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much greater than that o[ the jets from other orifices ; in 
some cases the sensitiveness of a simple flame jet  would 
approximate to that of the ear itself. 

The flaring appears to depend, for a certain range of 
diameters of orifices, almost simply upon the linear rate 
of flow at the orifice. For  diameters above this range, flaring 
occurs at much lower pressures. 

The high temperature in ignited jets leads to increased 
viscosity, and this tends to explain the higher pressures then 
admissible. For a given pressure and orifice, the rate of 
flow is greater for an uniguited than for an ignited jet. 

In conclusion we wish to thank Professor Wilberforce for 
the keen interest which he has shown in these experiments. 

Geor,o'e Holt Physics Laboratory, 
UniverAty of Liverpool. 

XXXIII . .Non-Neu' tonian Mechanics, The Mass of a Moving 
Body. B.q RICHARD C. TOLMAN, Ph.D., Assistant Pro- 
lessor of" Physical Chemistry at the University of Cincinnati *. 

A N acceptance of the Einstein theoryf l f re la t iv i tyneces-  
strafes a revision of ~he Newtonlan s 3 stem of mechanics. 

]n making such a revision it is desirable to retain as many as 
possible o[ the simpler principles of ~ewtonian mechanics. 
Some of tile consequences have already been presented ~" of 
a system of mechanics which retains the conservation laws 
of mass, energy, and momentum, and defines force as the 
rate o[ increase o[ momentum ; but to agree with the 
theory of relativity introduces an idea fm'eign to Newtonian 
mechanics by considering that both the mass and velocity 
of a body are variable. 

From the theory of relativity, Einstein has calculated both 
the transverse and the longitudinal accelerations experienced 
by a charged body moving in an electromagnetic field. On 
the basis of these accelerations, it has been usual to place 
tile " transverse mass " of a body moving with the velocity u 
as equal to me~ ~l--u2/c 2, and its " long i tud ina l "  mass as 
equal to mo/(1--u~/c~fi , where m0 is the mass of the body at 
rest and c is the velocity of light. If, however, mass is a 
quantity to which a conservation law applies, the mass of 
a body cannot well be different in different directions; and 

* Communicated by the Author. Contribution from the Chemical 
Laboratory of the University of Cincinnati. 

t Lewis, Phil. Mag; xvi. p. 705(1908). Lewis & Tolman, Phil. Mag. 
xvii. p. 510 (]909). iolman~ Phil. Mag. xxi. p. 296 (191l) ; xxii. p. 458 
(19] 1). 
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it has been believed by Professor Lewis and the writer, that  
in general,  without respect to direction, the expression 
~o/u" 1-u2/v "~ is best suited for ThE mass of a moving body. 
They have already shown (too. tit.), from the theory of 
relativity and tile principles of non-Newtonian mechanics 
outlined above, that  the consideration of a " t r ansve r se  
coll ision" between t~vo moving bodies does lead to this 
expression for the mass of a moving body ; and the purpose 
of the present article is to show that  the consideration of 
any type of collision also leads to the same ex|)ression. 

The immediate occasion of the present article is ~l recent 
attem]pt made by Mr. Norman Campbell ~ to show that the 
consideration of a " lonoitudinal col l is lon" does not lead 
to the expression ,7o/v/1-u'~/v~ for the mass of a moving 
body. There appears, however, to be an obvious error in 
his reasoning. Mr. Campbell wishes to find a relation between 
tlle mass of a body and its velocity and yet assumes that  
the mass of each o[ tits bodies is the same after collision as 
before, although the velocities of course have changed (see 
equation (A) 1 ). 627). Thus, although endeavouring to 
determine how the mass of ~ body depends on the velocity, 
he assmnes in formnlating his fundamental equation that it 
does not depend on the vdoci ty  a t  all t .  

Lowitudinal Collision. 
Consider a system of Cartesian coordinates and two bodies 

moving in the X direction with the velocities + u and - -u  in 
such a way that  a " longi tudinal  collision" will take place. 
Suppose tho bodies are elastic and perfectly similar, each 
having the mass mo when at rest. On collision the bodies 
will evidently come gradually to rest, and then under the 
action of the elastic forces developed start up and move 
back on their original paths with the respective velocities 
- u  and -+ u of the same magnitude as before. 

