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Unique Tomographic Reconstruction of Vector
Fields Using Boundary Data

Stephen

Abstract—In tomography a 2-D scalar function f (r) is recon-
structed from its line integrals through some domain D of f.
The related problem of reconstructing a vector field v(r) from
its line integrals (through D) is generally underdetermined since
v(r) is defined by two component functions. When v(r) is de-
composed into its irrotational and solenoidal components, v =
Vé + V x ¥, it is shown that the solenoidal part V X ¥ is
uniquely determined by the line integrals of v(r). This is dem-
onstrated here in a particularly simple manner in the Fourier
domain using a vector analog of the well-known projection slice
theorem. In addition, under the constraint that o(r) is diver-
genceless in D, a formula for the scalar potential ® () is given
in terms of the normal component of v(r) on the boundary of
D. Thus when no sources or sinks reside in D, implying v(r) is
divergenceless there, two types of data uniquely determine the
vector field v(r) in D: the line integrals of v(r) through D (to-
mographic data) and the normal component of v(r) on the
boundary D. An impertant application of vector tomography
arises in the problem of mapping a fluid velocity field from re-
ciprocal acoustic travel time measurements or Doppler back-
scattering measurements.

I. INTRODUCTION

HE conventional tomography problem may be de-

scribed as the task of reconstructing an unknown sca-
lar function f(r) from its projections, or equivalently,
from a complete set of line integrals through some
bounded domain of f. The solution to this problem has
resulted in a wealth of applications in many disciplines,
such as x-ray and NMR tomography in biomedicine, and
acoustic and seismic tomography in oceanography and
geophysics. The related problem of reconstructing a vec-
tor field from its line integrals has received far less atten-
tion, not for lack of potential applications, but because
the vector reconstruction problem has generally been re-
garded as underdetermined. This seems clear from the fact
that a scalar function is determined uniquely by its Radon
transform (its projections), whereas a 2-D vector field re-
quires two component functions to be determined.

A particularly important application of the vector to-
mography problem is the mapping of fluid flow from re-
ciprocal acoustic travel time measurements through some
bounded region of the flow [1]-[4]. Here the vector field
to be reconstructed represents the fluid velocity field. In
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the latter problem, acoustic signals are propagated in op-
posite directions and the difference in travel time is re-
corded. This travel time difference is sensitive to fluid
motion, but is relatively insensitive to stationary velocity
inhomogeneities in the medium. One can also conceive of
the optical analog of this problem, in which changes in
the optical path length of a laser beam directed through a
region of flow are measured interferometrically. A third
example of a vector tomography problem arises from the
measurement of Doppler shifted waves scattered from
particles carried along with the moving fluid. Formula-
tions of the fluid-flow reconstruction problem based on
travel time and Doppler measurements are developed in
more detail in the next section.

Each of the above problems can be reduced to solving
an equation, of the type (1) below, as shown in the fol-
lowing section. However, in previous attempts at map-
ping fluid flow based on travel time tomography, conven-
tional (scalar) tomographic theory has invariably been
applied [1]-[3]; this leads to an underdetermined problem
and a nonunique solution unless the flow field is known
in advance to be of a particularly simple form.

To define the problem, suppose the domain of the un-
known vector field is D and its boundary is 3D.' We show
that a 2-D vector field v(r) can be uniquely recovered
given two types of information: a) the line integrals of
v(r) through D, and b) the normal component of v(r) on
the boundary 8D, with the constraint that o(r) is diver-
genceless in D. In the fluid-flow reconstruction problem,
the latter constraint will hold when no sources or sinks
reside in D.% The key to the reconstruction problem is to
decompose v into is nonrotational and solenoidal com-
ponents: v = V& + V X ¥. We then show that the so-
lenoidal part V X ¥ is uniquely determined by the line
integrals of v along all lines joining pairs of points on the
boundary dD. This fact has been previously demon-
strated, [4], [5] but here we use a Fourier domain deri-
vation that is particularly simple. In this derivation, we
obtain a vector analog of the conventional (scalar) projec-
tion slice theorem. The projection slice theorem has tra-

'aD is not a physical boundary, but merely the locus of points between
which the integration paths are defined. In the acoustic travel time problem,
3D is the closed curve on which the sources and receivers reside.

