapidity
with which the intensity falls with increasing order, but
much more a typical regular form of the intensity curve.

The problem of finding the distribution of intensities in
the case that not all the reflexion planes of the face are
identical, has been treated by W. H. and W. L. Bragg. The
caleulation is based on the assumption that the amplitude
reflected from a certain point-plane is proportional to the
mass assoclated with unit area of the plane.

In view of the theory of secondary radiation given by
Sir J. J. Thomson §, it would be more natural to suppose
the amplitude proportional to the number of electrons per
unit area, and introducing the atom-model of Rutherford
and Bohr we should put the reflecting power of an atom
proportional to the atomic number.

As the atomic number for most elements is approximately
proportional to the atomic weight, it will make very little
difference whether we use atomic weights or atomic numbers;
but as it must be the number of electrons and not the gravi-
tational mass which is concerned, we shall introduce the
atomic numbers in our calculations.

Let unit area of the reflecting plane be composed of ¥,
atoms of atomic number Ny, v, atoms of atomic number N,,
&c., then the number of electrons per unit area (u) will be

/L=IJ1N1+V2N2+...- e 4+ . 0w (9)

# W. H. Bragg & W. L. Bragg, ‘ X-Rays and Crystal Structure,’
. 193.
P + P. Debye, Verk. d. D. Phys. Ges. xv. 1913 ; Aan. d. Phys. 1914,

. 49.
P t Sir J. J. Thomson, ‘Conduction of Electricity through Gases,’
p. 321.

G2
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Let the face considered have a spacing dy. A length
equal to dy on the normal to the face will be cut by a
number of point-planes (») with numbers of atoms per unit
Area fiy, Mo ... M.

We select an arbitrary point (0) on the normal, and call
the distances from this point to the (») planes

dy dov..d; .. .4,

The intensity of the reflected wave from such a face has
been calculated by Bragg in the case of »=2 and a general
geometrical method is given *.

The general analytical expression for the intensity will be

L=k A . . . . ... (10)

k, is a factor which W. H. and W. L. Bragg put pro-
portional to the intensities of the normal spectrum, and they
give the following values

| 1 | 2]3]|4
K,= 1100|2073

n

| 5
|1
A, is the calculated amplitude which is given by the
formulee :

A = fi(n)? + fa(n)?

i=r d
g = Y uc O =
Aiw) i:llu.,cosn wdo .. L (1D
d;
d()}l

Je(n) = 2 pisin n 2m
=1

In a great number of cases we can give the point 0 such
a position that the r planes are symmetrically arranged
with regard to this point, and as sin (—a«) = — sin a, the
quantity f3(n)=0.

The lattice of the zircon group as given in Table IV, will
give the spacing shown in fig. 6 for the five faces experi-
mented upon. Of these the face (001) has identical and
equidistant planes and should give a normal spectrum which
is also in agreement with experiments. The intensities of
the spectra of the four other faces should be given by the
following expressions for fi(n) and f3(n) :—

# W. L. Bragg, Proc. Roy. Soc. Ixxxix. p. 483 (1914).
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Fig. 6.
Zr Si Os

1
{
|
{
i
ZrSr 0

: 1 oD

%>
(jl(n) =N;+(—1)"Ny+ (N, + Ny +4Nj;) cos = %r
Face (111)4 + 2Nj; (cos na; + (—1)" cos n «y).
| ) =N~ ) sin 0 T

(110) { fi(n)=(Ny+ Ny + 2N;) + N; (cos n2a; + cos n2as).

Se(n)=0. L (12)
(101) {j}E:;:(()N1+N2)+2N3 (cos nay, + cos nas).

fi(n)=(Ny+Nyg) +2N; (cos 2na;+ cos 2nas).

100 {
(100 Ja(n)=0.
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N;, N,, N; are the atomi¢ numbers of Zr, Si, and O
respectively, or atoms which may substitute them in the
lattice.

The angles «; and a, are connected to the two parameters
¢ and e, (Table IV.) in the following way :

oy =476, ag=4re,.

§ 8. Zircon.
To get the intensities of zircon we have in equations (9)
to put
N, =40, N,=14, N; =8
and putting
ay = m—f3,
we get

.
Fi(n) =40+ (—1)"14+ 86 cosn27—’+(—1)n16 (cos n3

™ + cos nay).
2

(s
(101) { ;18’3234 +16({—1)" cos nB+ cos nay).