Let  us now consider how the collision will appear to an 
observer who is moving past the above system of coordinates 
with the velocity v in the X direction. Let  Ul and u~ be the 
velocities of the two bodies as they appear before collision 
to this new cbserver, From Einstein 's  formulm for the 

* Phil. Mag. xxi. p. 626 (1911). 
t In the same article, Mr. Campbell has also criticised the writer for 

referring the acceleration of a body under consideration to moving axes 
which have at the nmment in question the same velocity as the body 
itself. As this is ~ procedure which has long" been familiar to students or 
theoretical mechanicsj has not in the past led to erroneous results, and in 
the cases under consideration leads to self-consistent conclusions~ the 
writer cannot agree with Mr. Campbell's criticism. 
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composit ion of veloeiSes we find for these velocities the 
U - -  V - - ? I - - V  

relations u,--= l_u~,/c  ~ and ~t2-- 1 + uric 2" Since these velo- 

cities are no~ of the same magni tude ,  Clio two bodies which 
have the same mass when at l'est do not now have the same 
mass to this observer. Let  us call these masses betbre collision 
m i and m 2. D u r i n g  collision, the velocities of ~ho bodies will 
all the t ime be c h a n o i n g  ; f rom the pr inciple  of the conser- 
vat ion of mass,  however,  the sum of the two nmsses will 
always equal n h + m ~  ~'. W h e n  in the course of the collision 
the bodies have come to relative rest and are both movino" 
past our observer with the velocity - v ,  their  m o m e n t u m  will 
be - - ( ' / 7 1  t + ' t ' / I 2 ) V  , and  from the pr inciple  of the conser~'ation 
of momm~tmn this mus t  be equal to the or ig inal  momen tum 
before collision, g iv ing  us the equation, 

~ - - V  - - ? I - - V  

? I t~ "try 

I-- -c2, 1 + c5 

Sim]?]iI'yinr we have~--  
?/U 

1 - - -  . 

, I t  2 ? l~ ; '  . . . . . .  ( 2 )  
l+  j 

which hv direct  a lgebra ic  t rans ibrmat ions  may he shown 
to be identical  with 

/ ~ t  / " - -  U - -  12 \  2 _ '  

' t i l l  - -  C2 t . . . .  

m~ - - - - . / '1  /--~u--v \~,~/c "V~ /r I u~"' 
C 2 

(3) 

* :In this connexion an interesting fi'.ct has been pointed out to the 
writer by Professor Lewis. As stated above, the sum of the two masses 
is throughout collision always equal to m~+m~, and hence also at the 
time in the coll;sion when the masses have come to relative rest their 
sum is m~+m 2. Since at this time both bodies are moving with the 
velocity --v we might suppose that m,+m~ equals 2mot " r  This 
is not the case, however, since the bodies now possess additional elastic 
energy beyond tlmt which they possess when at rest and not in contact. 
A relation between mass and energy has already been developed(bee, citt.), 
and the mass of this elt~stic energy must also be taken into account in 
calculating m,+rn~. In fact the consideration of a collision of this type 
leads to a simple proof of the relation between mass trod energy, a proof 
presented by Prot~ssor Lewis in a series of lectmes on the [theory of 
Relativity given at ttarvard University in the Spring of 1')11. 
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Remembering that these were bodies which had the same 
mass when at rest, we see that the mass of a body is inversely 

proportional to r  where u is its velocity, and have 
C2 ~ 

thus derived tile desired r e l a t i on , -  

_ . 
,/s 

1 c~ 

Collision of Any Type. 
A treatment of the general case of any type of collision 

between any two bodies elastic or otherwise is also possible, 
and leads to the same conclusion as to the desirability o~ 

using the expression m 0 / / ~ / / 1 -  -'u~ for the mass e t a  moving 
body. e~ 

For the mass m of a body moving with the velocity u let 
us write the equation m - m 0 j [ u  ~) where f (  ) is  the function 
whose form we wish to determine. ' The mass is written as a 
function of the square of the velocity, since from the homo- 
geneity of space the mass will be independent of the direction 
of the velocity, and the mass is made pr~ portional to the mass 
at rest since a moving body may evidently be divided into 
parts without change in mass. 

Let us now consider two bodies having the masses m,j and 
% when at rest, moving with the velocities u and v before 
collision and with the velocities U and V after a collision 
has taken place. 

From the principle of the conservation of mass we h a v e , ~  

'mot'(~. ~ + ~r + u2) + ~of (~'2 + r + v2) 
= .,r (u~ ~ + u~' + u ~) + ,W' (v;~ + v~: + v ~ ) , .  (1) 

and from the principle of the conservation of momentmn, 

,,,0f ( ~  + ~r J--~).~ + ~of ( ~  + r + ,,~),'~ 
=,,,of(U.~+ V~+ U2)U; + ,,o./(v~? +v,~+v~)v.,  (2) 

,,,o/'(u.~ + , r  +.~,).. +.o/(,,2 + ~',,' +,'~),; 
=~o/(u2 +u~, + u~,)u~,+.o/(V.~ + v/" + v~,)v,~, (a) 

