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Abstract

A historical review of the early development of constant life diagrams (variously referred to as Goodman, Smith, Haigh, etc.
diagrams) is presented. It is shown that there were two distinct approaches to the formulation of constant life diagrams for fatigue
design purposes. The first one was based orhléfts fatigue experiments and involved engineering curve fits of the fatigue
endurance data. The Launhardt—-Weyrauch, Gerber and Johnson formulae are the main representatives of this approach. The secor
approach is based on the dynamic theory used for bridge design. The Fidler—Goodman formula is an example of this approach.
The early proponents of the second approach questionigdefiotest results and did not believe that they could be used for design
purposes. Finally, the first books on fatigue of metals introduced citation inaccuracies, which were propagated by subsequent authors.
[0 2001 Elsevier Science Ltd. All rights reserved.
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1. Introduction 2. Graphical representations of constant life data

There is an unfortunate tendency in engineering and Constant life diagrams are graphical representations
the sciences to associate personal names with particulapf the safe regime of constant amplitude loading for a
concepts. Even though this is normally done to honor given specified life, e.g. the endurance limit or infinite
and credit the originators of particular concepts, it often life. These diagrams can be drawn in a number of ways,
gives credit to the wrong persons through inadequate his-depending on which parameters are selected to describe
torical research. Moreover, the original attributions are the constant amplitude cyclic loading. Constant ampli-
often improperly interpreted and used by subsequenttude cyclic loading can be described by specifying any
writers. A case in point are the constant life diagrams, two of the following parameters:
which are now commonly calle€oodman diagrams _

Gough [1] and Moore and Kommers [2] used the phrase Omax =Maximum stress

constant life diagranto refer to any plot that defines a Omin =MINIMuM stress

safe operating region in some stress space. When theGm =1/2(CmatOmin)=mean stress

diagram included a region defined by a formula, they 0a =1/2(Cnax—Omin)=alternating stress

associated the name of the originator of the formula with R =Omin/Oma=stress ratio.

the diagram. Thus, Gough presented both Launhardt—

Weyrauch [3] and Goodman [4] diagrams for the same  Apparently the first graphical representation of con-

experimental data. stant life data was published in 1873 by Néu [5], who
plotted 6,,,ax VS. Omin tO illustrate the similarity in con-
stant life behavior of Phoenix wrought iron and Krupp
cast steel. Subsequently, Lippold [6] used this type of
plot in comparing Waler's test data with the results of
various other investigators.

* Tel.: +1-937-255-4490. In 1874, Gerber [7] published two graphical represen-
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actual data in the plot. He plotted,,../o, VS. Opmi/Cu,
where g, is the ultimate tensile strength, as shown by
the dashed line in Fig. 1. In this plot, he included the
line Omad/0=0mino,, defining the lower stress boundary
for the admissible stress region. This line is shown as a
dotted line in the figure. In 1899, Goodman [4] published
a similar graphical representation of available fatigue
data. He plottedo,,./o, and oi/o, as the ordinates
against an arbitrary abscissa (proportional ag,./o,
because all ther,,,, /o, points fell on a straight line),
which he did not label as shown by the dotted line in
Fig. 1. He included a theoretical line (solid lines in Fig.
1) representing the safe operating cyclic stress region
according to thelynamic theoryConcurrently, Marburg

[8] published a similar plot, connecting the end points
of the Launhardt [9] and Weyrauch [3] formulae by

straight lines to define the safe operating stress regime.

Gerber [7] also plottedo,,ngdo, VS. Omin/o,, Where
Oranga20,. Subsequently, Unwin [10] used a similar plot
in comparing Whler's and Bauschinger's endurance
test data.

In 1880, R.H. Smith [11] published a graphical
interpretation of the Launhardt [9] and Weyrauch [3] for-
mulae, in which he plotted,,,,ando i, vs. R, as shown
in Fig. 2. In 1884, Kennedy [12] published some of
Wohler's data on a plot o6, andoin, as the ordinates
against an arbitrary abscissa, which he did not label as
illustrated in Fig. 3. As can be seen from the figure, the
abscissa used by Kennedy was proportionabiQ,. In
1910, Smith [13] plottedr . @and Opmin VS. Oy N dis-
cussing the fatigue behavior of various steels as shown
in Fig. 4. In 1917, Haigh [14,46] plotted,., and G in
VS. O, and Oyange VS. Oy, tO illustrate a point about the
fatigue behavior of brasses. This seems to be the earlies
example of ao, vs. o, plot. In 1923, Wilson and Haigh
[15] presented the advantages of usingss. o, in plot-
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Fig. 1. Gerber (dashed line) and Goodman (solid line) diagrams for
Wohler’'s data.
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Fig. 2. R.H. Smith form [11] of Launhardt—-Weyrauch diagram for

Krupp steel.
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Fig. 4. Normalized J.H. Smith plot [13] of Wxer's data for
Krupp steel.

ting constant life data. Fig. 5 illustrates a Haigh plot of
the Gerber and Goodman diagrams.

