
VIII. A NEW SERIES for the RECTIFICATION of the ELLIPSIS ;
together with fome OBSERVATIONS on the EVOLUTION

of the FORMULA (a2 -f ¥ — tab cof<p)*. By JAMES
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BEAR SIR, ,r.

HAVING, as you know, bellowed a good deal of time and
attention on the ftudy of that part of phyfical aftronomy

which relates to the mutual difturbances of the planets, I have,
naturally, been led to confider the various methods of refolving
the formula (a2 -f- b* — 2ab cofp)" into infinite feries ,of the
form A + B cofp + C cof 2<p + &c. In the courfe of thefe in-
veftigations, a feries for the re&ification of the ellipfis occurred
to me, remarkable for its fimplicity, as well as its rapid conver-
gency. As I believe it to be new, I fend it you, inclofed, to-
gether with fome remarks on the evolution of the formula juft
mentioned, which, if you think proper, you may fubmit to the
confideration of the Royal Society.

l am, Deaf Sir,
, \- Yotur's, &c.

DooGtASTOWH, nearForfar,? TAMES IVORY,
aoth Oftober 1796. 5 ^

to Mr John Play fair, Pro-
ffffor of Mathematics,&c.
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178 RECTIFICATION of the ELLIPSIS,

LET « denote the excentricity of an ellipfe, of which the femi-
tranfverfe axis is unity, and w the length of the femidrcle, ra-
dius being unity : Then,

if we put e ~ i + V i _ e ,

half the periphery of the eilipfis will fee

' 1* i*.!*1 x*.t'.3* x*. i\3
a.S"

+ * +
the coefficients feeing the fqm?tr^ pf the coefficients of the radi-
cal • 1 — 1 \

THE common
. x. 1 x . i 1.3 1 . 1 3 X-3-S' „ v

arX(l r1 - • — e* • t* — &c).
« 2 2 a. 4 *. 4 2.4.6 2.4.6 '

THE fir ft of thefe feries converges, fafter than tfhe other on two
accounts: iirfli, ^>qe^fe tfee c^flppiejitf 4ecr,ea^ nap^ rapidly j
nd, next, bec^ie e i$ very i^aali ir*. campajifqn of e, «ven

u is great: Thus, rf ̂  be ̂ ,: vf "mil be—, ind••** =r ~.

IN order to .^oint out th^ w^y in which the preceding
fejies was difcoveredî  let us .(uppofe. (#»-J-3*-^ ,2#3 cof <p)n

c= ̂  + B cof̂ i + G cof i<p: rk ^c..» and to determine the
coefficients, A, B, Q, fyc. let us, with M, DE LA GRANGE,

epnfider the quantity, (f*,-f-J>2—•%ab cpf<p) as the product of

imaginary! eanreflions

^ r T - 1 ^ where -c denotes the number -whofe hy-

perbolic Jogarithm is unit^ TVn, by expanding the powers

(4 — bc'*~x)\ and.'{a — bc'-'V-iy i n t o the fc-

^ 4.



of the; ELLIPSIS, &c.

we have « = ft,/5±±EB, y =f « J ± J L ! L E I & C .
• ; " • • • - I . a . • ' • / 1 - 2 - 3

THEN multiplying thefe two feries together, and putting

2cof«Mp for its imaginary value <? ^\-c w e

fliall find, on equating the terms,

A = «- X (i + ^ . ^ + / 3 ^ + ^ . 5 +&c.

B = - «" . SC {•'•-. ^ + ^ * £+-&, v~ + &c.

- and fo on.
O F the feveral feries for A, B, C, &c. the firft deferves parti-

cular attention, oft account 6# the fimpiicky of tHe law of its
terms. It deferves the more atfcjfcdctti, tod, that the whole fluent

p {a*-\-b% — lab cof<p)B, generated while ^ from o becomes

== *, half the eire^mfeferice of the eirele, is = A + * > all the
other twins of the fltient theii variifliing.

SUPPOSE now,,itt an ellipfis, the femi-tranfverfe = i, the ex-
centricity = e, and p an arch of the circumfcribittg circle, rec-r
Jconed from the extremity of the tranfverfe : then the fluxion
of the correfpondent arch of the ellijjfis, cut ofl̂  by the fame

ordinate, wifi be ± p V i — * ' ' * # t

IN this expreflion, I w r i t e ^ + J - cof 2(py for co£1^: and put

the refult, '<p V l — T ~ T c o f 2<P - .9 ** + > — *ab cof 2%

a and b feeing indeterminate quantities.

