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Abstract—The permittivities of pulverized samples of coal and
limestone were measured over a range of bulk densities at 11.7
GHz and 20 C. The measured values were used, along with par-
ticle densities, determined by pycnometer measurements, and the
Landau & Lifshitz, Looyenga (LLL) dielectric mixture equation to
determine the solid material permittivities. Subsequently, similar
measurements were taken on a 35%–65% coal–limestone mixture,
and the LLL equation and the complex refractive index (CRI) di-
electric mixture equation were used to calculate the permittivities
of powdered coal, limestone, and the 35%–65% mixture at var-
ious bulk densities. Results compared to the measured permittivi-
ties showed that the LLL equation provided much better estimates
than the CRI equation, with errors of 0.15% in predicting the di-
electric constants of powdered coal, 1.4% in predicting the dielec-
tric constants of powdered limestone, and 0.5% in predicting the
dielectric constants of the coal–limestone mixture.

Index Terms—Coal, dielectric mixture equations, dielectric
properties, limestone, permittivity measurements, powders.

I. INTRODUCTION

OFTEN there is need for reliable relationships between the
permittivities of solid and powdered materials. For some

materials, machining of samples to exact dimensions required
for permittivity measurements is difficult, and measurements
on pulverized samples are more easily performed. In some in-
stances, as with mineral deposits in rocks, the materials must be
pulverized for purification [1], and in other instances, the gran-
ular nature of the material makes measurements of the solid par-
ticles impractical [2], [3]. In these situations, the permittivities
of the powdered or granular material can be measured, and the
permittivities or dielectric properties of the solid materials can
be closely estimated with the use of applicable dielectric mix-
ture equations [4], [5].

In this paper, measurements of the permittivities ( ,
where is the dielectric constant and is the loss factor) of
powdered coal and powdered limestone at microwave frequen-
cies are described, and methods for determining the permittiv-
ities of the solid material are given. Use of appropriate dielec-
tric mixture equations requires the determination of the material
density, which is also described. From the bulk density of the
powdered materials and the particle density, the volume frac-
tions of the mixture components can be determined for use in
dielectric mixture equations for calculation of the solid material
permittivities.
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Measurements on powdered mixtures of coal and limestone
have been studied for potential use in rapidly measuring the pro-
portions of limestone (rock dust) in coal mines for safety appli-
cations [6]. Federal regulations require that the noncombustible
content of dust in coal mines must be maintained at levels of at
least 65% for prevention of explosions. Therefore, rock dust is
routinely distributed in coal mines to meet these requirements.
Research has shown that proportions of limestone in coal–lime-
stone dust mixtures can be effectively determined by measure-
ments in a microwave resonant cavity, based on differences in
both the dielectric constant and the dielectric loss factor between
coal and limestone [7].

In connection with these studies, the permittivities of pul-
verized samples of pure coal, pure limestone, and a 35%–65%
coal–limestone mixture, by weight, were measured over a range
of bulk densities from loosely to tightly packed. Based on per-
mittivities of coal and limestone and experimental determina-
tion of the densities, the expected permittivities of the powdered
samples were calculated according to the complex refractive
index (CRI) and the Landau & Lifshitz, Looyenga (LLL) mix-
ture equations, and then compared with the measured permittiv-
ities of the same powdered materials.

II. PERMITTIVITY AND DENSITY MEASUREMENTS

Permittivity measurements on pulverized coal and limestone
samples were made at 11.7 GHz and 20C with an X-band
measurement system [8] and the short-circuited waveguide
method [9]. The technique involved slotted-line (slotted-wave-
guide-section) measurements with the sample in a 5-cm long
WR-90 short-circuited waveguide sample holder attached
to the slotted section. Node positions and node widths were
determined without and with the sample in the sample holder in
contact with the short-circuit termination. Pulverized samples
were weighed before they were placed into the vertically
oriented sample holder for the measurements. Sample length
was determined for each of a sequence of measurements
at successively increasing sample bulk densities that were
determined from sample weight, sample length, and waveguide
cross-sectional area. Permittivities were calculated from sample
length, node shift due to the sample presence, and standing
wave ratios determined from the node-width measurements
with and without the sample in the short-circuited sample
holder [10].

Extensive measurements to evaluate errors in permittivity de-
termination associated with various sources of error in the mea-
surement and approximations in the calculations were docu-
mented earlier [10], and verification tests on materials of known
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permittivity showed that accuracies better than 0.5% were ob-
tained in measurement of[8]. Particle densities , which cor-
respond to solid material densities, were calculated from sample
weights of 15 to 25 g and corresponding particle volumes that
were determined by measurements with an air-comparison py-
cnometer [1], [6].

