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1. Introduction 

1.1. PURPOSE OF THE PERIDYNAMIC THEORY 

The peridynamic theory of mechanics attempts to unite the mathematical 
modeling of continuous media, cracks, and particles within a single framework. 
It does this by replacing the partial differential equations (PDEs) of the classical 
theory of solid mechanics with integral or integro-differential equations. These 
equations are based on a model of internal forces within a body in which material 
points interact with each other directly over finite distances. 
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The classical theory of solid mechanics is based on the assumption of a 
continuous distribution of mass within a body. It further assumes that all internal 
forces are contact forces (Truesdell, 1977) that act across zero distance. The 
mathematical description of a solid that follows from these assumptions relies 
on PDEs that additionally assume sufficient smoothness of the deformation for the 
PDEs to make sense in their either strong or weak forms. The classical theory has 
been demonstrated to provide a good approximation to the response of real 
materials down to small length scales, particularly in single crystals, provided 
these assumptions are met (Maranganti & Sharma, 2007). Nevertheless, technol
ogy increasingly involves the design and fabrication of devices at smaller and 
smaller length scales, even interatomic dimensions. Therefore, it is worthwhile to 
investigate whether the classical theory can be extended to permit relaxed 
assumptions of continuity, to include the modeling of discrete particles such as 
atoms, and to allow the explicit modeling of nonlocal forces that are known to 
strongly influence the behavior of real materials. 

Similar considerations apply to cracks and other discontinuities: the PDEs of 
the classical theory do not apply directly on a crack or dislocation because the 
deformation is discontinuous on these features. Consequently, the techniques of 
fracture mechanics introduce relations that are extraneous to the basic field 
equations of the classical theory. For example, linear elastic fracture mechanics 
(LEFM) considers a crack to evolve according to a separate constitutive model 
that predicts, on the basis of nearby conditions, how fast a crack grows, in 
what direction, whether it should arrest, branch, and so on. Although the 
methods of fracture mechanics provide important and reliable tools in many 
applications, it is uncertain to what extent this approach can meet the future 
needs of fracture modeling in complex media under general conditions, parti
cularly at small length scales. Similar considerations apply to certain methods 
in dislocation dynamics, in which the motion of a dislocation is determined by 
a supplemental relation. 

Aside from requiring these supplemental constitutive equations for the growth 
of defects within LEFM and dislocation dynamics, the classical theory predicts 
some well-known nonphysical features in the vicinity of these singularities. The 
unbounded stresses and energy densities predicted by the classical PDEs are 
conventionally treated in idealized cases by assuming that their effect is confined 
to a small process zone near the crack tip or within the core of a dislocation (Hirth 
& Lothe, 1982). However, the reasoning behind neglecting the singularities in this 
way becomes more troublesome as conditions and geometries become more 
complex. For example, it is not clear that the energy within the core of a 
dislocation is unchanged when it moves near or across grain boundaries. Any 
such change in core energy could affect the driving force on a dislocation. 
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Molecular dynamics (MD) provides an approach to understanding the 
mechanics of materials at the smallest length scales that has met with important 
successes in recent years. However, even with the fastest computers, it is widely 
recognized that MD cannot model systems of sufficient size to make it a viable 
replacement for continuum modeling. 

These considerations motivate the development of the peridynamic theory, 
which attempts to treat the evolution of discontinuities according to the same field 
equations as for continuous deformation. The peridynamic theory also has the 
goal of treating discrete particles according to the same field equations as for 
continuous media. The ability to treat both the nanoscale and the macroscale 
within the same mathematical system may make the method an attractive frame
work in which to develop multiscale and atomistic-to-continuum methods. 

1.2. SUMMARY OF THE LITERATURE 

The term “peridynamic” first appeared in Silling (2000) and comes from the 
Greek roots for near and force. The model proposed in Silling (2000) treats internal 
forces within a continuous solid as a network of pair interactions similar to springs. 
In this respect, it is similar to Navier's theory of solids (see Section 6). In the 
peridynamic model, the springs can be nonlinear. The responses of the springs can 
depend on their direction in the reference configuration, leading to anisotropy, and 
on their length. The maximum distance across which a pair of material points can 
interact through a spring is called the horizon, because a given point cannot “see” 
past its horizon. The horizon is treated as a constant material property in Silling 
(2000). The equation of motion proposed in the original peridynamic theory is Z

0ρðxÞüðx; tÞ ¼  f ðuðx ; tÞ � uðx; tÞ; x0 � xÞ dVx 0 þ bðx; tÞ; ð1:1Þ 
H 

where x is the position vector in the reference configuration of the body B, ρ is 
density, u is displacement, and b is a prescribed body force density. H is a 
neighborhood of x with radius δ, where δ is the horizon for the material. 
Constitutive modeling, as proposed in Silling (2000), consists of prescribing the 
pairwise force function f(η, ξ ) for all bonds ξ = x0�x and for all relative displace
ments between the bond endpoints, η = u'�u. f can depend nonlinearly on η, and 
there is no assumption that the bond forces are zero in the reference configuration. 
f has dimensions of force per unit volume squared. Linearization of the equation 
of motion results in an expression that is formally the same as in Kunin's nonlocal 
theory (Kunin, 1982, 1983) although constitutive modeling and other aspects are 
different; a comparison between the two models is discussed in Section 6.5. 
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A number of papers have investigated various aspects of the linear peridy
namic theory. In Silling, Zimmermann, and Abeyaratne (2003), the static loading 
by a body force density of an infinitely long, homogeneous bar is considered. The 
resulting solutions, obtained using Fourier transforms, demonstrate interesting 
features not present in solutions of the classical equilibrium equation. Among 
these are oscillations that decay at points far from where the loading is applied, a 
result of the nonlocality in the equations. (The physical significance of these 
features is not yet clear.) Dispersion curves are derived from isotropic material 
models in Silling (2000), along with a variational formulation and some aspects of 
material stability. Zimmermann (2005) explored many features of theory, includ
ing certain aspects of wave motion, material stability, and numerical solution 
techniques. Zimmermann also studied energy balance for crack growth within the 
theory. 

Weckner and Abeyaratne (2005) studied the dynamics of a one-dimensional 
bar and obtained a Green's function representation of the solution. They also 
derived expressions for the evolution of discontinuities in the displacement 
field. Stable discontinuities ( i.e., discontinuities that do not grow unboundedly 
over time) can occur for certain choices of the initial data, even with well-
behaved material properties. For other materials, discontinuities can grow 
unboundedly over time, leading to a type of material instability. Green's func
tions for three-dimensional, unbounded, elastic isotropic media were derived 
in Weckner et al. (2009) for both statics and dynamics. This work also presented 
a comparison between the local and peridynamic theories for linear elastic 
solids. 

Alali and Lipton (2009), Du and Zhou (2010a, 2010b), and Emmrich and 
Weckner (2007a, 2007b) establish various existence and uniqueness results for 
the linear peridynamic balance of momentum. These papers also draw equiva
lences with the weak solution of the classical equations of linear elasticity, and 
show, in a precise sense, the well-posedness of the peridynamic equations in the 
limit as the nonlocality vanishes. In particular, the limiting solution coincides with 
the conventional weak solution given sufficient regularity of the boundary data 
and material properties. Within the context of nonlocal steady-state diffusion, 
Gunzburger and Lehoucq (2010) introduce a nonlocal Gauss's theorem and 
nonlocal Green identities to establish well-posedness of the nonlocal boundary 
value problem. 

The peridynamic theory as outlined in Silling (2000) suffers from significant 
restrictions on the scope of material behavior that can be modeled, in particular 
the Poisson ratio is always 1/4 for isotropic materials. This motivated a rethinking 
of the whole peridynamic theory. The outcome was a concept which preserves the 
idea of bonds carrying forces between pairs of particles. However, in the new 
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approach, the forces within each bond are not determined independently of 
each other. Instead, each bond force depends on the collective deformation 
(and possibly the rate of deformation and history) of all the bonds within the 
horizon of each endpoint. The resulting modified theory is called state-based, 
because the mathematical objects that convey information about the collective 
deformation of bonds are called peridynamic states (see Section 3). The technical 
discussion in this chapter deals primarily with the state-based theory, although 
the earlier bond-based theory is shown to be a special case of this. The state-
based theory is discussed in greater detail in Silling et al. (2007), which includes a 
specific isotropic solid material model in which any Poisson ratio can be 
prescribed. 

It is also shown in (Silling et al., 2007) that any elastic constitutive model from 
the classical theory can be adapted to the peridynamic theory using a nonlocal 
approximation to the deformation gradient tensor. Application of this technique to 
a strain-hardening plasticity model is demonstrated in Warren et al. (2009), 
Foster, Silling, and Chen (2010). The stress tensor provided by the classical 
constitutive model is mapped onto the bond forces in a way consistent with the 
approximation used for the deformation gradient (see Section 4.11). 

A peridynamic stress tensor (see Section 6.2) was derived in Lehoueq and 
Silling (2008), although a similar concept was previously discussed in Zimmer
mann (2005). The peridynamic stress tensor has a mechanical interpretation 
similar to the Piola stress tensor in the classical theory. It provides the force per 
unit area across any imaginary internal surface. However, in the peridynamic 
case, the stress tensor is nonlocal: the forces involved are the nonlocal forces in 
bonds that cross from one side of the surface to the other. The peridynamic 
operator for the internal force density can be expressed exactly as the divergence 
of the peridynamic stress tensor field. Thus, the peridynamic equation of motion 
becomes formally the same as the classical equation. 

The convergence of the bond-based peridynamic theory to the equations of 
classical elasticity theory was demonstrated by Zimmermann (2005), and in the 
context of isotropic linear elastic solids by Emmrich and Weckner (2007b). Within 
the state-based framework for constitutive modeling, it was shown in Silling and 
Lehoucq (2008) that if a deformation is classically smooth, then the peridynamic 
operator for internal force density approaches the classical operator in the limit of 
small horizon (see Section 6.3). The limiting process produces a classical con
stitutive model for Piola stress as a limiting case of the peridynamic stress for 
small horizon. In this sense, the peridynamic theory converges to the classical 
theory. 

Sears and Lehoucq (2009) provide a statistical mechanical foundation for the 
peridynamic balance of linear momentum. The nonlocality of force interaction is 
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intrinsic and originates in molecular force interaction that is nonlocal. This analysis 
is similar to the landmark work of Irving and Kirkwood (1950), who had the 
objective of deriving the classical, rather than peridynamic, field equations from 
statistical physics. The classical balance of linear momentum is a consequence of 
the more general peridynamic balance when the integral operator is expressed as 
the divergence of a stress tensor. In the important special case of a pair potential, 
Noll (1955) (also see Lehoucq & von Lilienfeld-Toal, 2010; Sears & Lehoucq, 2009) 
in effect derives the peridynamic balance of linear momentum as an intermediate step 
in deriving the classical balance from the principles of statistical mechanics. 

Gerstle et al. extended the peridynamic mechanics model to diffusive processes 
including heat conduction and migration of species due to high electrical current 
density (Gerstle, Silling, Read, Tewary, & Lehoucq, 2008). They applied the 
combined nonlocal equations incorporating multiple physical mechanisms, 
including species diffusion, heat transport, mechanics, and electrical conduction, 
into a model problem demonstrating the failure of an electronic component due to 
electromigration. 

Nearly all of the applications of the peridynamic model to date rely on 
numerical solutions. A numerical technique for approximating the peridynamic 
field equations was proposed in (Silling, 2003). This numerical method simply 
replaces the volume integral in (1.1) with a finite sum: 

X
h

ρ
2 
i ðun

i 
þ1 � 2un

i þ un
i 
�1Þ ¼  f ðun

j � un
i ; xj � xiÞVi þ bn

i ; 
j2H 

where i is the node number, n is the time step number, h is the time step size, and 
Vi is the volume (in the reference configuration) of node i. This numerical method 
is meshless in the sense that there are no geometrical connections, such as 
elements, between the discretized nodes. Adaptive refinement and convergence 
of the discretized method in one dimension are discussed in (Bobaru et al., 2008). 

Damage is incorporated into this numerical method by causing the bonds 
between interacting nodes to break irreversibly. Although this breakage occurs 
independently among all the bonds, their failure tends to organize itself along 
two-dimensional surfaces that are interpreted as cracks. Cracks progress autono
mously: their advance is determined only by the field equations and constitutive 
model at the bond level. There is no supplemental relation that dictates crack 
growth. In particular, the stress intensity factor is not used. Because of the nonlocal 
nature of the equations, fields near a crack tip in the numerical results are bounded. 
A computer solution to one of the Kalthoff–Winkler problems (Kalthoff & Winkler, 
1988), which is regarded in the computational fracture mechanics community as an 
important benchmark problem, is presented in Silling (2003). Additional examples, 
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as well as more details about the numerical method, are discussed in Silling and 
Askari (2005), Weckner, Askari, Xu, Razi, and Silling (2007). 

Autonomy of crack growth is also demonstrated by Kilic and Madenci (2009), 
who apply the peridynamic method in a numerical model of cracking in glass 
plates. The cracks are driven by a temperature gradient that causes thermal 
stresses (Yuse & Sano, 1993). In the geometry considered, the crack growth is 
mostly stable. In some cases, the cracks curve and branch. The numerical model 
reproduces many aspects of the experiments. 

Dayal and Bhattacharya (2006) developed a peridynamic material model 
designed to reproduce martensitic phase transformations. Numerical studies 
showed that this model predicts phase boundaries with finite thickness and 
detailed structure. These authors further showed that the model uniquely deter
mines a kinetic relation for the motion of phase boundaries. This result is 
analogous to the autonomous growth of cracks: the motion of the defect is 
determined by the field equations and the constitutive model. 

Finite element (FE) discretization techniques for the peridynamic equations 
have been proposed by Zimmermann (2005) and Weckner et al. (2009). Macek & 
Silling (2007) demonstrated that standard truss elements available in the Abaqus 
commercial FE code can be used to represent peridynamic bonds. These peridy
namic elements can be applied in part of an FE mesh with standard elements in the 
remainder of the mesh. The resulting FE model of the peridynamic equations was 
applied in Macek and Silling (2007) to penetration problems. An FE formulation 
was also developed by Chen and Gunzburger (2010), who consider the one-
dimensional equations for a finite bar. Weckner and Emmrich investigated certain 
discretizations of the peridynamic equation of motion, including Gauss–Hermite 
quadrature, and applied these to initial value problems to demonstrate conver
gence (Emmrich & Weckner, 2007c; Weckner & Emrich, 2005). 

Among applications of the peridynamic model to real systems, Bobaru (2007) 
and (Bobaru & Silling, 2004) demonstrated the application of a numerical model to 
small-scale structures, including nanofibers and nanotubes. The nanofiber model is 
multiscale in the sense that it involves both short-range forces within a fiber and 
long-range van der Waals forces between fibers. The meshless property of the 
numerical method, as well as the ability to treat long-range forces, is helpful in these 
applications because of the need to generate models of complex, random structures. 
Silling and Bobaru (2005) additionally applied the method to the dynamic fracture 
of brittle elastic membranes. This study demonstrated the acceleration of a crack to 
a limiting growth velocity that is consistent with the properties of the material. 

Small-scale numerical applications of the peridynamic equations are also 
demonstrated by Agwai, Guven, and Madenci (2008a, 2008b) and by Kilic and 
Madenci (2010), who studied cracking and debonding in electronic integrated 
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circuit packaging. Their model explicitly includes a temperature-dependent term 
in the material model for bond forces and so can be applied to damage driven by 
thermal stresses. 

Concrete, because it is heterogeneous and brittle unless large compressive 
confining stress is present, is a good example of a material in which the standard 
assumptions of LEFM do not apply, at least on the macroscale. The process of 
cracking in concrete tends to occur through the accumulation of damage over a 
significant volume before localizing into a discontinuity, which itself usually 
follows a complex, three-dimensional path. Damage and its progression to crack
ing in concrete are often cited as processes in which nonlocality is important 
(Bazant & Pijauder-Cabot, 1988; Ozbolt & Bazant, 1996). (Gerstle et al., 2005; 
Gerstle, Sau, & Silling, 2007; Gerstle, Sau, & Aguilera, 2007; Gerstle, Sau, & 
Sakhavand, 2009) have applied the peridynamic method to the failure of concrete 
structures, including the debonding of reinforcing bar from concrete. This 
includes development of a micropolar version of the theory, in which rotational 
degrees of freedom are included in the computational nodes. 

Impact on brittle structures is a natural application for the peridynamic model, 
because cracks grow “autonomously”: fracture nucleation and evolution occur as 
an outcome of the material model and equation of motion, so any number of 
cracks can grow in any degree of complexity. Peridynamic analysis of impact is 
demonstrated in Demmie and Silling (2007), Silling and Askari (2004). 

Application to damage and fracture in composite laminates is discussed in 
Askari, Nelson, Weckner, Xu, and Silling (2008), Askari, Xu, and Silling (2006), 
Xu, Askari, Weckner, Razi, and Silling (2007), Xu, Askari, Weckner, and Silling 
(2008). It is demonstrated that the strong anisotropy in a unidirectionally rein
forced lamina can be reproduced by making the bond response in (1.1) dependent 
on the direction of the bond in the reference configuration. The anisotropy also 
applies to damage: the criterion for bond breakage can also be dependent on bond 
direction. From this conceptually simple treatment of anisotropy, the complexity 
of damage and fracture in composites can be reproduced to a surprising degree by 
a homogenized peridynamic model. Kilic, Agwai, and Madenci (2009) developed 
an innovative numerical model of a composite lamina that is not homogenized, 
but instead treats the constituents explicitly within the mesh. This model 
reproduces the influence of stacking sequence on damage and progressive failure 
in laminates. 

The peridynamic method was applied by Foster to the interpretation of experi
ments on dynamic fracture initiation (Foster, 2009). This application used a state-
based peridynamic material adapted from a viscoplastic material model for metals 
using the technique discussed in Section 4.11. This work successfully reproduced 
the effect of loading rate on crack initiation in steel. 
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The use of the peridynamic theory as multiscale method is currently in its early 
stages. Preliminary work is reported in Askari et al. (2008). Solution of the 
peridynamic continuum equations within the LAMMPS MD code is described 
in Parks, Lehoucq, Plimpton, and Silling (2008). 

Multiscale analysis of a fiber-reinforced composite in the limit of small fiber 
diameter is treated by Alali and Lipton (2009) for different types of assumed 
limiting behavior of the constituent materials and their interfaces. These authors 
also investigate the homogenized models resulting from alternative ways of 
coupling the peridynamic horizon to the geometrical length scales naturally 
present in the material during this limiting process. 

1.3. ORGANIZATION OF THIS CHAPTER 

The purpose of this chapter is to present an up-to-date, consistent development 
of the peridynamic theory. In Section 2, we develop systematically the equations 
for global and local balance of linear momentum, angular momentum, and 
energy. This leads to a statement of the principle of virtual work (PVW), as 
well as the peridynamic form of the first law of thermodynamics. 

Section 3 contains a discussion of the notation and properties of peridynamic 
states, which are the mathematical objects used in constitutive modeling. The term 
“states” is chosen in analogy with the traditional usage of this term in thermo
dynamics: these objects contain descriptions of all the relevant variables that 
affect the conditions at a material point in the body. In the case of the peridynamic 
model, these variables are the nonlocal interactions between a point and its 
neighbors. 

The general form of constitutive models is discussed in Section 4, including 
the appropriate notion of elastic materials. Conditions for isotropy and objectivity 
are discussed. The Coleman–Noll method for obtaining restrictions on constitu
tive dependencies is applied, revealing a restriction on the sign of rate-dependent 
terms. Specific material models are described which highlight material behavior 
that the peridynamic model can describe but the classical theory cannot. 

Linearization is treated in Section 5. The linearized peridynamic material 
properties are contained in the modulus state, which is analogous to the fourth-
order elasticity tensor in the classical theory. The equation of motion becomes a 
linear integro-differential equation in the linearized theory. The equation of 
equilibrium is a linear Fredholm integral equation of the second type. 

In Section 6, we compare the peridynamic theory to the classical theory. The 
peridynamic stress tensor is defined, and it is shown that under certain conditions, 
the peridynamic equation of motion converges to the classical PDE. 
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A comparison between the peridynamic model and some other nonlocal theories 
is also presented. 

Section 7 demonstrates that a description of discrete particles can be obtained 
as the limiting case of peridynamic regions of finite volume as their sizes are 
shrunk to zero. The resulting description involves forces that are more general 
than pair interactions. Then, it is shown that such a collection of “peridynamic 
particles” can be represented within the peridynamic continuum equations using 
generalized functions. In particular, any multibody potential can be represented 
exactly in terms of a peridynamic constitutive model. The peridynamic stress 
tensor and its volume average are derived for a system of discrete particles, and it 
is shown that these averages obey the peridynamic equation of motion. 

Damage and fracture are discussed in Section 8. It is shown how irreversible 
damage can be included in the peridynamic expression for free energy in a 
constitutive model. Damage evolution is treated as part of the material model. 
A peridynamic version of the J-integral is derived that gives the rate of energy 
dissipation of a moving defect; this is related to the Griffith criterion for crack 
growth. An expression for the surface energy of a crack is derived in terms of the 
work done on bonds that initially connected material on one side of a crack to 
material on the other side. 

2. Balance Laws 

We derive the peridynamic balances of linear and angular momentum in a 
more systematic way than has previously appeared in the literature (Silling et al., 
2007). We then postulate the global balance of energy for a subregion in a 
peridynamic body, which leads to the local balance of energy. The energy balance 
involves both heat transport and mechanical power. The global energy balance 
introduces the absorbed power and supplied power for a subregion. An important 
result is that the internal energy defined in terms of these powers is an additive 
quantity, leading to a meaningful definition of internal energy density. 