[fi(n)=54416 (cos 2nB+ cos 2nay).

(111) {
f2(n)=26 sinn

r (13)

1

In determining the intensities we shall have to remember
that the spectra from the faces (101) and (100) were deter-
mined by reflexion from an edge of the crystal. Especially
in the case of the (100) face the reflexion to be observed
was very weak ; and under these conditions we must expect
too low a value for the first order spectrum, because a
smaller portion of the primary beam will be reflected into
the chamber when the glancing angle is small.

The reflexion from the (101) face was better; but in this
case also the first order spectrum is found too weak in
comparison with those of higher order.

The spectra for the faces (111) and (110), however, are
very accurately determined ; but we see from the expression
for fi(n) that the spectrum of the face (110) will be very
nearly normal, and the position of the oxygen atoms will
affect the intensities very little. Still, we notice from fig. 2
that the intensity of the third order spectrum is too large as
compared with that of the second order.
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The spectrum (111), on the other hand, is very much
influenced by the position of the oxygen atoms, and will
form our main basis for the determination of a; and a,.

The values of fi{n) and fy(n) for the (111) face are given
in Table V. for n=1, 2, ... 6.

TasLe V.
. Jalm). fi(n). I obs. k.
1 1-63 163 — (cos 8 + cos a,) 080 1-00
2 0 —200 4+ (cos 28 + cos 2a,) 040 030
3 —-163 163 — (cos 33 + eos 3a,) 040 012
4 0 875 4 (cos 483 + cos 4a,) 1-:00 005
5 —163 1:63 — (cos 5B + co0s Ba,) 005 0015
6 0 —2:00 -+ (cos 63 + cosBa,) 0 0005

In column 4 are given the relative intensities observed
and in the last column the relative intensities of a normal
spectrum. These values are somewhat different from those
given by Bragg, because the spectra of the crystals con-
sidered usually gives a normal spectrum with relatively
stronger maxima of higher order.

Comparing the values of the last two columns, we see
that B and a; must be given such values that the intensit
of the first order spectrum is diminished and that of the
third increased.

Consequently
B%DQCOSBT% must be positive (1.)
€08 3B+ cos 3ay = 2 cos 3/2(B + a5) cos 3/2(B—ay)

must be negative (II.)

cos B+ cosay = 2 cos

As both 8 and 2, must be less than o, condition I. gives
that

B+ as<m.
As the atoms must have a distance which is of the order
of the length dj, neither a, nor 8 can have a very small

value. Then we can suppose cos 3/2(8—a,) positive, and
from condition (II.) we get

% <B +tag<m.
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Now in order that the oxygen atoms may considerably
reduce the intensity of the first order spectrum B+, must
be considerably smaller than 7, and we should expect both
ay and B to be in the first quadrant, somewhere between
25° and 90°.

To determine B and «; more accurately we could calculate
the intensities for varying valuesof Band «;. We can arrive
at fairly good values more quickly by means of a graphical
method. We can very quickly draw curves representing
cos nB+ cos na, for various values of 8, a; and n. In fig. 7
the curves are given for 8=60° and for values of a, varying
from 0° to 180° and for n=1, 2, 3, 4, 5, 6.

Fig. 7.

In this way I have found that the following values will
give the best agreement with observations :

B =30°, ay=60°
In the formula for f(n) of the face (111) and also for the
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(110) and (100) faces, the values of 8 and «;, may be inter-
changed without altering the value of f,(n) ; and consequently
we might equally well satisfy these faces with a,=30° and
B=60°. The face (101), however, does not permit such an
interchange, and the fact that this face g gives a comparatively
strong second order reflexion will make the combination
B=060°, a; = 30° impossible.

With our present knowledge with regard to the laws
governing the intensity variations we cannot claim a very
great accuracy for the angles @, and 8. In the present case
our experlmental material is also somewhat limited—thus, if
accurate intensity measurements for the (101) and (100)
faces were available, we should probably reduce the possible
errors in the values of 8 and «, still more.

In Table VI.are given the values of A?and the calculated
and observed intensities corresponding to 8=30° and a;=60°
for the faces (111) and (101).

