VIII. A New SErIEs for the RECTIFICATION of the ELLIPSIS ;
togetber with fome OBSERVATIONS on the EvoLuTIiON
of the FormuLa (a* + &* — 2ab cof@)". By JFAMEs
Ivorr, A. M. Communicated by YOHN PLAYFAIR, Pro-
Jelfor of Matbhematics in the Univerfity of Edinburgh.

[Read Nov. 7. 1796.]

DEAR Sir,

AVING, as you know, beftowed a good deal of time and
attention on the ftudy of that part of phyfical aftronomy
which relates to the mutual difturbances of the planets, I have,
naturally, been led to confider the various methods of refolving
the formula (a* +5* — 245 cofp)* into infinite feries ,of the
form A+ Bcofp+ Ccof2¢+ &c. In the courfe of thefe in-
veftigations, a feries for the re@ification of the ellipfis occurred
to me, remarkable for its fimplicity, as well as its rapid conver-
gency. As I believe it to be new, 1 fend it you, inclofed, to~
gether with fome remarks on the evolution of the formula juft
mentioned, which, if you think proper, you may fubmit to the
confideration of the Royal Society.
1 am, Dear Sir,
Your’s, &¢.

DovcLasTowN, near Forfar,
zoth O&ober 1796. ’} JAMES Ivory.

Yo Mr Yobn Playfair, Pro-
Jelffor of Mathematics, %c.

Vor. IV. Y LET
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LeT ¢ denote the excentricity of an ellipfe, of which the femi-
tran{verfe axis is unity, and = the length of the femicircle, ra-
dius being unity : Then,

1—y 1 —¢

1 e:———g
if we put PV ars—

half the periphery of the elliplis will be

. 'y 1’ 1? . 1% 3 . ot 3t st .
——— —. e 4 y
T ate (! +z‘ e+ 2’ ¢ e+ 2%, 4*. 6* ¢ +z’. 4% 6% 8“" +&C')’

the coefficients being the fijuares of the caefficients of the radi-
cal v 1 — ¢
Tue common feries 1is,

1. 1 1.I 1.3 1.1.3 1.3.§
ex (it D IEEELIEIENS L g,
2 3 3.4 3.4 2.4.6 2.4.6

THE firft of thefe feries converges. fafter than the other on two
accounts : firft, becaufe the coeflicients decreafe more rapidly ;
and, next, becaufe ¢ is very fmall in comparifon of ¢, even

when & is great: Thus, if s be’-;-, ¢ will be %, and ¢ — l%.

IN order to point out the way in which the preceding
feries was difcovered, let us fuppofe (4* + &* — 24b cof ¢)s
= A + B caf¢ 4- C cof2¢ + &c.; and to determine the
coefficients, A, B, C, &c. let us, with M. pE LA GrANGE,
confider the quantity (¢* 4 4* — 34b cof ¢) as the produd of
the two imagmary expreflions (a.-'-bc“/-’), and
('a—bc""”""’), where ¢ denotes the number whofe hy-
perbolic logarithm is unity. Then, by expanding the powers

(a—8c#Y =), amd (4—2~*Y =" inwo the fe-
fies 0" (1 —a 0PV 1L oY =13 = o)
and
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anda'( { — “,.g.".—?t’—’_'. 3;—3¢V—1_9,¢—3¢s/—1+&c.

2, £-~1 Yo B B == . B ~— 2
- 1.3 1.2.3

THEN multiplying thefe two feries together, and putting

e +mpy —1 —~mpy —1
2cofmp for its imaginary value ¢ +c ? we

we have e =#, B =

fhall find, on equating the terms,
A=a"Xx (x 4 . §;+B’.§-:-+7“. Z—:-«l—&c. )4,
b b %
B=—2a" X (a c=taf 5+ Byt &c.),

and fo on. '
Or the feveral feries for A, B, C, &c. the firft deferves parti-

cular attention, ofif account of the fimplicity of the law of its
térms. It deferves thé moré ateéntion, too, that the whole fluent

[ <p (a* + b — 2ab cof¢)", generated while ¢ from o becomes

— w, half the eircumference of the cirele, is = A + »: all the
other terms of the fluent ther vansfliing.

SuPPOSE now, ir an ellipfis, the femi-tranfverfe = 1, the ex-
centricity = s, and ¢ an arch of the circumfcribing circle, rec-
koned from the extremity of the tran{verfe : then the fluxion
of the correfpondent arch of the ellipfis, cut oft by the fame
ordinate, will be = oV 11— tol*9.

