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1. Introduction

1.1. PurPOSE OF THE PERIDYNAMIC THEORY

The peridynamic theory of mechanics attempts to unite the mathematical
modeling of continuous media, cracks, and particles within a single framework.
It does this by replacing the partial differential equations (PDEs) of the classical
theory of solid mechanics with integral or integro-differential equations. These
equations are based on a model of internal forces within a body in which material
points interact with each other directly over finite distances.



Peridynamic Theory of Solid Mechanics 75

The classical theory of solid mechanics is based on the assumption of a
continuous distribution of mass within a body. It further assumes that all internal
forces are contact forces (Truesdell, 1977) that act across zero distance. The
mathematical description of a solid that follows from these assumptions relies
on PDE:s that additionally assume sufficient smoothness of the deformation for the
PDEs to make sense in their either strong or weak forms. The classical theory has
been demonstrated to provide a good approximation to the response of real
materials down to small length scales, particularly in single crystals, provided
these assumptions are met (Maranganti & Sharma, 2007). Nevertheless, technol-
ogy increasingly involves the design and fabrication of devices at smaller and
smaller length scales, even interatomic dimensions. Therefore, it is worthwhile to
investigate whether the classical theory can be extended to permit relaxed
assumptions of continuity, to include the modeling of discrete particles such as
atoms, and to allow the explicit modeling of nonlocal forces that are known to
strongly influence the behavior of real materials.

Similar considerations apply to cracks and other discontinuities: the PDEs of
the classical theory do not apply directly on a crack or dislocation because the
deformation is discontinuous on these features. Consequently, the techniques of
fracture mechanics introduce relations that are extraneous to the basic field
equations of the classical theory. For example, linear elastic fracture mechanics
(LEFM) considers a crack to evolve according to a separate constitutive model
that predicts, on the basis of nearby conditions, how fast a crack grows, in
what direction, whether it should arrest, branch, and so on. Although the
methods of fracture mechanics provide important and reliable tools in many
applications, it is uncertain to what extent this approach can meet the future
needs of fracture modeling in complex media under general conditions, parti-
cularly at small length scales. Similar considerations apply to certain methods
in dislocation dynamics, in which the motion of a dislocation is determined by
a supplemental relation.

Aside from requiring these supplemental constitutive equations for the growth
of defects within LEFM and dislocation dynamics, the classical theory predicts
some well-known nonphysical features in the vicinity of these singularities. The
unbounded stresses and energy densities predicted by the classical PDEs are
conventionally treated in idealized cases by assuming that their effect is confined
to a small process zone near the crack tip or within the core of a dislocation (Hirth
& Lothe, 1982). However, the reasoning behind neglecting the singularities in this
way becomes more troublesome as conditions and geometries become more
complex. For example, it is not clear that the energy within the core of a
dislocation is unchanged when it moves near or across grain boundaries. Any
such change in core energy could affect the driving force on a dislocation.
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Molecular dynamics (MD) provides an approach to understanding the
mechanics of materials at the smallest length scales that has met with important
successes in recent years. However, even with the fastest computers, it is widely
recognized that MD cannot model systems of sufficient size to make it a viable
replacement for continuum modeling.

These considerations motivate the development of the peridynamic theory,
which attempts to treat the evolution of discontinuities according to the same field
equations as for continuous deformation. The peridynamic theory also has the
goal of treating discrete particles according to the same field equations as for
continuous media. The ability to treat both the nanoscale and the macroscale
within the same mathematical system may make the method an attractive frame-
work in which to develop multiscale and atomistic-to-continuum methods.

1.2. SUMMARY OF THE LITERATURE

The term “peridynamic” first appeared in Silling (2000) and comes from the
Greek roots for near and force. The model proposed in Silling (2000) treats internal
forces within a continuous solid as a network of pair interactions similar to springs.
In this respect, it is similar to Navier's theory of solids (see Section 6). In the
peridynamic model, the springs can be nonlinear. The responses of the springs can
depend on their direction in the reference configuration, leading to anisotropy, and
on their length. The maximum distance across which a pair of material points can
interact through a spring is called the horizon, because a given point cannot “see”
past its horizon. The horizon is treated as a constant material property in Silling
(2000). The equation of motion proposed in the original peridynamic theory is

p(x)a(x, 1) = /f(u(x’, t) —u(x, 1), ¥ —x) dVy +b(x, 1), (1.1)
H

where x is the position vector in the reference configuration of the body B, p is
density, u is displacement, and b is a prescribed body force density. H is a
neighborhood of x with radius J, where ¢ is the horizon for the material.
Constitutive modeling, as proposed in Silling (2000), consists of prescribing the
pairwise force function f(7, &) for all bonds E=x'—x and for all relative displace-
ments between the bond endpoints, # =u'—u. f can depend nonlinearly on #, and
there is no assumption that the bond forces are zero in the reference configuration.
f has dimensions of force per unit volume squared. Linearization of the equation
of motion results in an expression that is formally the same as in Kunin's nonlocal
theory (Kunin, 1982, 1983) although constitutive modeling and other aspects are
different; a comparison between the two models is discussed in Section 6.5.
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A number of papers have investigated various aspects of the linear peridy-
namic theory. In Silling, Zimmermann, and Abeyaratne (2003), the static loading
by a body force density of an infinitely long, homogeneous bar is considered. The
resulting solutions, obtained using Fourier transforms, demonstrate interesting
features not present in solutions of the classical equilibrium equation. Among
these are oscillations that decay at points far from where the loading is applied, a
result of the nonlocality in the equations. (The physical significance of these
features is not yet clear.) Dispersion curves are derived from isotropic material
models in Silling (2000), along with a variational formulation and some aspects of
material stability. Zimmermann (2005) explored many features of theory, includ-
ing certain aspects of wave motion, material stability, and numerical solution
techniques. Zimmermann also studied energy balance for crack growth within the
theory.

Weckner and Abeyaratne (2005) studied the dynamics of a one-dimensional
bar and obtained a Green's function representation of the solution. They also
derived expressions for the evolution of discontinuities in the displacement
field. Stable discontinuities ( i.e., discontinuities that do not grow unboundedly
over time) can occur for certain choices of the initial data, even with well-
behaved material properties. For other materials, discontinuities can grow
unboundedly over time, leading to a type of material instability. Green's func-
tions for three-dimensional, unbounded, elastic isotropic media were derived
in Weckner et al. (2009) for both statics and dynamics. This work also presented
a comparison between the local and peridynamic theories for linear elastic
solids.

Alali and Lipton (2009), Du and Zhou (2010a, 2010b), and Emmrich and
Weckner (2007a, 2007b) establish various existence and uniqueness results for
the linear peridynamic balance of momentum. These papers also draw equiva-
lences with the weak solution of the classical equations of linear elasticity, and
show, in a precise sense, the well-posedness of the peridynamic equations in the
limit as the nonlocality vanishes. In particular, the limiting solution coincides with
the conventional weak solution given sufficient regularity of the boundary data
and material properties. Within the context of nonlocal steady-state diffusion,
Gunzburger and Lehoucq (2010) introduce a nonlocal Gauss's theorem and
nonlocal Green identities to establish well-posedness of the nonlocal boundary
value problem.

The peridynamic theory as outlined in Silling (2000) suffers from significant
restrictions on the scope of material behavior that can be modeled, in particular
the Poisson ratio is always 1/4 for isotropic materials. This motivated a rethinking
of the whole peridynamic theory. The outcome was a concept which preserves the
idea of bonds carrying forces between pairs of particles. However, in the new
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approach, the forces within each bond are not determined independently of
each other. Instead, each bond force depends on the collective deformation
(and possibly the rate of deformation and history) of all the bonds within the
horizon of each endpoint. The resulting modified theory is called state-based,
because the mathematical objects that convey information about the collective
deformation of bonds are called peridynamic states (see Section 3). The technical
discussion in this chapter deals primarily with the state-based theory, although
the earlier bond-based theory is shown to be a special case of this. The state-
based theory is discussed in greater detail in Silling et al. (2007), which includes a
specific isotropic solid material model in which any Poisson ratio can be
prescribed.

It is also shown in (Silling et al., 2007) that any elastic constitutive model from
the classical theory can be adapted to the peridynamic theory using a nonlocal
approximation to the deformation gradient tensor. Application of this technique to
a strain-hardening plasticity model is demonstrated in Warren et al. (2009),
Foster, Silling, and Chen (2010). The stress tensor provided by the classical
constitutive model is mapped onto the bond forces in a way consistent with the
approximation used for the deformation gradient (see Section 4.11).