TasrLe VI.
(111) (101)

2. Az, Teal. Tobs- Az, Tcal. Tobs.
1..... 273 91 8 || 95 100 100
- 40 40 40 | 114 36 56
3...... 96 38 10 56 7 8
4o..... 60-0 100 100
oo 63 3 5
B...... 4 07

The agreement between calculated and observed values is
a very good one, and in view of the fact that the intensities
of the other faces are also explained, we see that there can
be no doubt that the lattice given in Table IV. is the right
one, and that we have found very nearly the true values of
o, and B.
The values found for these angles give the following
values for the two parameters of the lattice :
_m—B_ 5
4'77 T 4w 24
ay 1

4 T
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The distances l; and I, (figs. 4, 5) from the Zr and Si
atoms to the oxygen atoms will be

Li=eaN2=271x10"%cm.

l2 = €a ~/2 - 1.08 X 10_8 cm.,
The distance from the Zr atom to one of the oxygen
atoms associated with it is more than twice the corresponding

distance for Si, a fact which may be due to the greater
affinity between the Si and O atoms.

§ 9. Rutile and Kassiterite.

If the lattices of (TiO;); and (SnO,), belong to the type
given in Table IV., the spectra should be derived frem the
formule (12) by inserting the corresponding values of the
atomic numbers.

In both cases Ny=N,=N, and for the (111) face we get

(Al =N(1+ (= 1)) +2(N+2N) cos n T

(111) {: + 2Nj (cos nay 4 ( — 1) cos na,).
|
L/2(n) =0.
Now the Rontgen ray analysis shows that spectra of

uneven order with regard to n disappear ; consequently we
have for all values of ¢ :

S1(2¢—1)=0=2N; (cos (2¢~1)a;— cos (2¢—1)ay),
which gives
a = oy = a.

This is an important result as it shows that in each of the
two minerals all the metal atoms are identical as regards
their relation to the oxygen atoms, and it is impossible to
consider rutile say—as a titanum—titanate. :

The amplitudes for the four cases considered will be

A]]] = N T+ (—l)n(N + 2N3) “+ 2N3 <08 2na, \

AllO = N + N3 -+ N3 Ccos Qna,
AIO] =N -+ 2Nq COS ne,

A100 = N + 2N3 cos 2na.

? NG
|

J
The expression for A;y;, Ajjg, and Ay will not be altered

if we substitute m—a for «. Which of these two is the
right value can be decided by means of the (101) spectrum.
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For (TiO,), we find as the best value a=111%5, and for
(8n0y); =112%5.

In the case of SnOQ, it is only the (111) and (100; spectra
which can be used for the determination of «; for the (110)
spectrum is very nearly normal regardless of the value we
give a, and the (101) spectrum is determined from a very
small face, which will cause the observed first-order spectrum
to be too weak. )

In Table VII. are given the values of A?and K and the
calculated and observed intensities.

The agreement is a very good one ; thus the lattice given
in Table IV. can explain the typical distribution of intensi-
ties observed.

TasLe VII.
(Tio’)2, o= 1110'5-

(111) (101)

k. Az, Teal. Tobs. k. A2, Toal. Lobs.

100 299 100 100 100 1-02 100 100

20 146 98 100 20 041 8 6
7 014 ¢3 0 7 515 35 11
3 755 T 5 3 2:13 6 1

(100) (110)
100 042 100 100 100 932 100 100

20 208 98 85 20 146 31 50
7 400 66 35 7 193 14 16
3 014 0 0 3 755 24 3

(SHOZ)Q, a = 1120 5.
(111 (100)

100 292 185 17 100 585 100 100
80 525 100 100 30 9-82 51 60
12 01 0 0 12 1476 30 28

5 391 125 13 5 455 4 4
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The results of the calculation are collected in Table VII1L.,
giving the parameters e and the distances ! (figs. 4, 5) for
the three crystals.

Tasue VIII.

Crystal. a. €. L
Zr ... 1500 5/24 271°x10~8
Zr8i0,
Si .. 60° 1/12 108
(Ti0,)y weveeen. 11105 0155 199,
(8n0,)y vren. 11205 0157 208 ,,

Photographs of a model of the zircon lattice are shown in

Plate T1L1.

§ 10. The Molecular Structure of the Lattice.

The Rontgen-ray analysis has shown that crystals are
built up of atomic lattices; and in a number of cases pre-
viouely treated by W. H. and W. L. Bragg the arrangement
of the atomic lattices has left no room for such a thing as a
molecule, Suppose, for instance, that in a crystal of rock-
salt we fix our attention to a certain Na atom, we cannet
from the geometrical arrangement tell which Cl atom is
associated with it. This fact, however, does not without
further proof necessarily involve any fundamental change
in our conception of the chemical binding as taking place
between pairs of atoms (Na—Cl).