“This is a consequence of the continuity equation which, in the absence
of sources and sinks, reads V - ( pv) = 0 where p is density. In almost all
cases of practical interests, p may be regarded as effectively constant (this
is always true for liquids), thus implying V - v = 0.
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ditionally played an important role in the development of
practical tomographic algorithms.

For a unique reconstruction, the scalar potential $ also
needs to be determined. Under the constraint that v is di-
vergenceless in D, ® solves Laplace’s equation in D and,
as a result, ® is determined by the normal component of
v on the boundary of D, as shown in the following. Thus
two types of data are required to uniquely reconstruct the
vector field v in D: the line integrals of » through D and
the normal component of v on the boundary dD.

The vector tomography problem can be formally de-
fined as the task of solving (1) for the 2-D vector field
v(r) in D given the complete set of line integrals T(a, b)
through D, where
b

v(r) - 7dl,

T(a, b) = S reD (1)

a

and a and b range over the boundary dD of D. In (1), 7 is
a unit vector along the line joining the points @ and b and
dl is an element of path length along this line. For con-
venience, we assume the domain D is convex so that the
integration paths intercept only the interior of D. Equa-
tion (1) states that T(a, b) is the path integral of the com-
ponent of v along the line joining a and b.

The solution to (1) is facilitated by decomposing the
field »(r) into its irrotational and solenoidal components
(known as Helmholtz’s theorem [6]): v(r) = V& + V X
¥, where ®(r) and W (r) are scalar and vector potentials.
We show in the following that (1) is, in fact, insufficient
to determine v uniquely; in particular, the tomographic
data T(a, b) alone do not determine the irrotational
component V&. However, for arbitrary v, a complete set
of line integrals does determine the vector potential W (r)
uniquely, and hence, the solenoidal component V X ¥ of
v(r). We then show that, if v(r) is divergenceless (V - v
= 0) in the domain of reconstruction D, an explicit for-
mula for the scalar potential ® may be derived in terms
of v on the boundary of D.

In a recent work by Braun and Hauck [5] the vector
tomography problem is also considered, but the treatment
here differs from their analysis in several basic respects.
These authors demonstrate, as we do, that the solenoidal
component of the vector field is determined from line in-
tegral data. They go on to show that the remaining com-
ponent (corresponding to the irrotational component V@
in this paper) can be recovered if a so-called *‘transverse
measurement’’ can be performed that measures the path-
integral of the component of the vector field normal to the
path. Unfortunately, this transverse component of a fluid
flow field cannot be measured by travel time or Doppler
techniques, and is thus unavailable in flow reconstruction
problems using acoustic waves.® The present treatment
shows that the ‘‘transverse measurement’’ is not needed
if the field can be measured on the boundary and if the

*Braun and Hauck do note that the line integral of the transverse com-
ponent can be measured using an optical Schlieren technique, but this is
only practical in rather specialized problems having optical access.

field is divergenceless in D; in particular, the missing
irrotational component can be recovered from boundary
information alone (assuming a divergenceless field in D).
Another difference between the present treatment and that
of Braun and Hauck is that these authors employ a Radon
transform formulation, whereas the Fourier domain deri-
vation presented here is noticeably simpler.