The balances of linear momentum, angular momentum, and energy are shown 
to adhere to a canonical structure, which we call the master balance law. This law 
expresses the rate of change of any additive quantity within a subregion as the 
sum of interactions between points inside and outside of the subregion, plus a 
source term. These interactions appear within the integrand of an integral operator 
in the master balance law, and the antisymmetry of this integrand plays a crucial 
role. This antisymmetry allows the integral operator to be written as the integral of 
the divergence of a nonlocal flux. (An analogous master balance law also exists in 
the classical theory.) 
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2.1. BALANCE OF LINEAR MOMENTUM 

Let B be the reference configuration of a closed, bounded body with reference 
mass density ρ. Let y(⋅, ⋅) be a motion of B, so  y(x, t) is the position at time t � 0 of  
a material point x 2B. The deformed image of B under y is denoted Bt (Fig. 2.1). 
Define the velocity field by 

vðx; tÞ ¼ y_ ðx; tÞ ∀x 2 B; t � 0: 

Let b be the external body force density field. Let L(x, t) be the force per unit 
volume at time t on x due to interactions with other points in the body. The force 
vector on a subregion P ⊂ B is given by Z

ðL þ bÞ dV ; 
P 

in which the integration is performed in the reference configuration. Applying 
Newton's second law to this subregion, Z Z Z

d 
ρy_ dV ¼ ρÿ dV ¼ ðL þ bÞ dV ; ð2:1Þ 

dt P P P 

hence, by localization, the equation of motion in terms of L is 

ρðxÞÿðx; tÞ ¼ Lðx; tÞ þ bðx; tÞ ∀x 2 B; t � 0: ð2:2Þ 
Newton's second law applied to B requires that Z Z

d 
ρy_ dV ¼ b dV : ð2:3Þ 

dt B B 

Setting P = B in (2.1) and comparing the result with (2.3) shows that L must be 
self-equilibrated: Z

Lðx; tÞ dVx ¼ 0 ∀ t � 0: 
B 

x 

L(x, t) 

y(x, t) 

y(·, t) 

B Bt 

FIG. 2.1 Peridynamic body and its motion y. 
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Now let f(⋅, ⋅, ⋅) be a vector-valued function such that Z
0Lðx; tÞ ¼  f ðx ; x; tÞ dVx0 ∀x 2 B; t � 0; ð2:4Þ 

B 

and such that f is antisymmetric: 
0 0f ðx; x ; tÞ ¼ �f ðx ; x; tÞ ∀x; x0 2 B; t � 0: ð2:5Þ 

For a given L, such an f can always be found; an example is 

0 1 0f ðx ; x; tÞ ¼  ðLðx; tÞ � Lðx ; tÞÞ; ð2:6Þ 
V 

where V is the volume of B in the reference configuration. The function f, which 
plays a fundamental role in the peridynamic theory, is called the dual force 
density. It has dimensions of force per unit volume squared. In general, the vectors 

0f(x0 , x, t) and  f(x, x0 , t) are not parallel to the vector yðx ; tÞ � yðx; tÞ. The particular 
choice of f given in (2.6) is not very useful in practice: it is given only to 
demonstrate that for a given L, an  f satisfying (2.4) and (2.5) always exists. In 
applications, f is determined by the deformation through the constitutive model. 

The antisymmetry of f stated in (2.5) allows the balance of linear momentum 
on a subregion P ⊂ B to be expressed in a form in which f connects only points in 
the interior of P to points in its exterior. To see this, note that (2.5) implies Z Z

0f ðx ; x; tÞ dVx 0 dVx ¼ 0: ð2:7Þ 
P P 

Therefore, from (2.1), (2.4), and (2.7), Z Z Z Z
d 0ρy_ ðx; tÞ dV ¼ f ðx ; x; tÞ dVx 0 dVx þ bðx; tÞ dVx: ð2:8Þ 
dt P P B \ P P 

The following converse is also true: if (2.8) holds for all subregions P ⊂ B, then 
(2.5) holds. To see this, choose any two subregions N ⊂ B and N 0 ⊂ B such that 

0N ∩ N 0 = ∅ (Fig. 2.2). Also define R = B \ (N ∪ N 0). Since B \ N ¼ N þR and 
0B \ N ¼N þR, it follows that for any f, whether antisymmetric or not, Z Z Z Z Z Z Z Z Z Z

0þ � � � f ðx ; xÞ dVx 0 dVx ¼ 0: 
N B \ N N 0 B \ N 0 N N 0 N 0 N N ∪ N 0 R 

ð2:9Þ 
It follows from the linearity of the integral operator that Z Z Z

þ � ðρÿðx; tÞ � bðx; tÞÞ dVx ¼ 0; 
N N 0 N ∪ N 0 

hence, from (2.8), 
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x′ 

x 

f(x′, x, t ) 

f(x, x′, t ) 

B 

N 

N ′ 

R 

FIG. 2.2 Antisymmetry of f. 

Z Z Z Z Z Z
0þ � f ðx ; xÞ dVx 0 dVx ¼ 0: 

N B \ N N 0 B \ N 0 N ∪ N 0 R 

Subtracting this from (2.9) yields 

Z Z Z Z
0þ f ðx ; xÞ dVx 0 dVx ¼ 0: 

N N 0 N 0 N 

Since this equation must hold for arbitrary disjoint N and N 0, localization results 
in (2.5). Thus, the balance of linear momentum (2.8) implies that f possesses the 
antisymmetry (2.5). 

It is convenient, but not entirely accurate, to think of f(x', x, t) as physically 
representing the force vector (per unit volume squared) that x' exerts on x. The 
reason this interpretation is not accurate is that there is not necessarily a direct 
physical connection between x' and x that gives rise to the force. For example, if L 
is given, the particular f given by (2.6) would generate L regardless of whether 
each x' and x have any direct mechanical interaction, such as a spring connecting 
the two points. 

For a given f field satisfying (2.4) and (2.5), let tð⋅; ⋅; ⋅Þ denote a vector-valued 
function such that 

0 0 0f ðx ; x; tÞ ¼ tðx ; x; tÞ � tðx; x ; tÞ ∀x; x0 2 B; t � 0: ð2:10Þ 
Such a t function can always be found; an example is given by 

0f ðx ; x; tÞ0tðx ; x; tÞ ¼  ∀x; x0 2 B; t � 0:
2 

The function t is called the bond force density and is the basic quantity produced 
by a constitutive model in the peridynamic theory (Fig. 2.3). Like f, the bond 
force density has dimensions of force per unit volume squared. 
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t(x′, x) t(x′, x) 

f(x′, x) 

f(x, x′) 

x 
t(x, x′) 

t(x, x′) 
x′ 

B P 

B \P 

FIG. 2.3 Dual force density f between two points has contributions from the bond force density t 
at both points. 

In order to simplify notation, set 

0 0t ¼ tðx ; x; tÞ; t0 ¼ tðx; x ; tÞ; 
0 0f ¼ f ðx ; x; tÞ; f 0 ¼ f ðx; x ; tÞ 

0y ¼ yðx; tÞ; y0 ¼ yðx ; tÞ; ð2:11Þ
ρ ¼ ρðxÞ; b ¼ bðx; tÞ; 

L ¼ Lðx; tÞ; 
dV ¼ dVx; dV 0 ¼ dVx 0 : 

From (2.4) and (2.10), the force density is given by Z
L ¼ ðt � t0ÞdV 0: ð2:12Þ 

B 

From (2.8) and (2.10), the global balance of linear momentum for any subregion 
P ⊂ B is 

Z Z Z Z
d 

ρy_ dV ¼ ðt � t0Þ dV 0 dV þ b dV : ð2:13Þ 
dt P P B \ P P 

From (2.2) and (2.4), the local balance of linear momentum is Z
ρÿ ¼ f dV 0þb ∀x 2 B; t � 0 ð2:14Þ 

B 

or equivalently, using (2.12), Z
ρÿ ¼ ðt � t0Þ dV 0þb ∀x 2 B; t � 0: ð2:15Þ 

B 



�

88 S. A. Silling and R. B. Lehoucq 

The local balance of linear momentum is also called the equation of motion. By  
setting ÿ ¼ 0 in (2.15), the equilibrium equation is found to be Z

ðt � t0Þ dV 0þb ¼ 0 ∀x 2 B: 
B 

The double integral in (2.13) represents a nonlocal flux of linear momentum 
through the boundary of P. This term is analogous to the contact force on a 
subregion in the classical, local theory. Equation (2.13) is an example of nonlocal 
balance principles whose structure is discussed in Section 2.5. 

2.2. PRINCIPLE OF VIRTUAL WORK 

Boundary and initial conditions can be incorporated into the balance of linear 
momentum (2.15) by formulating a variational problem (Madenci, Oterkus, & 
Barut, 2010). Let B* ⊂ B have a nonzero volume. B* consists of the points where 
the motion is prescribed. Let w(⋅,⋅) be a motion of B, and use the abbreviated 
notation 

0w ¼ wðx; tÞ; w0 ¼wðx ; tÞ: 
The principle of virtual work (PVW) is stated as follows: Z Z Z Z

ρÿ ⋅ w dV þ t ⋅ ðw0� wÞ dV 0dV ¼ b ⋅ w dV ð2:16Þ 
B B B B 

for all motions w such that 

w ¼ 0 on B�: ð2:17Þ 
We now demonstrate that the PVW implies the balance of linear momentum. 
Using the change of variables x ↔ x0 leads to the identity Z Z Z Z

t ⋅ ðw0� wÞ dV 0 dV ¼ �  ðt � t0Þ ⋅ w dV 0 dV : ð2:18Þ 
B B B B 

Inserting (2.18) into (2.16) results in Z Z
ðρÿ� ðt � t0Þ dV 0� bÞ⋅ w dV ¼ 0: 

B B 

Since this must hold for any choice of w satisfying (2.17), it follows that Z
ρÿ ¼ ðt � t0ÞdV 0þb on B \ B : 

B 

This leads to the initial boundary value problem for the balance of linear 
momentum (2.15) 
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8 R< ρÿ ¼ ðt � t0Þ dV 0þb on B \ B ; 
B � � ð2:19Þ > y ¼ y on B ; :

y_ ð⋅; 0Þ ¼ v0ð⋅Þ on B \ B ; 

where y* and v0 are prescribed functions. Conversely, working backwards shows 
that any solution of the initial boundary value problem (2.19) also satisfies the 
PVW statement (2.16). 

2.3. BALANCE OF ANGULAR MOMENTUM 

Let B be a closed, bounded body, and as before, let P ⊂ B be a subregion. The 
angular momentum in P with respect to an arbitrary reference point y0 is defined 
by Z

AðPÞ ¼ ðy � y0Þ � ρy_ dV : ð2:20Þ 
P 

This definition asserts that there are no hidden variables or degrees of freedom 
other than velocity that contain angular momentum. Since y_ �ρy_ ¼ 0, (2.20) 
implies Z

_AðPÞ ¼ ðy � y0Þ � ρÿ dV : 
P 

From this and (2.2), Z
_AðPÞ ¼ ðy � y0Þ � ðL þ bÞ dV : ð2:21Þ 

P 

Global balance of angular momentum on B requires that the rate of change of total 
angular momentum equal the total moment due to external forces: Z

_AðBÞ ¼ ðy � y0Þ � b dV : ð2:22Þ 
B 

This equation asserts that there are no external moments other than those arising from 
b. Comparing (2.21) with (2.22) and setting P ¼ B places a restriction on L: Z

ðy � y0Þ � L dV ¼ 0; ð2:23Þ 
B 

which means that the moments generated by internal forces must be self-
equilibrated. Conversely, (2.21) and (2.23) imply (2.22). 

Suppose the bond force density field t is such that Z
ðy0� yÞ � t dV 0¼ 0 ∀x 2 B; t � 0: ð2:24Þ 

B 
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A bond force density field satisfying (2.24) will be called nonpolar. This name is 
chosen to contrast the present situation with “micropolar” continuum theories that 
permit a nonzero moment to be exerted on material points: the definition (2.24) 
asserts that the net moment about y(x, t) exerted by t(⋅,x) vanishes. Micropolar 
theory has been proposed, for example, as a way of modeling granular flow 
(Kanatani, 1979). A micropolar peridynamic model has been proposed (Gerstle 
et al., 2007) but is beyond the scope of this chapter. 

If t is nonpolar, then the global balance of angular momentum on B necessarily 
holds. To see this, compute the left-hand side of (2.23) using (2.4), (2.7), and 
(2.10): Z Z Z

ðy � y0Þ � L dV ¼ ðy � y0Þ � f dV 0dV 
B B B Z Z Z Z

¼ y � f dV 0dV � y0 � f dV 0dV 
B B B B Z Z

¼ y � ðt � t0ÞdV 0dV : 
B B 

Using the change of variables x ↔ x0 to eliminate the t0 term and using (2.24) lead to Z Z Z
0ðy � y0Þ � L dV ¼ ðy � y Þ � t dV 0 dV ¼ 0; 

B B B 

so (2.23) holds. As discussed above, this implies that the global balance of 
angular momentum on B (2.22) holds. 

Next, we further investigate the balance of angular momentum on subregions 
and use the results to derive the local balance of angular momentum. Assume that t 
is nonpolar, let P⊂B be a subregion, and let y0 = 0. From (2.4), (2.10) and (2.21), Z Z Z

_AðPÞ ¼ y � ðt � t0ÞdV 0dV þ y � b dV : 
P B P 

Add the expression 
y0 � t � y0 � t 

to the integrand in the double integral. Rearranging yields Z Z Z Z Z
A_ ðPÞ ¼ ðy � y0Þ � t dV 0dVþ ðy0 � t � y � t0Þ dV 0dV þ y � b dV : 

P B P B P 

ð2:25Þ 
Since the bond force densities are nonpolar, by (2.24), the first term on the right-
hand side vanishes. Also, the integrand in the second term is antisymmetric in x 

0and x ; therefore, Z Z
ðy0 � t � y � t0Þ dV 0 dV ¼ 0: 

P P 
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So, (2.25) implies Z Z Z
_AðPÞ ¼ ðy0 � t � y � t0Þ dV 0 

dV þ y � b dV ; 
P B \ P P 

or, recalling (2.20), Z Z Z Z
d 

y � ρy_ dV ¼ ðy0 � t � y � t0Þ dV 0 
dV þ y � b dV ; ð2:26Þ 

dt P P B \ P P 

which holds for any P ⊂ B. Equations (2.21) and (2.26) are equivalent statements 
of the global balance of angular momentum for a subregion under the assumption 
of nonpolar bond force densities. The structure of (2.26) is similar to that of (2.13) 
in that the two terms on the right-hand side represent nonlocal flux and source 
rate. The underlying structure of balance principles of this type is discussed 
further in Section 2.5. 

By localizing (2.26), a form of the local balance of angular momentum is 
obtained: Z

y � ρÿ ¼ ðy0 � t � y � t0Þ dV 0þ y � b ∀x 2 B; t � 0: 
B 

This equation is equivalent to (2.24). 

2.4. BALANCE OF ENERGY 

Let q(x0 , x, t) denote the rate of heat transport, per unit volume squared, from x' 
to x. It is required that q be antisymmetric: 

0 0qðx; x ; tÞ ¼  �  qðx ; x; tÞ ∀x; x0 2 B; t � 0: ð2:27Þ 
Nonlocal heat transport is assumed here for consistency with the mechanical 
model, although the subsequent development of the energy balance could be 
repeated with a local heat model. Nonlocality is important in radiative heat 
transport. In the limit of small interaction distances, nonlocal heat conduction is 
physically the same as the local model. 

Let r (x, t) denote the heat source rate at x. The rate at which heat is supplied to 
a subregion P ⊂ B is given by Z Z Z

QðPÞ ¼ q dV 0 dV þ r dV ; ð2:28Þ 
P B \ P P 

where the abbreviation q = q (x0 , x, t) is used. Taking the scalar product of both 
sides of the balance of linear momentum (2.15) with the velocity v and integrating 
over P result in 
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Z Z Z Z
d ρv ⋅ v 

dV ¼ ðt � t0Þ ⋅ v dV 0dV þ b ⋅ v dV : ð2:29Þ 
dt P 2 P B P 

The identity 

0 0ðt � t0Þ ⋅ v ¼ ðt ⋅ v � t0 ⋅ vÞ �  t ⋅ ðv � vÞ 

implies that for all P ⊂ B, Z Z Z Z Z Z
ðt � t0Þ ⋅ v dV 0dV ¼ ðt ⋅ v0�t0 ⋅ vÞ dV 0 dV � t ⋅ ðv0�vÞ dV 0 dV
 

P B P B P B
 Z Z Z Z
¼ ðt ⋅ v0�t0 ⋅ vÞ dV 0 dV � t ⋅ ðv0�vÞ dV 0 dV ; 

P B \ P P B 

ð2:30Þ 
where the antisymmetry of the dual power density defined by 

0pdðx ; xÞ ¼  t ⋅ v0� t0 ⋅ v ð2:31Þ 
was used in the last step. Using (2.30), we may rewrite (2.29) as the power balance 

_KðPÞ þ WabsðPÞ ¼ W supðPÞ; ð2:32Þ 
where the kinetic energy in P is defined by Z

ρv ⋅ v KðPÞ ¼ dV ; 
P 2 

the power absorbed by P is defined by Z Z
WabsðPÞ ¼ t ⋅ ðv0�vÞ dV 0 dV ; ð2:33Þ 

P B 

and the power supplied to P is defined by Z Z Z
W supðPÞ ¼ ðt ⋅ v0�t0 ⋅ vÞ dV 0 dV þ b ⋅ v dV : 

P B \ P P 

We postulate the following global form of the first law of thermodynamics: 

EðPÞ þ  KðPÞ ¼ W supðPÞ þ QðPÞ; ð2:34Þ 
where EðPÞ is the internal energy in P. Subtracting (2.32) from (2.34) results in 

_EðPÞ  ¼  WabsðPÞ þ QðPÞ: ð2:35Þ 
This result asserts that the rate of change of internal energy is the sum of the 
absorbed power and the rate of heat supplied. 

Using (2.27), it follows from the definitions (2.28) and (2.33) that both Wabs 

and Q are additive quantities, i.e., for P1; P2 ⊂ B, where P1 ∩ P2 ¼ ∅, 
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WabsðP1 ∪ P2Þ ¼ WabsðP1Þ þWabsðP2Þ; ð2:36Þ 
QðP1 ∪ P2Þ ¼ QðP1Þ þ QðP2Þ: ð2:37Þ 

Therefore, by (2.35), the internal energy E is also additive. It follows that there 
exists a scalar quantity εðx; tÞ called the internal energy density such that Z

EðPÞ ¼ ε dV : ð2:38Þ 
P 

From (2.28), (2.33), (2.35), and (2.38), 

Z Z Z Z Z Z
ε dV ¼ 0 _ t ⋅ ðv � vÞ dV 0 dV þ q dV 0 dV þ

P B \ P 
r dV : ð2:39Þ 

P P B P 

By (2.27), Z Z Z Z
q dV 0 dV ¼ q dV 0 dV : 

P B \ P P B 

From this and (2.39), 

Z � Z Z �
0t ⋅ ðv � vÞdV 0þ qdV 0þr 

B 
_ ε þ

P B 
dV ¼ 0: 

Since this must hold for any P ⊂B, localization leads to the local statement of the 
first law of thermodynamics: 

_ε ¼ pabs þ h þ r; 

where the local heat transport rate at x is defined by Z
h ¼ qdV 0 

B 

and the absorbed power density at x is defined by Z
pabs ¼ t ⋅ ðv0� vÞ dV 0: ð2:41Þ 

B 

Here, pabs is the analogue of the stress power in the classical theory. 
It is worthwhile to contrast the peridynamic power balance developed in this 

section with earlier approaches that lead to nonadditive definitions of internal 
energy. The key difference lies in our usage of the peridynamic quantities 
absorbed and supplied power, rather than the traditional ideas of internal and 
external power that appear in literature on the thermodynamics of nonlocal media. 
To see this, define the internal and external power by 

ð2:40Þ 
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Z Z
W intðPÞ ¼ f ⋅ v dV 0 dV ; 

P P 

Z Z Z
WextðPÞ ¼ f ⋅ v dV 0 dV þ b ⋅ v dV : 

P B \ P P 

W intðPÞ consists of the rate of work done on material points in P by interactions 
with other points in P. WextðPÞ represents the work done by all other interactions, 
including body forces. These quantities are related to Wabs and W sup via Z Z

WabsðPÞ ¼ �W intðPÞ þ t ⋅ ðv0�vÞ dV 0 dV 
P B \ P Z Z

W supðPÞ ¼ WextðPÞ þ t ⋅ ðv0�vÞ dV 0 dV : 
P B \ P 

Inserting the above expressions for the absorbed and supplied power replaces 
(2.32) with the following alternate statement of the power balance: 

_KðPÞ � W intðPÞ ¼ WextðPÞ: 
However, Gurtin and Williams (1971) demonstrate that W int and Wext are not 
additive quantities, in the sense of (2.37), leading to their conclusion that there is 
no additive notion of the internal energy density analogous to (2.35). The anti
symmetretry of the dual power density pd defined in (2.31) is also necessary for 
the additivity of the absorbed and supplied power expenditures. As the next 
section demonstrates, additivity and antisymmetry are intrinsic to well-formulated 
nonlocal balance laws. 

2.5. MASTER BALANCE LAW 

The global balances of linear momentum (2.13), angular momentum (2.26), 
and energy (2.34) over any subregion P ⊂ B possess the following canonical 
structure: Z Z Z

_EðPÞ ¼ 
P B \ P 

D dV 0dV þ 
P 
s dV ; ð2:42Þ 

where Dð ⋅ ; ⋅ Þ : B � B  →Rd and sð ⋅ Þ : B →Rd . Here, d = 1  if  E is scalar valued 
or d = 3 if it is vector valued. It is assumed that D is antisymmetric: 

0Dðx ; xÞ ¼ �  Dðx; x0Þ ∀x; x0 2 B: ð2:43Þ 
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(In the remaining discussion, the abbreviations D = D(x', x) and s = s(x) are used, 
and t does not appear explicitly.) The balance (2.42) states that the rate of change 
of the extensive quantity EðPÞ is composed of two terms. The first term repre
sents interactions between P and its exterior. The second term represents external 
sources. The functions D and s are called the dual interaction density and the 
source rate respectively. Equation (2.43) implies Z Z Z Z

D dV 0 dV ¼ D dV 0 dV ; 
P B \ P P B 

hence (2.42) may be rewritten as Z Z Z
_EðPÞ ¼ D dV 0 dV þ s dV : ð2:44Þ 

P B P 

From (2.44), it is immediate that 

EðP1 ∪ P2Þ ¼  EðP1Þ þ  EðP2Þ; 
where P1 and P2 are any two disjoint subregions of B. This establishes that E is 
additive. It follows that there exists a density function e on B such that Z

EðPÞ ¼ e dV 
P 

for any subregion P ⊂ B. Inserting this expression into (2.44), localization leads 
to the local balance Z

e_ ¼ D dV 0 þ s: ð2:45Þ 
B 

Table 2.1 lists the dual interaction densities and source rates for the three nonlocal 
balances previously introduced. 