3. Formulae for endurance limit

3.1. Launhardt, Weyrauch and similar formulae

In 1870, Wahler [3,16] gave a general law which may
be stated as: “Rupture may be caused, not only by a
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o5 r Omax=0o(1+R/2) for —1=R=0 (6b)

In 1878, Cain [19] proposed Eq. (6a) as a modification
oodman (1899) of Launhardt's formula to account for impact loading.
In 1888, Johnson [20] used an expended work argument
~~~~~ to justify the Launhardt and Weyrauch formulae.

In 1885, Merriman [21] argued that the end points of
the Launhardt and Weyrauch formulae should be con-
nected by a smooth curve. Based on this argument, he
proposed

0.3

0.2

0.1

0, 0., O, +t0_,—20,

+7

> R > R? @)
for use for design purposes. Subsequently, Bach [22]
proposed the same equation, but with arbitrary coef-
ficients.

i ) In 1889, Fowler [23] derived the following formula
steady load which exceeds the carrying strength, but alsoo; gimensioning bridge members:

by repeated application of stresses, none of which are
equal to this carrying strength. The differences of these Omax=0.50,(1+R) (8)

stresses are measures of the disturbance of the Cont'Whereoy is the yield stress.

nuity, in so far as by their increase the minimum stress 1897, Johnson [24,25] criticized the Launhardt—
which is still necessary for rupture diminishes.” This Weyrauch formula and proposed using

may be written as
Gmax:f(grangg (l)

0 02 0.4 06 0.8 1 Omax—O0ot

Fig. 5. Haigh [14] form of normalized Gerber and Goodman dia-
grams for Wdnler's data for Krupp steel.

Gmax:Gu/(Z_ R) for —1=R=<1 (ga)

in terms of o, and R as its replacement. He justified
using Eq. (9a) by showing that it can be derived from

In 1873, Launhardt [9] assumed the simplest case ofthe old design formula

Wohler’'s law and took
Omax= Ccrange (2) OminT 2Grange_ Oy (gb)
which can be rewritten as
0.=(o/3)[1-0o./c] (9¢)

in terms ofo, ando,,, and as

whereC is a constant. Launhardt expressedas
C=(0,—0.)/(6,—Omax

where o, is the value ofo,,., for R=0. Hence, Eq. (2)

can be rewritten as Omax=(0/2)[1+ O pmin/0] (9d)
Omax=0o1(0y—0,)R 3) in terms of 0.« and i
This equation is known as thieaunhardt formula As Johnson recommended using Eq. (9a) because it was

derived by Launhardt, Eq. (3) only holds fos®=1. @ single equation replacing the Launhardt and Weyrauch
In 1877, Weyrauch [3] extended the Launhardt formula formulae and could be easily used with a slide rule for

to the case-1=R=0. The Weyrauch formulds dimensioning structural members. In 1901, Barr [26]
published a nomograph based on Johnson’s formula to
Omax=0oT (0o~ 0_1)R (4 simplify its use in design. It should be noted that Barr

where s, is the value ofc,.., for R=—1. These two did not simplify Johnson’s formula as claimed by Moore
formulae, Egs. (3) and (4), are always used together and@nd Kommers [2].
are commonly referred to as theaunhardt—Weyrauch
Formula For wrought iron, Weyrauch [3,17] built in  3.2. Gerber formula
additional conservatism into the formulae and arrived at
According to Weyrauch [3], Gerber was the first to

Omax=0o(11R12) ®) use Winler's experimental results to prepare specifi-
This version of the Launhardt—-Weyrauch formula was cations for allowable stresses for iron and steel railroad
given by Wilson [18] in 1885, who pointed out that the bridge construction, which were adopted by the Bavarian
formula does not provide for impact loading and adopted Government in 1872 and published in 1874 [7]. Letting

Omax=0o(1+R) for 0=R=1 (6a) O=0min/Ou, N=0rangdOus B=0mal0Oy
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Gerber assumed that Wiler's experimental data can be It turns out that Fidler [31] published in 1877 a deri-
represented by the parabola vation of the dynamic theory and proposed its use for
22 _ the design of bridge structures. He compared the results
oAt om +nk=n-k (102) based on the dynamic theory with '\Mer's experi-
wherek is a constant and)_, is the endurance limit  mental data, showing that it gave a good fit to the data.
stress range fox=—f. He assumed tha&=—1/n_,, and  Moreover, he pointed out that the use of the Launhardt—
found thatk is 1.5 and 1.8 for wrought iron and steel, \eyrauch formula required imposing an additional fac-
respectively. It should be noted th@t, andoangeWere  tor of safety to take into account the dynamic nature of
the ngtural variables,_since they correspond to the deadpe impact loading on bridge structures, while the
and live loads on bridge structures. Eq. (10a) can be gynamic theory did not require such a factor. Goodman