A peridynamic stress tensor (see Section 6.2) was derived in Lehoueq and
Silling (2008), although a similar concept was previously discussed in Zimmer-
mann (2005). The peridynamic stress tensor has a mechanical interpretation
similar to the Piola stress tensor in the classical theory. It provides the force per
unit area across any imaginary internal surface. However, in the peridynamic
case, the stress tensor is nonlocal: the forces involved are the nonlocal forces in
bonds that cross from one side of the surface to the other. The peridynamic
operator for the internal force density can be expressed exactly as the divergence
of the peridynamic stress tensor field. Thus, the peridynamic equation of motion
becomes formally the same as the classical equation.

The convergence of the bond-based peridynamic theory to the equations of
classical elasticity theory was demonstrated by Zimmermann (2005), and in the
context of isotropic linear elastic solids by Emmrich and Weckner (2007b). Within
the state-based framework for constitutive modeling, it was shown in Silling and
Lehoucq (2008) that if a deformation is classically smooth, then the peridynamic
operator for internal force density approaches the classical operator in the limit of
small horizon (see Section 6.3). The limiting process produces a classical con-
stitutive model for Piola stress as a limiting case of the peridynamic stress for
small horizon. In this sense, the peridynamic theory converges to the classical
theory.

Sears and Lehoucq (2009) provide a statistical mechanical foundation for the
peridynamic balance of linear momentum. The nonlocality of force interaction is
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intrinsic and originates in molecular force interaction that is nonlocal. This analysis
is similar to the landmark work of Irving and Kirkwood (1950), who had the
objective of deriving the classical, rather than peridynamic, field equations from
statistical physics. The classical balance of linear momentum is a consequence of
the more general peridynamic balance when the integral operator is expressed as
the divergence of a stress tensor. In the important special case of a pair potential,
Noll (1955) (also see Lehoucq & von Lilienfeld-Toal, 2010; Sears & Lehoucq, 2009)
in effect derives the peridynamic balance of linear momentum as an intermediate step
in deriving the classical balance from the principles of statistical mechanics.

Gerstle et al. extended the peridynamic mechanics model to diffusive processes
including heat conduction and migration of species due to high electrical current
density (Gerstle, Silling, Read, Tewary, & Lehoucq, 2008). They applied the
combined nonlocal equations incorporating multiple physical mechanisms,
including species diffusion, heat transport, mechanics, and electrical conduction,
into a model problem demonstrating the failure of an electronic component due to
electromigration.

Nearly all of the applications of the peridynamic model to date rely on
numerical solutions. A numerical technique for approximating the peridynamic
field equations was proposed in (Silling, 2003). This numerical method simply
replaces the volume integral in (1.1) with a finite sum:

o (1 = 2u ) = 3£ g = x) Vi B
JEH

where i is the node number, 7 is the time step number, /4 is the time step size, and
V; is the volume (in the reference configuration) of node i. This numerical method
is meshless in the sense that there are no geometrical connections, such as
elements, between the discretized nodes. Adaptive refinement and convergence
of the discretized method in one dimension are discussed in (Bobaru et al., 2008).

Damage is incorporated into this numerical method by causing the bonds
between interacting nodes to break irreversibly. Although this breakage occurs
independently among all the bonds, their failure tends to organize itself along
two-dimensional surfaces that are interpreted as cracks. Cracks progress autono-
mously: their advance is determined only by the field equations and constitutive
model at the bond level. There is no supplemental relation that dictates crack
growth. In particular, the stress intensity factor is not used. Because of the nonlocal
nature of the equations, fields near a crack tip in the numerical results are bounded.
A computer solution to one of the Kalthoff-Winkler problems (Kalthoff & Winkler,
1988), which is regarded in the computational fracture mechanics community as an
important benchmark problem, is presented in Silling (2003). Additional examples,
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as well as more details about the numerical method, are discussed in Silling and
Askari (2005), Weckner, Askari, Xu, Razi, and Silling (2007).

Autonomy of crack growth is also demonstrated by Kilic and Madenci (2009),
who apply the peridynamic method in a numerical model of cracking in glass
plates. The cracks are driven by a temperature gradient that causes thermal
stresses (Yuse & Sano, 1993). In the geometry considered, the crack growth is
mostly stable. In some cases, the cracks curve and branch. The numerical model
reproduces many aspects of the experiments.

Dayal and Bhattacharya (2006) developed a peridynamic material model
designed to reproduce martensitic phase transformations. Numerical studies
showed that this model predicts phase boundaries with finite thickness and
detailed structure. These authors further showed that the model uniquely deter-
mines a kinetic relation for the motion of phase boundaries. This result is
analogous to the autonomous growth of cracks: the motion of the defect is
determined by the field equations and the constitutive model.

Finite element (FE) discretization techniques for the peridynamic equations
have been proposed by Zimmermann (2005) and Weckner et al. (2009). Macek &
Silling (2007) demonstrated that standard truss elements available in the Abaqus
commercial FE code can be used to represent peridynamic bonds. These peridy-
namic elements can be applied in part of an FE mesh with standard elements in the
remainder of the mesh. The resulting FE model of the peridynamic equations was
applied in Macek and Silling (2007) to penetration problems. An FE formulation
was also developed by Chen and Gunzburger (2010), who consider the one-
dimensional equations for a finite bar. Weckner and Emmrich investigated certain
discretizations of the peridynamic equation of motion, including Gauss—Hermite
quadrature, and applied these to initial value problems to demonstrate conver-
gence (Emmrich & Weckner, 2007c; Weckner & Emrich, 2005).

Among applications of the peridynamic model to real systems, Bobaru (2007)
and (Bobaru & Silling, 2004) demonstrated the application of a numerical model to
small-scale structures, including nanofibers and nanotubes. The nanofiber model is
multiscale in the sense that it involves both short-range forces within a fiber and
long-range van der Waals forces between fibers. The meshless property of the
numerical method, as well as the ability to treat long-range forces, is helpful in these
applications because of the need to generate models of complex, random structures.
Silling and Bobaru (2005) additionally applied the method to the dynamic fracture
of brittle elastic membranes. This study demonstrated the acceleration of a crack to
a limiting growth velocity that is consistent with the properties of the material.

Small-scale numerical applications of the peridynamic equations are also
demonstrated by Agwai, Guven, and Madenci (2008a, 2008b) and by Kilic and
Madenci (2010), who studied cracking and debonding in electronic integrated
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circuit packaging. Their model explicitly includes a temperature-dependent term
in the material model for bond forces and so can be applied to damage driven by
thermal stresses.

Concrete, because it is heterogeneous and brittle unless large compressive
confining stress is present, is a good example of a material in which the standard
assumptions of LEFM do not apply, at least on the macroscale. The process of
cracking in concrete tends to occur through the accumulation of damage over a
significant volume before localizing into a discontinuity, which itself usually
follows a complex, three-dimensional path. Damage and its progression to crack-
ing in concrete are often cited as processes in which nonlocality is important
(Bazant & Pijauder-Cabot, 1988; Ozbolt & Bazant, 1996). (Gerstle et al., 2005;
Gerstle, Sau, & Silling, 2007; Gerstle, Sau, & Aguilera, 2007; Gerstle, Sau, &
Sakhavand, 2009) have applied the peridynamic method to the failure of concrete
structures, including the debonding of reinforcing bar from concrete. This
includes development of a micropolar version of the theory, in which rotational
degrees of freedom are included in the computational nodes.

Impact on brittle structures is a natural application for the peridynamic model,
because cracks grow “autonomously”: fracture nucleation and evolution occur as
an outcome of the material model and equation of motion, so any number of
cracks can grow in any degree of complexity. Peridynamic analysis of impact is
demonstrated in Demmie and Silling (2007), Silling and Askari (2004).

Application to damage and fracture in composite laminates is discussed in
Askari, Nelson, Weckner, Xu, and Silling (2008), Askari, Xu, and Silling (2006),
Xu, Askari, Weckner, Razi, and Silling (2007), Xu, Askari, Weckner, and Silling
(2008). It is demonstrated that the strong anisotropy in a unidirectionally rein-
forced lamina can be reproduced by making the bond response in (1.1) dependent
on the direction of the bond in the reference configuration. The anisotropy also
applies to damage: the criterion for bond breakage can also be dependent on bond
direction. From this conceptually simple treatment of anisotropy, the complexity
of damage and fracture in composites can be reproduced to a surprising degree by
a homogenized peridynamic model. Kilic, Agwai, and Madenci (2009) developed
an innovative numerical model of a composite lamina that is not homogenized,
but instead treats the constituents explicitly within the mesh. This model
reproduces the influence of stacking sequence on damage and progressive failure
in laminates.