II. ExaMPLES OF VECTOR TOMOGRAPHY

We begin by showing that the problem of reconstruct-
ing a 2-D fluid flow field from acoustic travel time mea-
surements reduces to solving an equation like (1). Let u(r)
denote the fluid velocity field and let ¢(r) denote the pos-
sibly spatially varying sound speed. Suppose a sound
pulse is propagated along a line between a source at r,
and a receiver at r,, where r; and r, are on the boundary
aD of the region D. We assume that |u| << c¢ everywhere
in D and that the variations in the sound speed c(r) are
sufficiently small and/or the path lengths are sufficiently
short so that ray refraction over all paths may be ne-
glected.* The travel time, Ty, of a pulse along a path
between r, and r, can be expressed as the path integral

" di
) o+ utn 7 @

where 7 denotes the unit tangent vector along the acoustic
path and d/ is an element of path length. This equation
neglects an error that is second order in |u|/c. Reference
[1] contains the derivation of (2), though it should seem
intuitively reasonable that (2) holds for small ju| /c since
the denominator of the integrand of (2) expresses the local
sound velocity in the moving medium as the sum of the
sound speed, c(r), in the absence of flow and the com-
ponent of the flow velocity along the acoustic path (i.e.,
u(r) - 7).

Again, neglecting terms which are second order in
lu| /c, (2) can be expanded to yield

T, = S dl g’u(r) - %dl. 3)

n EE - n C(r)2

Now, let 75, denote the travel time obtained by transmit-
ting in the opposite direction (i.e., by interchanging

source and receiver). In this case, 7 changes sign, and

from (3)
/]
Ty, + T =2 S” I") 4
ra- = -2 | MO )

Equation (5) is of the form (1) when we identify v(r) with
—2u(r)/ c(r)®. Assuming measurements are taken be-

“Refraction of the paths can always be neglected for sufficiently small
velocity inhomogeneities (or, in the case of flow, for small »/c, where »
and c are, respectively, the flow and wave speeds) since, under the as-
sumption of a straight path, the resulting error in the path integral due to
refraction is second order in the inhomogeneity. For further discussion, see
17].
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tween all points r; and r, on the boundary, it is worth
pointing out that (4) could be used to recover the sound
speed c(r) by means of conventional (scalar) tomography.
Equation (4) also shows that, to first order in |u|/c, the
sum of the reciprocal travel times is independent of fluid
movement.

One can conceive of the optical analog of the previous
problem in which the quantity measured is the change in
optical path length of a collimated laser beam directed
through the region of flow. Perturbations in the optical
path length due to flow will manifest themselves as optical
phase shifts, and such phase shifts can be measured in-
terferometrically.

An approach based on the Doppler effect also reduces
to a problem in vector tomography. This technique, which
appears not to have been previously reported, again gives
rise to a system of equations (1), as we show in the fol-
lowing. In the Doppler approach, both optical and acous-
tic versions can be imagined. To describe the technique,
consider a collimated beam (acoustic or optical) directed
through a region of moving fluid in which particulate mat-
ter is present. The purpose of the particulate matter is to
provide a distribution of scattering centers which moves
with the fluid and from which Doppler-shifted waves are
scattered. We shall assume, for simplicity, that the den-
sity of scatterers is uniform. The scattered waves from
particles intercepted by the collimated beam arrive back
at the source and are detected there. Suppose the source
is monochromatic with time dependence exp (—iwf) and
assume that this time dependence has been removed from
the received signal by demodulation® (or, in the optical
case, by a suitable optical heterodyning operation). What
remains is the relatively slowly varying Doppler-modu-
lated signal. If the collimated beam points in the direction
7, the Doppler shift suffered by a wave backscattered from
a particle in the beam is 2wv; /¢y, where v, = v * 7 is
the component of particle velocity along the beam direc-
tion, w is the frequency of the incident wave, and ¢, is the
wave speed in the stationary medium. The total Doppler
signal then consists of the sum of contributions from
waves scattered by the particles lying along the path of
the collimated beam. The result can be expressed as the
path integral

Y. () =R SL exp [ia ()] exp [2wrv(r) « 7/cp) dl.  (6)

In (6), L denotes the path along which the collimated beam
is directed, 2(r) is the spatially varying fluid velocity, R
is a constant related to the average scattering cross section
of the particles intercepted by the beam,® and «(r) is a
random phase factor. Although the beam has finite thick-

*We assume that, in the demodulation operation, both the in-phase and
quadrature components of the signal are obtained, so that the phase of the
received signals is well defined, and hence, the exponential notation in (6)-
(9) is meaningful.