In this expreflion, I write :—+§~ cof 2¢, for cof.?p: and put

. g LI _ .
the refult, p v 1 — 7 — 7 cof20 = ¢ ¥'a* + & — 24b cof 29,
4 and & being indeterminate quantities.

To determine 4 and b, we have &* 4 5* = r _;_, and 2ab — 5; .

whencea+ b= 1,and 4 — b =v 1 —s*fotHat =ity r—¢

and b = 1=V 1—=¢
2

Y2 I
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¥ THUS obtain ¢ ¥ 1 — ¢ col*p = @ ¥ a* + b* — 24b cof2¢:
and, taking the whole fluent, while ¢ from o becomes = =, it is
manifeft, from what has been premifed, that the femiperiphery

of the ellipfis is =
& L S 1*.1%.3* &°
axaxX (1455 + 5 + p s + &)y

X — 1
é— I+ t,'
a

. b 1—y1—¢? Y
or putting 7—’—1+¢I_£.’Md“—a+5—l+

the femiperiphery of the ellipfis = 1-%—; X
(I + ;—:—8’ +1‘.:: et + ;%%;‘6 +&C,)

a3,

IN this feries, as was before obferved, ¢ is. a fmall fractiom
even when s is very confiderable, and the coefficients are.
more fimple in the law of progreflion, and converge fafter, (ef-
pecially in the firft terms), than in the common feries.

Ir we fuppofe the ellipfis to be: infinitely flattened, in which
cafe s = 1, and ¢ = 1, and the femiperiphery = 2, this feries

. - 1 - Fhat, 13,12, 30 .
gives 2 = > X(r+ =+t rowy +,m+ &c.)‘, and fo

4 __ 1.3 , 1t.1t.3% 1t p gt gt
""." =1 +F + 2. 4° + 27.4%.6° + 2%.4%.0%. 8° + &C.

BuT, we may remark, that as we have here obtained the fum
of the fquares of the coeflicients of the binomial when the ex-
ponent is +; fo, from the fame fource, we may determine the
fum of the fquares of the coefficients correfponding to any other
exponent, at leaft by a fluent.

For taking the whole fluent when ¢ = w, we have

f (&* + b2 — 24b cof <p)"l ¢p =a" (1E+ a'.'i’- + i—’;-l— " %:’-i‘&u)-

and fo when s =1,andé =1,
f(m + & :..wbcofcp) =1 +ar + B+ 32+ &
Now,
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Now, whena = 1, and 3 = x,f&)(a’—{»-b*-——zabmfcp')” —=2" X

f 0 (ﬁn%),m becaufe 2 (ﬁn%)’ = 1 — cof@: we thus obtain

> Xfé(ﬁn%;) =1+4a 4B+ + &

the whole fluent to be taken when ¢ = =, or % =

IF we put x =fin 9-, we fhall have

an ." x
X [ = s B0 &,
,w
the whole fluent to be,taken when ¥ = 1; and in this formula
n is'any number fracjonal or integral, pofitive or negative; and
a, B, 7y &e. the coefficients of the binomial raifed te a power
of which the exponent is .
WHEN # 1s a whole pofitive number,

x'nx 23.5.... (20— .
j’/x - = :i é ("'-M 1)-;-, in the cafe when x = 12
_x (Y - L) *

»1a

And fo, 2 1:3:5:- (’"—I)—1+a + B* 4 * + &ec.

2. 4o 6.... an

Now, 227X ; 3 5. - (28 —1) 15 no other than the coefficient of

2n
the middle term of a bmomtal raifed to the power exprefled by
2n: Hence we have a very curious property of thofe numbers:
viz. that the fum of the fquares of the coefficients of a binomial, the
exponent being n, is equal to the coefficient of the middle term of a
binomial, of which the exponent is 2n.

ANOTHER remark, which I have to offer on this fubje&, 'may
be confidered not only as curious, in an analytical point of view,
but as, in fome meafure, accomplifhing an objeét that has much
engaged the attention of mathematicians.

In the computation of the planetary difturbances, it becomes

—1%
neceffary to evolve the fra@ion (4* + &* — 245 cof¢)  into a

feries.
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feries of this form, A 4 B cof'p + C cof 29 + &c. The quan-
tities @ and & reprefent the diftances of the difturbing planets
from the fun; and when thefe bear {o great a proportion to one
another, (as in the cafe of Jupiter and Saturn, or Venus and the

Earth), that the fraction é is large, it becomes extremely difficult

to compute the coeficients A, B, &c. by feries, on account of
the great number of terms that muft be taken in. This matter
not a little perplexed the firlt geometers who confidered this
fubje®, and they were obliged té approximate to the quantities
fought by the method of quadratures, and by other artifices.