To determine a and $f we have «4 + ¥ r:. * — ̂ -,-and iad = ^ :

whencea+bzz i,a.nda-^b = V~i^-i*ftft&rta af-LfV-*-*-.<

and b zz. • • Y
2 •—s



180 RECTIFICATION of tie ELLIPSIS, &c.

I THUS obtain <p V i — s1 cof*<p = f / a ' + i 1 - a<*£ cof 2<p:
and, taking the whole fluent, while <p from o becomes r= w, it is
manifeft, from what has been premifed, that the femiperiphery
of the ellipfis is =r

— = e =r r »and rf =r ——7 = -, =

the femiperiphery of the ellipfis zr ~£7

or putting

IN this feries, as was before obferved,, e is. a fmall fraclio»
even when « is very considerable,, and the coefficients are,
more nmple in the law of progreffiony and converge fafter, (ef-
pecially in the firft terms), than in the common feries.

IF we fuppofe the ellipfis t©'be> infinitely fliittened, in which
cafe s •= 1, and e_"— 1, and- the femiperiphery r : 2, this feries

gives 2 = F

- 1 — T - t - 1 ! --t" **•'* JL. ' ' - ' ' ' j ' - _ t I».I;*-.3-».5Ji 1

BUT, we may remark, that as we have here obtained the fum
of the fquares of the coefficients of the binomial when the ex-
ponent is 7 ;• fey from the fatae foiirce, we may determine the
fum of the. fquares ofthe coefficients correfponding to any other
exponent, at leaft by a fluent. •

FOR taking the whole fluent when <p zz o we have

+fc—2ab cof <p)a'<p = a*" «r

fb when/jtm^and.^ = 1,,

Now,



XECTIFI CATION of the ELLIPSIS, &c.

Now, when a rr 1, and 3 =: I , J <p («r-f- 3*—2tf£cof<p) =: 2*" X

<p (fin^), becaufe 2 (fin-f-) = 1 — cof<p : we thus 6b;ain

a " * / ? (flag-) • j - , + ^ + g, + y ,

the whole fluent to be taken when <p = sr, or |-

IF we put * ̂ r fin ~, we £hall have

x

x1 a . 4 . 0 , . . .

the whole fluent to betaken when x —: 1 ; and in this, formula
» is any, number fra<5tianal or kitegralj ppfitive or negative j and.
°"i @t 7» ̂ c* t n e coefficients of the binomial railed, to a power
of which the exponent is ».

WHEN n is a whole pofitive number,

•-, in the cale when x = n

+ &c.

Now, 2Vx1'&li.-"t%H~~1) is no other than the coefficient of
. 2 . 4 . 6 . . . . 2a

the middle term of a binomial, raifed to the power exprefled by
in : Hence we have a very curious pfoperty o^ thofe numbers:
•yyi.th.at. the fum of the fquares of the coefficients of a binomial, the
exponent being n, is equal to the coefficient of the middle term of a
binomial, of which the exponent is zn~

ANOTHER remark, which I have to offer on this fubjeft, may
be confidered not only as curious, in an analytical point of view,,
but as, in fome meafure, aecomplifhing an object that has much,
engaged the attention of mathematicians.

IN the computation of the planetary diftiirbances, it becomes
iicceflary to evolve the fradlion (a1 + b% — 2ab cof <p), into a

feries-
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feries .of this fbrnv A -{- B cofp •+• C oof %<p -fc- &c. The quan-
• tities a and b reprefent the diffances of the difturbing planets
from the fun-; and when thefe bear fa great a proportion to one
another, (as in the cafe of Jupiter and Saturn, or Venus and the

Earth), that tl*e fraction - is large, it becomes! extremely difficult

to compute the coefficients A, B, &c. by feries, on account of
the great number of terms that muft be taken in. This matter
not a little perplexed the fiVft geometers who confidered this
fubjeft, and they were obliged to approximate to- tine quantities
fought by the method of quadratures, and by other artifices.