The atoms might possibly be ccnnected up in pairs in such
a way that all requirements of symmetry were fulfilled.

In the case of rock-salt and similar substances there should
be four pairs of simple cubic lattices, and the lines connecting
each pair should be arranged with cubic symmetry ; but as
we have three equal directions in the crystal and four pairs,
such an arrangement does not seem posstble.

If, however, we regard our lattice for the Zircon group, we
notice that each of the Zr or Si atoms is associated with two
oxygen atoms ; thus the groups SiO; and ZrO, form a kind
of “molecular elements ” of the lattice. This is not merely
a way of regarding the geometrical arrangement of the
atoms ; but we have reason to believe that the groups SiO,
and ZrO, form chemically saturated compounds. First of
all, the fact that the oxygen atoms are closer to the Si than
to the Zr atoms goes to support this view, and, further,
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a peculiarity with the geometry of the lattice will make the
assumption of molecules almost a necessity.

Let us consider the arrangement of atoms in the (110) plan
of zircon, fig. 5. The triangle (2 b¢) has a Zr atom in two
of its corners and a Si atom in the third. Now an oxygen
atom d belonging to the Zr atom ¢ will—on account of the
geometry found for the lattice-—have equal distances to the Zr
atom b and the Si atom ¢ (fig. 5). Now the chemical-affinity
forces must necessarily be different for (Zr-0O) and (Si-0),
and if such forces were acting between the oxygen atom d
and any of the atoms ¢ and b, we cannot explain an equi-
librinm position of the oxygen atom d which makes the
distances (4-b) and (d—c) equal.

§ 11. The Structure of Thorite.

As mentioned in the introduction, the mineral thorite
(ThSi0y) also belongs to the Zircon group. This mineral,
however, occurs in the so-called ¢ metamict” form, which
indicates a state in which the outer appearance of a crystal
is preserved, but the substanceitself bas in the course of time
become isotropic.

Thus the crystals, when examined with polarized light,
give no indication of an optical axis, and it seems as if the
atomic arrangement in a lattice has become unstable.

Now it would be a matter of interest to see how these
crystals behave towards Rontgen rays. Do they give any
reflexion? Or does a “ metamict ” crystal possess any trace
of its original lattice?

I have made a series of experiments with a number of
different minerals to investigate this point. A full account
of these experiments will be given later. In this connexion
I shall only mention that the mineral thorite guve no X-ray
reflexion at all, although several very fine crystals were
tested. Thus the Rontgen-ray analyses have shown that
the lattice of thorite was completely broken down, and only
the outer form has been preserved to indicate the atomic
framework which once existed in the erystal. All symmetry
properties, however, go to support the view, that the atoms
must have been arranged in a lattice of the zircon type.

§ 12. Remarks regarding the Intensities of the Normal
Spectrum.
W. H. Bragg and W. L. Bragg have found that the
intensities of a normal spectrum gradually diminish with
increasing order. As an average they put the relative
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intensities equal to 100, 20, 7, 3 for the orders 1, 2,3, 4.
These numbers, however, contain the influence of tem-
perature, which will tend to diminish the intensities of
higher order as compared with those of low order. Cor-
rected for temperature effect the intensities should be
approximately inversely proportional to the square of the
order number. As also apparent from the way in which
Bragg has stated the law, it can only be considered as
tentative and as a first approximation ; and I want here to
give some facts which indicate that the intensity law cannot
be quite so simple.

In the case of silver we have to deal with well-defined
crystals of only one element, and the two faces considered
(100) and (111) give both a normal spectrnm *; but the
intensity falls off much more rapidly for the first than for
the second face.

The face (111) gives an abnormally slow rate of fall with
increasing order. I have made a careful examination of
this point, comparing the first and second order of the two
faces, but could only confirm the result first obtained. Also
the (111) faces of gold and lead show the same abnormally
slow rate of fall. The results of the intensity measurements
are given in Table IX.

Tasre IX.
5 Order.
i Opening
Face. ‘ of slit.
i 1. 2. 3.
(1 (100) :-—1 mm. 100 20 7
| ., % . 100 25
, v 05mm. | 100 | 195
Silver ........ 4 (111) {1 mm. 100 51 11
M R 100 | 50
no 05 mm. 100 35
Gold ........ {| ™ | 05mm. | 100 | 48
Lead ............ ay | — 100 | 49

Also the face (110) of the Zircon group gives an
abnormally slow rate of fall of the intensities, even when
we take into account the effect of the oxygen atoms. Thus
in the case of tinstone, where the oxygen atoms can have
very little influence, the distribution corrected for the

* Vegard, Phil. Mag. Jan. 1916.
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disturbing influence of oxygen should be 100, 62, 30, 8
of a normal spectrum of the orders 1, 2, 3, 4.