We now demonstrate that the master balance law (2.42) can be written in a 
more traditional form, i.e., the first term on the right-hand side of (2.42) corre
sponds to a nonlocal flux acting on the boundary of P. This is accomplished by 
invoking two lemmas due to Noll (1955) (also see Lehoucq & von Lilienfeld-
Toal, 2010) and crucially depends upon the antisymmetry of D. 

TABLE 2.1 Global balance principles 

Balance (Eq.) e D s 

Linear momentum (2.13) ρ _y t � t0 b 
Angular momentum (2.26) 
Energy (2.34) 

y � ρ _y 
ε þ ρ _y ⋅ _y 

2 

y0�t � y � t0 

q þ t⋅y0 � t0⋅y 
y � b 
r þ b⋅ _y 

y denotes the motion of the body B, and P ⊂ B. 
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Suppose that the dual interaction density D is antisymmetric and continuously 
differentiable, and that 

jDðx; x0Þj �Kjx � x0j� ℓ x 2 B; x0 2 ℝ3\B; 
for positive constants K and ℓ < 3. Then Noll's lemma I provides a closed form 
expression for a tensor of order one1 or two, Z Z 11

TðxÞ ¼  �  Dðx þ λz; x � ð1 � λÞzÞ dλ � zdV ; ð2:46Þ
2 ℝ3 0 

such that Z
∇ ⋅T ¼ DdV 0: 

B 

Noll's lemma II then implies that Z Z Z Z Z
∇ ⋅TdV ¼ DdV 0dV ¼ DdV 0dV ; ð2:47Þ 

P P B P B \ P 

where the antisymmetry of the dual density D is invoked for the second equality. 
Using the divergence theorem, this allows us to rewrite the master balance law 
(2.42) in the familiar form2 

Z Z
_EðPÞ ¼ Tn dV þ s dV : 

∂ P P 

Localization then gives the counterpart of (2.45) as 

e_ ¼ ∇ ⋅T þ s: 

Noll (2010) calls T a reacher. This terminology draws a distinction with the 
abstract notion of a contactor corresponding to a surface interaction. For instance, 
when the interaction is a force, a contactor is a contact stress associated with the 
classical continuum notion of contact force. 

The conclusion of Noll's lemma II given by (2.47) implies that Z
Tn dV ¼ 0; 

∂ B 

and equivalently expresses that the sum of the internal interactions in the body is 
zero. 

1 The integrand is understood as Z 1 

z Dðx þ λz; x � ð1 � λÞzÞdλ 
0 

for a tensor of order one, or flux vector, T. 
2 When the tensor T is of order one, then Tn is understood to be T ⋅n. 
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As shown in Section 2.1 for the case D = f, the second equality in (2.47) 
implies the antisymmetry of D that was assumed in (2.43). Lehoucq and Silling 
(2008) provide an expression (see 6.3 below) for the peridynamic stress tensor 
in terms of the bond force density. This expression is derivable from (2.46) with 
D = f. 

3. Peridynamic States: Notation and Properties 

The remainder of this chapter largely involves mappings from pairs of points 
(x, x') to some quantity. As an aid to keeping track of these mappings, it is 
convenient to introduce objects called “peridynamic states.” Consider a body B. 
Let δ be a positive number, called the horizon. For a given x 2B, let Hx be the 
neighborhood of radius δ with center x (Fig. 3.1). Define the family of x by 

H ¼  ξ 2 ðℝ3 \ 0Þjðξ þ xÞ 2  ðHx ∩ BÞ : 
A vector ξ 2 H  is called a bond connected to x. H differs from Hx in that the 
former is centered at 0 and contains bonds, while the latter is centered at x and 
contains position vectors of material points. 

A peridynamic state Ah ⋅ i is a function on H. The angle brackets h ⋅ i enclose 
the bond vector; parentheses and square brackets will be used later to indicate 
dependencies of the state on other quantities. A state need not be a differentiable 
or continuous function of the bonds in H. 

If the value Ahξi is a scalar, then A is a scalar state. The set of all scalar states 
is denoted S. Two special scalar states are the zero state and the unity state 
defined respectively by 

0hξi¼0; 1hξi¼1 ∀ξ 2 H: 

0 
δ 

ξξ 

x 

x′ 

Hx 
H 

B 

FIG. 3.1 The family H contains the relative position vectors (bonds) connecting x to points such 
as x' within a distance δ of x. 
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If the value of Ahξi is a vector, then A is a vector state. The set of all vector states 
is denoted V. Two special vector states are the null vector state and the identity 
state defined by 

0hξi ¼  0; Xhξi ¼  ξ ∀ξ 2 H; ð3:1Þ 
where 0 is the null vector. 

An example of a scalar state is given by 

ahξi ¼  3c ⋅ ξ ∀ξ 2 H; 

where c is a constant vector. An example of a vector state is given by 

Ahξi ¼  ξ þ c ∀ξ 2 H: 

Another useful kind of state, called a double state, maps pairs of bonds ξ; ζ 2 H  
into second-order tensors and is written Ahξ; ζi. The set of all double states is 
denoted D. 

In the following, a and b are scalar states, A and B are vector states, and V 
is a vector. Some elementary operations on states are defined as follows, for 
any ξ 2 H: 

ða þ bÞhξi ¼  ahξiþ bhξi; ðA þ BÞhξi ¼  AhξiþBhξi 

ðabÞhξi ¼  ahξibhξi; ðaBÞhξi ¼  ahξiBhξi 

ðA ⋅ BÞhξi ¼  Ahξi ⋅ Bhξi; ðA � BÞhξi ¼ ðAhξiÞ � ðBhξiÞ 

ðA � BÞhξi ¼  AhBhξii; ðA ⋅ VÞhξi ¼ ðAhξiÞ ⋅ V; 

where the symbol ⋅ indicates the usual scalar product of two vectors in ℝ3 and 
� denotes the dyadic (tensor) product of two vectors. Also define a scalar state 
jAj by 

and the dot products 

jAjhξi¼jAhξij ð3:2Þ 

Z Z
a • b ¼ 

H 
ahξibhξidV ξ ; A • B ¼ 

H 
Ahξi ⋅ BhξidVξ ; ð3:3Þ 

where, once again, the symbol ⋅ denotes the scalar product of two vectors in ℝ3 . 
The norm of a scalar state or a vector state is defined by pffiffiffiffiffiffiffiffiffiffiffipffiffiffiffiffiffiffiffiffijjajj¼ a • a; jjAjj¼ A • A: ð3:4Þ 
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Most of the constitutive models in peridynamics involve functions of states, 
and it is helpful to define a notion of derivatives of such functions. If y(⋅) 
S→ℝ is a function of a scalar state, its Fréchet derivative ∇y, if it exists, is 
defined by 

yðA þ aÞ ¼  yðAÞ þ  ∇yðAÞ • a þ oðjjajjÞ ð3:5Þ 
for all scalar states A and a. ∇y is a scalar state. 

If Yð ⋅ Þ : V→ ℝ is a function of a vector state, its Fréchet derivative ∇Y, if it  
exists, is similarly defined by 

YðA þ aÞ ¼  YðAÞ þ  ∇YðAÞ • a þ oðjjajjÞ 
for all vector states A and a. ∇Y is a vector state. 

For functions of more than one state, for example, YðA; BÞ, 

ð3:6Þ 

the Fréchet 
derivatives with respect to the two arguments will be denoted YA and YB 

respectively. The notation ∂=∂A denotes the derivative of a function with respect 
to A, if the argument depends either directly or indirectly on A. For example, if 
f (⋅):ℝ→ℝ, then 

∂ 
f ðyðAÞÞ ¼ ∇�ðAÞ; �ðAÞ : ¼ f ðyðAÞÞ: 

∂A 

In this case, it is easily shown from (3.5) that the following chain rule applies: 

∂ 
f ðyðAÞÞ ¼ f 0ðyðAÞÞ∇yðAÞ;

∂A 

where f 0 denotes the first derivative of f. 
The operations on states such as the dot product defined above occur 

repeatedly in manipulations, but their use does not restrict the physics that can 
be modeled. Note that S, V, and D are infinite dimensional linear vector spaces 
(assuming that H contains an infinite number of bonds), but this does not preclude 
the modeling of nonlinear behavior. For example, the discussion of constitutive 
modeling in Section 4 deals with nonlinear functions of states. 

A state field is a state-valued function of position in B and possibly time. These 
dependencies are written in square brackets: 

A½x; t	 
for any x 2 H  and t � 0. An example of a scalar state field is given by 

a½x; t	hξi¼jξ þ xjt ∀ξ 2 H; x 2 B; t � 0: 
Finally, the dependence of a state-valued function of other quantities is written in 
parentheses, for example, 

AðBÞ: 
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An example of a state-valued function of a vector state is given by 

aðBÞ ¼ jBj3; 
i.e., using the definition (3.2), 

3 aðBÞhξi ¼ jBhξij ∀ξ 2 H; x 2 B; t � 0: 
A vector state is analogous to a second-order tensor in the classical theory, 

because it maps vectors (bonds) into vectors. However, the mapping performed 
by a vector state is not necessarily a linear transformation on the bond vectors, i.e., 
Ahξi is not necessarily a linear function of ξ. The additional notation described 
above is needed because of this nonlinearity and nonlocality. 

The mappings defined by states provide the fundamental objects on which 
constitutive models operate in the nonlocal setting of peridynamics. In the 
classical theory, a constitutive model for a simple material specifies a tensor 
(stress) as a function of another tensor (deformation gradient). In the peridynamic 
theory, a constitutive model instead provides a vector state (called the force state) 
as a function of another vector state (called the deformation state). The way this 
works is discussed in the next section. 

4. Constitutive Modeling 

The discussion in Section 2 introduced the bond force density field t without 
specifying how this t is determined in a particular motion. This determination is 
provided by the constitutive model, also called the material model, which contains 
all information about the response of a particular material. In the peridynamic 
theory, the constitutive model supplies t (x0 , x, t) in terms of the deformation at 
any given time, the history of deformation, and any other physically relevant 
quantities. This discussion does not include damage, which is the subject of 
Section 8. 

The state that maps bonds connected to x into their deformed images is called 
the deformation state and denoted Y[x, t]. Angle brackets are used to indicate a 
bond that this state operates on. For a motion y, at any t � 0, 

0Y½x; t	hx0� xi ¼  yðx ; tÞ �  yðx; tÞ ð4:1Þ 
for any x 2B  and any x0 2 B  such that x0�x 2H  (Fig. 4.1). The values of any 
t(x0 , x, t) are given by the force state T: 

0tðx ; x; tÞ ¼  T½x; t	hx0� xi: ð4:2Þ 
With this definition, the absorbed power density defined in (2.41) takes the form 

pabs ¼ T • Y_ ; ð4:3Þ 
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x′ 
ξ 

x 

y(·, t) 

y(x, t) 

Y[x, t] 〈ξ〉 

y(x′, t) 

B Bt 

FIG. 4.1 The deformation state Y[x, t] maps each bond in the family of x to its deformed image. 

where the dot product is defined in the previous section. Recall that this absorbed 
power density is the peridynamic analogue of the stress power σ ⋅ F_ , where σ is the 
Piola stress tensor and F = ∂y/∂x is the deformation gradient tensor. 

In terms of the force state, the equation of motion (2.15) has the form Z
0ρðxÞÿðx; tÞ ¼  ðT½x; t	hx0� xi �  T½x ; t	hx � x0iÞdVx 0 þ bðx; tÞ ð4:4Þ 

B 

for all x 2B, t � 0. The equilibrium equation is then Z
B 
T½x	hxð 0� xi �  T½x0	hx � x0iÞdVx 0 þ bðxÞ ¼  0 

for all x 2B. 

4.1. SIMPLE MATERIALS 

The constitutive model determines the force state at any x and t. For a simple 
material and a homogeneous body, the force state depends only on the deforma
tion state: 

T½x; t	 ¼  T̂ ðY½x; t	Þ; 
where T̂(⋅):V→V is a function whose value is a force state. Suppressing from the 
notation, the dependence on x and t, 

T ¼ T̂ ðYÞ ð4:5Þ 
which is analogous to the Piola stress in a simple material in the classical theory, 
σ = σ̂ (F). If the body is heterogeneous, an explicit dependence on x is included: 

T ¼ T̂ ðY; xÞ: 
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If the material is rate dependent, the constitutive model would additionally depend 
on the time derivative of the deformation state: 

T ¼ T̂ ðY; Y_ ; xÞ: 

4.2. KINEMATICS OF DEFORMATION STATES 

The deformation state defined in (4.1) provides a mapping from each bond ξ in 
the family of x to its deformed image Yhξi. It is assumed that at any t � 0, y(⋅,t) is  
invertible: 

x1 6 x1; tÞ ¼ yðx2; tÞ ∀x1; x2 2 B:¼ x2 ¼) yð 6
This assumption implies 

Yhξi 6 ∀ξ 2 H:¼ 0 
Otherwise, there are essentially no kinematical restrictions on Y. All of the 
following are allowed: 

• Nondifferentiability (as might occur near an inclusion or a phase boundary). 
• Discontinuities (such as a crack). 
• Voids and other defects. 

However, not all these allowable features would appear, or be capable of appear
ing, in a given application. 

4.3. DIRECTIONAL DECOMPOSITION OF A FORCE STATE 

As discussed in Section 2.3, bond force densities are assumed to be nonpolar, 
as defined in (2.24). This provides an admissibility condition on the constitutive 
model. In terms of the force state, the condition for nonpolarity is written as Z

Yhξi� T̂ ðYÞhξidV ξ ¼ 0 ∀Y 2 V: ð4:6Þ 
H 

This requirement means that the force state at x exerts no net moment on a small 
volume surrounding B \ x. 

For any deformation state Y, define the direction state by 

Y 
M ¼ ð4:7Þ jYj 

(see (3.2) for notation). Using the abbreviation T ¼ T̂ ðYÞ, define the collinear 
and orthogonal parts of the force state by 

T∥ ¼ ðM �MÞT; T⊥ ¼ T � T∥: ð4:8Þ 
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Thus, for any ξ 2H, 

T∥hξi ¼ ðMhξi ⋅ ThξiÞMhξi ð4:9Þ 
which is parallel to the deformed bond. Similarly, T ⊥hξi is orthogonal to the 
deformed bond. From (4.7) and (4.9), Z

Yhξi�  T∥hξidV ξ ¼ 0 
H 

regardless of the constitutive model. From this and the second equation of (4.8), 
the condition for nonpolarity (4.6) is equivalent to Z

Yhξi�  T⊥hξidV ξ ¼ 0: 
H 

T is called ordinary if, for all Y 2V, ^The constitutive model

T∥ ¼ T; ð4:10Þ 
where T ¼ T ðYÞ. Otherwise, the constitutive model is nonordinary. From (4.6) 
and (4.10), evidently all ordinary constitutive models are nonpolar. (The converse 
of this is not true.) 

^

4.4. EXAMPLES 

An example of a simple peridynamic material model is given by 

Y 
∀Y 2 V; T̂ ðYÞ ¼  aðjYj�jXjÞM; jYj 

where a is a constant. Writing this out in detail, 

Yhξi 

M ¼ 

Thξi ¼  aðjYhξij�jξjÞ ∀Y 2 V;jYhξij 
for any bond ξ 2H. In this material, the magnitude of the bond force density 
vector t is proportional to the bond extension (change in length of the bond). The 
direction is parallel to the deformed bond. In this example, the bonds respond 
independently of each other: Thξi depends only on Yhξi. Materials with this 
property are called bond based and are discussed in Section 4.7. 

A much larger class of materials incorporates the collective response of bonds. 
This means that the force density in each bond depends not only on its own 
deformation, but also on the deformation of other bonds. A simple example is 
given by 

Thξi¼aðjYhξij�jYh�ξijÞMhξi: 
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In this material, the bond force density for any bond ξ is proportional to the 
difference in deformed length between itself and the bond opposite to ξ. (Note that 
in general Yh�ξi 6¼�Yhξi, since the two bonds ξ and �ξ can deform indepen
dently of each other.) This material is an example of a bond-pair model, discussed 
in Section 4.12. 

The mean elongation of all the bonds in a family is defined by Z Z
1 

e ¼ ðjYhξij�jξjÞ dVξ ; VH ¼ dV : 
VH H H 

A material model in which the magnitudes of forces in the bonds are identical to 
each other and depend only on the mean elongation is provided by 

T ¼ aeM: 

In Section 4.10, the mean elongation in the bonds (weighted by scalar state) is 
used to define a nonlocal volume change. This provides a way to characterize an 
isotropic solid using the conventional bulk modulus and shear modulus. 

4.5. THERMODYNAMIC RESTRICTIONS ON CONSTITUTIVE MODELS 

In this section, it is shown that the force state can be related to a free energy 
function, which is subject to certain restrictions due to the second law of thermo
dynamics. The first law of thermodynamics asserts the equivalence of mechanical 
energy and heat energy. At any point x 2B, the local form of the first law (2.40) 
with the absorbed power density given by (4.3) takes the form 

_

_ 

Y þ h þ r; 

where ε is the internal energy density, h is the rate of heat transfer due to 
interaction with other points in B, and r is a prescribed source rate (all these 
quantities are per unit volume in the reference configuration). 

The second law of thermodynamics is postulated to take the following form of 
the Clausius–Duhem inequality: 

θη � r þ h; ð4:12Þ 

ε ¼ T • ð4:11Þ _ 

____

where θ is the absolute temperature and η is the entropy density. Now define the 
free energy density by 

y ¼ ε � θη: ð4:13Þ 
Following Coleman and Noll (1963), certain restrictions on the constitutive 

response will now be derived. Taking the time derivative of (4.13) leads to 

y ¼ ε θ η  � θη : 



_ _

_ _

_ _

_ _

_ _
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From this and (4.11), it follows that 

y ¼ T • Y_ þ h þ r � θ η� θη_ : ð4:14Þ 
Combining this expression with (4.12), the variables ε, η̇, and r are eliminated to 
yield 

_T • Y � θ η� y � 0: ð4:15Þ 
Now assume that y and η have the following dependencies: 

y ¼ yðY; Y ; θÞ; η ¼ ηðY; Y ; θÞ; 
_hence y involves the Fréchet derivatives of y with respect to Y and Y_ , which are 

denoted yY and yY_ respectively: 

_y ¼ yY • Y þ y _ • Ÿ þ yθθ;Y 

with a similar expression for η̇ . Combining these with (4.15) leads to 

_ðT � yYÞ • Y_ � y • Ÿ � ðyθ þ ηÞθ � 0: ð4:16ÞY_

The method of Coleman and Noll assumes that, in the present case of peridy
__namics, the quantities Y , Ÿ, and θ can, in principle, be varied independently. The 

inequality (4.16) must hold for all such choices. This results in the following 
conclusions: 

η ¼ �yθ; yY_ ¼ 0: 

The first of these is a standard relation in thermodynamics. The second states that 
the free energy is independent of Y_ . Next, following Fried's development (Fried, 
2010) for the thermodynamics of discrete particles, decompose the force state into 
parts that are independent of and dependent on Y_ respectively: 

TðY; Y ; θÞ ¼ TeðY; θÞ þ TdðY; Y ; θÞ; ð4:17Þ 
where the superscript e stands for “equilibrium” and d stands for “dissipative.” 

_Then, setting θ = 0 and Ÿ = 0 in (4.16) and using (4.17), 

TeðY; θÞ � yYðY; θÞ • Y_ þ TdðY; Y_ ; θÞ • Y_ � 0; 

where the terms that are independent of Y_ have been grouped together. The 
conclusions are therefore 

TeðY; θÞ ¼ yYðY; θÞ ð4:18Þ 
and 

TdðY; _Y ; θÞ • _Y � 0: ð4:19Þ 
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Equation (4.19) is the dissipation inequality for rate-dependent materials in 
peridynamics, and it must hold for all choices of Y . 
dependent part of the constitutive model must dissipate energy at a nonnegative 
rate. Interestingly, (4.19) does not imply that 

_ It states that the rate

Tdhξi ⋅Y hξi�0 

In other words, there can be some bonds that “generate energy” provided there are 
other bonds that dissipate at least this much energy. A version of the dissipation 
inequality for materials undergoing damage will be discussed in Section 8.2. 

_

4.6. ELASTIC MATERIALS 

_

_

If the free energy density depends only on Y, the material is called elastic, and 
by convention the free energy density is called the strain energy density and 

W ¼ T •Y 

^

∀ξ 2 H: 

denoted as W ¼ W Yð Þ. Then by (4.18), 

ð4:20Þ 
for any Y and 

Since

^

^^

^

T ¼ WY: 

^ is a function of only one variable, this can also be written as W 

T ¼ ∇W : ð4:21Þ 
For a body composed of an elastic material (not necessarily homogeneous), by 
setting w = _y in the PVW expression (2.16) and using (4.2) and (4.20), it follows 
that for an elastic material, 

_
_

Z Z Z

d ρy ⋅ y d 
dV þ WdV  ¼ 

dt B 
b ⋅ y_ dV : 

dt B 2 B 

Thus, as in the classical theory, work performed on an elastic peridynamic body 
by external loads is converted into a combination of kinetic energy and recover
able strain energy. 

Ŵ 
material is as follows. Suppose the family is deformed, then held fixed. Choose 
a single bond ξ, surrounded by a small volume dV. While continuing to hold all 
other bonds fixed, increment the position of the small volume by a small vector e. 
If the material is elastic, then there is a vector t, independent of e, such that the 
resulting change in W is given by 

dW ¼ t ⋅ e dV : 

A mechanical interpretation of the Fréchet derivative of in an elastic 
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The value of this vector is t = Thξi. An elastic material model can be either 
ordinary or nonordinary: elasticity does not require that Thξ i ∥ Yhξ i. 

4.7. BOND-BASED MATERIALS 

Suppose that each bond has its own constitutive relation, independent of the 
others. Then there is a function t̂(⋅,⋅) on  ℝ3 �H such that 

Thξi ¼ t̂ðYhξi; ξÞ ð4:22Þ 
for all Y 2 V and all ξ 2H. Such a material model is called bond based. 