Two things are, to b* attended to tvith fegird to the quanti-
ties A, B, C, &c. The firft is, That it is not neceffary to com-
pute aH of them fepatfateJy by fcfies, 6tftj other tfiefcnode: They
form a recurring fcriei^ arid the tw# fiVft feeing focfcmpiite<l, all
the t&Xmky be deAvdi^lrbm them* T M ifeednd thing is, That
the quantities A and B having been cofiftjiuted fot any eXjpOiieiit
», the correfpondent quantities ire theiice derived, by eafy for-
mulae, for. the exponents n^f-1, n-\"i j »— i, « r - 2 j and in
general for the exponent n + m, m being any integer number,
pofitive or negative.; '

FROM thefe remarks, it follows, that the whole difficulty lies
in the Computation- of tke two fifft quantities, A and B; dnd
that we are not confined to a given exponent », but may
choQjfe;.any--p.ne «i the feries,, n-f 1, « + 2, &Cj^ »— 1, n—,2, & c ;
that will render the computation moft eafy aad expeditious.

THUS, in order to compute the quantities A and B, for the

exponent — -, M. DE XA G R A N G E noafces choka of the expo*

nent - j - ^ , which, in. the whole feF ês of exponents -f- | ? -\- g

—. ̂  î,-&<?. is. Ae moft fevo^K'abk fat coa^mtatlon^, on ac^

count of the convergeiicy Of the coefficients of the feries for A
and B-
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IN confidering d ie^e r , | \ ^5^ , J^|^eve^rrJf have faJJeflk upo^ a
method of computing the quantities A and B for the exponent

— i>by feries that converge fo iaft,; that, even taking the jnoft

irfaiYOMEaJble. ô tfe $hat occurs i^Sjbe theory of the planets, two
or three terms give the values required with a fufficient degree
of exaclAefs. This Ss; <wh&t £'

W E are then to c^niider the exprefEon (^-f-^— 2abco£(p)

— . . T . : • : for the fake of fimplicity in calculation,
ya1+bl— lab col.p ^ * •

I write - zz c, throwing out a altogether ; "and I Tuppofe

2 _ ^ _ — ? - A + BW<p + C cof2<p + &c.
L E T ^ be an angle,£0 related to <p, that fin(-^— <p) = c fin -^:

It is obvious^ from t h k ioxnaul^, tha,t -k = <p whe» % -^ z= o?

that is, when •£ is equal to o, or' to w, a», &c.

W E have then, eof^—• <p) = V i i - f 5 fih*-^: and taking

whence<?>:= 4/X

BUT . ( ' / . i ^ i ; * iia 2-«JkJ-r7 f ,cof^. =;. j: —

• 1 — c2 fin2^, (becaufe £2cof ^ =ff ' '—>afin2-^} =. 1 + c2

— 2CX (cfin^ X fin^4- cof^'V'i —V'2 firi2^). Now, if we

write fbr «r fin ̂  its: eqtKtl,^n: (^ •»— (p), and ftrVi -r- cf fia?;^

its equal, t o f (^ - i - V ) , ' ^ ftaH1 haveV^fin^ X;i&n<

* = fife WOTTT'-i^iM>fi»/4t-4^Ff; X -ep
.= cof 'f : which being fubftituted, there comes out

^ — V Cof n|/) a — 1 • -f- Ca —-" 2f Cof <p.
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CURT fluxidnal formula thus becomes £ =

»
^/i —?£l lin'i^ '•' ^ i + c*—iccoip ^ ^ i — cx hn

I NEXT transform the quantity */1 — c* fin * 4* as in the in-

veftigationfor the elliptic feries, and putting c' = ^ ~ ^ ~ ^ » I

find • i - ^ f i n ^ = ^ I + g / ; ^ / c o l a 4 > , andfo
yi -j-c* —zccolp

Now, taking the fluents when <p = «•, and -̂  = «, we {hall

have y . . * . f = A X v; And according to the me-

thod of M. DELA GRANGE, / ^ 1 + <f/, ^ a ; c o f ^ = «r X

F # r U + & c ' ) : H e n c e . A = ( « + . ^) X

-j- i! <?* -f- i ^ c** + Stc.V And in tMs value of A, c' will

be a fmall fraction, even though c be large.; and the feries will
therefore converge very faft.