= , , 0 . t ( g ,  = + g~? + U2)  U~ + ,,~K v~' + v J  + v2-) v~. (~t) 

These velocities u., uu, uz, v., ,ra, , v~, U~, &e., are measm'ed 
with respect to some definite system of " space time " 
coordinates. An observer moving past this system of co- 
ordinates with the velocity ~b in the X direction would find 
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for the corresponding componen~ velocities the values 

, ,~ -~  U~--~7~_>, v '~ - -~ /~  .~ ,,= ,,.-,s> &e., 
1---u'6-' 1--v~b 1 - - u ~  ' 1 v~r 

C2 C ~2 C'a d e 

given by Einstein's transformation equations. 
Since the laws of the con~ervat~ion of mass and momenfum 

must also hold for tile measurements of this new observer, 
we may write the following new relations corresponding to 
equations 1 to 4: - -  

~nd4 (1 <4') 7- t ~ - 7 /  \ 1 u.r / ( l_ .x~ 
. . (?2 ( , 2  

+ n ~  I t,.~, \ . . . .  1-- -*%b 'a') \ 1 - v ' ~  ) 
e 2 g,2 s 

=,,~,,t.~/<--6 \ %  i . / - i=- r  , u.q~+ , , / ~ : - ; 9  ~ u=\~ 

. d2 C 2 

v.r ~. v,~ _j 
C 2 C 2 

< J l  L J l  --_ 
d~ d ~ 

k J I___U,. r  V z . . . . ? l _ ~  V~r . . . . .  
6 2 C2' 

~ . . . .  -,~ ' :1~<" ,  o.+ ",, + , / & , . . .  ~? ~,-~:~, __ ,:~o '> 
C r C~ 

=,,,o,;<.. . . \  < - * ' / "  ~,, + , , o < &  . . . .  ; v~-+~lc~,:, 
L J 1-- U___,.dp L -) 1 V tb  

C 2 C 2 

,,,oS~,,.. �9 �9 . ' ~ ' / ~ - ~  ": +,,oi 5,,  ~ ,/i-->> .,,o 

C 2 C 2 

=,,,,/.(t~, ~, v i - - -~>  ~ , _  +.; .. \ v ' i ~  v= . . . .  ~ . . . . .  e f t - - - - - -  " r  I~ql .  ~ V s . . . . . . . . .  

t J i u:,.qa I_ "_j l _ y . , .  ~ 
(;2 C2 

(1.) 
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It  is evident that these equations ( la  4a )mus t  be true 
no matter what the velocity between the original system of 
coordinates and the new observer, that is they are true for 
all values of ~b. The velocities u,, u~, uz, v~, &e, are, how- 
ever, perfectly definite quantities, measured with reference 
to a definite set of axes and entirely independent of 4). If 
these equations are to be true for perfectly definite values of 
v~., uy, u~, v~, &c., and for all values of ~, it is evident that 
the function f (  ) must be of such a form that the equations 
are identities in 9% As a matter of fact ~b can be cancelled 
from all the equations if we make f (  ) of the tbrm 

1 
4V/1 (c ) ;  and we see that the expected relation is a 

solution of the equations. Although this does not exclude 
the possibility ~hat there may be other solutions of these 
functional equations, nevertheless t~rom a consideration of the 
complexity of the equations it appears doubtful if any other 
simple function would satisfy the necessary requirements. 

In conclusion it is to be noted that in these derivations no 
reference has been made to any electrical charge ~ hich might 
be carried by the body whose mass is to be determined. 
Hence, if these considerations are correct, we may reject the 
possibility of explaining the Kaufmann-Bucherer experiment 
by assuming that the charge of a body decreases with its 
velocity*, since the increase in mass is alone sufficient to 
account for the results of the measurements. 

Cincinnati, Ohio. 
October 31, 1911. 

XXXIV.  Theory of the .Behaviour of the Quadrant 
Electrometer. .By Prof. A. A~I)~.asoN t. 

~HE following presentation of the theory of the quadrant 
electrometer has, it seems to me, the merit of sim- 

plicity, and consequently may be of use to those who are 
engaged in working with the instrument. The theory given 
by Mr. G. W. Walker (Phil. Mag. Aug. 1903) is perhaps 
not elementary enough for the general reader, and the inci- 
dental reference to the subject by Prof. Sir J. J .  Thomson 
in a paper on the Charge of Electricity carried by the Ions 

* The possibility of explaining the Kaufmann-Bucherer experiment 
by assuming that the electrons have leas charge at higher velority was 
suggested by Professor More of this University : l'hil. Mat. xxi. p. 196 
(1~11). 

r Communicated by the Author. 