The peridynamic method was applied by Foster to the interpretation of experi-
ments on dynamic fracture initiation (Foster, 2009). This application used a state-
based peridynamic material adapted from a viscoplastic material model for metals
using the technique discussed in Section 4.11. This work successfully reproduced
the effect of loading rate on crack initiation in steel.



82 S. A. Silling and R. B. Lehoucq

The use of the peridynamic theory as multiscale method is currently in its early
stages. Preliminary work is reported in Askari et al. (2008). Solution of the
peridynamic continuum equations within the LAMMPS MD code is described
in Parks, Lehoucq, Plimpton, and Silling (2008).

Multiscale analysis of a fiber-reinforced composite in the limit of small fiber
diameter is treated by Alali and Lipton (2009) for different types of assumed
limiting behavior of the constituent materials and their interfaces. These authors
also investigate the homogenized models resulting from alternative ways of
coupling the peridynamic horizon to the geometrical length scales naturally
present in the material during this limiting process.

1.3. OrGaNizATION OF THIS CHAPTER

The purpose of this chapter is to present an up-to-date, consistent development
of the peridynamic theory. In Section 2, we develop systematically the equations
for global and local balance of linear momentum, angular momentum, and
energy. This leads to a statement of the principle of virtual work (PVW), as
well as the peridynamic form of the first law of thermodynamics.

Section 3 contains a discussion of the notation and properties of peridynamic
states, which are the mathematical objects used in constitutive modeling. The term
“states” is chosen in analogy with the traditional usage of this term in thermo-
dynamics: these objects contain descriptions of all the relevant variables that
affect the conditions at a material point in the body. In the case of the peridynamic
model, these variables are the nonlocal interactions between a point and its
neighbors.

The general form of constitutive models is discussed in Section 4, including
the appropriate notion of elastic materials. Conditions for isotropy and objectivity
are discussed. The Coleman—Noll method for obtaining restrictions on constitu-
tive dependencies is applied, revealing a restriction on the sign of rate-dependent
terms. Specific material models are described which highlight material behavior
that the peridynamic model can describe but the classical theory cannot.

Linearization is treated in Section 5. The linearized peridynamic material
properties are contained in the modulus state, which is analogous to the fourth-
order elasticity tensor in the classical theory. The equation of motion becomes a
linear integro-differential equation in the linearized theory. The equation of
equilibrium is a linear Fredholm integral equation of the second type.

In Section 6, we compare the peridynamic theory to the classical theory. The
peridynamic stress tensor is defined, and it is shown that under certain conditions,
the peridynamic equation of motion converges to the classical PDE.
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A comparison between the peridynamic model and some other nonlocal theories
is also presented.

Section 7 demonstrates that a description of discrete particles can be obtained
as the limiting case of peridynamic regions of finite volume as their sizes are
shrunk to zero. The resulting description involves forces that are more general
than pair interactions. Then, it is shown that such a collection of “peridynamic
particles” can be represented within the peridynamic continuum equations using
generalized functions. In particular, any multibody potential can be represented
exactly in terms of a peridynamic constitutive model. The peridynamic stress
tensor and its volume average are derived for a system of discrete particles, and it
is shown that these averages obey the peridynamic equation of motion.

Damage and fracture are discussed in Section 8. It is shown how irreversible
damage can be included in the peridynamic expression for free energy in a
constitutive model. Damage evolution is treated as part of the material model.
A peridynamic version of the J-integral is derived that gives the rate of energy
dissipation of a moving defect; this is related to the Griffith criterion for crack
growth. An expression for the surface energy of a crack is derived in terms of the
work done on bonds that initially connected material on one side of a crack to
material on the other side.

2. Balance Laws

We derive the peridynamic balances of linear and angular momentum in a
more systematic way than has previously appeared in the literature (Silling et al.,
2007). We then postulate the global balance of energy for a subregion in a
peridynamic body, which leads to the local balance of energy. The energy balance
involves both heat transport and mechanical power. The global energy balance
introduces the absorbed power and supplied power for a subregion. An important
result is that the internal energy defined in terms of these powers is an additive
quantity, leading to a meaningful definition of internal energy density.

The balances of linear momentum, angular momentum, and energy are shown
to adhere to a canonical structure, which we call the master balance law. This law
expresses the rate of change of any additive quantity within a subregion as the
sum of interactions between points inside and outside of the subregion, plus a
source term. These interactions appear within the integrand of an integral operator
in the master balance law, and the antisymmetry of this integrand plays a crucial
role. This antisymmetry allows the integral operator to be written as the integral of
the divergence of a nonlocal flux. (An analogous master balance law also exists in
the classical theory.)
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2.1. BALANCE OF LINEAR MOMENTUM

Let B be the reference configuration of a closed, bounded body with reference
mass density p. Let y(-, ) be a motion of 5, so y(x, t) is the position at time ¢ > 0 of
a material point x € B. The deformed image of B under y is denoted B, (Fig. 2.1).
Define the velocity field by

v(x, 1) =y(x, 1) Vxe B, t>0.

Let b be the external body force density field. Let L(x, 7) be the force per unit
volume at time 7 on x due to interactions with other points in the body. The force
vector on a subregion P c BB is given by

/P(L+b) av,

in which the integration is performed in the reference configuration. Applying
Newton's second law to this subregion,

d Py dv:/pgr dv:/(L+b)dv, (2.1)
dt Jp P P
hence, by localization, the equation of motion in terms of L is

p(x)¥(x, 1) = L(x, t) + b(x, 1) VxeB, t>0. (2.2)
Newton's second law applied to B requires that

d

— y dV = . 2.
G v av /Bde (2.3)

Setting P=8 in (2.1) and comparing the result with (2.3) shows that L. must be
self-equilibrated:

/L(x, 1)dVy =10 Yt >0.
B

Fic. 2.1  Peridynamic body and its motion y.
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Now let f(-, -, -) be a vector-valued function such that
L(x, 1) = /f(x/, x, 1) dVy Vx e B, t>0, (2.4)
B

and such that f is antisymmetric:
f(x, ¥, t) = —f(¥, x, 1) Vx,x' € B, t>0. (2.5)

For a given L, such an f can always be found; an example is
1
f(xlv X, t) = ‘_/ (L(Xa t) - L(X/7 t))a (26)

where V is the volume of B in the reference configuration. The function f, which
plays a fundamental role in the peridynamic theory, is called the dual force
density. It has dimensions of force per unit volume squared. In general, the vectors
f(x', x, 1) and f(x, X', 1) are not parallel to the vector y(x',7) — y(x, 7). The particular
choice of f given in (2.6) is not very useful in practice: it is given only to
demonstrate that for a given L, an f satisfying (2.4) and (2.5) always exists. In
applications, f is determined by the deformation through the constitutive model.

The antisymmetry of f stated in (2.5) allows the balance of linear momentum
on a subregion P c I5 to be expressed in a form in which f connects only points in
the interior of P to points in its exterior. To see this, note that (2.5) implies

/ / £(x, x, 1) dVyr dVy = 0. (2.7)
pJp

Therefore, from (2.1), (2.4), and (2.7),

d
d / 5 (x, 1) dV = / / £(x, x, 1) dVy dVy + / b(x, 1) dVy.  (2.8)
dt Jp pJevp P

The following converse is also true: if (2.8) holds for all subregions P c B, then
(2.5) holds. To see this, choose any two subregions N' < B and N’ < B such that
N AN’ =@ (Fig. 2.2). Also define R = B\(N UN”). Since B\N = N'+R and
B\N'=N + R, it follows that for any f, whether antisymmetric or not,

[/J\//K3\N+//,/L;\N/_/N/, _/’/J\/_/J\/UN"/R:|f(XI7 x) dVyr dVy = 0.

(2.9)
It follows from the linearity of the integral operator that

[/N’ +/ - [\/UN’:l (py(x, 1) = b(x, 1)) dVy =0,

hence, from (2.8),
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FiG. 2.2 Antisymmetry of f.

{/N/B\N +/ ’/B\N' ; /Nu/\///n] f(x', x) dVy dVys = 0.