BUT, taking the value of A directly in a feries, we have

A = i + ̂  c> + ̂  c* + &c. Andfo i + |1 c'\+ ££rc\

+. &C. = (l + 0 X (i + p: '̂:Ff- p^ji '̂4 + &c), NOW,
the two feries being exactly alike, it is evident that we may
transform the one, as we have timnsformed the other, and that* if

we putc" = '

: \ . -
(i + c») X (i + ^^" 2 + ' ^ # > V + &c): whence A =

IT
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. IT is manifeft we may proceed, in this manner as far as we
— V i — tf"%

pleafe, and, that, if we put c'" = ' V l c
tii; c"" zz -

and fo'eri/'we fhall have the value of A in an infinite product,
A == (i i-c') X (i -f eff) X (i + C") (i + <?") X &c, the
quantities c\ c'\ c"'t c*ff

y &c. converging very rapidly.
NOTHING more feems to be wHhed for, with regard to the

computation of the quantity A : fince we can, by methods fuf-
ficiently fimple, exhibit the value of it in feries that, Ihall con-
verge as faft as we pleafe. By a fimilar mode of reaibning, I

find th'e; feries-i^^ya ^fr'-r^i 74r-~-:|!'^I y6 +' &c.

(which bccuics iniifeteEmining the time of a body's descent in

fe- arch' oi â ldfrcle), ±{i — c) X (i -j- £ c* + £K c4 4-

l1'X*";£c' + &c.) where c = ^ + ^ ~ : V fb that the fumma-^

tion of this leries alfo is accomplifhed by the method above.
I B AVE now- onlyr to explain the method of computing B. Forr

. ; : - f i ! > : ) ,
:
 0 7 " % ; • • • •• • • - > " • * ' • • • ' < ' . ? > . • \ , c v ; • ; ; . • . . . • • . • * • • ; • : • • •

this purpofe I refume,
* ... = A + B cof<p. + C cof2f + &c.

Multiply by a cof <p, and there refults

;, V°f* ; - = B + (aA + C) cof<p+ &c.

whence it is manifeft that the whole fluent

^ ^ i s eouai to E
; < • • • - - ; • • ' • - A - - . - . . : . . . - . . .

FROM the preceding inveftigatibn we K*w: "• 0*
of p.

^—^f inV and cof ?> z= c fin

Voi,. IV. Z

-f cof ̂  V'I — ca fin 34',3

whence-



i86 REC*IFJCAVION >of tU ZLAIP&l$r fee

whence **cot> ^ =**cot> ^ = .***'+-'::+ i + cof fc Again,

-2 fin '"J'— I rof 2il/ and ' — (r + c>) r '
aim V _ i cola+, and"—^—^ _ ^ — — — ^ , , c

' ~ Ibeing r= ' —~—•I~C
T: thefe fubftitutions being made,' we get

-f- 2 ^ Coif4*.

SUPPOSE n o w , ^

i t is ^Id4nt, frpnj what goep: befpre^ [that* Jt̂ fcing ihftfiuejots

the above flLuxions,- when $ and 4> ~M, ^ ^ 1

>< .(A' +r f . ) ^ ^» and for B = c *
( A ' ^-yerfjOi ; > < > ^ j i ' / ; :

T H E valued of A^anci'B',!^Series kecoridiri '̂ to ^ method
of M. DE LA GRANGE, are

which feries converge very faft, on account of the fmallnefs of
c' i n r e f p e c t o f c . -":v;--T ' - '• ' :->-'- : ; • - --- ^ .""i •' f O J . ; .

ftill
that B and B' are fimilar functions <ofci-and ^c': and tha^if-we

put
z k o ha? ,-.r=yr
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A'', M', &c ; -B", B''V&;c*; to denote the correfponding values of
A'and B'i

B'

B"

Now, remarking that A' = (1 -f- c") A"; A"
&c. we have the following values of B :

= (1 + c"') K'\

= . X

And;we ittay' prode'ecl'in tHis rnantier"to -find'*&£ value pf B̂ in
ienes tfiit^aii-coiiverge as faft^s'^e"fleam ' - " f : ; r r

As the quantities/, ^f"', &c. dirninifti very faft, the feries
X^W'r^ 'wi i rkj^prwii '&jpi^ to''unity, and B', B", B^wim
dê redJfê rapMrf to nothiiig • ̂ Ktence* we have ultiniately,

&c.

or, fince A = (1 + c') (1 + "̂) (1 4. c'") &c.:

W E fhall Beft fte the degree of convergeney of the quantities
cic'i ^ , &c. if we take the infinite feries by which they are de-

rived one from another. Now, ify = \~^*H^»-»tnena^0^ = :

'. - - :'.'•••.' -'-•'- • I . 1 ', ' / • '
 :

' * s. ' ' H ' • " ' ' •
f
 -

 :
- ' . • ' : - • - • ' . . . " '

— "T "3-+ 37—r J ^ J + &c.: whence it is obvious, that in the

feries of quantities c, c', c', &c. the fourth part of the fquare of
Z,2 any
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any term is nearly equal to the following term, and the rapidity
with which the feries decreafes is therefore very great.