°In the most general situation R could also vary with position if the par-
ticle density is not uniform, or if the beamwidth diverges noticeably. In
this case, R would become part of the integrand of (6).
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ness, (6) is written, for simplicity, as a 1-D path integral.
This is a reasonable approximation if the beamwidth is
assumed much smaller than the scale of the inhomogene-
ities within the medium to be reconstructed. It should be
borne in mind that (6) contains an implicit integration over
the beamwidth (not shown) that has no significant effect
if the above assumption holds. The spatially varying phase
factor o (r) in (6) is introduced to account for any phase
shift suffered by the wave due to scattering from the par-
ticle at r, as well as the phase shift undergone due to prop-
agation of the wave between source and scatterer and back
to the detector. Finally, we assume that the scattering is
incoherent, i.e., that the particles scatter with random and
uncorrelated phase. As a consequence of the latter as-
sumption, the phase shift « () is a random function of r.

Now, differentiating (6) with respect to time brings
down a factor proportional to v(r) - 7:

i2wR
4 = 2R S exp [ia (1]
dt Co L

c 7/l - D dl. ()
Next, multiplying (7) by the complex conjugate of (6),

- exp [2wto(r)

and performing an ensemble average (denoted by ( * - - })
over all scatterers, results in
<l// (0* 4 ¥ (t)>
L v
2wR
= =2 x SS Cexp [i(a(r) = a(r' )]
0 LL

- exp [Rwiw(r) — v(r')) * 7/¢)
< (v - Hdldl. (®)

The assumption that the phase shifts due to scattering at
different locations are uncorrelated implies that, on car-
rying out the ensemble average:

Cexp [i(a(r) — a(r')]) o< é(r —r")

where 6(-) is the 3-D Dirac delta function. Using this in
(8), the double integral collapses to a single integral and
the exponential disappears, leaving

d
<\[’L(t)* 7 ¢L(t)> =« S v(r) - 7dl 9)
L

where « is a constant. Equation (9) again is of the form
1.

It is worth pointing out that flow imaging can also be
accomplished by the more traditional approach of pulsed
Doppler imaging, in which spatial resolution along the
path of the beam is achieved by recording the time of ar-
rival of a backscattered pulse. An inherent property of the
pulsed Doppler approach, which limits the sensitivity of
the flow measurement, is the ever present range Doppler
ambiguity [8]. The tomographic approach to flow imag-
ing, although requiring multiple intersecting paths, does
not suffer from the ambiguity problem since here the ex-
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citation is assumed to be monochromatic. Thus theoreti-
cally, the tomographic method has the potential for
achieving much higher velocity sensitivity than tradi-
tional pulsed Doppler imaging techniques.

IV. THE RECONSTRUCTION PROBLEM

Let us parameterize the line through the points a and b
by its distance p from the origin and the unit vector A
normal to the line, as illustrated in Fig. 1; this line is
denoted by L( p, 7), so (1) may be written as

T(p, A) = S v(r) - 7dl (10)
L(p.n)

where 7 is a unit vector pointing along the line L (and
normal to A). It is convenient to set v(r) = 0 outside of
the measurement domain D; this is permitted since the
line integrals are only assumed given through the interior
of D. This has several purposes. It is now permissible to
(mathematically) extend the integration path in (10) along
the line L( p, /) from — o to o. In addition, we apply the
Helmbholtz decomposition ¥ = V¢ + V X ¥ to the math-
ematically truncated field (v zero outside D). This satis-
fies the requirement that v vanish at infinity which is
necessary for the uniqueness of the Helmholtz decompo-
sition.’