Subtracting this from (2.9) yields

U/\// / +/ ,/N}f(x/y x) dVier dVy = 0.

Since this equation must hold for arbitrary disjoint N and N, localization results
in (2.5). Thus, the balance of linear momentum (2.8) implies that f possesses the
antisymmetry (2.5).

It is convenient, but not entirely accurate, to think of f(x', x, 7) as physically
representing the force vector (per unit volume squared) that x' exerts on x. The
reason this interpretation is not accurate is that there is not necessarily a direct
physical connection between x' and x that gives rise to the force. For example, if L
is given, the particular f given by (2.6) would generate L regardless of whether
each x' and x have any direct mechanical interaction, such as a spring connecting
the two points.

For a given f field satisfying (2.4) and (2.5), let t(-, -, -) denote a vector-valued
function such that

f(x, x, 1) =t(x, x, 1) —t(x, %, 1) Vx,x € B, t>0. (2.10)
Such a t function can always be found; an example is given by
f(x', x, ¢
t(x, x, 1) = £, % 1) Vx,x € B, t>0.

2
The function t is called the bond force density and is the basic quantity produced
by a constitutive model in the peridynamic theory (Fig. 2.3). Like f, the bond
force density has dimensions of force per unit volume squared.
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Fic. 2.3 Dual force density f between two points has contributions from the bond force density t
at both points.

In order to simplify notation, set

t= t(x/,x, 1), t =t(x, X, 1),

f=f(x,x, 1), f=Ff(x,x,1)
y=y(x 1), y=y,1),
2.11
p=p(), b=blx 1), (211)
L =1L(x, 1),

dV =dVy, dV' =dV, .
From (2.4) and (2.10), the force density is given by

L= /B(t —t)av'. (2.12)

From (2.8) and (2.10), the global balance of linear momentum for any subregion
PcBis

d
— [ py dV = // (t —t)av’ dV+/b dv. (2.13)
dr Jp PJB\P P

From (2.2) and (2.4), the local balance of linear momentum is
pj'fz/de/—l—b Vx e B, 1>0 (2.14)
B
or equivalently, using (2.12),

py = /(t —t)dV'+b Vx e B, t>0. (2.15)
B
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The local balance of linear momentum is also called the equation of motion. By
setting y = 0 in (2.15), the equilibrium equation is found to be

/(t—t’)dV’+b:0 Vx € B.
B

The double integral in (2.13) represents a nonlocal flux of linear momentum
through the boundary of P. This term is analogous to the contact force on a
subregion in the classical, local theory. Equation (2.13) is an example of nonlocal
balance principles whose structure is discussed in Section 2.5.

2.2. PrRINCIPLE OF VIRTUAL WORK

Boundary and initial conditions can be incorporated into the balance of linear
momentum (2.15) by formulating a variational problem (Madenci, Oterkus, &
Barut, 2010). Let B* B have a nonzero volume. 3* consists of the points where
the motion is prescribed. Let w(-,-) be a motion of 53, and use the abbreviated
notation

w = w(x, 1), w=w(x,1).

The principle of virtual work (PVW) is stated as follows:

/pj}.de-}-//t-(w/—w) dV’dV:/b-de (2.16)
B BJB B

for all motions w such that
w=20 on B*. (2.17)

We now demonstrate that the PVW implies the balance of linear momentum.
Using the change of variables x <> x’ leads to the identity

/B/Bt.(W'— w) dV'dV = _/B/B(t —¢)-wdV' dv. (2.18)

Inserting (2.18) into (2.16) results in

/(py —/(t — ) dV— b)wdV = 0.
B B
Since this must hold for any choice of w satisfying (2.17), it follows that
py = /(t —t)dV'+b on B\ B".
B

This leads to the initial boundary value problem for the balance of linear
momentum (2.15)
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py = fB(t —t)dV'+b onB\B5",
y=y" on 37,
y(+,0) = vo(+) on B\ B*,

(2.19)

where y* and v, are prescribed functions. Conversely, working backwards shows
that any solution of the initial boundary value problem (2.19) also satisfies the
PVW statement (2.16).

2.3. BALANCE OF ANGULAR MOMENTUM

Let B be a closed, bounded body, and as before, let P — 3 be a subregion. The
angular momentum in P with respect to an arbitrary reference point yy is defined
by

aP) = [ —w) x pyav. (220)
This definition asserts that there are no hidden variables or degrees of freedom
other than velocity that contain angular momentum. Since y xpy = 0, (2.20)
implies
AP = [ =y < p5av.
From this and (2.2),
AP = [ =y x @rp)av. (221)

Global balance of angular momentum on B requires that the rate of change of total
angular momentum equal the total moment due to external forces:

M@:A@—mxbw. (2.22)

This equation asserts that there are no external moments other than those arising from
b. Comparing (2.21) with (2.22) and setting P = 3 places a restriction on L:

/(y —vy,) X LdV =0, (2.23)
B

which means that the moments generated by internal forces must be self-
equilibrated. Conversely, (2.21) and (2.23) imply (2.22).
Suppose the bond force density field t is such that

/(y/_ y) x tdV'=0  VxeB, 1>0. (2.24)
B
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A bond force density field satisfying (2.24) will be called nonpolar. This name is
chosen to contrast the present situation with “micropolar” continuum theories that
permit a nonzero moment to be exerted on material points: the definition (2.24)
asserts that the net moment about y(x, 7) exerted by t(-,x) vanishes. Micropolar
theory has been proposed, for example, as a way of modeling granular flow
(Kanatani, 1979). A micropolar peridynamic model has been proposed (Gerstle
et al., 2007) but is beyond the scope of this chapter.

If t is nonpolar, then the global balance of angular momentum on B necessarily
holds. To see this, compute the left-hand side of (2.23) using (2.4), (2.7), and
(2.10):

/(Y_YO) X LdVZ//(y—yO) x £dV'dV
B BJB
://y X de'dV—y(, X //de'dV
BJB BJB
://y X (t—t)dv'dv.
BJB

Using the change of variables x <> x’ to eliminate the t’ term and using (2.24) lead to

/(y = ¥o) ><LdV=//(y—y’) x tdV' dV =0,
B BJB

so (2.23) holds. As discussed above, this implies that the global balance of
angular momentum on /3 (2.22) holds.

Next, we further investigate the balance of angular momentum on subregions
and use the results to derive the local balance of angular momentum. Assume that t
is nonpolar, let P < B be a subregion, and let yo=0. From (2.4), (2.10) and (2.21),

A(P)z/P/By x (t— t')dV’dV—&-/Py X bdV.

Add the expression
y' Xt — y' Xt

to the integrand in the double integral. Rearranging yields

A(P)Z//(y—y/) X th/dV—l—//(y/xt—y X t')dV’dV—l—/y x bdV.
PJB PJB P
(2.25)

Since the bond force densities are nonpolar, by (2.24), the first term on the right-
hand side vanishes. Also, the integrand in the second term is antisymmetric in X
and x’; therefore,

//(y’xt—y x t)dv'dv = 0.
PJP
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So, (2.25) implies

A(P):// (¥ xt —y x t/)dV,dVJr/y X bdV,
PJIB\P P

or, recalling (2.20),

4 y X pde:// (¥ xt—y x t’)dV/dV+/y x bdV, (2.26)
dt Jp PJB\P P
which holds for any P c B. Equations (2.21) and (2.26) are equivalent statements
of the global balance of angular momentum for a subregion under the assumption
of nonpolar bond force densities. The structure of (2.26) is similar to that of (2.13)
in that the two terms on the right-hand side represent nonlocal flux and source
rate. The underlying structure of balance principles of this type is discussed
further in Section 2.5.

By localizing (2.26), a form of the local balance of angular momentum is
obtained:

yij}:/(ylxt—th')dV/—i—yxb Vx € B, t>0.
B

This equation is equivalent to (2.24).

2.4. BALANCE OF ENERGY

Let ¢(X/, x, 1) denote the rate of heat transport, per unit volume squared, from x'

to x. It is required that g be antisymmetric:
qx, ¥, 1) = — q(¥,x, 1) Vx, X €B, t>0. (2.27)

Nonlocal heat transport is assumed here for consistency with the mechanical
model, although the subsequent development of the energy balance could be
repeated with a local heat model. Nonlocality is important in radiative heat
transport. In the limit of small interaction distances, nonlocal heat conduction is
physically the same as the local model.