The requirement of nonpolarity (4.6) implies that any bond-based material 
model is ordinary. To see this, suppose that it is nonordinary. Then, by definition, 
there is some deformation state Y0 and some bond ξ0 such that 

c : ¼Y0hξ0i� t0 6 t0 ¼ ^ :¼ 0; tðY0hξ0i; ξ0Þ
Start with this Y0 and let all other bonds except ξ0 be held fixed while ξ0 is further 
deformed. (Strictly speaking, we are deforming the material point x þ ξ0, while 
holding all other material points fixed, where x is the point whose constitutive 
model is under consideration.) Because (4.6) must continue to hold during this 
process, any choice of Yhξ0i leaves Yhξ0i�t̂ðYhξ0i; ξ0Þ unchanged, that is, 

z � t̂ðz; ξ0Þ ¼ c ð4:23Þ 
for any vector z ¼ Yhξ0i. One such choice is 

z ¼ αc; 

where α is a nonzero scalar with the appropriate dimensions for this expression to 
make sense. Then by (4.23), 

αc � t̂ðαz; ξ0Þ ¼ c: 

This can only hold if c = 0, proving that the material model is ordinary.3 

In an elastic bond-based body, there is a scalar-valued function ŵ(p,ξ) called 
the bond potential, where p is a vector, such that Z

Ŵ ðYÞ ¼  ŵðYhξi; ξÞdV ξ ; t̂ðYhξi; ξÞ ¼ ŵpðYhξi; ξÞ: ð4:24Þ 
H 

Note that the first argument of ŵ in this integrand is a vector, not a vector state. 
ŵp denotes the partial derivative with respect to this argument. 

3 The discussion of this result in Silling (2000) is flawed because it treats only pairs of material points 
in isolation from all other material points, neglecting the possibility that these other points could 
somehow cancel out a couple between the pair. 
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Recall the result proved above that any bond-based material model is ordinary. 
An implication of this result for elastic bond-based materials is that ( ) canξ^ pw , 
depend on p only through |p|, that is, through the deformed length of the bond. To 
confirm this, choose a deformed bond vector p and consider a rotation of this 
vector at some angular velocity ω. Then dp /dt = ω�p. Therefore, 

d dp 
wðp; ξÞ ¼ w pðp; ξÞ ⋅ w pðp; ξÞ ⋅ ðω � pÞ

dt dt 

Since the material is ordinary, there is some scalar β, with appropriate dimensions, 

^

such that 

^^ ¼ : 

w pðp; ξÞ ¼ βp: 

Combining the last two equations, 

^

d 
dt 

⋅ξ β ωð Þ ¼ ð � Þ^ ;w p p p : 

^

Since, for any vector ω, p ⊥ (ω�p), it follows that 

d 
wðp; ξÞ ¼ 0: 

dt 
This proves that ^

^


^
w(p,ξ) is unchanged by a rigid rotation of p; therefore, w 
depends on p only through |p|. So, we can write, for an elastic bond-based 
material model, 

wðp; ξÞ ¼ wðe; ξÞ; e ¼ jpj�jξj 

^

for some function w. Then, by the first of (4.24), Z
W ðYÞ ¼  wð

H 
ehξi; ξÞdV ξ ; 

^

where e is the scalar extension state, defined by 

e ¼ jYj�jXj or ehξi ¼ jYhξij�jξj ∀ξ 2 H: 

Let the partial derivative of w(e,ξ) with respect to e be denoted as weðe; ξÞ. By the 
second of (4.24) and the chain rule, 

Yhξi 
tðYhξi; ξÞ ¼ weðehξi; ξÞM; M ¼ ð4:25Þ jYhξij: 

If the body is homogeneous and composed of bond-based material, it is some
times convenient to consider each bond as the fundamental object for the purpose 
of constitutive modeling: set Z

1 
wðWðxÞ ¼  

2 Hx 

e; x0 0�; xÞ dVx 0 ; e ¼ jyðx0Þ � yðxÞj�jx xj; 
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where Hx is the neighborhood of x with radius equal to the horizon, and 
0; xÞ ¼ 2w ðe; x0�wð

This change allows the resulting “bond-based theory” to be developed without 
using the formalism of states. The bond-based theory is the subject of (Silling, 
2000), in which w� is called the micropotential and the material model is called 
microelastic. Because the bond-based theory was developed earlier than the state-
based theory, and because its constitutive models do not require the additional 
complexity of Fréchet derivatives, the vast majority of applications of peridy
namics have been performed within the bond-based theory. However, as noted in 
Section 1.2, the bond-based theory suffers from severe limitations on the material 
response it can reproduce, notably the restriction on the Poisson ratio ν = 1/4 for 
isotropic microelastic solids. It is demonstrated in Section 4.10 below that this 
restriction is removed in the state-based theory. 

4.8. OBJECTIVITY 

As in the classical theory, invariance of a strain energy density function in the 
peridynamic theory with respect to rigid rotation following a deformation leads to 
a notion of material frame indifference, or objectivity. Let Oþ denote the set of all 
proper orthogonal tensors. For any Q 2 Oþ and any A 2 V, let QA be the vector 
state defined by 

ðQAÞhξi ¼ QðAhξiÞ ∀ξ 2 H  

and similarly define the state AQ by 

ðAQÞhξi¼AhQξi ∀ξ 2 H: 

Consider an elastic material such that 

xÞe; x : 

∀Q 2 Oþ; Y 2 V: ð4:26Þ 

^

^

^


^
W ðQYÞ ¼ W ðYÞ 
Let Q be fixed. Consider any Y 2 V and a small increment δY 2 V. From (3.6), 
(4.21), and (4.26), neglecting terms of higher order than δY, 

T ðQYÞ • δðQYÞ ¼ T ðYÞ • δY: 

^^

Since T is vector valued, by the properties of the transpose of a tensor, 

T ðQYÞ T ðYÞ • δY:QT • δY ¼

^

Since this must hold for every small δY, and since QT ¼ Q�1, it follows that 
(4.26) implies 

T QYð  Þ ¼ QT̂ Yð Þ  ∀Q 2 Oþ; Y 2 V: ð4:27Þ 
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Any simple material model, whether elastic or not, that satisfies (4.27) is called 
objective. Objectivity can be assumed as an admissibility requirement for any 
material model in the absence of some externally dictated special direction in 
space, such as an electric field. It is easily shown (Silling, 2010) that an objective 
elastic material necessarily satisfies the condition for nonpolarity (4.6). 

4.9. ISOTROPY 

Consider an elastic material model with the property that 
∀Q 2 Oþ; Y 2 V: ð4:28ÞW ðYQ

Proceeding as in the previous section, choose any Q 2 Oþ and any Y 2 V, then 
consider a small increment δY 2 V. From (3.6), (4.21), and (4.28), 

T 

^

^

W Yð Þ^Þ ¼

T̂Yð Þ • δY ¼
^

ðYQ

T 

Þ • δðYQÞ Z
Þhξi ⋅ δYhQξi dV ξðYQ

^

¼ 
H Z
T ÞhQ� 1ξ 0i ⋅ δYhξ 0i dVξ 0ðYQ

^

¼ 
H 

T ÞQ�1 • δY;ðYQ¼

^^

where the change of variable ξ 0¼Qξ has been used. Since this result must hold 
for every δY, it follows that (4.28) implies 

T T ∀Q 2 Oþ; Y 2 V: ð4:29ÞðYQ Yð ÞQÞ ¼
Any material model, whether elastic or not, satisfying (4.29) is called isotropic. If  
the material model is isotropic, then the force state is invariant with respect to 
prerotations applied before the stretch. 

4.10. ISOTROPIC ELASTIC SOLID 

A peridynamic material model for a constitutively linear isotropic elastic solid 
was proposed in Section 15 of Silling et al. (2007). A nonlocal dilatation is 
defined by 

3 
ϑ ¼ ωx m ¼ ωx ð4:30Þð Þ • e; ð Þ • x; 

m 

where ω is the scalar influence state, which serves as a weighting function, and 
the scalar extension state is defined by 

e ¼ jYj�x; x ¼ jXj: 
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It can be shown (Silling et al., 2007) that for any choice of ω, if the deformation is 
small and homogeneous, ϑ defined in (4.30) equals the trace of the classical linear 
strain tensor. (The coefficient 3/m in (4.30) is chosen so that this is true.) 

Define an elastic material in which the strain energy density contains two terms 
representing the contribution of the volume change and of everything else in the 
deformation state, respectively: 

kϑ2 α � d
�

d^ ð ÞW Y ¼ þ ωe • e ; ð4:31Þ
2 2 

where k and α are constants and 

ed : ¼e � ei; ei : ¼ 
ϑx 

:
3 

The scalar state ei is called the isotropic part of the extension state, and ed is 
called the deviatoric part. The isotropic part contains length changes of bonds due 
to isotropic expansion of the family. The deviatoric part contains the remainder of 
the length changes, which may be due to shear or to other types of deformation 
within the family. After evaluating the applicable Fréchet derivatives (Silling 
et al., 2007), the force state is given by 

3kϑ Yd^ ð Þ :T Y ¼ ωx þ αωe M; M ¼ 
m jYj

Since the bond force densities are parallel to the deformed bonds, this is an 
ordinary material model. This material model is constitutively linear in the 
sense that the force state depends linearly on the extension state. However, it 
does not assume linear kinematics as will be assumed in the linearized peridy
namic theory discussed below in Section 5. For small, homogeneous deforma
tions, the strain energy density in the peridynamic material model (4.31) equals 
that of an isotropic linear elastic solid in the classical theory, provided k is the 
bulk modulus for the material and α = 15  μ/m, where μ is the shear modulus 
(Silling et al., 2007). 

4.11. PERIDYNAMIC MATERIAL DERIVED FROM A CLASSICAL MATERIAL 

Suppose a material model from the classical theory is given in the following form: 

∂y
σ ¼ ^ð Þ;σ F F ¼ ;

∂x 
where σ is the Piola stress tensor, σ̂ is a function, and F is the deformation gradient 
tensor. A peridynamic material model can be derived from this as follows (Silling et al., 
2007; Warren et al., 2009; Foster et al., 2010). (An alternative approach making use 
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of the PVW can also be used Madenci et al., 2010.) A nonlocal approximation 
to the deformation gradient tensor is defined by Z

1F ¼ ωhξiYhξi� ξ dV ξ K� ; 
H 

where ω is the scalar influence state and K is the symmetric positive definite 
shape tensor defined by Z

K ¼ ωhξiξ � ξ dVξ : 
H 

The force state is determined by mapping the resulting σ back onto the bonds as 
follows: 

T̂ Y σ F K�1X:ð Þ ¼ ω^ð Þ
The peridynamic stress tensor (see Section 6.2) corresponding to this peridynamic 
material model equals σ̂ Fð Þ in the special case of homogeneous deformation of a 
homogeneous body. 

4.12. BOND-PAIR MATERIALS 

Let w be a scalar-valued function of four vectors: 

wðp; q; r; sÞ 
with partial derivatives with respect to the first two arguments denoted by 

wpðp; q; r; sÞ; wqðp; q; r; sÞ: 
Suppose an elastic material has its strain energy density function given by Z

Ŵ Y wðYhξi; Yh ð Þi; ξ; χ ξ Þ dV ξ ; ð4:32Þð Þ ¼  χ ξ ð Þ  
H 

where χ(⋅):H→H is a continuously differentiable and invertible function. (Note 
that the four arguments of w in the integrand are vectors, not vector states, 
because Y is evaluated at the specific bonds ξ and χ(ξ).) Let χ� 1 be the inverse 
mapping of χ: 

ξ ¼ χ�1ζ ¼ χ ξ ⇔ ð Þ:ð Þ  ζ

Let the Jacobian determinants of the forward and inverse mappings be defined by 

J ξ det grad χ ξ j; J � 1ð Þ ¼ jdet grad χ�1ð Þj:ð Þ ¼ j ð Þ ζ ζ

^Mechanically, the W defined in (4.32) sums up energies due to interactions 
between pairs of bonds ξ and χ(ξ). Such a material is called a bond-pair material 
(Fig. 4.2). 
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FIG. 4.2 In a bond-pair material, the bond force density in each bond ξ is determined by its own 
deformation and that of another bond χ(ξ). 

To determine the associated force state, the Fréchet derivative of this Ŵ is 
evaluated as follows. Consider an increment in the deformation state δY. Then, 
from (4.32), Z

H 
Ŵ 

χ χξ ξ ξ dVð Þi	; ; :ξþwqðYhξi; Yh ð Þi ð ÞÞ ⋅ δYhχ ξ

Now use the change of variables ζ = χ(ξ) in the wq term to obtain Z

Yhξi; Yhχ ξ i; ξ; χ ξ Þ ⋅ δYhξið Þ ð Þδ ¼ ½wpð 

Ŵ 
H Z

1 1 1χ� J �þ wq Yh ð Þi; Yhζi; χ� ζ ; ζ ⋅ δYhζi ð Þζ ð Þ ζ dV ζ : 
H 

In the second integral, replace the dummy variable of integration ζ by ξ: Z

Yhξi; Yhχ ξ i; ξ; χ ξ Þ ⋅ δYhξi dVξð Þ ð Þδ ¼ wpð 

Ŵ 
H 

1 1 1þwq Yhχ� ð Þi; Yhξi; χ� ξ ; ξ J � ð Þ	 ⋅ δYhξi dV ξ :ξ ð Þ ξ

Comparing this result with (4.21), the force state can be read off: 

Yhξi; Yhχ ξ i; ξ; χ ξð Þ ð Þδ ¼ ½wpð Þ 

T hξi¼ ^∇W hξi¼wpðYhξi; Yhχ ξ i; ξ; χ ξð Þ ð ÞÞ 
1 1 1þwq Yhχ� ð Þi ; χ� ξ ; ξ J � ð Þ:ξ ; Yhξi ð Þ ξ ð4:33Þ 

Bond-based materials are a special case of bond-pair materials with χhξi= ξ 
for all ξ. 
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4.13. EXAMPLE: A BOND-PAIR MATERIAL IN BENDING 

Consider the bond-pair material defined by (4.32) with 

c 
wðp; q; r; sÞ ¼  ðθ � θ0 Þ 2; ð4:34Þ

4 

p ⋅ q r ⋅ s� 1 � 1θ ¼ cos ; θ0 ¼ cos ;jpjjqj jrjjsj 
where c is a constant and both θ and θ0 are in the interval [0, π]. (χ will be defined 
later.) θ is the angle between the deformed bonds p and q, while θ0 is the angle 
between the undeformed bonds r and s. Mechanically, if c > 0, this material 
resists changes in the angle between the bonds r and s. The elastic material 
model defined by (4.32) and (4.34) is objective, because it does not refer to any 
special direction in space. Using (4.34) and the chain rule to obtain wp, one finds, 
for θ 6¼ 0, 0 1

∂w ∂θ cðθ � θ0Þ �1 ∂cos θ @ Awp ¼ ¼ 
∂θ ∂p 2 sin θ ∂p 0 1

cðθ0 � θÞ 1 @ jqjcos θ ¼ q� pA:
2sin θ jpjjqj jpj 

A more suggestive form of this expression is 

cðθ0 � θÞ 
wp ¼ 

2jpj m p; qð Þ; ð4:35Þ 

where 

08 if θ ¼ 0; > 0 1<
m p; qð  Þ  ¼  1 

sin θ 
q 
jqj � cos θ 

p 
jpj

@ A>: if θ 6¼ 0: 

Geometrically, m p; qÞ is the unit vector normal to p that is coplanar with p andð 
q such that q ⋅ m p; qÞ �  0 (Fig. 4.3). Similarly, ð
 

cðθ0 � θÞ
 
wq ¼ m q; pÞ:ð ð4:36Þ

2jqj
To define the pairing of bonds, take 

χð Þ ¼ �ξ ξ ∀ξ 2 H; ð4:37Þ 
hence J ¼ J � 1 ¼ 1. Then, by (4.33), (4.35), and (4.36), 
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FIG. 4.3 (Top) Unit vectors m(p, q) and m(q, p). (Bottom) Peridynamic beam based on a 
bond-pair material. The forces tend to restore the relative bond angles to their initial value, which in 
this case is π. 

T hξi¼ wpðYhξi; Yh�ξi; ξ; �ξÞ þ  wqðYh�ξi; Yhξi; �ξ; ξÞ 
cðπ � θÞ ¼ mðYhξi; Yh�ξiÞ;jYhξij 

where 

� 1 Yhξi ⋅ Yh�ξi
θ ¼ cos ; 0 �θ �π: jYhξijjYh�ξij 

Note that Thξi ⊥ Yhξi (see Fig. 4.3). 
This material does not offer resistance to any homogeneous deformation. The 

strain energy density W changes only in response to nonhomogeneous deforma
tions. This response is an aspect of nonlocality, because the finiteness of the bond 
lengths is what gives rise to the angle changes that result in changes in strain 
energy density. 

An application of this material model is the bending of a beam. The strain 
energy increases according to deformations of the beam involving curvature. This 
can be thought of as a nonlocal version of an Euler beam. However, in the 
traditional treatment of an Euler beam, a new PDE is introduced, reflecting the 
resistance to curvature. This fourth-order PDE is virtually unrelated to the second-
order PDEs of the classical theory of elasticity. In contrast, in the peridynamic 
beam model proposed here, the fundamental equation of motion is unchanged 
from the basic three-dimensional peridynamic equation of motion. The 
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peridynamic beam model simply uses a particular choice of material model, 
which is the bond-pair model with the choice of χ given in (4.37). 

5. Linear Theory 

Like the linear classical theory, the linear peridynamic theory concerns small 
deformations. However, the applicable notion of smallness is different in the 
peridynamic theory, because it does not restrict the deformation gradient, and 
even allows discontinuities. Under this assumption of smallness, the peridynamic 
equation of equilibrium reduces to a linear integral equation. 

Linearization of the bond-based peridynamic theory is discussed in Silling 
(2000) and Zimmermann (2005). The discussion below pertains to the more 
general state-based theory and largely follows Silling (2010). See Section 1.2 
for a summary of work to date making use of the linear theory. 

5.1. SMALL DISPLACEMENTS 

Let B be a body with horizon δ. Consider a time-independent deformation y0 , 
which may be large. (The role of y0 in the linearization will become clear in 
Section 5.3 below.) Let u be a displacement field superposed on y0, and define a 
vector state field by 

U x½ ; t	hq� xi ¼  u q; t ð ; tÞ; ∀x 2 B; ðq� xð  Þ �  u x Þ 2 H: ð5: 1Þ 
The displacement field is said to be small if 

jq j�δ 

ℓ << δ; ð5: 2Þ 
where 

ℓ ¼ sup 
�x

ju q; t ð ; tÞj:ð  Þ  �  u x ð5: 3Þ 

(Strictly speaking, (5.2) is actually a condition on the relative displacements, 
rather than the displacements themselves.) This idea of a small displacement field 
is a nonlocal analogue of the concept in classical linear theory that |grad u| << 1. 
The peridynamic definition of a small displacement field (5.2) does not restrict 
rigid translations of a body, but it does restrict rigid body rotations to small angles. 
More importantly, it allows for possible small discontinuities in u, a key differ
ence from the classical linear theory. 

Recalling the definition of the norm of a vector state (3.4), for a small 
displacement field, (5.2) and (5.3) imply that 

jjUjj ¼ O ℓð Þ: 
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5.2. DOUBLE STATES 

In the linear peridynamic theory, the analog of the classical fourth-order elasti
city tensor is a double state (see definition following (3.1)). Before developing the 
linear theory further, it is helpful to introduce some properties of double states. 

If D is a double state, then for every pair of bonds ξ and ζ in H, the value of 
Dhξ; ζi is a second-order tensor. The set of all double states is denoted D. In the 
following, D and E are double states, while A and B are vector states. Define the 
vector state D • A by Z

ðD • AÞhξi¼ Dhξ; ζiAhζi dVζ ∀ξ 2 H; 
H 

where the integrand is the product of a second-order tensor with a vector; the 
component form is DijAj. The adjoint of D is a double state defined by 

D†hξ; ζi¼DT hζ ; ξi ∀ξ; ζ 2 H; 

where the superscript T indicates the tensor transpose. Note that the order of the 
bonds is switched when taking the adjoint in addition to taking the tensor 
transpose. D is self-adjoint if 

D† ¼ D: 
Also define the vector state A • D by 

A • D ¼ D† • A: 

For any vector states A and B, the following identity holds: 

B • D† • A ¼ A • D • B: 

If S(⋅): V→V is Fréchet differentiable, then 

SðA þ a ð Þ þ ∇S A ð ajjÞÞ ¼ S A ð Þ • a þ o jj ∀A; a 2 V; ð5:4Þ 
where ∇S(A) is a double state. As before, in the case of a function of two states, 
such as S(A, B), the Fréchet derivative with respect to each is denoted SA or SB. 

If Y(⋅): V→ℝ , then the second Fréchet derivative of Y, if it exists, is a double 
state defined by 

∇∇Y ¼ ∇ ∇ð YÞ on V: 
The following list summarizes, omitting some details, three important results that 
are proved in (Silling, 2010): 

(i) If Y(⋅,⋅): V � V→ ℝ and Y is twice continuously Fréchet differentiable, 
then the order of differentiation in the mixed second Fréchet derivatives 
of Y is interchangeable, that is, 
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YA BðA; BÞ ¼ ðYBÞAðA; BÞ ∀A; B 2 V: 
(ii) If Y(⋅): V→ℝ and Y is twice continuously Fréchet differentiable, then 

ð∇ ∇YÞ† ¼ ∇∇Y on V: 
(iii) If S(⋅): V→V and S is continuously Fréchet differentiable, then 

ð∇SÞ † ¼ ∇S on V ð5:5Þ 
if and only if there exists a twice continuously Fréchet differentiable 
function Y(⋅):V→ℝ such that 

S ¼ ∇Y on V: 
(This result is analogous to Poincaré's theorem in vector calculus.) 