III. D ETERMINATION OF SOLID MATERIAL PERMITTIVITIES

Results of the permittivity measurements and sample bulk
density determinations on the coal, limestone, and 35%–65%
coal–limestone mixture are shown for the dielectric constant
in Fig. 1, where the linearity with bulk density of the cube root
of the dielectric constant of an air-particle mixture, as noted pre-
viously [5], [11], is consistent with the LLL dielectric mixture
equation. This equation can be stated as follows for a two-phase
mixture:

(1)

where subscripts 1 and 2 refer to the air and the solid partic-
ulate material, respectively, andrepresents the volume frac-
tion occupied by a component of the mixture. For the two-phase
(air–particle) mixture, , and the permittivity of air
is . Solving (1) for in terms of (relative complex per-
mittivity of the mixture) provides an expression from which the
permittivities of the solid material particles can be calculated,
where , the volume fraction occupied by the solid ma-
terial

(2)

The necessary value for can be obtained if the bulk den-
sity of the mixture and the density of the solid particulate
material are known, since .

For such linear relationships between the cube roots of the di-
electric constants and the bulk density, The LLL equation can be
used with confidence in calculating the complex permittivity of
the solid material from the permittivities of the powdered sam-
ples [6]. The mean values of the solid material permittivities
calculated with the LLL mixture equation for the permittivity
measurements at each bulk density gave for the
coal and for the limestone used in these measure-
ments. The respective solid-material densities for the coal and
limestone from the air-comparison-pycnometer measurements
were 1.48 and 2.75 g/cm[6].

IV. COMPUTATION OF COAL AND LIMESTONE MIXTURE

PERMITTIVITIES

Two dielectric mixture equations that have been observed to
provide good results in work with pulverized coal and similar
materials are the CRI and the LLL equations [5]. The latter is
expressed in (1), and the former can be expressed as

(3)

Fig. 1. Linear relationships between the cube roots of the dielectric constants
of pulverized samples and their bulk densities at 20C and 11.7 GHz. O—coal,
4—35%–65% coal–limestone mixture,—limestone.

Therefore, (1) and (3) have been used to calculate the relative
complex permittivity values for the pure coal, pure limestone,
and 35%–65% coal–limestone mixture samples for comparison
with the measured values over range of 10–13 different bulk
densities for these powdered samples. Equations (1) and (3) re-
quire only the permittivities of the solid-material constituents
of the air particle mixture and the volume fractions occupied by
each constituent. Permittivities of the coal and limestone parti-
cles are and , respectively, as given
in the previous section. The volume fractions can be determined
as .

V. RESULTS AND DISCUSSION

Comparisons of the calculated and measured permittivities
for the coal, limestone, and 35%–65% coal–limestone mixture
are presented in Tables I–III for six bulk densities spanning the
range of densities at which measurements were taken on each of
the powdered materials. For the coal samples, shown in Table I,
the LLL equation (1) estimated the measured permittivity values
very well. The dielectric constant was given extremely well by
the computation, and the loss factor values were also good. The
CRI equation (3) overestimated the permittivity with an error of
about 4% for the dielectric constant and larger errors for the loss
factor.

For the limestone samples, shown in Table II, which have
higher dielectric constants and lower loss factors than the coal,
(1) again provided much closer estimates than (3), with (3)
overestimating the dielectric constant by about 10% except
at the highest densities where the error is somewhat less. As
expected, the performance of both equations in estimating
measured properties of the 35%–65% coal–limestone mixture,
shown in Table III, was intermediate between their performance
on the coal and limestone samples.

Over the full range of densities measured for each material,
the error of prediction for the LLL equation ranged from 0 to
0.6% for the dielectric constant of the powdered coal with an
average of 0.15%, from 0 to 2.9% for the powdered limestone
with an average of 1.4%, and from 0 to 1.2% for the 35%–65%
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TABLE I
COMPARISON OFMEASURED AND CALCULATED PERMITTIVITIES OF PULVERIZED COAL AT 11.7 GHzAT INDICATED BULK DENSITIES. LANDAU AND LIFSHITZ,

LOOYENGA EQUATION (1), COMPLEX REFRACTIVE INDEX EQUATION (3)

TABLE II
COMPARISON OFMEASURED AND CALCULATED PERMITTIVITIES OF PULVERIZED LIMESTONE AT 11.7 GHzAT INDICATED BULK DENSITIES. LANDAU AND