Let r (x, t) denote the heat source rate at x. The rate at which heat is supplied to
a subregion P c B is given by

Q(P)z// gdv' dV+/rdV, (2.28)
PJB\P P

where the abbreviation g=¢ (X', X, 1) is used. Taking the scalar product of both
sides of the balance of linear momentum (2.15) with the velocity v and integrating
over P result in
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d [pv-v v
— — 2.2
% 5 // t —t) vdVdV+/b -vdV. (2.29)

The identity
(t—t)-v=(t-vV. —t-v)—t- (v —v)

implies that for all P c B,

//(t— t')-vdv'dv ://(t-v’—t/-v) av’ dv-//t-(v’—v) av' dv
PJB PJB PJB
:// (t-v—t'-v) aV’ dV—//t-(v/—v) av' av,
PJB\P PJIB

(2.30)

where the antisymmetry of the dual power density defined by
pa(xX,x) =t-vV—t'-v (2.31)
was used in the last step. Using (2.30), we may rewrite (2.29) as the power balance
K(P) + Was(P) = Wi (P), (2.32)

where the kinetic energy in P is defined by

/ PV,

the power absorbed by P is defined by

Waps(P / / (V.—v)dV'av, (2.33)

and the power supplied to ‘P is defined by

Wsup(P) :// (t'V/—t/'V) dV/ dV+/bvdV
PJB\P P

We postulate the following global form of the first law of thermodynamics:
E(P) + K(P) = Wep(P) + Q(P), (2.34)
where E(P) is the internal energy in P. Subtracting (2.32) from (2.34) results in
E(P) = Wan(P) + Q(P). (2.35)

This result asserts that the rate of change of internal energy is the sum of the
absorbed power and the rate of heat supplied.

Using (2.27), it follows from the definitions (2.28) and (2.33) that both W,
and Q are additive quantities, i.e., for Py, P, c BB, where Py NP, = I,
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Wabs(Pl ) PZ) - Wabs(Pl) + Wabs(PZ)y (236)
Q(P1U P2) = Q(P1) + Q(Pa). (2.37)

Therefore, by (2.35), the internal energy £ is also additive. It follows that there
exists a scalar quantity &(x, ¢) called the internal energy density such that

£(P) = /P cdv. (2.38)

From (2.28), (2.33), (2.35), and (2.38),

/édV://t-(v/ —v)dV/dV+// qdv’dv+/rdv. (2.39)
P PJB PJB\P P
By (2.27),

// qu’dV://qu’dV.

PJB\P PJB

From this and (2.39),

/ { - é+/t-(v’ - v)dV’+/qu’+r]dV =0.
P B B

Since this must hold for any P /3, localization leads to the local statement of the
first law of thermodynamics:

&= pus +h+r, (2.40)

where the local heat transport rate at x is defined by

h:/qu’
B

and the absorbed power density at x is defined by

Pabs = /t- (vV'=v)av'. (2.41)
B

Here, p,, is the analogue of the stress power in the classical theory.

It is worthwhile to contrast the peridynamic power balance developed in this
section with earlier approaches that lead to nonadditive definitions of internal
energy. The key difference lies in our usage of the peridynamic quantities
absorbed and supplied power, rather than the traditional ideas of internal and
external power that appear in literature on the thermodynamics of nonlocal media.
To see this, define the internal and external power by
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Wine(P) = / / £-vdV av,
PSP

Wext(P):// f‘VdV/dV+/b'VdV
PJB\P P

Wine(P) consists of the rate of work done on material points in P by interactions
with other points in P. W, (P) represents the work done by all other interactions,
including body forces. These quantities are related to W, and Wy, via

Wabs(P) = Wint(P) + // t: (V/—V) dV, av
PJB\P

Wen(P) = We(P) + / / e (V—v) dV' dV.
pJB\P

Inserting the above expressions for the absorbed and supplied power replaces
(2.32) with the following alternate statement of the power balance:

K(P) = Wi(P) = Wexe(P).

However, Gurtin and Williams (1971) demonstrate that W,,. and W, are not
additive quantities, in the sense of (2.37), leading to their conclusion that there is
no additive notion of the internal energy density analogous to (2.35). The anti-
symmetretry of the dual power density p, defined in (2.31) is also necessary for
the additivity of the absorbed and supplied power expenditures. As the next
section demonstrates, additivity and antisymmetry are intrinsic to well-formulated
nonlocal balance laws.

2.5. MASTER BALANCE LAw

The global balances of linear momentum (2.13), angular momentum (2.26),
and energy (2.34) over any subregion P c B possess the following canonical
structure:

E(P) = / / D dvV'av + / sdv, (2.42)
pJB\P P

where D(-, +): Bx B—R?and s(-) : B—R?. Here, d=1 if E is scalar valued
or d=3 if it is vector valued. It is assumed that D is antisymmetric:

D(x',x) = — D(x, x) Vx, x' € B. (2.43)
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(In the remaining discussion, the abbreviations D =D(x', x) and s =s(x) are used,
and ¢ does not appear explicitly.) The balance (2.42) states that the rate of change
of the extensive quantity E(P) is composed of two terms. The first term repre-
sents interactions between P and its exterior. The second term represents external
sources. The functions D and s are called the dual interaction density and the
source rate respectively. Equation (2.43) implies

/ DdV’dV://DdV’dV,
PJB\P PJB

hence (2.42) may be rewritten as

E(P) = /p/BD av' dV—l—/Ps dv. (2.44)

From (2.44), it is immediate that

E(P1 ) Pz) = E(P1) + E(Pz),

where P, and P, are any two disjoint subregions of B. This establishes that E is
additive. It follows that there exists a density function € on B such that

E(P) = /Pedv

for any subregion P c B. Inserting this expression into (2.44), localization leads
to the local balance

e = /D av' +s. (2.45)
B

Table 2.1 lists the dual interaction densities and source rates for the three nonlocal
balances previously introduced.

We now demonstrate that the master balance law (2.42) can be written in a
more traditional form, i.e., the first term on the right-hand side of (2.42) corre-
sponds to a nonlocal flux acting on the boundary of P. This is accomplished by
invoking two lemmas due to Noll (1955) (also see Lehoucq & von Lilienfeld-
Toal, 2010) and crucially depends upon the antisymmetry of D.

TaBLE 2.1 Global balance principles

Balance (Eq.) e D S
Linear momentum (2.13) Py t—t b
Angular momentum (2.26) y Xpy yxt —yxt yxb
Energy (2.34) e+25Y qg+ty —t-y r+b-y

y denotes the motion of the body B, and P c B.
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Suppose that the dual interaction density D is antisymmetric and continuously
differentiable, and that

D(x, )| <Klx — x| " xeB, x eR\B,

for positive constants K and ¢ < 3. Then Noll's lemma I provides a closed form
expression for a tensor of order one' or two,

Tx) = — %/L (/1 D(x+3z x — (1 — W)z) dx) ©zdV,  (2.46)

0

such that
V-T= / Dav'.
B
Noll's lemma II then implies that
/ V.-TdV = / / DdV'dV = / DdV'dv, (2.47)
P PJB PJB\P

where the antisymmetry of the dual density D is invoked for the second equality.
Using the divergence theorem, this allows us to rewrite the master balance law
(2.42) in the familiar form

E(P):/ TndV+/sdv.
oP P

Localization then gives the counterpart of (2.45) as
e=V.-T+s.

Noll (2010) calls T a reacher. This terminology draws a distinction with the
abstract notion of a contactor corresponding to a surface interaction. For instance,
when the interaction is a force, a contactor is a contact stress associated with the
classical continuum notion of contact force.

The conclusion of Noll's lemma II given by (2.47) implies that

TndV =0,
B
and equivalently expresses that the sum of the internal interactions in the body is
zZero.

" The integrand is understood as

1
z [ D(x+2Az, x — (1 —L)z)dr
0
for a tensor of order one, or flux vector, T.

2When the tensor T is of order one, then Tn is understood to be T -n.
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As shown in Section 2.1 for the case D = f, the second equality in (2.47)
implies the antisymmetry of D that was assumed in (2.43). Lehoucq and Silling
(2008) provide an expression (see 6.3 below) for the peridynamic stress tensor
in terms of the bond force density. This expression is derivable from (2.46) with
D=f.