rewritten in terms ofo, and o, [4] was familiar with Fidler's book. It should be noted
0.=0_1[1— (00, (10b) that Fidler was not the originator of the dynamic theory,
but seems to be the first one to clearly propose its use
for dimensioning bridge members.
B=2\1+20in_1+1*—o—2m_, (10c) In 1858 and possibly earlier, Rankine [32] stated that
. . o “a bar, to resist with safety the sudden application of a
in terms of normalized .« and o, After deriving the  gjven pull, requires to have twice the strength that is
parabolic representation of Witer's data, Gerber pecessary to resist the gradual application and steady
presented procedures for dimensioning bridge m?mbersaction of the same pull.” This reduces to Eq. (9b). In
Egs. (10a)—(10c) are called tt@erber formula Using 1865 and possibly earlier, Rankine [33] stated that “The
somewhat different notation, Sdfex [27] also obtained  5qqitional strain arising, whether from the sudden appli-
Eq. (102) and presented different procedures for dimen-caiqn or swift motion of the load is sufficiently provided
sioning bridge members. for in practice by the method already so frequently
referred to, of making the factor of safety for the travel-
ling part of the load about double the factor of safety
for the fixed part.” Again, this reduces to Eqg. (9b). In
L899, Seaman [34] comparedWer's data with predic-

whereo_,, is the endurance limit foo,,=0, and as

3.3. Dynamic theory based formula

In 1899, Goodman [4] proposed that the maximum
safe operating loads on structures can be determine

using thedynamic theory The dynamic theory assumes 1ONS using the Launhardt [9] formula and Eq. (9b),
“that the varying loads.. were equivalent to suddenly which he indicated as being based on the theory of work.

applied loads, and consequently a piece of material will H& showed that Eq. (9b) gives a better representation of
tary’ stress, due to sudden applications, does not exceed Finally, according to Unwin [10], the Royal Com-

the statical breaking strength of the material.If the ~ Mission, appointed in 1847 to inquire into the conditions
dynamic theory were perfectly true,. then the mini-  which should be observed in the application of iron to
mum stress (taken as being due to a dead lqnd} railway structures, recommended that “the breaking
twice the range of stress (i.e. maximum stressni- weight of a cast-iron bridge was to be six times the live

mum stress) taken as being due to a live load shouldload added to three times the dead load.” Interpreting
together be equal to the statical breaking strength of thethe live and dead loads &S, and o, this rec-
material” [4]. This is a statement in words of Eqg. (9b). ommendation can be expressed by Eq. (9b) with a factor
Goodman justified the use of the dynamic theory on of safety of 3. It should be noted that the commission
the basis that it was easy to remember, simple to use,report [35] did not make this recommendation as attri-
and gave results as good or better than the other avail-buted to it by Unwin, but stated that “It may, on the
able design formulae. Moreover, Goodman was familiar whole, therefore be said, that as far as the effects of
with Gerber’s paper [7] and Johnson’s book [24]. Refer- reiterated flexure are concerned, cast-iron beams should
ence to Gerber's paper and Johnson’s book werepe so proportioned as scarcely to suffer a deflection of
dropped by the time of the 9th edition of the book [28]. one-third of their ultimate deflection. And as it will
The graphical representation of the safe operating cyc-presently appear, that the deflection produced by a given
lic stress region according to the dynamic theory, defined |pad, if laid on the beam at rest, is liable to be consider-
by Eg. (9b), was called the Goodman diagram by Gough aply increased by the effect of percussion, as well as by
[1] and Moore and Kommers [2], who criticized the motion imparted to the load, it follows, that to allow the
applicability of Eq. (9b). In response to the criticism by greatest load to be one-sixth of the breaking weight is

Gough [1], Goodman [29] stated that the dynamic theory nhardly a sufficient limit for safety even upon the suppo-
was not his innovation, but had been available for some gjtion that the beam is perfectly sound.”

time. In fact, Thurston [30] recommended using Eq. (9b)
in 1883.
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3.4. Haigh formula and its modifications change in strain energy density per cycle is a constant
at the endurance limit. This gives

In 1917, Haigh [14,46] showed that the constant life 5

data can be represented by Cron=01 \/ (15)