Two things are to be attended €0 with regard to the quanti-
ties A, B, C, &c. The firft is, That it is not neceflary to com-
pute all of them feparately by feries, or by other methods: They
form a recutring feries; and the two firft Being fo computed, all
the réft may-be derived from them: The fécond thing is, That
the quantities A and B having been compured for any exponetit
n, the correfpondent quantities are thence derived, by eafy for-
mulz, for the exponents n4-1, n42; #— ¥, 8—2; and in
general for the exponent #+ m, m béing any integer number,
pofitive or negative.

From thefe remarks, it follows, that the whole difficulty lies
in the computation of the two firft quantities, A and B; and
that we are not confined to a given exponent #, but may
choofe any one in the feries, 41, 742, &c.; n—1,1—2, &c.;
that will render the computation moft eafy and expeditious.

THus, in order to compute the quantities A and B, for the

exponent — %, M. pE LA Graxer makes choice of the expo-

) 4 . . .
nent + >, whigh, in the whole feries of exponents - g. -+ :-;

—Zy —43, &c. is the moft favourable for computation, on acs

2
count of the convergency of the coefficients of the feries for A

and B.
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IN confidering thele {ubiecls, bowever, I, have fallen upon a
method of computing the quantities A and B for the exponent

-—-;--by feries that converge fo faft, that, even taking the moft

unfavourable cafe that accyrs in the theory of the planets, two
or three terms give the values required with a fufficient degree
of exa@nefs. This ts what { am now to eommunicate.

WE are then to confider the expreflion (46— 24 cofp) -

3
x

T

Iy sy P for the fake of fimplicity in calculation,

Iwritcg = ¢, throwing out a altogether ; and 1 fuppofe

1 -
W (L e —ccolp) — A+ Bcof g+ Ccof 29 + &c.

LET ¥ be an angle, fo related to ¢, that fin (4 — @) = ¢ fin :
It is obvieus, from this formula, that ¢« = ¢ when fin 4} = o,
that is, when 4 is equal to o, or to =, 2=, &c.
We have then, cof { — ¢) =¥'1 — ¢* fin*}: and taking
. : _ ccof §xXd ceof ¥ Xy
the ﬁ“nona, !‘b @ - cA(d—3) #(1 — E;¢) -

. . ¢t Ty —ecofl &
whencep =V X v "o v

But (V1 —~r> fin Yy — ¢ col Pt = 1 — ¢t fin's + ¢* cof*+f
— 2ccofy V1 —c* An ' =14 ¢? — ac* fin*y — 2¢ cofi
Vi —¢® fin 29, (becaufe c?cof *y =c¢* — c*fn ) = 1 + ¢
— 2¢ X (¢ finy X fin 4 cof 4 ¥1 — ¢ fin*¥). Now, if we
write for ¢ fin 4 its equal,fin ({ -— ¢}, and for Y1 — ¢? fn 'y
its equal, cof (¢ — @), we thall have'c/fin$ X find'4 cof - X
¥1 ¢’ Ga ¥ = fin () - o) X fin 4 cofJ X cof (o —,¢)
= cof ¢ : which being fubflitured, ther¢ comes out
(vi—c*hn*d —ecofd)? =14 ¢? — 2¢ cof Q.

v

Ous
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Our fluxional formula thus becomes ¢ =
o — ¥

Y 1+c*—a2ccoflp

4’ yr—cim*y : whence Y1+ c*—accole —/U—c‘ﬁn";.
1 NEXT transform the quantity v 1 — ¢* fin *¢ as in the in~

3 . . - . b4 o —Jl—c’
veftigation for the elliptic feries, and putting ¢’ = Yy I
find YT—c?in?y =¥t +aceolad g ° —

I+¢ Vi4c*-=2ccolp

(1+c)y .
VIi+dt +adeolzd

Now, taking the fluents when ¢ = w, and ¥ = =, we fhall
have /-

vVitet —2ccoip =AXw: And accordmg, to the me-

thod of M. pE LA GRANGE, f‘,xﬂ,,i'“,co“* = X
(x + c” + "+&c.): Hence A = (1 + ¢) X’

(r+ 50 +55% ;¢4 + &c.). Andin this value of A, ¢ will

be a fmall fra&non, even though ¢ be large; and the feries will

therefore converge very faft.
BuT, taking ‘the value of A dire@ly in a feries, we have

A:x+:-;c’ +:‘ ;c‘+&c Andfox+—c +

+ &e. = (14 ) X (l + ;;c" + -%i—c" + &c.)‘ Now,

the two feries being exaltly alike, it is evident that we may
transform the one, as we have transformed the other, and that, if

1—Vi1—c? h 2 1°.3° 4,

——— R L ._. —

l_H/l_c,,vvf'eﬂmll avex+ - +—~—-—2,4c =
!