3. Peridynamic States: Notation and Properties

The remainder of this chapter largely involves mappings from pairs of points
(x, x') to some quantity. As an aid to keeping track of these mappings, it is
convenient to introduce objects called “peridynamic states.” Consider a body B.
Let 0 be a positive number, called the horizon. For a given x € B, let H, be the
neighborhood of radius ¢ with center x (Fig. 3.1). Define the family of x by

H={& e (R\0)|(¢+x) € (HynB)}.
A vector ¢ € 'H is called a bond connected to x. H differs from H, in that the
former is centered at (0 and contains bonds, while the latter is centered at x and
contains position vectors of material points.

A peridynamic state A(-) is a function on H. The angle brackets (- ) enclose
the bond vector; parentheses and square brackets will be used later to indicate
dependencies of the state on other quantities. A state need not be a differentiable
or continuous function of the bonds in H.

If the value A(&) is a scalar, then A is a scalar state. The set of all scalar states
is denoted S. Two special scalar states are the zero state and the unity state
defined respectively by

0&)=0,  1(&=1 VEEH.

Fic. 3.1 The family H contains the relative position vectors (bonds) connecting x to points such
as X' within a distance ¢ of x.



98 S. A. Silling and R. B. Lehoucq

If the value of A(&) is a vector, then A is a vector state. The set of all vector states
is denoted V. Two special vector states are the null vector state and the identity
state defined by

0(¢) =0, X{)=¢ VEeH, (3-1)

where 0 is the null vector.
An example of a scalar state is given by

a(¢) =3c-¢  VEeH,
where ¢ is a constant vector. An example of a vector state is given by

Ay =¢+c  VEEH.

Another useful kind of state, called a double state, maps pairs of bonds &, { € H
into second-order tensors and is written A(&, {). The set of all double states is
denoted D.

In the following, a and b are scalar states, A and B are vector states, and V
is a vector. Some elementary operations on states are defined as follows, for
any ¢ € H:

(@+Db)(¢) = ald)+b(),  (A+B)(S) = A{5)+B(S)
(ab)(¢) = al€)b(c),  (aB)(¢) = a($)B(S)
(A-B){§) = A(C)-B(S),  (A@B)(S) = (A(S)) @ (B(S))

(Ao B)(€) =A(B()),  (A-V)() = (A{)-V,

where the symbol - indicates the usual scalar product of two vectors in R and
® denotes the dyadic (tensor) product of two vectors. Also define a scalar state
|A| by

A[(&)=|A()] (3-2)

and the dot products

ab= /H al@)b(@dv:,  A*B= /H A BV,  (33)

where, once again, the symbol - denotes the scalar product of two vectors in R?.
The norm of a scalar state or a vector state is defined by

lall=va<+a,  |All=yA-A (3.4)
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Most of the constitutive models in peridynamics involve functions of states,
and it is helpful to define a notion of derivatives of such functions. If ¢(:)
S—R is a function of a scalar state, its Fréchet derivative Vb, if it exists, is
defined by

YA +a) = Y(A) + Vip(A) *a + o(]|al|) (3.5)

for all scalar states A and a. Vi is a scalar state.
If U(-): V— R is a function of a vector state, its Fréchet derivative VU, if it
exists, is similarly defined by

V(A +a) =V(A) + V¥(A)*a+o(al]) (3.6)

for all vector states A and a. V¥ is a vector state.

For functions of more than one state, for example, W(A, B), the Fréchet
derivatives with respect to the two arguments will be denoted Wa and Vg
respectively. The notation d/dA denotes the derivative of a function with respect
to A, if the argument depends either directly or indirectly on A. For example, if
f(-):R—R, then

d
A f((A)) =Vo(A),  d(A): =£((A)).

In this case, it is easily shown from (3.5) that the following chain rule applies:

ad

3a ((V(8) = f'(¥(A))Vi(A),

where f’ denotes the first derivative of f.

The operations on states such as the dot product defined above occur
repeatedly in manipulations, but their use does not restrict the physics that can
be modeled. Note that S, V, and D are infinite dimensional linear vector spaces
(assuming that H contains an infinite number of bonds), but this does not preclude
the modeling of nonlinear behavior. For example, the discussion of constitutive
modeling in Section 4 deals with nonlinear functions of states.

A state field is a state-valued function of position in B and possibly time. These
dependencies are written in square brackets:

Alx, 1]
for any x € H and r > 0. An example of a scalar state field is given by
alx, t){&)=|& + x|t Vé e H,x € B, t>0.
Finally, the dependence of a state-valued function of other quantities is written in
parentheses, for example,

A(B).
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An example of a state-valued function of a vector state is given by
3
a(B) = B[,

i.e., using the definition (3.2),
a(B)(¢) = [B(O)]° V& eH,x €B,t>0.

A vector state is analogous to a second-order tensor in the classical theory,
because it maps vectors (bonds) into vectors. However, the mapping performed
by a vector state is not necessarily a linear transformation on the bond vectors, i.e.,
A (&) is not necessarily a linear function of & The additional notation described
above is needed because of this nonlinearity and nonlocality.

The mappings defined by states provide the fundamental objects on which
constitutive models operate in the nonlocal setting of peridynamics. In the
classical theory, a constitutive model for a simple material specifies a tensor
(stress) as a function of another tensor (deformation gradient). In the peridynamic
theory, a constitutive model instead provides a vector state (called the force state)
as a function of another vector state (called the deformation state). The way this
works is discussed in the next section.

4. Constitutive Modeling

The discussion in Section 2 introduced the bond force density field t without
specifying how this t is determined in a particular motion. This determination is
provided by the constitutive model, also called the material model, which contains
all information about the response of a particular material. In the peridynamic
theory, the constitutive model supplies t(x/, x, 1) in terms of the deformation at
any given time, the history of deformation, and any other physically relevant
quantities. This discussion does not include damage, which is the subject of
Section 8.

The state that maps bonds connected to x into their deformed images is called
the deformation state and denoted Y[x, t]. Angle brackets are used to indicate a
bond that this state operates on. For a motion y, at any >0,

X[Xa t]<X’— X> = Y(X,at) - Y(Xv t) (4'1)
for any x € B and any x’ € BB such that xX'—x € H (Fig. 4.1). The values of any
t(x/, x, t) are given by the force state T:

t(x',x, 1) = T[x, 1](x'— x). (4.2)
With this definition, the absorbed power density defined in (2.41) takes the form

Pabs = I.Xy (43)
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y('v t)

Fic. 4.1 The deformation state Y[x, t] maps each bond in the family of x to its deformed image.

where the dot product is defined in the previous section. Recall that this absorbed
power density is the peridynamic analogue of the stress power 6 - F, where o is the
Piola stress tensor and F =0dy/odx is the deformation gradient tensor.

In terms of the force state, the equation of motion (2.15) has the form

px)y(x; 1) = /B(I[X’ f(x'=x) =T, fJ{x —x))dVw +b(x, 1) (4.4)

for all x € B, t > 0. The equilibrium equation is then
/ (Tx](x'— x) — T[(x —x))dVy +b(x) =0
B

for all x € B.

4.1. SIMPLE MATERIALS

The constitutive model determines the force state at any x and ¢. For a simple

material and a homogeneous body, the force state depends only on the deforma-
tion state:

I[Xa t} = i (X[Xa t])a

where i(-):V—»V is a function whose value is a force state. Suppressing from the
notation, the dependence on x and ¢,

T=T1(Y) (43)

which is analogous to the Piola stress in a simple material in the classical theory,
o =0 (F). If the body is heterogeneous, an explicit dependence on x is included:

T=T(Y, x).
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If the material is rate dependent, the constitutive model would additionally depend
on the time derivative of the deformation state:

I:i(X7XaX)

4.2. KINEMATICS OF DEFORMATION STATES

The deformation state defined in (4.1) provides a mapping from each bond ¢ in
the family of x to its deformed image Y (&). It is assumed that at any 7> 0, y(-,7) is
invertible:

x| # Xo=>y(xi, 1) # y(x2, ) Vxi, x, € B.
This assumption implies
Y #0  VEeH.
Otherwise, there are essentially no kinematical restrictions on Y. All of the
following are allowed:

» Nondifferentiability (as might occur near an inclusion or a phase boundary).
¢ Discontinuities (such as a crack).
* Voids and other defects.

However, not all these allowable features would appear, or be capable of appear-
ing, in a given application.