5.3. LINEARIZATION OF AN ELASTIC CONSTITUTIVE MODEL 

^^ Y( ), where is the constitutive T T
^ is Fréchet differentiable, and denote its Fréchet derivative T 

Let the force state for a body B be given by
model. Suppose that

0TY. Consider an equilibrated deformation y
pendent external body force density field b0, and define 

0 0 0Y x hq� xi ¼ y q x ∀x; q 2 B½ 	 ð Þ � y ð Þ  

^

and 

by corresponding to a time-inde

0 T Y0 x ; x½ 	 ∀x 2 B^

Define a double state field called the modulus state field by 

T x½ 	 ¼ : 

K x½ 	 ¼ ^ 0TY Y ½ 	x ; x ∀x 2 B: ð5:6Þ 

^

^

Let u be a small displacement field superposed on y0, and define the displacement 
state field by (5.1). Define the linearized constitutive model by 

T x; t	 ¼ T ½ 	 þK x • U x; t	 ; t � 0: 5:7Þ½ 0 x ½ 	 ½ ∀x 2 B ð
By (5.4), the linearized model differs from the full model by a term of order 
o(||U||). If the material is elastic, then by definition 

W is the strain energy density function. Therefore, by (5.6), 

∀Y 2 VŴYðY; xÞT ðY; xÞ ¼ ; x 2 B; 
where

K x½ 	 ¼ ^ 0W YY Y ½ 	x ; x ∀x 2 B; ð5:8Þ 
and by (5.5), 
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K† ¼ K on B: ð5:9Þ 
Furthermore, by result (iii) of Section 5.2, (5.9) implies that the material is 
elastic. 

The fact that the modulus state K x 0 in (5.8) represents a key ½ 	 depends on Y
advantage of the peridynamic approach over other nonlocal models, because it 
encompasses the coupling between the large deformation state Y0 and the sub
sequent small motions of the body. This includes the coupling between a large 
bond force density T0hξi and a small rotation of the bond. A striking example of 
the importance of these rotations is given in Example 4 of Silling (2010), in which 
large compressive forces in bonds couple to subsequent rotations to result in 
material instability. 

For an elastic material, the force state in the linearized model (5.7) can be 
obtained from the Fréchet derivative of the following strain energy density function: 

T ¼ Ŵ lin ^ lin 0 1 
U ðU; xÞ W ðU; xÞ ¼ T ½ 	 • Uþ U • K x • U:; x ½ 	

2 

5.4. EQUATIONS OF MOTION AND EQUILIBRIUM 

Continuing under the assumptions of the previous section, the peridynamic 
equation of motion (4.4) under a body force density field b̂ is Z

ρð Þx ÿ ðx; tÞ ¼  T x½ ; t	hp� xi�T p½ ; t	hx� piÞ dVp þ b xð ; t^ Þ 
B 

0for all x 2 B, t � 0. Since, by assumption, Y0 is equilibrated under b , Z
0 0 0T x hp� xi�T ½ 	hx� piÞ dVp þ b ð Þ ¼ 0 ∀x 2 B:½ 	 p x

B 

Subtracting the last two equations and using (5.7) leads to R
ρ x uðx; tÞ ¼  ððK x • U x; t	Þhp� x ð ½ 	 ½ ; t	Þhx� piÞ ð ; tÞ;ð Þ ¨ ½ 	 ½ i� K p • U p dVp þ b xB

ð5:10Þ 
where 

^ 0b xð ; tÞ ¼ b x; tÞ � b x ∀x 2 B; t � 0:ð ð Þ ¼ 0 

Using (5.1) in (5.10) and simplifying results in Z
ρ x ¨ ð ; tÞ ¼  C0ðx; q ð ð ; tÞ � ð ; tÞÞ ð ; tÞ ð5:11Þð Þu x Þ u q u x dVq þ b x

B 
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for all x 2B, t � 0, where C0 is the tensor-valued function defined by Z
C0ðx; qÞ ¼  K x ; q� xi�K p ; q� piþK q ; p� qiÞdVp½ 	hp� x ½ 	hx� p ½ 	hx� q

B 

ð5:12Þ 
for all x, q 2B. (Recall from (3.3) that the dot products in (5.10) contain volume 
integrals.) If the material is elastic, then by (5.9) and (5.12), 

TC ðq; xÞ ¼  C ðx; qÞ ∀x; q 2 B: ð5:13Þ0 0 

Setting the acceleration term to zero in (5.11) yields the linearized equation of 
equilibrium: Z

Þ u q ð ÞÞ dVq þ b x
B 

called the micromodulus tensor field. 

5 14C 0ð ð ð Þ �  ð Þ ¼  ð Þ; :x q u x0 

for all . This is a Fredholm linear integral equation of the second kind. isC2Bx 0 

5.5. L B -B MINEAR OND ASED ATERIALS 

If the material is bond based as well as elastic, recall from (4.22) and (4.25) 
that there is a bond potential function ( ) such that ξ xw e, , 

^ Þhξi¼weðehξi; ξ; xÞMhξi ∀ξ 2 H; ð5:15ÞT ðY; x 

where 

Yhξi 
ehξi¼jYhξij�jξj; Mhξi¼ : ð5:16Þ jYhξij 

(x is included among the arguments in w(e, ξ, x) to account for heterogeneity.) To 
evaluate the modulus state field K using (5.6), the Fréchet derivative of ^

^

T is 
found as follows. For a small increment δY in the deformation state, according to 
(5.15) and the chain rule, 

T ¼ weeMδ δe þ weδM: 
From (5.16), 

^

δY 
δe ¼ M ⋅ δY; δM ¼ ð1� M� MÞ ;jYj 

hence, 

T ¼ weeδ ðM� M 
δY Þ ⋅ δYþ weð1� M� MÞ : jYj 
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From this, (5.4), and (5.6), 2 3
0 �M0 � � � �1�M4K ½ 	hx ξ; ζi¼ wee e

0hξi; ξ; x M0 �M0þwe e
0hξi; ξ; x 5Δðζ � ξÞ;jY0hξij 

ð5:17Þ 
where 

Y0hξi 
e0hξi¼jY0hξij�jξj; M0 ¼ jY0hξij 

and Δ is the three-dimensional Dirac delta function. The K given by (5.17) is 
clearly self-adjoint. Because of (5.15), the second term on the right-hand side of 
(5.17) is non-null only if T0 is non-null. This second term represents the change in 
direction of T0 in response to an incremental change dY. The first term on the 
right-hand side of (5.15) represents the change in the magnitude of the bond force 
density. 

In the special case of linearization near the reference configuration and of zero 
bond force densities in this configuration, (5.17) specializes to 

ξ � ξK½ 	hx ξ; ζi¼weeð0; ξ; xÞΔðζ � ξÞ 2 : ð5:18Þ jξj
In this case, (5.12) and (5.18) imply, after evaluating the integral, 

ðq� xÞ � ðq� xÞ 
C0ðx; qÞ ¼ ½weeð0; q� x; xÞ þ weeð0; x� q; qÞ	 jq� xj2 R ð5:19Þðx� pÞ � ðx� pÞ �Δðq� xÞ weeð0; x� p; pÞ dVp:2B jx� pj

From (5.19), it follows that in addition to the symmetry (5.13) that always holds 
for linearized elastic material models, the following symmetries also hold if the 
material is bond based: 

TC ðx; qÞ ¼ C0ðx; qÞ; C0ðq; xÞ ¼  C0ðx; qÞ ∀x; q 2 B:0 

When (5.19) is substituted into the linearized equation of motion (5.11), the term 
involving Δ(q�x) integrates to 0, and the resulting equation of motion for this 
body is Z

ρ x ¨ ð ; tÞ ¼  C xð ; qÞðu q; t ð ; tÞ ð ; tÞ ð5:20Þð Þu x ð  Þ � u x Þ dVq þ b x
B 

for all x 2B, t � 0, where 
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ðq− xÞ � ðq− xÞ 
C x; q ½ ð0; q� x; xÞ þ weeð0; x� q; qÞ	 :ð  Þ ¼ wee 2jq�xj

If the horizon δ is constant throughout B, then the region of integration in (5.20) 
can be replaced by the neighborhood of radius δ centered at x. This smaller region 
of integration can be used because weeð0; ξ; xÞ ¼ 0 whenever |ξ | > δ. The smaller 
region cannot be used in the more general expression (5.11). 

5.6. EQUILIBRIUM IN A ONE DIMENSIONAL MODEL 

This section describes application of the linear theory to an infinitely long bar 
under static loading by a body force density field b. It is shown that the problem 
can be analyzed using the Fourier transform, and a Green's function solution is 
derived. Consider a homogeneous bar with constant cross-sectional area A, 
infinitely long in both directions, oriented along the x-axis. The material model 
is bond based and linear elastic with horizon δ. The transverse dimensions of the 
bar are much smaller than δ. Define a coordinate system in which x1 is the axial 
direction. Let 

x ¼ x1; u ¼ u1; b ¼ b1; 

C q  � x ðx; qÞð  Þ ¼ AC11 ∀x; q 2 ℝ3: 

The equilibrium equation (5.14) simplifies to Z 1 

C q  � xÞðu q ð ÞÞ dq þ b x 5:21Þð ð Þ � u x ð Þ ¼ 0; x 2 ℝ: ð
�1 

By (5.13), 

Cð�ξ ð Þ  :Þ ¼ C ξ ∀ξ 2 ℝ3

As shown in Weckner and Abeyaratne (2005), this C is related to the Young's 
modulus E that would be measured in the static extension of a long bar by Z 1 

E ¼ ξ2C ξ dξ:ð Þ
0 

Let �� denote the Fourier transform of any function �(x): Z 1 
iκx� x�� κ e dx;ð Þ ¼  ð Þ

�1 

with inverse transform given by Z
1 1 

iκx�� κ�ð Þ ¼  x e ð Þ dκ:
2π �1 
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The Fourier variable κ physically represents the wave number, κ = 2π/λ, where λ 
is the wavelength. Taking the Fourier transform of (5.21) leads to Z Z1 1
 

xÞ u q u x 	 dq dx þ b� xe iκx½C qð � ð ð Þ � ð ÞÞ ð Þ ¼ 0: 
�1 �1 

By the convolution theorem, this implies 

C� κ � κð Þu ð Þ þ b� κð Þ � Pu� κ ð Þ ¼ 0; 

where Z 1 

P ¼ C ξ dξ ¼ C� 0 :ð Þ ð Þ
�1 

The transformed displacement can therefore be written formally as 

b� κ
u� κ

ð Þ  
; ð5:22Þð Þ ¼  

M κð Þ
where 

Mð Þ ¼κ P � C�ð Þκ : ð5:23Þ 
After inversion of the transform, the displacement is given by Z Z

b� κ1 1 1 1 ð Þiκx � κ iκxu xð Þ ¼  e u ð Þ dκ ¼ e dκ
2π �1 �1 ð Þ2π M κZ Z1 1 b z1 iκ ðx � z Þ ð Þ  ¼ e dz dκ
2π �1 M κð Þ�1 Z 1 

ð ð Þ¼ g x; zÞb z dz; ð5:24Þ 
�1 

where g is a Green's function given by Z 1 iκ ðx � z Þ1 e
g xð ; zÞ ¼  dκ:

2π �1 M κð Þ  

Some particular cases of static solutions to this one-dimensional problem are 
discussed in Silling et al. (2003) and Weckner and Abeyaratne (2005), the latter of 
which also derives a dynamic Green's function. An example taken from Silling 
(2003) is shown in Fig. 5.1. In this example, two opposite point loads of 
magnitude b0 are applied at the points x = +a, thus 

b x ðΔðx � aÞ � Δðx þ aÞð Þ ¼ b0 Þ; 
where Δ is the one-dimensional Dirac delta function. The peridynamic material 
model has a micromodulus function given by 
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FIG. 5.1 Peridynamic and classical displacement fields for two opposite point loads applied at 
x=+a, where a=δ/4. 

3E= δ2; jξj �δ
C ξð Þ ¼  

0; otherwise; 

where E is the Young's modulus. The length scale in the material model (the 
horizon) and the length scale in the loading are related, in this example, by the 
arbitrary choice 

a ¼ δ= 4: 

The peridynamic solution contains delta functions, indicated by the vertical arrows 
in the figure, located at +a. The jumps in displacement shown in the figure at +3a 
and +5a are a result of the discontinuities in C(ξ) at  ξ = +δ; they would not appear if 
a continuous C were used. The solution also includes oscillations that decay with 
distance from the points of application of the loads. As shown in Silling, Zimmer
man, and Abeyaratne (2003) analytically, each successive oscillation contains a 
discontinuity in a higher derivative of u than the one before it. The peridynamic 
result approaches the classical displacement field asymptotically at large distances. 

If the length scale in the material model, that is, the horizon, is reduced so that 
δ << a while holding E constant, then the peridynamic displacement field 
approaches the classical field at all points except x = +a. At these two points, the 
delta functions persist regardless of δ (see Silling, Zimmermann, and Abeyaratne, 
2003 for details). The convergence in the limit of small horizon is consistent with 
the results of Section 6.3. The analysis in that section does not apply at the points 
x = +a because the deformation is not smooth there; thus the peridynamic operator 
is not expected to converge to the classical operator. 
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For a given body force density field b, if a solution u to the equilibrium 
equation (5.21) exists, then the function u 0 defined by 

u 0 ¼ u þ uh 

is also a solution to (5.21), where uh is any solution to the following homogeneous 
equilibrium equation: Z 1 

Luh : ¼ C qð � x ð q uhð ÞÞ dq ¼ 0; x 2 ℝ; t � 0; ð5:25ÞÞ uhð Þ � x
�1 

where L is a linear operator. For any C, one such uh is provided by uh 
 c, where c 
is any constant. (A similar statement is true of the classical theory: any rigid 
translation of an equilibrium solution is also an equilibrium solution.) 

Other homogeneous solutions may also exist for certain choices of C. The set 
of all these uh functions is the null space of L. If  M(κ) has a nonzero root κ0, then 
it is easily confirmed that the function 

iκ0 xuh xð Þ ¼ e

is a solution to the homogeneous equation (5.25). For such a material, the 
transformed displacement u� given by (5.22) does not exist if b� κ0 6ð Þ ¼ 0. In  
other words, there is no deformation of the bar that can equilibrate an applied 
body force density that has a nonzero Fourier component at κ0. In this case, (5.24) 
may not apply. 

Materials having a micromodulus C such that M has a nonzero root are not 
typical well-behaved materials. For example, if C is nonnegative and continuous 
on ℝ, it follows from (5.23) that M has only the root κ = 0. (It is too restrictive to 
assume that C is strictly positive, since this excludes some materials that have 
physically reasonable behavior.) 

An example of a material for which M does have nonzero roots has its 
micromodulus given by 

C ξ ð ð ;ð Þ ¼ Δ ξ � αÞ þ Δ ξ þ αÞ
where α is a positive constant that is similar to the interatomic spacing in a 
discrete lattice model. For this material, by (5.23), 

M κ ð cos ακÞ;ð Þ ¼ 2 1  �
which has an infinite number of roots κ0 ¼ 2πn=α, where n is any integer. If the 
loading has nonzero Fourier components at these roots, that is, if 

2πn 
b� 6¼ 0 

α 
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for some integer n, then a solution to the equilibrium equation (5.21) fails to exist. 
However, if b contains no Fourier components κ outside the set (�2π/α, 0)  ∪ (0, 2π/α), 
then the solution exists and is given by (5.24). This means that as α→0, there is a 
larger and larger interval on the κ-axis for which the peridynamic model behaves, 
for purposes of existence and uniqueness, like the classical theory. This observation 
is consistent with the general rule that in the limit of small material length scale, the 
peridynamic theory behaves similarly to the classical theory, provided certain 
smoothness conditions are met. (In the classical theory, only the Fourier component 
κ = 0 is excluded from b, because it represents loading that is not self-equilibrated.) 

In summary, the existence of solutions to the equilibrium problem (5.21) 
depends on both the material properties and the loading. A solution u for well-
behaved materials (no nonzero roots of M) is given by (5.24), provided b*(0) = 0. 
For any such solution u, u þ c is also a solution for any constant c. If  M has 
nonzero roots, the existence of solutions depends on the Fourier spectrum of the 
loading. 

5.7. PLANE WAVES AND DISPERSION IN ONE DIMENSION 

The equation of motion corresponding to (5.21) for the infinite, homogeneous 
bar is given by Z 1 

ρüðx; tÞ ¼  C qð � xÞðu q; tÞ � u xð ; tÞÞdq þ bðx; tÞ x 2 ℝ; t � 0:ð ; 
�1 

ð5:26Þ 
To investigate plane waves in the bar with wave number κ and angular frequency 
ω, assume a motion of the form 

i ðκx �ωt Þu x; tÞ ¼ eð 
with b 
 0. Substituting this expression into (5.26) results in Z 1 

i ðκx �ωt � iωt iκq � iκx�ρω2e Þ ¼ e ð xÞ eC q  � e dq; 
�1 

which implies the condition 

ρω2 ¼ M κ ;ð Þ
where M is given by (5.23). This provides the following dispersion relation: sffiffiffiffiffiffiffiffiffiffiffi

M κð Þ  
ωð Þ ¼κ – :

ρ 



 

Peridynamic, stable 

Classical 

Peridynamic, unstable 

κ 

ω 2 
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FIG. 5.2 Dispersion curves for stable and unstable peridynamic materials. 

The corresponding phase velocity is given by sffiffiffiffiffiffiffiffiffiffiffi
ω κ 1 ð Þð Þ  M κ

c κ ¼ :ð Þ ¼  – 
κ κ ρ 

Evidently, stable waves exist for a given κ only if M(κ) > 0. Fig. 5.2 illustrates 
possible dispersion curves for a peridynamic material exhibiting stable waves at all 
wave numbers and also a material that is unstable for some wave numbers due to 
“imaginary wave speeds.” The peridynamic dispersion curves have the same slope 
at the origin as the classical dispersion line if their Young's moduli are the same. 

6. Relation to Other Theories 

In this section, we identify quantities and principles that allow comparison 
between the peridynamic and the classical theories, as well as some nonlocal 
theories. This comparison would not be complete without discussing Navier's 
theory of solids (see Timoshenko, 1953; Todhunter, 1960). Navier conceived of a 
continuum as a smoothed-out distribution of masses that interact with each other 
through a central potential. This model treated the relative motion of each such 
pair according to a first-order approximation based on the displacement gradient 
components. In this sense, Navier's model was a local theory, even though 
conceptually it involved long-range forces. Because of the assumption of central 
potentials, isotropic materials were restricted to a Poisson ratio of 1/4 in Navier's 
theory. The local theory of Cauchy that was introduced after Navier's does not 
suffer from this restriction, and this is the classical continuum theory that continues 
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to enjoy wide usage and acceptance today. In the next section, we compare the 
kinematics of this classical theory with those in the peridynamic theory. 

6.1. DEFORMATION GRADIENT AND THE DEFORMATION STATE 

Recall the definition of the deformation state (4.1) at a point x 2B, where B is a 
body with horizon δ: 

Y x½ 	hξi¼ y xþ ξÞ � y x ∀ξ 2 H: ð6:1Þð ð Þ  
(In this discussion, the time variable will not be included explicitly.) If the 
deformation is continuously differentiable on B, then the first two terms of a 
Taylor expansion yield 

2 y xþ ξÞ ¼ y x ð Þξ þ O j ;ð ð Þ þ F x ξj ∀ξ 2 H
where the deformation gradient tensor field F is defined by 

∂y
F xð Þ ¼  x ∀x 2 Bð Þ  : 

∂x 
Comparing the last two equations, 

2Y x hξi¼F x ξ þ O j ∀ξ 2 H; x 2 B 6:2Þ½ 	 ð Þ ξj : ð
For a given continuously differentiable deformation, since | ξ | £ δ, it follows that 

Y x ð Þ ∀x 2 B½ 	 ¼ F x Xþ O δ2

where X is the identity state defined in (3.1). In this sense, conceptually, the 
deformation gradient approximates the deformation state. The key distinctions are 
as follows: 

•	 The deformation state is nonlocal in that it explicitly relates the deformation 
of material points separated by finite distances, while the deformation 
gradient is local. 

•	 The deformation state can be evaluated even if the deformation is not 
differentiable or continuous. 

•	 The deformation gradient tensor maps small spheres into ellipsoids. (This is 
implied by the polar decomposition theorem.) The deformation state can 
describe more complex kinematics. 

6.2. PERIDYNAMIC STRESS TENSOR 

Recall from Section 2.5 that, as a consequence of Noll's lemma I (Noll, 1955), 
the flux of linear momentum through a surface, that is, the force per unit area, can 
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be expressed as the divergence of a tensor field. This tensor field is called the 
peridynamic stress tensor field, denoted ν. This can be expressed in terms of the 
primitive quantity t as Z Z Z1 1 

ν x ðy þ zÞ ð ; x� zmÞ �m dz dy dΩm; ð6:3Þð Þ ¼  2t xþ ym
U 0 0 

where U is the unit sphere and dΩm is a differential element of solid angle in the 
direction of the unit vector m. The integrand can be alternatively expressed in 
terms of the force state by substituting 

t xþ ym; x� zmÞ ¼ T x½ � zm	hðy þ zÞmi: ð6:4Þð 
The peridynamic equation of motion in terms of the peridynamic stress tensor is 
formally identical to the classical equation of motion: 

ρ ÿ ¼ div ν þ b on B; t � 0; ð6:5Þ 
in other words, Z

ðt� t0Þ dV 0 ¼ div ν on B; t � 0: ð6:6Þ 
B 

The peridynamic stress tensor is similar to the Piola stress in the classical theory in 
that it provides the net force per unit area through a closed surface ∂P with unit 
normal n: Z

FP ¼ νn dA: 
∂ P 

However, the forces described by ν are nonlocal; they represent direct interaction 
between points such as x + ym in the exterior of ∂P and points such as x�zm in 
the interior. 

6.3. CONVERGENCE IN THE LIMIT OF SMALL HORIZON 

Under the assumption of a continuously differentiable deformation, the 
approximation (6.2) becomes more accurate as the horizon δ is reduced, because 
|ξ| £ δ. It is also reasonable to expect that, since t in (6.4) is non-null only when 
y+ z £ δ, the (nonlocal) peridynamic stress tensor should approach the (local) Piola 
stress tensor as δ is reduced. 