It is useful to recall the well-known projection slice
theorem at this stage. We then derive an analogous theo-
rem for the vector problem. The projection slice theorem
forms the theoretical basis of reconstruction algorithms in
conventional (scalar) tomography. The theorem can be
stated briefly as follows. Assume f (r) is the (scalar) func-
tion to be reconstructed. Then the values of the 2-D Fou-
rier transform of f(r) on lines through the origin in the
2-D Fourier domain are given by the 1-D Fourier trans-
forms of the projections of f(r) (i.e., the 1-D Fourier
transforms of 7( p, i) computed with respect to p). To
state this precisely, consider the line integral of the scalar
function f (r) along the path L( p, A):

T(p, ) = S o

L(p

which can be equivalently written

I(p, A) = SSf(r) 8(A - r~p)d'r an

where 6 () is the 1-D Dirac delta function. The argument
of the delta function is zero for points that lie on the line

"The uniqueness of the Helmholtz’s decomposition holds at any point
where v is continuous and differentiable, and under the assumption that v
vanishes at infinity [6]. Differentiability will hold for any physicai flow
field, and since D is bounded, v vanishes at infinity, and thus uniqueness
is guaranteed inside D. Uniqueness breaks down only for those points on
the boundary 8D since the truncated field is discontinuous there. This is of
no consequence, however, since uniqueness does hold inside D, the region
where » is to be reconstructed. Indeed, the real (i.e., physical) field (as
opposed to the truncated field) is assumed to be accessible to measurement
on the boundary, since this is where the sources and receivers reside. We
also require the normal component of » on the boundary to compute the
scalar potential by means of (21).
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Fig. 1. The integration path L is parameterized by its distance p from the
origin and by its direction 7.

L( p, ), as required. Now let f (k) denote the 2-D Fourier
transform of f(r), i.e.:

fky = ng(r) exp (—ik - ) d’r

where k is a vector in the 2-D Fourier domain. Then Fou-
rier transforming T( p, A) in (11) with respect to p gives

(12)

Tk, A) = ng(r) exp (—iki - r)d’r
and on comparing to (12) shows that
Tk, A) = f(kA). 13)

This is the traditional form of the projection slice theo-
rem. Equation (13) states that, by Fourier transforming
each projection T( p, i) with respect to p and letting the
direction of views 7 range over 180°, one can recover the
2-D Fourier transform f(k), and hence, obtain f (r) via an
inverse 2-D Fourier transformation.

To obtain a vector field analogue of the projection slice
theorem, we write (10) in a form similar to (11):

T(p, A) =%+ H v 6@ - r—p)dr. (14
Taking the 1-D Fourier transform of (14) with respect to
p gives

Tk, A) = 7 - D(kA) (15)

where

(k) = SS v(r) exp (—ik - ) d’r

is the 2-D Fourier transform of »(r). We now employ the
decomposition v(r) = V& + V X ¥, and note that in two
dimensions, the vector potential ¥ has a single compo-
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nent; that is, ¥ = ¥Z, where Z is the unit vector normal
to the plane of reconstruction. Our objective is to recover
both functions ® (r) and ¥ (r), which together determine
v(r). The 2-D Fourier transform of v(r) = V® + V X ¥
is

k) = ik® k) + itk x ) ¥ (k) (16)

where ® (k) and ¥ (k) are, respectively, the 2-D Fourier
transforms of the scalar functions ®(r) and ¥ (r). Now
substituting (16) into (15), noting that A X 7 = 7 and re-
calling 7 - 2 = 0, (15) reduces to

Tk, A) = ik¥ (kA). (17)

Note, significantly, that ¢ (k) drops out in the derivation
of (17), so the Fourier transform of the vector potential
¥, and hence, the solenoidal component V X ¥ of v(r),
can be recovered from the 1-D Fourier transform of the
projections T(k, ) independently of the irrotational part
V&. Equation (17) is the vector version of the projection
slice theorem, i.e., the vector analog of (13).