4.3. DIRECTIONAL DECOMPOSITION OF A FORCE STATE

As discussed in Section 2.3, bond force densities are assumed to be nonpolar,
as defined in (2.24). This provides an admissibility condition on the constitutive
model. In terms of the force state, the condition for nonpolarity is written as

/ Y@ x T (Y)(@dve=0 VYeV. (4.6)
H

This requirement means that the force state at x exerts no net moment on a small
volume surrounding B\x.
For any deformation state Y, define the direction state by
Y

M=3 (4.7)

(see (3.2) for notation). Using the abbreviation T = T (Y), define the collinear
and orthogonal parts of the force state by

Ty=M&eMT, T,=T-T (4.8)
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Thus, for any € H,
Ty(¢) = (M(E) - T(E))M(E) (4.9)

which is parallel to the deformed bond. Similarly, T (&) is orthogonal to the
deformed bond. From (4.7) and (4.9),

/X@xLﬁMW=0
H

regardless of the constitutive model. From this and the second equation of (4.8),
the condition for nonpolarity (4.6) is equivalent to

[ x@xT(9ave—o.
H
The constitutive model i is called ordinary if, forall Y € V,
T, =T, (4.10)

where T =T (Y). Otherwise, the constitutive model is nonordinary. From (4.6)
and (4.10), evidently all ordinary constitutive models are nonpolar. (The converse
of this is not true.)

4.4. EXAMPLES
An example of a simple peridynamic material model is given by

- Y
T(Y) =a(¥Y|-X)M, M= VYeEV,

Y|

where a is a constant. Writing this out in detail,

Y(¢$)

X(&)|
for any bond &€ H. In this material, the magnitude of the bond force density
vector t is proportional to the bond extension (change in length of the bond). The
direction is parallel to the deformed bond. In this example, the bonds respond
independently of each other: T(&) depends only on Y(&). Materials with this
property are called bond based and are discussed in Section 4.7.

A much larger class of materials incorporates the collective response of bonds.
This means that the force density in each bond depends not only on its own
deformation, but also on the deformation of other bonds. A simple example is
given by

() = a([X(5)|-[¢]) VY €V,

T(¢)=a(|X(&) | X (<)) M(E).
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In this material, the bond force density for any bond ¢ is proportional to the
difference in deformed length between itself and the bond opposite to &. (Note that
in general Y(—¢&) # —Y(¢), since the two bonds ¢ and —¢ can deform indepen-
dently of each other.) This material is an example of a bond-pair model, discussed
in Section 4.12.

The mean elongation of all the bonds in a family is defined by

__ 1 _ i _
e= g | (¥@-lehave, Vi~ [av.

A material model in which the magnitudes of forces in the bonds are identical to
each other and depend only on the mean elongation is provided by

T = aeM.

In Section 4.10, the mean elongation in the bonds (weighted by scalar state) is
used to define a nonlocal volume change. This provides a way to characterize an
isotropic solid using the conventional bulk modulus and shear modulus.

4.5. THERMODYNAMIC RESTRICTIONS ON CONSTITUTIVE MODELS

In this section, it is shown that the force state can be related to a free energy
function, which is subject to certain restrictions due to the second law of thermo-
dynamics. The first law of thermodynamics asserts the equivalence of mechanical
energy and heat energy. At any point x € /3, the local form of the first law (2.40)
with the absorbed power density given by (4.3) takes the form

e=TeY +h+r, (4.11)

where ¢ is the internal energy density, i is the rate of heat transfer due to
interaction with other points in B, and r is a prescribed source rate (all these
quantities are per unit volume in the reference configuration).

The second law of thermodynamics is postulated to take the following form of
the Clausius—Duhem inequality:

0 > r+h, (4.12)

where 6 is the absolute temperature and 7 is the entropy density. Now define the
free energy density by

Y=¢ — On. (4.13)

Following Coleman and Noll (1963), certain restrictions on the constitutive
response will now be derived. Taking the time derivative of (4.13) leads to

V=& —0n—0p.
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From this and (4.11), it follows that

V=T¢Y +h+r—0n—0j. (4.14)
Combining this expression with (4.12), the variables ¢, #, and r are eliminated to

yield

TeY —0n—1>0. (4.15)

Now assume that 1) and # have the following dependencies:

w:w(X7170)7 ”:”(XaXaG)v

hence w involves the Fréchet derivatives of ¢ with respect to Y and Y , which are
denoted vy and ¢y, respectively:

Y=ty X 41y o X+ 0,
with a similar expression for 7i. Combining these with (4.15) leads to

(T —¢y) oY — oy * ¥ — (g +1)0 > 0. (4.16)
The method of Coleman and Noll assumes that, in the present case of peridy-
namics, the quantities Y , ¥, and 6 can, in principle, be varied independently. The
inequality (4.16) must hold for all such choices. This results in the following
conclusions:

n= —1/% wX =0.
The first of these is a standard relation in thermodynamics. The second states that
the free energy is independent of ¥ . Next, following Fried's development (Fried,
2010) for the thermodynamics of discrete particles, decompose the force state into
parts that are independent of and dependent on Y respectively:

T(Y, Y, 0) =TY, )+ T)Y, Y, 0), (4.17)

where the superscript e stands for “equilibrium” and d stands for “dissipative.”
Then, setting # =0 and ¥ = 0 in (4.16) and using (4.17),
(T(Y, 0) = ¥y(X, 0)) + X +TU(Y, ¥, 0) X >0,

where the terms that are independent of Y have been grouped together. The
conclusions are therefore

T(Y, 0) = ¥y (Y, 0) (4.18)
and

TUY, Y, 0)+Y >0. (4.19)
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Equation (4.19) is the dissipation inequality for rate-dependent materials in
peridynamics, and it must hold for all choices of Y. It states that the rate-
dependent part of the constitutive model must dissipate energy at a nonnegative
rate. Interestingly, (4.19) does not imply that

TYE) - Y (E)>0  VEEH.
In other words, there can be some bonds that “generate energy” provided there are
other bonds that dissipate at least this much energy. A version of the dissipation
inequality for materials undergoing damage will be discussed in Section 8.2.

4.6. ELASTIC MATERIALS

If the free energy density depends only on Y, the material is called elastic, and
by convention the free energy density is called the strain energy density and
denoted as W = W(Y). Then by (4.18),

W=TeY (4.20)

for any Y and

i :Wy.

Since W is a function of only one variable, this can also be written as

T =VW. (4.21)
For a body composed of an elastic material (not necessarily homogeneous), by
setting w =y in the PVW expression (2.16) and using (4.2) and (4.20), it follows
that for an elastic material,

/py Py gy 4 /de /b-ydv.
dt B

Thus, as in the classical theory, work performed on an elastic peridynamic body
by external loads is converted into a combination of kinetic energy and recover-
able strain energy.

A mechanical interpretation of the Fréchet derivative of W in an elastic
material is as follows. Suppose the family is deformed, then held fixed. Choose
a single bond &, surrounded by a small volume dV. While continuing to hold all
other bonds fixed, increment the position of the small volume by a small vector €.
If the material is elastic, then there is a vector t, independent of €, such that the
resulting change in W is given by

dW =t-edV.
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The value of this vector is t = T(&). An elastic material model can be either
ordinary or nonordinary: elasticity does not require that T(&) || Y(&).

4.7. BOND-BASED MATERIALS

Suppose that each bond has its own constitutive relation, independent of the
others. Then there is a function £(-,-) on R* x H such that
T(E) = €(¥($).9) (422)
forall Y € V and all £ € H. Such a material model is called bond based.
The requirement of nonpolarity (4.6) implies that any bond-based material
model is ordinary. To see this, suppose that it is nonordinary. Then, by definition,
there is some deformation state Y, and some bond &, such that

c: =Y, (&) Xty #0, to = £(¥(&0), €0)-

Start with this Y, and let all other bonds except &, be held fixed while & is further
deformed. (Strictly speaking, we are deforming the material point x + &, while
holding all other material points fixed, where x is the point whose constitutive
model is under consideration.) Because (4.6) must continue to hold during this
process, any choice of Y(&) leaves Y(&)) xt(Y(&,), &) unchanged, that is,

z X t(z, &) =c (4.23)

for any vector z = Y(&,). One such choice is
z = ac,

where o is a nonzero scalar with the appropriate dimensions for this expression to
make sense. Then by (4.23),

ac X t(az, &) = c.

This can only hold if ¢ = 0, proving that the material model is ordinary.’
In an elastic bond-based body, there is a scalar-valued function w(p,$) called
the bond potential, where p is a vector, such that

W(Y) = /VV(X@, §)dve, t(Y(£), &) = wp(X(£), &) (4.24)
H

Note that the first argument of W in this integrand is a vector, not a vector state.

Wy, denotes the partial derivative with respect to this argument.