LIFSHITZ, LOOYENGA EQUATION (1), COMPLEX REFRACTIVE INDEX EQUATION (3)

TABLE III
COMPARISON OFMEASURED AND CALCULATED PERMITTIVITIES OF PULVERIZED COAL–LIMESTONE MIXTURE (35%–65%,BY WEIGHT) AT 11.7 GHzAT

INDICATED BULK DENSITIES. LANDAU AND LIFSHITZ, LOOYENGA EQUATION (1), COMPLEX REFRACTIVE INDEX EQUATION (3)

powdered coal–limestone mixture with an average of 0.5%.
Corresponding errors of prediction for the CRI equation ranged
as high as 4.6%, 10.2%, and 7.2% for the coal, limestone, and
35%–65% coal–limestone mixture, respectively, with mean
values over the full range of densities of 4.3%, 7.7%, and 6.1%,
respectively.

In using (1) and (3), which express the mixture permittivity
relationships for a two-component mixture, the 35%–65%
coal–limestone powdered mixture was considered as a com-
bined or equivalent material, with a solid material density
determined by pycnometer measurements as 2.13 g/cm.
As stated, the solid coal and solid limestone densities were
determined by the same method as 1.48 and 2.75 g/cm, re-
spectively. Using the latter two densities, one can calculate the
solid density of an equivalent material consisting of 35% coal
and 65% limestone, by weight, from the following relationship:

(4)

where , , and represent the solid particle densities for the
mixture, the coal, and the limestone, respectively. Solving (4)
for , with the above values for the solid coal and limestone
densities gives 2.11 g/cm. This compares with 2.13 g/cmde-
termined by pycnometer measurements and is within the 1%
accuracy expected for this type of measurement.

It is also interesting to estimate the permittivities of the pow-
dered mixtures in terms of three components where, by the LLL
mixture equation

(5)

Letting subscripts 1, 2, and 3 refer to the three components
of the mixture, air, coal, and limestone, respectively, the per-
mittivity of the mixture can be calculated in terms of the
known permittivities of the components and their volume frac-
tions. The volume fraction for the 35%–65% coal–limestone
equivalent material in the mixed powder sample of bulk den-
sity is given by , where is the solid den-
sity of the equivalent combined coal–limestone material, which
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TABLE IV
COMPARISON OFPERMITTIVITIES CALCULATED WITH TWO-COMPONENTMIXTURE EQUATION (1) AND THREE-COMPONENTMIXTURE EQUATION (5) WITH

MEASUREDPERMITTIVITIES OF 35%–65% PULVERIZED COAL–LIMESTONE MIXTURE AT 11.7 GHz

was determined by measurement, as mentioned, as 2.13 g/cm.
Since , , and .
The solution of (5) for still requires the determination of the
values for and , knowing that their sum is .

For a unit volume, the mass of the mixture ,
where is the mass of coal particles in the unit volume, and

is the mass of limestone particles in that same volume.
For the 35%–65%, by weight, mixture, ,
and . Thus, , and

, which permits the calculation of the
needed volume fractions and .

The permittivities calculated by the two-component mixture
equation (1) and those calculated by the three-component
equation (5) are compared with the measured permittivities in
Table IV for all 11 different densities for which permittivity
measurements were obtained. Both the dielectric constants
and loss factors calculated with the three-component mixture
equation were somewhat larger than the measured values and
somewhat larger than the values predicted by the two-com-
ponent mixture calculation as well. Errors in the dielectric
constant, compared to the measured values, averaged 1.5%
for the three-component equation compared to 0.5% for the
two-component equation. Thus, for this application, use of
the two-component equation seems preferable, and it is also a
bit simpler to use. However, this example illustrates that the
three-component LLL mixture equation can be used to provide
reasonable estimates for the permittivity of such powdered
mixtures.

VI. CONCLUSIONS

These tests have shown that the Landau & Lifshitz, Looyenga
(LLL) dielectric mixture equation can be used to provide ac-
curate estimates of the permittivities of powdered materials at
known bulk densities, when the permittivities of the solid con-
stituents and their densities are known. Accuracy of prediction
by the equation for the dielectric constant was higher for the coal

(0.15% error), which had a permittivity of , than
it was for limestone (1.4% error), which had a permittivity of

. The error of prediction for the 35%–65% mix-
ture was 0.5%. The complex refractive index dielectric mixture
equation had poorer performance in estimating the measured
permittivity values for the powdered samples with errors sev-
eral times greater than those of the LLL equation.
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