THE method, then, that refults from die preceding inveftiga-
tions for computing A and B, is fhortly this :

Put c' =z - — v I : and compute
i + v î — ci +

Then A ;= (i + c') X M, and

B = f X ( i + O X ( M + N ) .

THE feries M and N will converge fb faft, even in the moft
unfavourable cafe that occurs in the theory of the planets, that
the firft three terms will give the fums fufficiently exact; and
it will therefore not be neceflary to have recourfe to the more
converging feries A" and B". .

SUCH is the method that I had firft imagined, for facilitating
thefe fort of computations. I have fince found, however, that
by means of the gommon tables of fines and tangents, the quan-
tities A and B may be computed in a ftill eafier way from the
expreffions,

A = (i + c') (i + ^ ) ( i + c'") Sec.

B = c x ( i + j + y{' + | - 7Y + &c.) X A.

FOR if c zz fin m, then \/i —r c* — cofm and c' = tTcof^

=r tan2 ^ : confequently i + c' = fee* " . In like manner, if

€' — finw', c" = fin m% &c. we fhall have fin rri = tan8 ^ ;

{mm*
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fin«" = tan3 p and fo on: Aad r + C = fee2 ^ i -f- c'" ~

fee* —, and fo on. Thus :

A = fee* S- X fee* ^ X feca ^ X &c.

Tp find the logarithm of A, we have then only to add toge-

ther the logarithm fecants of the angles - , —, —,"&c. to dimi-

nifh the fum by as many times the radius as there are fecants,
and to take twice the remainder. As the angles m, m', m", &c.
decreafe very faft, it will feldom be neceflary to compute more
than two or three of them.

THE ieries (I -t- - 4» — — r ? r v T &c.) is alfo readily com-v - ' a ' - a a ' a s a * / *

puted from the tables; becauie the logarithms o£ c',c"f c'", &c. be-
ing the fines of the angles n/y nf, &c. are all found in the ta-
bles.

As an example, let e r= Q.72333 : which is the fraction that
arifes from dividing the mean diftance of Venus from the fun,
by the mean diftance of the Earth; and this is the moft unfa-
vourable cafe that occurs in the theory of the planets: Then to
compute A, I find, in the table of natural fines, that 0.72333 cor-
refponds to 460 19' 48^": we have therefore

m zz 46° 19' 4 8 ^

L. tan - = 1. tana = 9.6313206

L. fin m' zz_
L. tri = io° 32' 5 /

L. tan ̂  = 1. tan 50 16' 28^

L. fin m" zz
L. » / = o ' 29' 18'

9.2626412

8.9652949
2

7.9305898

L. fee — r : 10.0365070

L. fee —= 10.0018429

L. tan
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L. tan ~ = 1. tan o° 14' 39"; = 7*6495664^

L.fmm'" = 5. 2591328

As ffz'"will only be a Few feconds, it may
be neglected* .

Hence A = 1.19318

L. f e c ^ - r - ,10^00006139

> A Q.0.767076

L.

L.

To

• ==].

1.

coitipute B, let S :=

Mm

fin in*

cc

£=9,2626412

='7.1932310

1 ' Xf-^ " C '•' - '• i~ = "*_••''XJ« O" * 'Qi

Xi. A * iii b.
• •' l ' i

1 ^ 1 V
I •»!• ^ ^ ^ *

! • 2 - 2

; . ; . . . . . •

%33% !

h + &c.
.. I- , —:

' -1 !} =
2* 2

s =

• \ • : \ \ • / • ; /

• ; • ' ' \ \

i.ooopoo

0.09154°

0.000390
j

1.091830

L. B = 1.9742389, and 13 '= 0.942408

• IX.