(r +¢”) X (1 + :—:—c"’ + - roveka o &c) whence A =(1+4¢')
(1) (145" + 5o + &)

l

we put ¢’ =

Ir
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IT is manifeft we may proceed in this manner as far as we

. . T/ 10" 1 — 1=
01 that lf we put c’” — ——————— m = ==
pleaf‘e’ a d k) P l+¢l—€”‘ > 1 + “‘ _‘Jn;

and fo on, we fhall have the value of A in an infinite produé,
A= (14 )X+ X1+ ) (14 ¢) X &, the
quantities ¢, ¢’, ¢, ¢#*, &c. converging very rapidly.

NoTHING more feems to be withed for, with regard to the
computation of the quantity A : fince we can, by methods {uf-
ficiently fimple, exhibit the value of it in feries that fhall. con-
verge as faft as we pleafe. By a fimilar mode of reafoning, I
find the feries r-— :77’ +§f%; y* —-—::-:,;%: v + &

(which occurs in detersining the time of a body’s defcent in

the arch of a circle), = (1 —¢) x (1 + :—' c?* + 1°:87 o4 -’1-

2%.4*

1:3%5" 16 4 &c.) where ¢ = Yi¥Y —1. -
2°.4%.6° + ) Vit 1 fo that the fumma

tion of this feries alfo is accomplifhed by the method above.
I HAVE now, only to explain the method of computing B. For
this purpofe I refume,
I
m:A+Bmf«p+Ccof2¢+ &c.
Multiply by 2 cof ¢, and there refults
2cof @ _
V3 +c* —~a2ccofle B+ (QA + C) C0f¢ + &c.

whence it is manifeft that the whole flyent

acol @ X h . .
: » when ¢ = o, 1s e .
| e oo ¢=4disequaltoB X =

FRom the preceding inveftigation we have L4 =
‘X4 e*=—2ccofp

-

yﬁ—ﬁ, and cof ¢ :cﬁh’¢+cof¢s/1;-c’ﬁn’\l7,

Vor. IV. Z whence
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wh z_p_c_o_f_¢ — zc\Lﬁn 'y .
e e Ty Vi + 2§ cof ¥ Again,
2 — 7 £ — (x+¢) ’
2fin?Y = 1 — cof2¢, and —=———rm ke By ey e I
. - 1 —i1—c . .
being = I——*-_—V—————r__:— thefe fubftitutions being made, we get
2q.>cof¢_ —¢ X (1 4+ —_—c X _( +¢’)_4:cof2¢
Y14 ¢ —3ccolp v L4 3 0l 2d ¥ L 41 éoind
+ 2 cof ¢

X ' ' '
SUPPOSE Now, T oo — A —B'cof2¢ ¢ col gy — &c.

it is evident, from what goes before, that, taking the fluents of
the above fluxions; when ¢ and ¥ = », we fhall have B X =«

=cX (14 )X (A’-{—%l) X w, and fo.B = ¢ X (1 4 ¢) X

(a +3).
Tue valued of A’ and B',in feries according to the method
of M. DE LA GRANGE, are
A=+ R B+ 3 £ 0% + &
re— (1 ¢ 1.1.3 ¢ 1. 3,1.3-5
:-B ( +224 3+z.4246 5+&c)
which feries converge very faft, on account of the fmallnefs of
¢ in refpect of c.
Ir, however, it be required to find the value of B by feries
fti11 more converging, we may ealily de fo: ¥or 1t v manifeft
that B and B’ are fimilar fun&ions of ¢ and ¢’: and thag if we

e R
Y— 11— l—“t-—-c’"

cl —_— et e -
make =t it i

and fo on, and put

— AU,
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A’ A”, &c.; B”,'B", &c. to denote the correfponding values of
A’ and B/, we {hall-have

B=c.(14+)(a +5)
B =c. (14 ¢)(A + )
B =" (v + ) (A" + E{“) &e. :

Now, remarking that A" = (1 +¢") A”; A" = (1 + ¢”) A",
&c. we have the following values of B :

B=¢X (I -+ ‘:). (I +€I). ([ +(,") A"-Lfo..‘:"(] +c’)([ +6‘”)BH.

=ex (1 45+ 5 ) (146) (14-¢7) (1 4o VAL T (1)
(1) (x4 B

And we may proéeed in this manner to find the value of B in
feries that fhalt converge as faft-as we pleafe.