To further investigate the convergence of the peridynamic equations to the 
classical equations, it is necessary to specify what it means for a peridynamic 
constitutive model to change horizon. Restricting attention to elastic materials, one 
way to do this is to require that for a homogeneous deformation of a homogeneous 
body, the strain energy density should be invariant as the horizon changes. To 
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make this precise, suppose a material model W1 is given with horizon δ1. For any 
horizon δ > 0, define s ¼ δ=δ1. Let Hs be the family with horizon δ, and let Vs be 
the set of vector states on Hs. Define an elastic material model by 

Ws W1 

^

^^ ∀Y 2 Vs; ð6:7ÞYð Þ ¼s E Yð ð Þs s Þ s 

where Esð ⋅ Þ : Vs→V1 is defined by 

Y hsξi 
Es Ys hξi¼ ; ∀ξ 2 H1: ð6:8Þð Þ s

s 
Geometrically, E rescales the length of bonds ξ 2 Hs to the original family H1.s 

To confirm that the new material model defined in (6.7) possesses the required 
invariance under rescaling, let a homogeneous deformation of a large body B be 
defined by 

y xð Þ ¼ F0xþ c ∀x 2 B; 
where F0 is a constant tensor, det F0 > 0, and c is a constant vector. If x2B is 
sufficiently far from the boundary of the body that its family does not include any 
points on this boundary, then from (6.1), 

Y ξ ¼F0ξ ∀ξ 2 Hs: ð6:9Þsh i 


Then for any ξ 2 V1, from (6.8) and (6.9),
 

Y hsξi F0sξ 
E Y hξi¼ ¼ ¼ F0ξ:ð Þ s
s s s s 

So, if the deformation is homogeneous, E Yð Þ is independent of s. Therefore, s s

^

^

^

Ws 

proves that this rescaled material model is invariant under changes in δ if the 
deformation is homogeneous. 

T s denote the constitutive model for the force state derived from Ws: 

under this assumption, Yð Þ defined through (6.7) is also independent of s. This s

Now let

^T̂ Ws 

It is easily shown (Silling & Lehoucq, 2008) that this force state scales with s as 
follows: 

Yð Þ ¼ ∇s ∀YYð Þs 2 Vs:s s 

� 4 ∀ξ 2 Hs: ð6:10Þ^^

^

T s T

Let νs denote the peridynamic stress tensor obtained from its definition (6.3) for 
T s 

ξi¼ ξYð Þs E Yð ð Þs sh Þh =sis 1 

this using (6.4): Z Z Z1 1 

νs x ðy þ z 2ð Þ ¼  Þ s Y ½x� zm	hðy þ zÞmi �ð Þ m dz dy dΩm:s
U 0 0 

T̂

Returning to the case of a given continuously differentiable deformation with 
deformation gradient tensor field F, it can be shown (Silling & Lehoucq, 2008) 
that νs approaches a limit given by 
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νs x ð ð ÞÞ ∀x 2 B;ð Þ→ σ F x as s → 0; 

where σ is the function defined by Z
∀F 2 Lþ; ð6:11ÞT1

H1 

where Lþ is the set of all second-order tensors with positive determinant. σ is 
called the collapsed stress tensor because it represents the limit, under the present 
assumptions, of the peridynamic stress tensor for the horizon collapsing to zero. It 
can further be shown (Silling & Lehoucq, 2008) that 

div νs x ð ð Þ as ∀x 2 B;ð Þ→ div σ F x Þ s → 0; ð6:12Þ 
and that 

^

σð Þ ¼  F
∂Ω 

F ∀F 2 Lþ

^

ð Þ  ;
∂F 

where Ω is defined by 

W1

σ Fð Þ ¼  ðFXÞhξi� ξ dVξ 

∀F 2 LþΩ Fð Þ ¼ ðFXÞ : 

Furthermore, σ and Ω inherit properties from the peridynamic material with 
horizon δ1 characteristic of a Piola stress tensor: 

• Objectivity: Let Oþ be the set of all proper orthogonal tensors. Then 

∀Y 2 V1; Q 2 Oþ^Ŵ1 W1 

⇒ ΩðQFÞ ¼ Ω F ∀F 2 Lþ; Q 2 Oþð Þ  : 

• Isotropy: 

QY Yð Þð  Þ ¼

∀Y 2 V1; Q 2 Oþ^Ŵ1 W1 

⇒ ΩðFQÞ ¼ Ω F ∀F 2 Lþ; Q 2 Oþð Þ  : 

• Balance of angular momentum: Z

ðYQ Yð ÞÞ ¼

Y hξi� ^ ð Þhξi dVξ ¼ 0T1 Y ∀Y 2 V1 
H1 

⇒ σ F F ∀F 2 Lþ:ð ÞFT ¼ FσT ð Þ  

Equation (6.12) means that if a given deformation is twice continuously differenti
able, we can compare the acceleration fields ÿs computed by the peridynamic 
theory, for a material with horizon sδ1, to those of the classical theory ÿ 0: 

ÿ s→ÿ 0 as s→0; 

where 
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Z
� ÿ s ¼ ½Ts x

0�xi�Ts½x0	hx � x0i	 dVx 0½ 	hx þ b 
H 

and 

� ÿ 0 ¼ div σ þ b: 

In these equations, T and σ are derived from the same peridynamic material s 

model with horizon δ1 through (6.10) and (6.11), respectively. 
In this sense, the peridynamic theory converges to the classical theory in the 

limit of small horizon. Stated differently, the PDEs of the classical theory are 
obtainable from the peridynamic equations as a limiting case. 

6.4. ELASTICITY TENSOR DERIVED FROM A PERIDYNAMIC MATERIAL 

Recall from Section 6.3 that a classical material model can be derived from a 
peridynamic model by requiring that the two produce the same stress tensor for all 
homogeneous deformations. The classical material model is given by (6.11), 
which provides a Piola stress tensor σ(F), where F is the deformation gradient 
tensor. 

By specializing this approach to linear peridynamic material models, a fourth-
order elasticity tensor can be derived. To do this, substitute the linear constitutive 
model (5.7) into (6.11) and assume T0 ¼ 0. Consider a displacement gradient 
tensor H, not necessarily symmetric, where |H| << 1. By setting F = 1 + H, the 
following expression for the components of stress is obtained (Silling 2010): Z Z

σij ¼ Kikhξ; ζiξ jζ l dVζ dVξ Hkl: 
H H 

The classical constitutive model for linear elasticity is 

σij ¼ CijklHkl; 

where Cijkl is the fourth-order elasticity tensor. Since H is arbitrary, comparing the 
last two equations leads to the conclusion that Z Z

Cijkl ¼ Kikhξ; ζiξ jζ l dVζ dVξ : 
H H 

Thus, a classical linear elastic material model has been obtained from a peridy
namic linear elastic model. The two models give the same stress tensor for 
homogeneous deformations of a homogeneous body. They are expected to dis
agree for nonhomogeneous deformations, and the classical model is not applic
able at all if a discontinuity in the deformation is present. 
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6.5. NONLOCAL THEORIES 

In this section, the peridynamic model is compared with other strongly non-
local theories, i.e., theories in which points separated from each other by a finite 
distance interact directly. Also included is a comparison with higher order 
gradient models, which are weakly nonlocal because they contain a length scale in 
the constitutive model but do not explicitly include interactions across finite dis
tances. The literature on such nonlocal models is large, and only a few representa
tive models are discussed here to illustrate the main similarities and differences. 

Strongly nonlocal theories have been proposed as a way to gain insight into the 
role of the finiteness of the interaction distance between atoms, particularly 
microstructure in crystals. A pioneering example of such a nonlocal theory is 
Kröner's (1967), which added nonlocal terms, in the form of an integral operator, 
to the local equation of motion for a body B: Z

ρ x üið  Þ ¼ Cijkluk ; lj þ Φikðx �xÞukðx Þ dVx 0 þ biðx; tÞ;ð Þ x; t 0 0

B
 

where Cijkl is the fourth-order elasticity tensor, and Φik is a function representing 
the effect of long-range interactions. Kröner's nonlocal model is linear because the 
integral is a linear operator. Because Kröner's equation of motion, like the 
classical equation of motion, involves the second partial derivatives of displace
ment, it does not lend itself to the study of phenomena involving discontinuities. 

Perhaps the most widely known nonlocal elasticity theory is that of Eringen 
(2002). In its simplest form (Eringen, 1983), its basic equations for an isotropic 
solid can be expressed as 

ρð Þx u¨ i ðx; tÞ ¼ tij ; jðx; tÞ þ biðx; tÞ; Z
0 0tijðx; tÞ ¼  α jx �xjÞσijðx ; tÞ dVx 0 ; 

B 

σijðx; tÞ ¼ λδijukkðx; tÞ þ 2μui ; jðx; tÞ; 
where λ and μ are the usual Lamé and shear moduli and α is a weighting function. 
Thus, in this version of Eringen's model, a nonlocal stress tensor tij is evaluated 
from the weighted volume average of the local stress tensor σij. Like Kröner's model 
(and the classical local model), the form of Eringen's equations prevents it from 
achieving the goal of peridynamics, which is to apply the same field equations on or 
off of discontinuities. (However, Eringen, Speziale, & Kim (1977) successfully 
treat the problem of a crack in a nonlocal elastic medium by, essentially, represent
ing the crack as a zero traction boundary condition. The solution to this problem 
demonstrates the absence of unbounded stress fields near the tip of a crack 
represented in this way within a nonlocal continuum.) 
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Kunin (1982, 1983) developed a nonlocal model in which internal forces are 
expressed directly in terms of the displacement: Z

0 0ð Þ ¨ Φik uk Þ:ρ x uiðx; tÞ ¼  ðx �xÞ ðx ÞdVx 0 þ biðx; t 
B 

Formally, this expression is the same as the linearized equation of motion in the 
peridynamic model (5.11). However, in the peridynamic equation, the kernel is 
derived by linearization of a material model in the nonlinear theory, and therefore 
allows the micromodulus function C0 in (5.11) to be obtained in an unambiguous 
way. For example, linearization of a peridynamic model of an isotropic fluid 
uniquely determines the appropriate C0 function (Silling, 2010). 

Deriving the linearized material model as described in Section 5.3 also pre
serves the coupling between the forces within a large deformation state Y0 and a 
superposed small displacement field. These potentially large forces have a major 
effect on the properties of plane waves and therefore on material stability (Silling, 
2010). For example, in a typical crystal, there are large forces between the atoms 
regardless of the deformation. If the crystal has zero stress at a point, then the net 
force across any plane through that point is zero. But this does not change the fact 
that the forces are present; they merely cancel each other out. The coupling 
between these forces and superposed displacements cannot be neglected in a 
theory aimed at providing insight into the mechanics of microstructures. 

A higher-order approximation to the deformation state may be obtained by 
adding an additional term to the Taylor expansion in (6.2): 

3Y x hξi¼ ð Þξ þ ðgrad F x Þðξ � ξÞ þ O jξj ; ð6:13Þ½ 	 F x ð Þ  

where (grad F(x)) is a third-order tensor representing a “strain gradient” term. If a 
constitutive model explicitly involves this new term, for example, if the free 
energy has the form 

yðF; grad FÞ; 
the resulting mathematical description of the system is a higher-order gradient 
theory. Theories of this type implicitly involve a length scale because the dimen
sions of the two arguments of y differ by length. If the deformation has contin
uous third derivatives in space, then (6.13) asymptotically represents a better 
approximation to Y than (6.2). However, if there is a discontinuity in the 
deformation such as a crack, then a higher-order gradient model is no more 
applicable than the classical local model. 

Nevertheless, Seleson, Parks, Gunzburger, & Lehoucq (2009) have shown 
that a higher-order gradient approximation can be used as an intermediate step 
in upscaling a molecular dynamics model to peridynamics. To do this, these 
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authors construct separate higher-order gradient models from both an assumed 
peridynamic constitutive model and the discrete system using an inner expansion 
technique (Arndt & Griebel, 2005). The parameters in the peridynamic model are 
determined by matching the coefficients between these two higher-order gradient 
expressions. In effect, this provides a peridynamic model for the discrete system 
that is demonstrated to accurately reproduce key features of the molecular 
dynamics model, including wave dispersion. 

7. Discrete Particles as Peridynamic Bodies 

In this section, it is shown that the ordinary differential equations (ODEs) 
describing the motion of discrete particles can be obtained as the limiting case of 
the motion of mutually interacting peridynamic bodies of finite volume, as their 
volume is reduced to zero. This limiting process could not be carried out within 
the classical theory of continuum mechanics, because nonlocality is a fundamental 
aspect of the system. The resulting interactions between the discrete particles have 
the same basic structure as the peridynamic continuum equations. It is further shown 
that these particles can be represented within the continuum equations with a mass 
density field and constitutive model that use generalized functions. This allows any 
multibody potential to be represented as a peridynamic material model. 

Averaging the mass density and the interactions between particles results in a 
conventional (smooth) continuum. The averaged peridynamic stress tensor over a 
collection of particles provides, in effect, a Piola stress tensor field that appears in 
the classical equation (PDE) of motion. This result achieves the goal of deriving a 
classical stress tensor field from a set of particles interacting through an arbitrary 
multibody potential. 

7.1. SELF-EQUILIBRATED SUBREGIONS 

Let a body B be defined by 

N B ¼  ∪ Pi; 
i¼1 

where the Pi are N are disjoint bounded subregions. Assume that the nonpolarity 
condition (2.24) holds on B. For each subregion, define its mass and center of 
mass by Z Z

1 
Mi ¼ ρ x ; yi t ρ x ð ; tÞ dVx: ð7:1Þð Þ dVx ð Þ ¼  ð Þy x

Pi 
Mi Pi 
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Recall the abbreviated notation defined in (2.11). Define the net force and that Pj 

exerts on Pi by Z Z
Fij ¼ f dV 0 dV ð7:2Þ 

Pi Pj 

and the net external body force on Pi by Z
Fext 
i ¼ b dV : ð7:3Þ 

Pi 

Within each Pi, let ri denote the deformed position vector relative to the deformed 
center of mass: 

riðx; tÞ ¼ y x; tÞ � y ð Þ; ∀x 2 Pi: ð7:4Þð ti 

The net moment about yi that Pj exerts on Pi is found from Z Z
τij ¼ ri � f dV 0 dV ; ð7:5Þ 

Pi Pj 

where ri ¼ riðx; tÞ. The net external moment on Pi about yi is given by Z
τext ¼ ri � b dV : ð7:6Þi 

Pi 

The condition 

Fii ¼ 0; i ¼ 1; …; N ð7:7Þ 
is always satisfied because of (2.5) and (7.2). If the subregions are separated by 
empty space and are small in size relative to the distances between them, it is 
reasonable to require on physical grounds that 

τii ¼ 0; i ¼ 1; …; N: ð7:8Þ 
A system in which (7.8) holds will be called self-equilibrated. This condition does 
not follow from the antisymmetry of f, except in the special case of an ordinary 
material (see Section 4.3). 

An alternate form of the condition (7.8) may be derived as follows. By (2.10), 
(7.2), (7.4), (7.5), and (7.7), Z Z Z Z

τii ¼ ri � f dV
0
dV ¼ yi � Fii þ ri � f dV

0
dV Z PiZ Pi Pi Pi 

¼ ðyi þ riÞ � ðt� t0Þ dV 
0 
dV
 ZPiZPi
 

¼ y � ðt� t0Þ dV 0
dV
 ZPi ZPi
 

¼ ðy0�yÞ � t dV 
0 
dV ;
 

Pi Pi
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where the change of dummy variable of integration x ↔ x' has been used in the 
last step. Since the material is assumed to be nonpolar, (2.24) holds. So, the last 
expression implies Z Z

τii ¼ ðy 0 � yÞ �  t dV 0 dV : 
Pi B \Pi 

Therefore, an alternate form of the condition for self-equilibration (7.8) is Z Z
ðy0�yÞ �  t dV 0 dV ¼ 0; i ¼ 1; …; N: ð7:9Þ 

Pi B \Pi 

We emphasize that self-equilibration does not hold in general; it reflects the 
special physical situation of small bodies separated by large empty distances. 

7.2. LINEAR AND ANGULAR MOMENTUM IN SELF-EQUILIBRATED SUBREGIONS 

From the local balance of linear momentum (2.14) integrated over Pi, Z Z Z Z
ρÿ dV ¼ f dV

0 
dV þ b dV : 

Pi Pi B Pi 

In view of (7.1), (7.2), (7.3), and (7.7), this is equivalent to X
Fij þ FextMiÿ i ¼ i ; i ¼ 1; …; N: ð7:10Þ 

j6¼i 

Equation (7.10) is the balance of linear momentum for the subregions expressed in 
terms of the centers of mass, the net force between the subregions, and the net 
external forces. It holds regardless of whether the subregions are self-equilibrated. 

Now consider the balance of angular momentum about the origin in sub
region Pi: Z Z Z Z Z

d 
ρy � y_ dV ¼ ρy � ÿ dV ¼ y � f dV

0 
dV þ y � b dV : 

dt Pi Pi Pi B Pi 

Using (7.4), Z Z Z Z
ρðyi þ riÞ �  ðÿ i þ r̈ iÞ dV ¼ ðyi þ riÞ �  f dV 

0 
dV þ ðyi þ riÞ �  b dV : 

Pi Pi B Pi 

ð7:11Þ 
But from (7.1) and (7.4), Z Z

ρri dV ¼ ρr̈ i dV ¼ 0: 
Pi Pi 
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From this, the terms on the left-hand side of (7.11) involving ri � ÿ i and yi � r̈ i 
drop out. Grouping the remaining terms involving yi together and using (7.2) and 
(7.3) result in ! Z Z Z ZX 

0 
Fij �Fextyi � Miÿ i � i þ ρri � r̈ i dV ¼ ri � f dV dV þ ri � b dV : 

P P B Pj6 i i i i¼

By the balance of linear momentum (7.10), the term in parentheses vanishes, so 
that Z Z Z Z

Pi 

ρri � r̈ idV ¼ 
Pi B 

ri � f dV
0
dV þ 

Pi 

ri � b dV : 

If the subregions are self-equilibrated, (7.8) allows this to be rewritten in the form X
_a i ¼ 

j6¼i 

τij þ τext i ; i ¼ 1; …; N; ð7:12Þ 

where Z
ai ¼ ρri � _r i dV 

Pi 

and τij and τext are defined in (7.5) and (7.6), respectively. Since ai is the angular i 

momentum of Pi about its own deformed center of mass, ai can be thought of as 
the angular momentum due to the “spin” of the subregion. Equation (7.12) asserts 
that if the subregions are self-equilibrated, changes in this spin are independent of 
the net force on the subregion. 

7.3. PERIDYNAMIC PARTICLES 

The next step is to investigate the balance of angular momentum in the limit of 
self-equilibrated subregions with zero size. This limiting case represents peridy
namic particles. To derive the properties of these particles, we adopt an ansatz 
concerning the nature of the forces during this limiting process such that the net 
forces remain fixed. Suppose that each subregion Pi is bounded by a sphere 
centered at the center of mass in the reference configuration xi. It is assumed that 
there exists a number ε > 0 such that jrij � ε for all i and all t � 0, where ri is 
defined in (7.4). The sizes of the Pi in the reference configuration are variable and 
are parameterized by ε. 

For any ε > 0 and any Pi, assume that the bond force densities obey the 
following ansatz: 

0t ¼ Tijφijðx ; x; εÞ; ð7:13Þ 
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where the Tij are vectors independent of ε. φij is a nonnegative function on R RPi � Pj � ℝþ such that for any ε > 0, φij ¼ 1. From (7.13), it is immediate Pi Pj 

that Z Z
Tij ¼ t dV 

0 
dV : ð7:14Þ 

Pi Pj 

From (2.10), (7.5), and (7.13), since |r| £ e, it follows that 
Z

jτijj ¼  � ri � ðt � t0Þ dV 
0 
dV �

Pi Pj Z Z
0� jrijjTijφij � Tjiφjij dV dV 

Pi Pj Z Z
� εjTijj φij þ εjTjij φji 

Pi Pj Pi Pj 

� ε jTijjþjTjijÞ; 
hence, 

ð Þ  as ε →0: 
Adopting an ansatz for b similar to (7.13) leads to 

τij ¼ O ε

τext ¼ Oð Þε as ε →0:i 

From these results and (7.12), the conclusion is that 

a_ i → 0 as  ε → 0: ð7:15Þ 
This proves that in the limit ε → 0, the angular momentum of a peridynamic 
particle about its own deformed center of mass is independent of time. 

Next we derive a condition for nonpolarity of the interparticle forces Tij. 
Continuing under the ansatz (7.13), since the Pi are self-equilibrated, (7.9) implies Z Z

0 ¼ ðy0�yÞ �  t dV 
0 
dV
 

Pi B \Pi
 Z ZX 0 ¼ ðy0�yÞ �  t dV dV 
Pi Pjj6¼i Z ZX 00¼ ððyj þ r jÞ � ðyi þ riÞÞ  �  t dV dV 
Pi Pjj6¼i Z ZX X 00¼ yj � yi � Tij þ r j � ri � t dV dV 

j 6 j¼iPi Pj¼i 6X
¼ ð Þ  as ε→0;yj � yi � Tij þ O ε


j6
¼i 

Z

Z

Z
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0 0where r j ¼ rjðx ; tÞ. So, in the limit ε → 0, the requirement of nonpolarity (2.24) 
reduces to X

yj � yi � Tij ¼ 0 ð7:16Þ 
j6¼i 

for all i, which states that the net moment about yi exerted by the Tij on the other 
particles is zero. 

Using (2.10), (7.2), and (7.14), it follows that 

Fij ¼ Tij � Tji 

for all i and j. Then by (7.10), the balance of linear momentum for peridynamic 
particles may be written as X

Miÿ Tij � Tji þ Fext ð7:17Þi ¼ i 
j6¼i 

for all i. 
We have already investigated the dependence of angular momentum of peri

dynamic particles about their own deformed center of mass, with the result (7.15). 
Now we consider the balance of angular momentum of particles about the origin. 
To do this, once again take the limit as ε→0 in the global balance of angular 
momentum (2.26), leading to X

� FextMiyi � ÿ i ¼ yj � Tij � yi � Tji þ yi : ð7:18Þi 
j6¼i 

It is easy to show that this relation holds if the forces are nonpolar. To see this, 
note that (7.17) implies !X

Miyi � ÿ i ¼ yi � Tij � Tji þ Fext :i
j 6¼i 

Add (7.16) to this result to obtain (7.18). Thus, if nonpolarity holds, then the global 
balance of angular momentum follows from the balance of linear momentum. 