Our remaining task is to recover the scalar potential ®.
Under the constraint that V - v = 0 in D, it follows that
® solves Laplace’s equation (V>@® = 0) in D, and hence,
can be recovered from the boundary values of v on aD.
To obtain an explicit formula for & in terms of v on dD,
we note that the potential functions ¢ and ¥ can be ex-
pressed in terms of v as follows [6]:

¢=-V-U and Y=V XU (18)
where
Ur = “ v(r')glrir') d*r’ 19)
D
and g(rir’) = —In(|r — r'}|) /2= is the Green’s function

for the 2-D Laplace’s equation. That is, g solves
Vig(rlr') = —=8(r — r'")
where V? is the 2-D Laplacian and 6(r — r') is the 2-D

Dirac delta function. Inserting (19) in the first equation of
(18), gives

&)= -V -Un = —H v(r'y - Vg(rlr') d*r’
D
B H or') - V' grlr') d’r’
D
=<§ gv'n‘ds~§§gV’~vd2r’ (20)
aD R
where, in the first step, Vg = —V'’g was used, the prime

indicating differentiating with respect to r’; the last step
follows on using the identity v - V'g = V' - (gv) — gV’
- v and employing the divergence theorem. In (20), A
denotes the outward unit vector normal to the curve aD.

IEEE TRANSACTIONS ON IMAGE PROCESSING. VOL. 1, NO. 3, JULY 1992

Finally assuming that V - v = 0 in D, the second integral
in (20) vanishes, leaving

o = (5)30 glrirHuv(r') + Ads @21
which gives the scalar potential & explicitly in terms of
the normal component of » on the boundary 3D.

In summary, the solenoidal part of an arbitrary 2-D
vector field is determined uniquely by a complete set of
line integrals of v through D. In particular, the 2-D Fou-
rier transform of the solenoidal component, ¥ (kA), is
given in terms of the 1-D Fourier transforms of the pro-
jections T(k, 7), by (17). If we impose the additional con-
straint that the field is divergenceless in D, then the ir-
rotational part can be recovered, using (21), from the
normal component of v on the boundary dD. As noted
earlier, the restriction V - v = 0 holds in the absence of
sources and sinks in D. As an illustration of how (17) and
(21) can be used to reconstruct a vector field, we consider
in the next section a simple example that can be treated
analytically.

IV. AN ANALYTICAL EXAMPLE

Consider the problem of a constant vector field repre-
senting steady flow in one direction. Though this problem
is physically trivial, it illustrates nicely the application of
(17) and (21). (In a realistic problem involving data, (17)
and (21) would, of course, be evaluated by numerical
means.) Suppose the field is ¥(r) = vpa, and v, is a con-
stant and a a unit vector. We consider a bounded domain
D in which the line integrals of v through D are known
and the boundary values of v on dD are also known. We
assume nothing is known about v in the interior of D, and
our aim is to reconstruct v in D from the above informa-
tion.

Before proceeding it is worth re-emphasizing the need
to restrict ourselves to a bounded region of reconstruction
D. This is particularly evident here, since the Helmholtz
theorem clearly fails for an unbounded constant vector
field [6]. However, since the exterior of D has no influ-
ence on the measurements, we can ignore the exterior and
define v(r) = 0 there. For the (mathematically) truncated
field (v zero outside D), both the solenoidal and irro-
tational parts of v are well defined, and (17) and (21) can
be used to reconstruct both components, as we now show.