As the quantities ¢/, ¢”, ¢, &c. diminifh very faft, the feries
ALYAL A will approach rapidly to unity, and B’, B”, B” will
decteafe tapidly to nothing : 'Hence we have ultlmately,

R=e X {15+ oG 45 Lol p&a) X (14 (1) (140)
&ec.
or, fince A = (1 4 ¢") (1 4+ ¢*) (1 4 ) &e.:
B=cX{(1+5% +—~—+-—-—--—+&c) X A.

WE fhall beft fee the degree of convergency of the quantities
¢, ¢’y ¢/, &c. if we take the infinite ferics by which they are de-

rived one from another. Now, if y = —— vi—s — _thenalfoy=

1+ ¢/1 —
~+"‘+ + +&c whence it is obvious, that in the

feries of quantities ¢, ¢/, ¢/, &c. the fourth part of the fquare of
Z2 any
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any term is nearly equal to the following term, and the rapidity
with which the feries decreafes is therefore very great.

THE method, then, that refults from the preceding inveftiga-
tions for computing A and B, is fhortly this:
I—VI—2!

———==: and com
TTv—o d compute

Put ¢ =

I+;—:€”+"‘3'c"+;;:—:;—,—:%;c"+&c.=M,

a’. 4?
and %c’-{-i.ﬁ ¢'? 4 %:—%"::—if%c" + &c. = N.
Then A = (x 4 ¢') X M, and
B=cX (14¢)X(M+N).

THE feries M and N will converge fo faﬁ, even in the moft
unfavourable cafe that occurs in the theory of the planets, that
the firft three terms will give the fums fufficiently exa®; and
it will therefore not be neceflary to have recourfe to the more
converging feries A” and B”.

SucH is the method that I had firft imagined, for facilitating
thefe fort of computations. I have fince found, however, that
by means of the common tables of fines and tangents, the quan-
tities A and B may be computed in a ftill eafier way from the
expreflions, |

A=+ a4+ 0+") &e

‘,/; ’ 44
B=cx (14 {4+ 254550 + &) X A

e — ' . 1=——cofm
For if ¢ = fin m, then V1 c* =cofmand ¢’ = T oolm

=tan? %’: confequently I + ¢’ =fec? 7. In like manner, if

¢’ = finm', ¢ = fin m’, &c. we fhall have finm' = tan* Z;

4

finm
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fin m’ = tan? "f: and foon: And 1 4 ¢/ = fec? '—;i_'; 1 +¢" =
fec? '%I, and fo on. Thus:

A = fec? E-X fec* "7" X fec? % x &c.
To find the logarithm of A, we have then only to add toge-
ther the logarithm fecants of the angles %, -";/ ; "'T", &c. to dimi-

nith the fum by as many times the radius as there are fecants,
and to take twice the remainder. As the angles m, w/, ', &c.
decreafe very faft, it will feldom be neceflary to compute more
than two or three of them.

THE feries (1 4 - c + +§ ; ‘%— + &c.) is alfo readily com-
puted from the tables; becaufe the logarithms of ¢/, ¢ ¢, &c. be-
ing the fines of the angles m/, m”, &c. are all found in the ta-
bles.

As an example, let ¢ = 0.72333 : which is the fraction that
arifes from dividing the mean diftance of Venus from the fun,
by the mean diftance of the Earth; and this is the moft unfa-
vourable cafe that occurs in the theory of the planets: Then to
compute A, I find,in the table of natural fines, that 0.72333 cor-
refponds to 46° 19’ 484”: we have therefore

m = 46° 19’ 48y’
L. tan —"'] tan 23° 9’ 543’ = 9.6313206 |L. fecT = 10.0365070
2

L. finm' =  9.2626412
L.mw = 10° 32' 57

L.tan % =l tan §° 16’ 283’ = 8.9652949 |L. fec 5"; = 10.0018429
2

L. finm=  7.9305898
L.m= o° 29 18

L. tan
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L. tan ”—:::: L tan 0° 14 39" = 7.6295664.|L. fec %: 10,0000039
2 S —————
— 0.0383538
L. finm" =  $5.2597328 2
As m" will ondy - be a few feconds, it may | L, A = 0.0767076
be neglected.
Hence A = 1.19318

To compute B, let S = I‘+'§+ :~'- %" 4+ &ec.

1 = 1.000000
L. ¢ =L finm = 9.2626412; g = Q.091540
L. ¢’ = L fin»’ = 7.9305898 ‘;é = 0.000390

L ¢. ¢ = 7.1932310 S = 1.091830

B=c¢ XS XA.

L. ¢ = 1.8593365
L. § = 00381948
L. A = o.076%0%6

L. B = 1.9742389, and B = 0.942408

IX.