It is a standard result in textbooks that for pairwise interactions between 
particles, in which the force vector Fij is parallel to the relative deformed position 
vector yj � yi, the balance of angular momentum follows from the balance of 
linear momentum. In the present case of more complex interactions, the additional 
nonpolarity relation (7.16) is required. Of course, this additional relation is 
trivially satisfied in the special case of pairwise interactions. 

By (4.2), (4.5), and (7.14), it follows that the Tij can be expressed in the form 

Tij ¼ T̂ijðy1; …; yN Þ; 
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where the ij are suitably defined functions. These functions provide a constitu-T
tive model for the forces between peridynamic particles. The functions

^

T̂ij must 
satisfy the nonpolarity requirement (7.16). 

7.4. PARTICLES AS A SPECIAL CASE OF A CONTINUUM 

In this section, we demonstrate that a collection of discrete peridynamic 
particles, together with the forces between them, can be represented within the 
framework of the continuum theory using generalized functions. To do this, let xi 
denote the reference positions of the particles. Define a peridynamic body and its 
bond force densities by 

ρ xð Þ ¼  
X

MiΔ x� xið Þ; b x; tð  Þ ¼  
X

Fext 
i tð ÞΔ x� xið Þ; ð7:19Þ 

i i XX
t x0; x; tð  Þ ¼  Tij tð ÞΔ x� xið ÞΔ x0�xj 

� �
; ð7:20Þ 

i j6¼i 

where Δ is the three-dimensional Dirac delta function (which has units of volume�1). 
To confirm that this body reproduces the accelerations for peridynamic particles 
given by (7.17), substitute these expressions into the equation of motion (2.15): Z

ρð Þx ÿ ðx; tÞ ¼  ð ð ; x; t ð ; x ; tÞ 0 þ b x; tÞt x0 Þ � t x 0 Þ dV ð 
B 

to obtain X X
extMiΔðx� xiÞÿ ðx; tÞ ¼  Fi ð Þt Δðx� xiÞ 

i i Z XX � � � � ��þ Tijð Þt Δðx� xiÞΔ x0�xj � Δðx0�xiÞΔ x� xj dVx 0 : 
B i j¼6 i 

Taking x to be any of the particle reference positions, and carrying out the 
integration using the properties of the delta function, leads to (7.17). 

Expressing the constitutive model (7.20) at xi in terms of a force state, set 

T x; t ð ; tÞ½  	hξi¼ t xþ ξ; x

to obtain XX
T x½ ; t	hξi¼ Tijð Þt Δðx� xiÞΔ ξ � xj � xi Þ: ð7:21Þ 

i j¼6 i 

With this constitutive model and (7.19), the equations for peridynamic particles 
are seen to be a special case of the continuum theory. 
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7.5. MULTIBODY POTENTIALS 

Consider a set of N particles with masses M1; …; MN and current positions 
y1; …; yN . Let the potential energy of this set of particles be given by 
Uðy1; …; y Þ, where U is an N-body potential. Assume that U has the property n 

of translational invariance: 

Uðy1 þ c; …; yN þ cÞ ¼ Uðy1; …; yN Þ ð7:22Þ 
for any constant vector c. Also assume that U satisfies the balance of linear 
momentum, 

N X ∂U ðy1; …; y Þ ¼ 0; ð7:23Þ 
∂y N 

i ¼1 i 

and the balance of angular momentum, 

N X ∂U 
y � ðy1; …; y Þ ¼ 0: ð7:24Þi N 

i¼1 ∂yi 

These two assumptions are equivalent to requiring that each N-tuple of particles 
have constant total linear and angular momentum in the absence of any other 
interactions. Define arbitrary reference positions of the particles x1; …; xN inde
pendent of time, and let the particle locations be described by the motion y(x,t), so 
that 

yi ¼ y xð i; tÞ; i ¼ 1; …; N: ð7:25Þ 
Let x0 be an arbitrary fixed point called the reference point for this N-tuple of 
particles. This reference point may or may not coincide with the reference 
positions of any of the particles. Define an elastic nonhomogeneous peridynamic 
body by the following mass density and body force density: 

N N 

ρ x MiΔðx� x Þ; b xð ; tÞ ¼  Fi ð ÞΔðx� x Þ ð7:26Þ 
X X

ð Þ ¼  i 
ext t i 

i¼1 i¼1 

and by the following strain energy density function: 

Ŵ ðY; xÞ ¼ Δðx� x0ÞUðy1; …; yN Þ; ð7:27Þ 
where Δ is the three-dimensional Dirac delta function. To put (7.27) in a form 
whose right-hand side depends explicitly on Y, recall the definition of the 
deformation state (4.1), and use the abbreviated notation 

y ¼ y xð ; tÞ; Y ¼ Y x½ ; t	: ð7:28Þ 
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Then, for any x, 

yi ¼ y þ Yhxi � xi; i ¼ 1; …; N: 

W in terms of the deformation state: ^Now we can rewrite

W 

¼Δðx � x0ÞUðy þ Yhx1 � xi; …; y þ YhxN � xiÞ 
¼Δðx � x0ÞUðYhx1 � xi; …; YhxN � xiÞ: ð7:29Þ 

In the last step of (7.29), the translational invariance of U was used as stated in 
(7.22). Using (4.21), it is easily confirmed that the force state corresponding to 

W is given by 

^

^

ðY; xÞ ¼  Δðx � x0ÞUðy1; …; yN Þ 

this

N X ∂U Þhξi¼Δðx � x0Þ Δðξ �T 

It can also be confirmed directly that with ρ and b supplied by (7.26), the equation 
of motion (2.15), evaluated at any x ¼ xi, implies 

^

∂U 
Mi ÿ i ¼ �  þ Fext; i ¼ 1; …; N ð7:30Þ 

∂yi
i 

which shows that the force on particle i due to interactions with other members of 
the N-tuple is �∂U=∂yi. 

In subsequent discussion, it will be necessary to have the peridynamic descrip
tion of the N-tuple of particles in the form (7.21). This can be accomplished 
by treating the reference point for the N-tuple, x0, as a particle with zero mass. 
Define 

∂U 
M0 ¼ 0; T0j ¼ ; j ¼ 1; …; N ð7:31Þ 

∂yj 

and 

T00 ¼ Tj0 ¼ Tij ¼ 0; i ¼ 1; …; N; j ¼ 1; …; N: ð7:32Þ 
With these definitions, the equation of motion for peridynamic particles (7.17) 
implies (7.30). It also implies the additional relation 

N X ∂U 
M0ÿ 0 ¼ ¼ 0 

j¼1 ∂yj 

ðY; x ðxi � xÞÞ: 
i¼1 ∂yi 

which vanishes because of (7.23). With the definitions (7.31) and (7.32), the 
requirement for nonpolarity (7.16) is immediately seen to be implied by (7.24). 
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Several results have been obtained: 

•	 This N-tuple of particles interacting through the multibody potential U can 
be described exactly as a peridynamic state-based constitutive model with a 
strain energy density function Ŵ ð ⋅ ; xÞ that is nonzero at a single arbitrary 
point x ¼ x0. 

•	 The bond force densities in the force state at this x0 involve only the partial 
derivatives of U. 

•	 These bond force densities generate the correct expression for Newton's 
second law for the particles (7.30). 

•	 We did not need to identify the force that each particle exerts on the other, 
since the forces T0j only involve the gradient of the N-body potential. 

•	 Nonpolarity of the bond force densities is necessarily satisfied for any 
admissible U. 

The primary limitation of the method presented here for treating molecular 
dynamics through the peridynamic equations is that the N-tuples that interact 
through the multibody potentials are defined in the reference configuration, so it is 
assumed that these sets of particles do not change over time. This would be a good 
approximation for solids, but not fluids, in which the sets of particles that interact 
would evolve over time. However, it may be possible to extend the peridynamic 
theory to an Eulerian framework, which would avoid this problem. 

7.6. PERIDYNAMIC STRESS DUE TO TWO DISCRETE PARTICLES 

Consider two distinct particles i and j with reference positions xi and xj. Let the 
force state field be given by 

T x½ 	hξi¼TijΔðx� xiÞΔ ξ � xj � xi Þ: ð7:33Þ 
One or both of these points may be a zero-mass reference point for a multibody 
potential, as discussed in the previous section, or they may both have positive 
mass. Recall from (6.3) that the peridynamic stress tensor field is given by Z Z Z1 1 

ν x ðy þ z ½  	h  ðy þ zÞmð Þ ¼ 	  Þ2T x� zm i�m dz dy dΩm; ð7:34Þ 
U 0 0 

where U is the unit sphere and dΩm is a differential solid angle in the direction of 
the unit vector m. Let L denote the open line segment connecting xi and xj. 
Comparing the last two equations, evidently the integrand in (7.34) takes on 
nonzero values only if x 2 L and only if m ¼ – mij, where mij is the unit vector 
defined by 
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LTij 
xj 

xi 

R r 

mij 

∂R 

FIG. 7.1 Interacting particles at xi and xj. 

xj � xi m ð7:35Þij ¼ jxj � xij
(see Fig. 7.1). From this observation and the form of the integrand in (7.34), it 
follows that ν can be expressed in the form 

ν x ð Þ �mij; ð7:36Þð Þ ¼ S x

where S is a vector-valued function that takes on non-null values only on L. 
Recall from the properties of the peridynamic stress tensor (6.6) that Z

div ν x ðT x hξi�T xþ ξ	h�ξiÞ dVξ :ð Þ ¼  ½ 	 ½ 
H 

Applying this to (7.33) leads to 

div ν x ð xi j Tij: 7:37Þð Þ ¼  Δ x� Þ � Δ x� x ð
Let R be a sphere centered at xi with radius r < jxj � xij (so that its boundary ∂R 
intersects L). By (7.37) and the properties of the delta function, Z

div ν x dV ¼ Tij:ð Þ
R 

From this, (7.36), and the divergence theorem, Z Z
Tij ¼ ν x n dA ¼ ð Þ �mij n dA;ð Þ S x

∂ R ∂ R 

where n is the outward-directed unit normal vector to ∂R. But since S is non-null 
only on L, it follows that n ¼ mij there. Therefore, Z Z

S x dA S xTij ¼ ð Þ mij ⋅ mij ¼ ð Þ dA 
∂ R ∂ R 

since mij is a unit vector. Since this must hold for every choice of r such that 
0 < r < jxj � xij, it follows from (7.36) that Z

ν x dA ¼ T mij ð7:38Þð Þ ij �
P 



 

 

 

 

 

     

x3 

x2 
L 03 

x4 L 04 
L 02 

Massless reference point x0 
Force = −T01 = − ∂U 

L 01 ∂y1 

L 05 
x1 

x5 ν ≠ 0 on L 01 ,..., L 05 

� �

146 S. A. Silling and R. B. Lehoucq 

for every plane P normal to L that intersects L. Thus, ν has the structure of a two-
dimensional Dirac delta function. Another way to state this is as follows: 

• ν = 0 on ℝ3 � L. 
• For any function γ on ℝ3, using (7.38), Z Z Z Z

γν dV ¼ γν dA ds ¼ Tij � mij γ ds; ð7:39Þ 
ℝ3 L Ps L 

where s is the path length along L and Ps is the plane normal to L that intersects L 
at s. This relation will be used in the next section in computing the average stress 
among many particles. 

7.7. AVERAGE STRESS DUE TO MANY DISCRETE PARTICLES 

Now consider a system of many particles. These may include zero-mass reference 
points for multibody potentials (Fig. 7.2), as discussed in Section 7.5. From the results 
of the previous section, the peridynamic stress tensor field ν is non-null only on the 
line segments Lij connecting pairs of particles that interact with each other. (This is 
unrelated to whether the particles interact through a pair potential or a multibody 
potential.) To make this stress more useful, an averaging function is now introduced. 
First, the mechanical significance of an averaged stress field is investigated. R

Let � be an averaging function on ℝ3 such that � = 1. A typical choice of � 
would be 

2 2�ð Þ ¼  q c exp �jqj =a ; ð7:40Þ 
where a and c are constants. Let ν be the peridynamic stress tensor field. Recall 
the local equation of motion in terms of the stress tensor (6.5): 

FIG. 7.2 Peridynamic particles interacting through a five-body potential with reference point x0. 
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ρ x ¨ ð ; t ð ; tÞ þ b x; tÞ: ð7:41Þð Þy x Þ ¼ div ν x ð 
Evaluate this equation at x+q, multiply both sides by �(q), and integrate 
over ℝ3: Z

� q ρðxþ qÞ ð dVq ¼ð Þ ¨ ; ty xþ q ÞZ Z
�ð Þq div νðxþ q; tÞ dVq þ ð Þb xþ q; tÞ dVq:� q ð 

Define the following averaged quantities: Z
ρð Þ ¼  x � q ρ xþ qÞ dVq;ð Þ ð Z

1 
y xð ; tÞ ¼  � q ρðxþ qÞ ð ; tð Þ y xþ q Þ dVq;ρ xð Þ  Z
ν x; tÞ ¼ ð Þνðxþ q; tÞð � q dVq; Z
b x; tÞ ¼  � q b xþ q; tÞ dVq: ð7:42Þð ð Þ ð 

Note that y is a mass-weighted average deformed position vector. In terms of 
these quantities, (7.41) becomes 

ρð Þx yðx; tÞ ¼ div νðx; tÞ ð ; tÞ¨ þ b x : 

This is the peridynamic equation of motion in terms of the averaged quantities. 
If the distance between interacting particles, that is, the horizon, is small com

pared to the length scale of the averaging function (such as a in 7.40), then it is a 
good approximation to assume that � is constant along any of the bonds. Neglecting 
the resulting error term, from (7.39) and (7.42), for any pair of particles i and j, 

ð Þ ¼  T j � i �ν x ij �mij jx xij�ðx xÞ : 

Using (7.35), this can also be written as 

νð Þ ¼x �ðxi � xÞTij � xj � xi : 

For the system with many particles, this becomes XX
ν x �ðx xÞTij � xj � xi : ð7:43Þð Þ ¼  i �

i j6¼i 

Since � has dimensions of 1/volume and Tij has dimensions of force, ν has 
dimensions of force/area. By (7.19) and the first equation of (7.42), the averaged 
density for many particles is given by X

ρ x Mi�ðx xÞ:ð Þ ¼  i �
i 
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If ν is evaluated in the reference configuration, in which yi ¼ xi, then the 
requirement (7.16) for nonpolarity implies that ν is symmetric. To confirm this, 
let a be any vector, and note that (7.16) implies X X

�i ξ ij � Tij ¼ 0; ξ ij ¼ xj � xi; �i ¼ � xi � xð Þ: 
i j6¼i 

Then, using the BAC–CAB rule and (173), X X� �
0¼ �i ξ ij � Tij � a 

i j6¼i X X � �¼ �i a � Tij � ξ ij 
i j 6¼i X X � � �� ��¼ �i Tij a ⋅ ξ ij � ξ ij a ⋅ Tij 
i j 6¼i X X�� � � �¼ �i Tij � ξ ij a � ξ ij � Tij a	 
i j 6¼i " #X X

¼ 2skw �i Tij � ξ ij a 
i j6¼i 

¼ 2 skw ½ ν x 	a;ð Þ  

where “skw” means the skew-symmetric part of a tensor. Since this must hold for 
any a, it follows that skw ν xð Þ ¼ 0; hence, ν is symmetric. 

Thus, the nonpolarity of forces implies the symmetry of the averaged peridy
namic stress tensor, prior to significant deformation of the system. After deforma
tion, the stress tensor is no longer symmetric except in special cases. This is 
comparable to the asymmetry of the classical Piola stress tensor in a body under
going large deformation. 

Our expression for ν in (7.43) performs the averaging in the reference config
uration, because the reference position vector x is the spatial variable. Because of 
this, the weighting for a particle does not change as the particle moves. This 
means that if the particles are highly mobile, as in a gas, the expression (7.43) for 
stress is not very useful, because its status as an observable quantity depends on 
the assumption that the particles always remain close together. In this case, it is 
more useful to perform the averaging in the deformed configuration, so that the 
weighting of each particle varies as it moves closer to or farther from an 
observation point. To derive the effect of this change on the averaged stress, 
define the momentum density at any point x in space by X

p ¼ Mi�iy_ i; �i ¼ �ðyi � xÞ: 
i 

Define a function Φ by 
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Φðz; xÞ ¼ �ðz � xÞ; 
thus X

p ¼ MiΦðyi; xÞy_i: 
i 

Observe that 

∂Φ ∂Φ ¼ �  : ð7:44Þ 
∂z ∂x 

Evaluating the time derivative of p holding x fixed, while using 7.44 and 
temporarily neglecting body forces, leads to 

p ¼ Mi �iÿ i þ@y i ⋅ ðyi; xÞ y i 

2 0 1 3X ∂Φ 4 A 5_
∂z

i 2 0 1 3X ∂Φ ¼ Mi
4�iÿ i �@y_ i ⋅ ðyi; xÞAy_ i 

5
∂x

i X
¼ Mi½�iÿ i � div ðΦðyi; xÞy_ i � y_ iÞ	 

i X
¼ Mi½�iÿ i � div ð�iy_ i � y_ iÞ	 

i X X
¼ Mi�iÿ i � div Mi�iy_ i � y_ i: 

i i 

We are free to choose any reference configuration that is convenient. In this case, 
choose it to be the configuration at any time t. Then the peridynamic stress tensor 
is given by (7.43) with xi ¼ yi, so that 

p_ ¼ div ν þ div κ þ b; 

where the kinetic stress tensor is defined by X
κ ¼ �  Mi�iy_i � y_i: 

i 

The kinetic stress tensor accounts for the transport of momentum due to the 
motion of particles into or out of a region that is fixed in space. In contrast, the 
peridynamic stress tensor accounts only for the acceleration of particles. Kinetic 
stress is the primary contributor to pressure in gases, in which interactions 
between particles are weak but velocities, including thermal velocities, are sig
nificant. The idea of kinetic stress is not new and not particular to the peridynamic 
model, but it is included here to show that it can be included in the peridynamic 
concept of momentum balance in a straightforward way. 

The averaged peridynamic stress given by (7.43) is similar to Hardy's expres
sion for the potential contribution to the stress tensor (Hardy, 1982), which is 
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obtained by averaging a large number of particles interacting through pair poten
tials. Hardy also discusses the relation of this stress tensor to the virial stress. The 
present approach applies to multibody potentials, while ensuring that the average 
stress satisfies balance of angular momentum (in the sense of producing sym
metric ν in the reference configuration, as shown above). A review of many 
concepts for deriving stress from discrete particles, along with new contributions, 
can be found in (Admal & Tadmor, 2010). 

8. Damage and Fracture 

This section presents the peridynamic view of damage and its incorporation into a 
material model. This is presented within a thermodynamic framework that highlights 
the role of irreversibility of damage. Various damage evolution laws and their 
implications are described, the simplest being independent bond breakage. The 
energy balance for moving defects is investigated, leading to peridynamic expres
sions for the J-integral, surface energy, and the Griffith criterion for crack growth. 

8.1. DAMAGE AS PART OF A CONSTITUTIVE MODEL 

Suppose that a material has a free energy function y and entropy function 
η that depend not only on the deformation state and temperature, but also on a 
scalar state � called the damage state. We write 

y Y; θ; � ; η Y; θ; � : ð8:1Þ 
The damage state is special in that it cannot decrease over time; thus, 

_� � 0; i:e:; _�hξi� 0 ∀ξ 2 H: ð8:2Þ 
It is also assumed that 

0���1; i:e:; 0��hξi �1 ∀ξ 2 H: ð8:3Þ 
The damage state is determined by the deformation and by other variables through 
a prescribed damage evolution law of the form 

� ¼ D Y; Y_ ; …Þ 
or alternatively in terms of the rate of damage growth: 

_� ¼ D_ Y; Y_ ; …Þ: 
A material model such that, for any ξ 2 H, 

�hξi¼1 ⇒ Thξi¼0 ð8:4Þ 
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is said to have strong damage dependence. All other material models have weak 
damage dependence. 

8.2. IRREVERSIBILITY OF DAMAGE GROWTH 

Recall the inequality (4.15) derived from the first and second laws in terms of 
free energy: 

_T • Y � θ η� y � 0: 

We now repeat the Coleman and Noll procedure (1963) used previously in 
Section 4.5 to obtain restrictions on the constitutive response in the presence of 
evolving damage. Differentiating the first of equation (8.1) with respect to time 
yields 

y ¼ yY • Y_ þ yθθ þy� • �; ð8:5Þ 

where yY and y� are the Fréchet derivatives of y with respect to Y and �, 
respectively, and yθ ¼ ∂y=∂θ. Combining the last two expressions yields h i

_T � yY • Y � ½ηþ yθ	θ � y� • � � 0: ð8:6Þ 
__As in Section 4.5, assume that Y and θ can be varied independently and 

arbitrarily in (8.6); hence, 

T ¼ yY; η ¼ �yθ: ð8:7Þ 
_In view of (8.2), � cannot be set arbitrarily in (8.6), leading to the conclusion 

y� �0; ð8:8Þ 

which is the second law restriction on the dependence of free energy on the 
damage. Using (8.7), (8.5) takes the form 

_y ¼ T • Y � θ ηþ y� • � :  ð8:9Þ 
Now assume an adiabatic process, so that h = r = 0. Subtracting (4.14), 
which continues to hold in the presence of damage, from (8.9) leads to the 
conclusion 

d _y d
η_ ¼ ; y : ¼�y� • � ð8:10Þ 

θ 
d _where y is the rate of energy dissipation. The first equation of (8.10) gives the 

entropy production due to damage evolution. 
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8.3. BOND BREAKAGE 

Recall the definition of the scalar extension state e, 

e ¼ jYj�jXj; ð8:11Þ 
where X is the identity state defined in (3.1). A useful example of a damage 
evolution law is given by the following model: 

�hξi¼DðY; ξÞhξi¼ max f ðehξi; ξÞ; ð8:12Þ 
t 

where f (e,ξ) is a nondecreasing function of e, 0 � f � 1, and the maximum is 
taken over all times up to t. Assume for simplicity that for a given motion, e is a 
nondecreasing function of time. Observing from (8.11) that 

Y 
e_ ¼ M ⋅ Y; M ¼ ; ð8:13Þ jYj 

differentiating (8.12) with respect to time yields an equivalent damage evolution 
law in terms of the rate: 

_ _�hξi¼ D Y; Y_ ; ξ ¼ f eðehξi; ξÞMhξi ⋅ Y_ hξi; ð8:14Þ 
where fe denotes the partial derivative of f with respect to e. It is helpful to 
introduce a vector state r defined by 

rhξi¼ f eðehξi; ξÞMhξi; ð8:15Þ 
so that (8.14) can be written as 

_� ¼ r ⋅ Y_ ; ð8:16Þ 
provided e is nondecreasing. A specific case of such a damage model is bond 
breakage in tension, in which 

f eð ; ξÞ ¼  H e  � ebð ÞÞ; ð8:17Þð ξ

where H is the Heaviside step function and eb ξð Þ  is the prescribed bond breakage 
extension for the bond ξ. In this case, 

f eðe; ξÞ ¼  Δðe � ebð Þξ Þ 

and from (8.14), 

_� ¼ Δðe � ebÞM ⋅ Y_ : 

Alternatively, the same damage evolution law can be defined in terms of the rate 
through (8.16) with 
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r ¼ Δðe � ebÞM: 

Bond breakage in compression can be treated in a similar way. 