As, in the case of silver, the value of @ occurring in the
Debye temperature factor should be the same for both faces,
the rate of fall of the intensity will be different for face
(100) and (111) of silver, even if we correct for temperature
in the way given by Debye.

So long as we know so little about the cause of the
intensity variation, it will be difficult to say anything definite
with regard to the explanation of the observed differences.

It might be possible that the temperature factor is different
for different faces even in the case of a cubic crystal. On
account of the different elastic properties along different
point-planes, such an explanation might not be unlikely.
But if it should be impossible to account for the difference
of intensity variation by differences of the temperature
factor, we should probably have to suppose that the atoms
had different reflexion properties in different directions. '

Summary.

1. The lattice of gold and lead has been determined, and
found identical with that of copper and silver.

2. The structure of the Zircon group has been corapletely
determined. The Si as well as the Zr atoms are arranged in
tetragonal lattices of the diamond type. In the case when
Si and Zr are replaced by identical atoms Ti or Sn, we get a
simple prism-centred lattice for the metallic atoms.

3. The tetragonal structure is not produced by symmetry
properties of the atomic centres, but by the tetragonal arrange-
ment of the ozygen atoms.

4. The lattice has a sort of molecular structure with mole-
cules of the type MO,, where M is an atom of Si, Zr, Ti, or
Sn. The three atoms forming one molecule are situated on
a straight line and with M in a central position. This line
might be called the molecular axis.

The positions of the oxygen atoms are determined, when we
know the directions of the molecular axes and the distance to
the central atom M (molecular distance). The fact that the
molecular distance is different for different central atoms M,
asalso certain geometrical relations of the zircon lattice, goes
to support the view that the groups MO, form chemically
bound molecules.

5. For all the minerals considered, the molecular axes are
equally arranged and are always perpendicular to the tetra-
gonal axis, which accounts for the fact that the ratio cfa is
smaller than unity and almost equal for all minerals.
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6. The ‘ metamict” ecrystal of thorite gave no X-ray
reflexion. The lattice is completely destroyed.

7. Experiments on the intensities of the normal spectrum
have shown that different faces of the same crystal give a
different Jaw of the variation of intensities with increasing
order.

T have much pleasure in thanking Professor W. C. Brogger
for lending me, from the excellent collection of his laboratory,
the crystals necessary for this research, as also for the kind
interest he has taken in the work.

I am also very much pleased to thank Mr. H. Schjelderup
for his most valuable assistance in making the observations
on which the present work is based.

Physical Institute, Christiania.
March 31, 1916.

VII. On Aerial Waves generated by Impact. By SUDHAN-
SUKUMAR BANERJIT, M.Se., Sir Rashbehart Ghosh Research
Scholar in the University of Calcutta*.

1. Introduction.

ERTZ. in his well-known papert on the collision of
elastic solids, shows that when two bodies impinge
on each other with moderate velocities, the elastic distortions
are more or less entirely localized over the region of contact,
and that the duration of impact, though in itself a very
small quantity, is a large multiple of the gravest period of
free vibrations of either body. It follows, therefore, that
no appreciable vibrations of the solids are set up by the
impact, and that all parts of the impinging bodies, except
those infinitely close to the point of impaet, move as parts
of rigid bodies.

In a recent paper i Lord Rayleigh has investigated the
circumstances of the first appearance of sensible vibrations
in the case of two impinging spheres, and his results seem
to show that if vibrations are excited at all, the leading term
in the radial displacement at the point of contact during the

# Communicated by Prof, C. V. Raman, M.A.

+ Hertz’s ¢ Miscellaneous Papers,” English Edition, p. 146. [See also
Love's ¢ Treatise on Elasticity,” Second Edition, p. 195.

1 Lord Rayleigh, “On the Production of Vibrations by Forces of
Relatively Long Duration with Application to the Theory of Collisions,”
Phil. Mag. vol. xi. pp. 283-291 (1906). (*Secientific Papers, vol. v.
pp- 292-299.]
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Zircon lattice.
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