For simplicity, let the boundary aD be a circle of radius
R centered at the origin. Substituting v(r) = vy a into (10)
and computing the line integrals through D, gives

o i {ZUO(a - H)VR? — p?,  for|p| <R
p, n) =
0, for | p| > R
(22)

where i X £ = %, Z being the unit vector normal to the
plane of flow. 7T( p, /i) can be thought of as our tomo-
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graphic data, i.e., as the set of hypothetical line integral
measurements of v through D. The 1-D Fourier transform
of T( p, A) with respect to p is

Tk, #) = 27Rvy(a - %)

J1 (kR)
X (23)

where J,(-) is the ﬁrst-grder Bessel function. Now our
basic result (17) relates T to the 2-D Fourier transform of
the vector potential ¥ of the unknown vector field v(r):

- N

Y (k) = ¥ (ki) = 7 Tk, 7). 24)
Substituting (23) into (24) and taking the 2-D inverse
Fourier transform of ¥ (k) gives the vector potential com-
ponent ¥ (r) in real space:

X a), forO0 < |r] <R

Y(r) = 2
R
X a) <7> s for R < |r|

(25)

The last calculation is most easily carried out after writing
the 2-D inverse Fourier transform in polar coordinates.

Next, the scalar potential, ®(r), can be computed by
substituting ¥(r) = v,a into (21) and integrating around
the circle of radius R. This integration is most easily per-
formed after expanding the Green’s function g(r|r’) =
—In (|r — r’|)/2x in polar coordinates as follows:

1
glrlr") —Eln [R* +r* —2rRcos (0 — 0")]

1 1 <« 1/RY
__l + —
4 n ) 27rn§:|n<r>

ccos[n@ -0, r>R
=——ln(R)+ il—n

4 =1n \R

- cos [n(@ — 0')], R>r.

Substituting this into (21) and integrating around the cir-
cle of radius R gives

for0 < |r] <R

Uy R ?
—r-a{—), forR < |r.
2 r

Finally, to recover the vector field, substitute the po-
tentials ® and ¥ = ¥2 from (25) and (26) into v(r) =

d(r) =
(26)

+ V X W. On differentiating, we obtain finally

" = Upa,
v(r) = 0,

which is the expected result.

Although the vector field (27) is defined to be zero out-
side of D (i.e., for R < |r|), the potentials ®(r) and ¥ (r)
do not vanish there and, as a consequence, neither do the
individual components V& and V X W. Their sum, how-
ever, does vanish outside of D, as required. The above
property—that v is zero outside of D while the potentials
& and ¥ are not—generally holds. Some further discus-
sion of this point can be found in [4].

forO < |rl < R
@27
for R < |r|

V. EXTENSION TO THREE DIMENSIONS

We conclude by remarking on the extension of the
above results to 3-D vector fields. Equation (21) giving
the scalar potential ® in terms of the boundary values of
the field, extends trivially to 3-D, in which case (21) be-
comes a surface integral over a volume D and the Green’s
function g now corresponds to that of the 3-D Laplacian.
The generalization of the projection slice theorem (17) to
3 D, however, does not follow trivially for arbitrary 3-D
fields. The reason is that a 3-D vector potential ¥ is
uniquely specified by a minimum of two independent
components (¥ actually has three components, but one of
these can be effectively eliminated by the choice of gauge
V - ¥ = 0). In the 3-D version of (14), /i now represents
the normal to a plane (instead of a line) and the integration
is over all planes intercepting the volume D. A complete
set of integrals over planes is sufficient to recover a 3-D
scalar field in D, but not the two independent components
of ¥ in the absence of additional information. There is,
however, an alternative approach to recovering the 3-D
field. This consists simply of ‘‘stacking’’ a series of 2-D
solutions. If line integrals are given through a set of par-
allel planes (or, equivalently, over all lines normal to some
axis), one can reconstruct the projections of the 3-D vec-
tor field onto each of the stacked parallel planes using the
2-D solution separately for each plane. This gives just one
component of the vector at each point, namely its projec-
tion onto the plane passing through that point. To deter-
mine the out-of-plane component of the field, a set of pro-
jections is needed over a second set of parallel planes
inclined at some nonzero angle with respect to the first set
of planes. The two sets of projections together uniquely
determine the 3-D vector field.
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