8.4. ORDINARY MATERIAL MODELS WITH STRONG DAMAGE DEPENDENCE 

Suppose an elastic material model is defined by 

Ŵ Y e ; ð8:18Þð Þ ¼ W0ð Þ
where W0 is a function and e is the scalar extension state, defined by (8.11). 
Because of (8.13), the chain rule implies 

∇Ŵ Y e M:ð Þ ¼ ∇W0ð Þ
Now we will modify the material model (8.18) to include damage. To do this, 
define a free energy density function by 	 
 		 
 


y Y; � ¼ W0 1 � � e : ð8:19Þ 
The first equation of (8.7) and the chain rule provide the following force state: 	 
 		 
 


T ¼ yY ¼ 1 � � t0M; t0 ¼ ∇W0 1 � � e : ð8:20Þ 
Because of the 1 � � term in this expression for T, evidently (8.4) holds for 
this material, so it has strong damage dependence. By (8.19), 

y� ¼ �t0e: ð8:21Þ 
So, the second law requirement (8.8) holds, provided 

t0e � 0: ð8:22Þ 
This asserts that the scalar bond force density in each bond has the same sign as 
the bond's scalar extension. 

8.5. BOND-BASED CONSTITUTIVE MODELS WITH BOND BREAKAGE 

An important special case of the ordinary material with strong damage depen
dence is obtained if the bond breakage model for evolution of damage is com
bined with a bond-based constitutive model. Following (4.24), choose Z

W0ð Þ ¼  wðehξi; ξe Þ dVξ ; 
H 

where w(e,ξ) is the differentiable bond potential function. Let the damage evolu
tion be described by the bond breakage model in (8.17). Following the method of 
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the previous section, modify W0 to include damage by defining the following free 
energy function: 

y Y; � 
	 


¼ W0 1 � � 
	 


e 
	 


¼ 
Z
H 
w 1 � �hξi 



ehξi; ξ 

	 
	
dV ξ : ð8:23Þ 

From (8.20), the force state is given by 

T ¼ 1 � � 
	 


t0M; t0hξi¼we 1 � �hξi 


ehξi

		
; ξ 


: 

The Fréchet derivative of y with respect to � is supplied by (8.21); thus, 

y�hξi¼�ehξiwe 1 � �hξi 


ehξi; ξ 

	 
	
ð8:24Þ 

for all ξ 2H. The second law condition is given by (8.22). The important 
distinction between this material and more general ordinary materials is that, 
here, t0hξi and �hξi for a given bond ξ are determined independently of whatever 
happens in all the other bonds. 

It is of interest to compute the dissipated energy at a point x up to time t. To  do  
this, use the second equation of (8.10) and (8.24), assuming for simplicity that e is 
nondecreasing: Z Z Zt t 		 
 


yd ¼ �  y� • � dt ¼ ehξiwe 1 � �hξi ehξi; ξ �hξi dVξ dt: 
0 0 H 

Recalling that, by definition, y� refers to the derivative of y holding y, and 
therefore e, constant, it follows that Z Z �hξi 

yd ¼ �  
d
wðð1 � σÞehξi; ξÞ dσ dVξ : dσH 0 

Combining this with (8.12) and (8.17), because �hξi changes discontinuously 
when the extension reaches the bond breakage extension eb ξð Þ, it follows that Z

yd ¼ wbð Þ�hξi dVξ ;ξ
H 

where the bond breakage energy is defined by 

wb ξ ð ξ ð :ð Þ ¼ w ebð Þ; ξÞ � w 0; ξÞ
In this material, the dissipated energy is simply the integral of the bond breakage 
energies over all the broken bonds in the family. 

In this material, yd depends only on the current value of �. This is not true for 
most other materials; a counterexample is the separable damage model discussed 
in the next section. 
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8.6. SEPARABLE DAMAGE MODELS 

The previous section showed how damage can be introduced into a bond-based 
material model simply by modifying the bond potential function with a term that 
depends on bond damage, as indicated in (8.23). The present section deals with 
incorporation of damage into more general elastic consititutive models. Assume 
that such an “undamaged” model is provided, and let W0 Yð Þ be its strain energy 
density function. Let T0 ¼ ∇W0. Further assume that 

W0 X and W0ð Þ � 0 ∀ Y 2 V: ð8:25Þð Þ ¼ 0 Y

Define a free energy density function by 

y Y; � ¼ Φ � Y ð8:26ÞW0ð Þ; 

where Z Z
21 

Φ � ¼ 1 � �hξ i dVξ ; V ¼ dVξ : ð8:27Þ 
V H H 

Because the damage state and the deformation state appear in separate terms in 
(8.26), this type of damage model will be called separable. After evaluating the 
Fréchet derivatives and using the first equation of (8.7), the force state including 
damage is found to be 

Thξi¼yYhξi¼Φ � T0hξi: ð8:28Þ 
This means that all the bonds have their force reduced by the same scalar Φ � . 
Φ decreases monotonically with time because, by the assumption (8.2), � 
increases monotonically. From (8.26) and (8.27), the Fréchet derivative of free 
energy with respect to � is given by 

2W0 Yð Þ  
y�hξi¼� 1 � �hξi : ð8:29Þ 

V 
The second law requirement (8.8) is necessarily satisfied because of (8.3), (8.25), 
and (8.29). The energy dissipation rate is found from (8.10) and (8.29) to be Z

d 2W0ðYÞ 
y_ ¼ �y� • � ¼ ð1 � �hξiÞ� hξidVξV H 

_¼�W0ðYÞΦ : 

The dissipated energy up to time t is therefore given by Z Zt t 
d _ d 

y t y ð Þ dτ ¼ �  Y τ ÞΦ τð Þ ¼  τ W0ð ½ 	 _ ð Þ dτ: 
0 0 
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The separable damage model results in a material characterization with weak 
dependence on damage (see Section 8.1), because (8.28) does not necessarily 
imply that bonds with �hξi¼1 have Thξi¼0. This is in contrast to the materials 
discussed in Section 8.4, which exhibit strong damage dependence. 

8.7. ENERGY BALANCE IN PROGRESSIVE DAMAGE 

Consider a closed, bounded subregion Pt with constant shape that translates 
through the reference configuration B with velocity V; thus, there is a flux of 
material through its boundary ∂Pt. Assume a steady-state motion of the form 

y xð ; t ð tÞ ¼  xþ u x� V Þ; ð8:30Þ 
where u is some differentiable function (Fig. 8.1). 

Assume that body force, kinetic energy, heat transport, and heat sources are all 
_negligible. Additionally assume an isothermal process, so that θ ¼ 0. These 

assumptions along with the local first law expression (4.11) and (8.9) imply 

y ¼ ε_ þy� • � :  ð8:31Þ 
Recalling the shorthand notation in (2.11), the global first law (2.34) in this case 
has the form Z Z Z

ε_ dV ¼ ðt ⋅ y_ 0 �t0 ⋅ y_ ÞdV 0 
dV : ð8:32Þ 

Pt Pt B \Pt 

FIG. 8.1 Subregion Pt containing points where there is energy dissipation moves to the right with 
velocity V. 
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Because the motion is steady state, the total time derivative of any intensive 
quantity over Pt vanishes. The Reynolds transport theorem therefore implies, for 
the free energy y, Z Z Z

d _ydV ¼ y dV þ yV ⋅ n dA ¼ 0;
dt Pt Pt ∂ Pt 

where n is the outward-directed unit normal to ∂Pt. Using this and (8.31), Z Z
Pt 

_ε þy� • _� dV þ 
∂ Pt 

yV ⋅ n dA ¼ 0: 

From this and (8.32), Z Z Z Z
t ⋅ _y0 �t0 ⋅ _yð ÞdV 

0 
y� • _ yV ⋅ n dA ¼ 0:dV þ � dV þ

Pt B \ Pt Pt ∂ Pt 

Evaluating y_ and y_ 0 using (8.30), Z Z Z Z
00 ⋅ _ðt ðuxVÞ �  t ⋅ ðu VÞÞ dV 

0 
dV þ y� • � dV þ yV ⋅ n dA ¼ 0;x

P B=P P ∂ P 

ð8:33Þ 
where the t subscript has been dropped from Pt and 

0ux ¼ grad u x� VtÞ; u ð 0�VtÞ:ð ¼ grad u xx

(Note that (8.33) has the same structure as the master balance law discussed in 
Section 2.5.) Using the second equation of (8.10), this result can be expressed in 
the form Z

d d
J ⋅ V ¼ y dV ; y ¼ �y� • � ; ð8:34Þ 

P 

where Z Z Z
T 0 0

J ¼ u t0� u T t dV dV þ yn dA: ð8:35Þx x 
P B=P ∂ P 

This provides the peridynamic equivalent of the J-integral in the standard theory 
(Rice, 1968). Equations (8.34) and (8.35) relate the free energy lost in some 
dissipative process to quantities along the surface of a subregion P that contains 
the material where the dissipation is occurring. This dissipative region can be 
much smaller than P. The required quantities on the surface ∂P can be evaluated 
if the deformation is known near this surface. Thus, we can “measure” the 
dissipation based on these far-field quantities without knowing the details of 
what happens in the dissipative region. Recall that (8.2) and (8.8), which are 
consequences of the second law, together with (8.34), ensure that 
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J ⋅ V � 0 

for any V; in other words, the rate of energy dissipation is always nonnegative. 
Although it was assumed that u is differentiable (with respect to all spatial 

coordinates), it is only the directional derivative uxV in the direction of motion 
that is used. Therefore, it is permissible to have discontinuities parallel to the 
direction of propagation, as would be the case with a crack. As in the classical 
development of the J-integral (Rice, 1968), the assumption of a steady motion 
excludes curved or oscillatory cracks. However, the peridynamic method can 
nevertheless be applied in these cases, as demonstrated by the numerical studies 
summarized in Section 1.2. 

Evidently, if there is no dissipation within the closed surface ∂P, then J = 0. 
So, P can be deformed to include any amount of additional material in which 
there is no dissipation occurring without changing the value of J. In this sense, J 
is “path independent.” 

8.8. RELATION TO THE GRIFFITH CRITERION 

A good approximation in many solids is to assume that a crack will grow if a 
definite amount of energy G, called the critical energy release rate, is available to 
it per unit area of crack advance. The critical energy release rate is often thought 
of as being consumed in separating atoms to create new surface area, but it can 
include other processes as well, such as plastic work in the vicinity of the crack 
tip. Plasticity in peridynamic materials, although not treated in this chapter, 
is discussed in Silling et al. (2007). Like the rate dependence discussed in 
Section 4.5 (see (4.19)), plasticity represents a mechanism whose energy dissipa

d _tion rate can be included through terms similar to y discussed here for damage 
evolution. 

The Griffith concept of crack growth can be related to the peridynamic model as 
_follows. In (8.34), suppose � scales with V. In other words, assume that the damage 

model is such that there exists a vector state-valued function r � such that 

_� ¼ r • Y :_

(8.15) is an example of such an r. From (8.30), 

_ ½ 	hx0�x xY x i¼� u0� � ux V: 
�

Combining the last two equations, 

_� ¼ �ðG • rÞ ⋅ V; ð8:36Þ 
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where the double state field G is defined by 

T TG½ 	hx ξ; ζi¼ u ðx þ ξÞ � u ð Þ  Δðζ � ξx x x Þ: 

for all bonds ξ,ζ 2H. From (8.34) and (8.36), Z
J ⋅ V ¼ y� • G • r dV ⋅ V 

P 

from which it follows that Z
J ¼ y� • G • r dV : ð8:37Þ 

P 

If the direction of propagation is parallel to a unit vector a, then J ⋅ a is the energy 
dissipation (with units of energy/length). If the body is a plate of thickness β 
containing a crack through its thickness, and if P is a cylinder through the 
thickness containing the crack tip, then the energy dissipated per unit crack area is 

J ⋅ a 
Ga ¼ : 

β 

Under the assumptions of the present analysis, we have arrived at the Griffith 
model for crack growth: energy is dissipated at a constant rate per unit crack area, 
independent of time and propagation speed. Of course, the integrand in (8.37) 
depends on all the details of the deformation and the material model, including the 
damage model. 

8.9. SURFACE ENERGY 

The results of the previous section show that, under certain conditions, a crack 
growing in a peridynamic solid consumes a fixed amount of energy per unit area 
of crack growth. This energy can be computed, in a numerical model of a growing 
crack, either by evaluating J directly from (8.37) or by using the expression (8.35) 
that was derived from an energy balance on a moving subregion containing the 
crack tip. By carrying out this calculation for different choices of parameters in 
the damage evolution law D or D , these parameters can be calibrated to experi_

mental data on critical energy release rate. 
In this section, a simpler but approximate procedure is presented for accom

plishing the same thing. This procedure assumes that the energy consumed by a 
growing crack equals the work required, per unit crack area, to separate two 
halves of a body across a plane (Fig. 8.2). Suppose a plane A separates a large 
homogeneous body B into two subsets Bþ and B�, where B� includes A. 
Consider a small patch on A with area a. Let P be the cylinder normal to A, 
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FIG. 8.2 Computation of surface energy by the total work absorbed by P  as it separates from � B . þ

extending infinitely in both directions from it, whose crosssection is this small 
patch. Also define Pþ ¼ P∩ Bþ and P� ¼ P∩ B�. 

Consider a motion with velocity field v given by 

c=2  on  Bþv ¼ ;�c=2  on  B� 

where c is a constant vector. Now compute the total energy E absorbed by P in 
this motion. By (2.33), Z Z Z Zt 1 

E ¼ Wabsð Þ dt 0 ¼ t ⋅ ðv0�vÞ dV 0
dVdt;P

0 0 P B
 

0 ð 0Þ
where t ¼ t x ; x Þ, v = v(x), and v0¼ v x . In this discussion, t serves as a ð ; t 
convenient parameter although dynamics is not considered. Because the body is 
homogeneous, the energies absorbed by Pþ and P� must be equal. Also, bonds 
that do not cross A do not contribute to the integrand, since v ¼ v0 for these 
bonds. With these simplifications, Z Z Z1 

E ¼ 2 t ⋅ c dV
0
dVdt; ð8:38Þ 

0 P� Bþ 

in which the factor of 2 appears because the integral over Pþ is not included 
explicitly. Assume that the material is characterized by a free energy density 
function with damage. By (8.7), 

0 0�t ¼ t x ; x; tÞ ¼ yY Y; � hx xi:ð 
Following (Foster, 2009), assume that the material model is such that each bond 
consumes a prescribed amount of work w0 (per unit volume squared) as the two 
parts of the body are separated out to a large distance: 



  

B− 

B+H ∩ B+ 

cos−1( )  

ϕξ 

ξ 

δ 
z 

z 
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x′ 
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Z 1 

t ⋅ c dt ¼ w0 ∀x 2 B�; ∀x02 Bþ: 
0 

An example of such a material model is one in which each bond breaks at the time 
τðx ; xÞ at which the net work done on it up to that time equals w0; thus, 

0�½x; t	hx0�xi ¼  H tð � τðx ; xÞÞ; 
where τ is defined by 

Z 0τðx ; xÞ 
t ⋅ c dt ¼ w0: 

0 

Also, assume that in such a material model, t = 0 for t > τ. The function τ is not 
known in advance, but this does not matter; it can be computed in a numerical 
simulation “on the fly.” Under these assumptions about the material, (8.38) 
becomes Z Z

E ¼ 2w0 �½x; 1	hx0�xidV 
0 
dV : ð8:39Þ 

P� Bþ

To evaluate this double integral, observe that �½x; 1	hx0�xi¼1 for bonds that 
connect points x 2 P� to points x02 Bþ. Referring to Fig. 8.3, any point x on 
the lower vertical axis with 0 � z � δ is connected to points x0 within the 
spherical cap H∩ Bþ. Working in a spherical coordinate system with elevation 
angle φ, azimuthal angle ϑ, and radius ξ, (8.39) reduces to 

Z Z Z Z2π δ δ cos � 1ðz=ξÞ πw0δ
4a 

E ¼ 2w0a ξ2sin φ dφ dξ dz dϑ ¼ : ð8:40Þ 
20 0 z 0 

FIG. 8.3 Computation of surface energy by the total work absorbed by P  as it separates from � B . þ
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Assuming that this surface energy equals the critical energy release rate G for the 
material times the area of the patch a, 

G ¼ E=a: 

From this and (8.40), solving for w0 yields 

2G 
w0 ¼ 

πδ4 : 

Thus, the critical value of work on a bond for bond breakage has been determined 
from the measurable quantity G. This result is independent of the details of the 
constitutive model. 

9. Discussion 

The development of the peridynamic theory presented above has emphasized 
the unifying aspect of the theory: the same field equations can be applied directly 
to traditional continua, to continua with emerging and propagating defects, and to 
discrete particles. Does such a unified treatment have any advantages over 
standard methods? One possible benefit is that since all these regimes satisfy 
the same field equations, it may not be necessary to devise coupling methods to 
connect disparate mathematical systems. For example, communication between 
an atomistic and a continuous region does not require coupling between a set of 
ODEs describing the particles and of PDEs describing the continuum, since both 
regimes obey the same integro-differential equations in peridynamics. Develop
ment of such an atomistic-to-continuum coupling within the peridynamic frame
work is a current area of research. 

Similarly, because the same field equations within the peridynamic model 
apply to points either on or off of a discontinuity, cracks and other defects grow 
autonomously. Their nucleation and progression are determined by the equation 
of motion and the material model, which may include damage evolution. It is not 
necessary to provide a supplemental kinetic relation that dictates the evolution of 
cracks, as is needed in traditional fracture mechanics. Instead, cracks appear and 
grow spontaneously depending on conditions. 

It is worthwhile to compare the peridynamic approach to fracture with varia
tional approaches (Bourdin, Francfort, & Marigo, 2000, 2008; Francfort, & 
Marigo, 1998) in which the growth of a crack is determined by energy minimiza
tion, including contributions from continuous parts of the body and from energy 
consumed by the crack. Like traditional fracture mechanics, this variational 
approach treats cracks as separate entities from the continuous parts of the 
deformation, hence the need to include their energy consumption through separate 
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terms in the variational statement. Thus, the variational approach to fracture has 
fundamentally different purposes and characteristics from the peridynamic 
approach, which treats damage only through the material model and does not 
distinguish between cracked and continuous parts of the body. 

A question of fundamental interest is the extent to which the peridynamic 
approach to damage can qualitatively and quantitatively reproduce the phenom
ena of fracture, particularly in complex materials and geometries. A closely 
related question is how the details of the constitutive model, including the damage 
evolution law, influence predicted fracture and failure of materials. As noted in 
Section 1.2, there are many encouraging numerical results available that apply 
peridynamic modeling to a variety of problems in fracture and fragmentation, 
including dynamic fracture. In most cases, these simulations rely on the simplest 
possible assumptions about material response and damage. A more comprehen
sive approach is needed to learn what insights can be gained from the peridynamic 
method for fracture and what types of material models lead to the best agreement 
with experimental data. 

As remarked in Section 3, the peridynamic theory uses vector states, rather 
than second-order tensors, as the fundamental quantities that a constitutive model 
deals with. These states are infinite dimensional objects, unlike tensors, which are 
nine dimensional. This suggests that there may be a potentially larger and richer 
environment provided by the peridynamic theory in material modeling. This 
environment includes, as discussed in this chapter, the ability to treat disconti
nuities and long-range forces directly. But there may also be other avenues of 
material modeling in the peridynamic theory that remain to be explored. For 
example, it is demonstrated in Silling, Weckner, Askari, and Bobaru (2010) that 
peridynamics reveals a condition for a particular type of material instability, 
interpreted as the nucleation of a crack, that is not necessarily well described by 
mathematical conditions such as loss of ellipticity in the classical theory. It is 
shown in Weckner and Silling (2010) that a peridynamic micromodulus function 
in one dimension can be obtained from experimental measurements of wave 
dispersion data. Material response within peridynamics, including its implications 
for material stability and generation of defects, is an open and promising area of 
research. 

As noted in Section 7.5, the representation of a system of a discrete particles 
within the peridynamic theory is at present limited by the interactions that are 
defined in the reference configuration due to the Lagrangian nature of the method. 
The generality of the treatment could be improved by developing an Eulerian version 
of the model that would allow changing interactions. This would also permit a 
number of other applications to be modeled, notably those involving fluids. 
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Future development of the peridynamic theory will include multiscale applica
tions. It may be possible to construct a consistent multiscale method within peridy
namics, that is, a rigorously coupled set of models at different length scales that all 
have the same mathematical structure. Such a multiscale method has been proposed 
in Silling (2010). In this approach, a set of reduced, or coarsened, degrees of freedom 
is chosen from a detailed linearized model at the smallest length scale. This detailed 
description could represent a linearized molecular dynamics model since, subject to 
the assumptions in Section 7.4, discrete particles are a special case of a peridynamic 
continuum. It is possible to evaluate the coarsened micromodulus function such that 
the forces within the coarsened model agree with what would have been evaluated 
from the full, detailed model, even though the coarsened model excludes many of the 
original degrees of freedom. The resulting coarsened model has the same mathema
tical structure as the detailed model, that is, linear peridynamics. Therefore, the 
coarsening process can be repeated over and over hierarchically, leading to succes
sively more economical computational models. 
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