6= 41— (0,/0)] (11) 1IRR

. - . as the equation for the endurance limit.
whereo _ is the endurance limit for fully reversed cyclic
loading. This equation has become erroneously known
as thegeneralized Goodman equatiaand a diagram
containing it as thegeneralized Goodman diagranhis . . .
distinction has been dropped and Eq. (11) is now . In 1930, Haigh [42] pointed out that experimental data

referred to as th&oodman equatioand the associated indicate that the constant life diagram is not symmetric
diagram as th&oodman Diagram with respect tas,,=0 as required by the Gerber and gen-

In 1922, Moore [36] modified the Johnson formula eralized Goodman formulae. He suggested that the data
’ ', can be represented by the generalized parabolic relation

3.6. Other formulae and generalizations

retaining the requirement that the endurance limit at

R=0 is 1.5 ,, and dropping the requirement that o,=k,[1—k,(0,/0,)—ks(C/CW)T] (16)
0_,=0,/3, that is, .
where the constantl, k;, andk, are selected to give

Omax=30-1/(2—R) for —1=R=1 (12)  the best fit of the data. He also discussed how to use the
constant life diagram for smooth specimens to predict

In 1923, Wilson and Haigh [15] extended tbg vs.  the life of notched specimens.

o., diagram by including the line of constant yield stress N 1962, Heywood [43] proposed using an empirical
cubic equation for representing constant life data. His

Oat0n=0, (13) equation can be written as

as an additional limit on the safe design stress region. 5,=[1—(c,/o.)][(0-1+ A0, —0-1)] (17)
They also discussed the consequences of the ratio of the
yield to ultimate strength of the material. Haugen and Where
Hritz_ [37] called Eq. (_13) the Langer modification of the y=(owlo)[e+g(o/o.)], (18)
modified Goodman line.

In 1930, Soderberg [38] suggested modifying the gen- Wheree andg are either positive or negative constants.
eralized Goodman formula by connecting the enduranceMost experimentally determined constant life data may
limit, o_,, with the yield point by a straight line, thatis, b€ represented by proper selection of the constants.

0,=0_1[1—(0./0y)] (14a)
He also indicated how to use this equation for multi- 4. Discussion and conclusions

axial fatigue. In 1938, Kommers [39] proposed using
_ The first graphical representations of constant life data

Omasx=201/[(1=R) +(1+R)o./0}] (14b) were introduced by railroad and bridge engineers, who
which is Eq. (14a) rewritten in terms af,,. and R. were interested in safely accounting for the dead (or
Kommers also stated that “It should be understood static) and live (or moving) loads in bridge design. To
clearly that the use of this. formula is advocated only  these engineers, the most useful graphical represen-
when the designer is working with materials for which tations of experimental data consisted of plotsogf.,
complete information regarding the various fatigue lim- Vs. Gpin OF Grange VS. Omin, Which were used until after
its for different ratios ofR is not available.” 1900. As the nature of engineering changed and new

According to Kravchenko [40], Kinasoshivili in 1943 design needs arose in the early 1900s, other graphical
advocated the use of two fatigue characteristics for con-representations were introduced to represent constant
stant life diagrams, namely;_,, ando, (the endurance life data.

limits for R=—1 and R=0). A straight line is drawn The methods for designing safe bridge structures,
through these two points. The safe region is bounded bydeveloped in the second half of the nineteenth century,
this straight line and the yield line, Eq. (13). were based either on empirical representations of

Wohler's fatigue data or on theoretical attempts to incor-
3.5. Jasper formula porate the effect of impact and other dynamic loads into

the design process. Gerber, Launhardt, "SehaWey-
In 1923, Jasper [41] adopted Haigh's suggestion thatrauch and Merriman used the first approach and
the strain energy absorbed within the elastic limit may developed empirical formulae based on experimentally
be used as a failure criterion and suggested that thedetermined endurance data. As can be seen from Figs.
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1-5, the then available experimental data justified using AFRL inter-library loan librarian, for obtaining copies
a parabolic equation to represent the constant life data.of most of the references.
As more experimental data were developed, it became
obvious that the parabolic representations of endurance
data were neither correct nor conservative. Moreover, References
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