3 The discussion of this result in Silling (2000) is flawed because it treats only pairs of material points
in isolation from all other material points, neglecting the possibility that these other points could
somehow cancel out a couple between the pair.
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Recall the result proved above that any bond-based material model is ordinary.
An implication of this result for elastic bond-based materials is that w(p,&) can
depend on p only through Ipl, that is, through the deformed length of the bond. To
confirm this, choose a deformed bond vector p and consider a rotation of this
vector at some angular velocity @. Then dp /dt= @ xp. Therefore,

dp

= Ve, €) (@ x p).

d . .
EW(p, &) =wy(p, §)

Since the material is ordinary, there is some scalar f, with appropriate dimensions,
such that

W (p, &) = Pp.

Combining the last two equations,

%W(m ¢)=pp- (o x p).

Since, for any vector @, p L (wxp), it follows that

%Vv(p, &) =0.
This proves that w(p,&) is unchanged by a rigid rotation of p; therefore, w
depends on p only through Ipl. So, we can write, for an elastic bond-based
material model,

w(pv 5) = W(ev é)v €= |p|_|§‘

for some function w. Then, by the first of (4.24),

W) = [ wletd). v
H
where e is the scalar extension state, defined by

e=[Y-X| or el = W(&)—le] VEeH.

Let the partial derivative of w(e,£) with respect to e be denoted as w, (e, &). By the
second of (4.24) and the chain rule,
Y(¢)

E(X<§>7 é:) = We(€<§>7 §)M> M= M (4.25)

If the body is homogeneous and composed of bond-based material, it is some-
times convenient to consider each bond as the fundamental object for the purpose
of constitutive modeling: set

1

Weo =5 [ e X dVa o= lyl(x) — y(x)| -,
Hx
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where Hy is the neighborhood of x with radius equal to the horizon, and
w(e, x',x) = 2w (e, X' —x).

This change allows the resulting “bond-based theory” to be developed without
using the formalism of states. The bond-based theory is the subject of (Silling,
2000), in which w is called the micropotential and the material model is called
microelastic. Because the bond-based theory was developed earlier than the state-
based theory, and because its constitutive models do not require the additional
complexity of Fréchet derivatives, the vast majority of applications of peridy-
namics have been performed within the bond-based theory. However, as noted in
Section 1.2, the bond-based theory suffers from severe limitations on the material
response it can reproduce, notably the restriction on the Poisson ratio v=1/4 for
isotropic microelastic solids. It is demonstrated in Section 4.10 below that this
restriction is removed in the state-based theory.

4.8. OBJECTIVITY

As in the classical theory, invariance of a strain energy density function in the
peridynamic theory with respect to rigid rotation following a deformation leads to
a notion of material frame indifference, or objectivity. Let O denote the set of all
proper orthogonal tensors. For any Q € O and any A € V, let QA be the vector
state defined by

(QA)(¢) =Q(A({)) VEeH
and similarly define the state AQ by

(AQ)(€)=A(Q¢)  VeeN.

Consider an elastic material such that
W(QY)=W() VQeO" YeV. (4.26)

Let Q be fixed. Consider any Y € V and a small increment 0Y € V. From (3.6),
(4.21), and (4.26), neglecting terms of higher order than JY,

T (QY)*4(QY) =T (¥)dY.
Since T is vector valued, by the properties of the transpose of a tensor,
(Q'T(QY))*dY = T (¥)+0Y.
Since this must hold for every small JY, and since Q = Q !, it follows that
(4.26) implies

T(QY)=QT(Y) VQeO", YeV (4.27)
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Any simple material model, whether elastic or not, that satisfies (4.27) is called
objective. Objectivity can be assumed as an admissibility requirement for any
material model in the absence of some externally dictated special direction in
space, such as an electric field. It is easily shown (Silling, 2010) that an objective
elastic material necessarily satisfies the condition for nonpolarity (4.6).

4.9. IsoTROPY

Consider an elastic material model with the property that
WEYQ) =W ) VQeO" YeV. (4.28)
Proceeding as in the previous section, choose any Q € O and any Y € V, then
consider a small increment 0Y € V. From (3.6), (4.21), and (4.28),
T (Y)*0Y =T (YQ)*3(YQ)

- /H T (YQ)(&) -0¥(QE) dVe

- [H T (YQ)(Q &) -0Y/(&) dVe
=(T (YQ)Q ') *9Y,

where the change of variable &= Q¢ has been used. Since this result must hold
for every Y, it follows that (4.28) implies

TYQ =T((Y)Q VQeO' Yc. (4.29)
Any material model, whether elastic or not, satisfying (4.29) is called isotropic. If
the material model is isotropic, then the force state is invariant with respect to
prerotations applied before the stretch.

4.10. Isotropic ELASTIC SOLID

A peridynamic material model for a constitutively linear isotropic elastic solid
was proposed in Section 15 of Silling et al. (2007). A nonlocal dilatation is
defined by

9= % (wx)ee,  m=(owx)ex, (4.30)

where o is the scalar influence state, which serves as a weighting function, and
the scalar extension state is defined by

e = |Y|—x, x=1X|.
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It can be shown (Silling et al., 2007) that for any choice of w, if the deformation is
small and homogeneous, 9 defined in (4.30) equals the trace of the classical linear
strain tensor. (The coefficient 3/m in (4.30) is chosen so that this is true.)

Define an elastic material in which the strain energy density contains two terms
representing the contribution of the volume change and of everything else in the
deformation state, respectively:

R k9 «a

W(Y) = BN + 5 (@d) ., (4.31)
where k and a are constants and
. . 39
el =e—é, e‘::—)_c.
- - - - 3

The scalar state ¢' is called the isotropic part of the extension state, and ¢ is
called the deviatoric part. The isotropic part contains length changes of bonds due
to isotropic expansion of the family. The deviatoric part contains the remainder of
the length changes, which may be due to shear or to other types of deformation
within the family. After evaluating the applicable Fréchet derivatives (Silling
et al., 2007), the force state is given by

= 3](19 d X
T(Y) = (—ox+owe” |M, M:m'
m _—

Since the bond force densities are parallel to the deformed bonds, this is an
ordinary material model. This material model is constitutively linear in the
sense that the force state depends linearly on the extension state. However, it
does not assume linear kinematics as will be assumed in the linearized peridy-
namic theory discussed below in Section 5. For small, homogeneous deforma-
tions, the strain energy density in the peridynamic material model (4.31) equals
that of an isotropic linear elastic solid in the classical theory, provided k is the
bulk modulus for the material and a=15u/m, where u is the shear modulus
(Silling et al., 2007).

4.11. PERIDYNAMIC MATERIAL DERIVED FROM A CLASSICAL MATERIAL

Suppose a material model from the classical theory is given in the following form:
dy

a; ’

where ¢ is the Piola stress tensor, & is a function, and F is the deformation gradient
tensor. A peridynamic material model can be derived from this as follows (Silling et al.,
2007; Warren et al., 2009; Foster et al., 2010). (An alternative approach making use

6 =6 (F), F =
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of the PVW can also be used Madenci et al., 2010.) A nonlocal approximation
to the deformation gradient tensor is defined by

Fo ( /% (O (&)@ 6dV¢>K1,

where o is the scalar influence state and K is the symmetric positive definite
shape tensor defined by

K = /H O&)E® EdV.

The force state is determined by mapping the resulting ¢ back onto the bonds as
follows:

T (Y) = 06 (FK'X.
The peridynamic stress tensor (see Section 6.2) corresponding to this peridynamic
material model equals & (F) in the special case of homogeneous deformation of a
homogeneous body.

4.12. BoND-PAIR MATERIALS

Let w be a scalar-valued function of four vectors:
w(p, q, 1, s)
with partial derivatives with respect to the first two arguments denoted by

wp(psa,1,8),  wq(p. g, 1,s).
Suppose an elastic material has its strain energy density function given by

W(Y) = /H WOX(E), X ((E), &, 2(E)) dVe, (4.32)

where y(-):H—H is a continuously differentiable and invertible function. (Note
that the four arguments of w in the integrand are vectors, not vector states,
because Y is evaluated at the specific bonds & and %(&).) Let x ~! be the inverse
mapping of y:

(=28 e &=x'0
Let the Jacobian determinants of the forward and inverse mappings be defined by

J(&) = |det grad (&), J7'({) = |det gradyx ™' (£)]-

Mechanically, the W defined in (4.32) sums up energies due to interactions
between pairs of bonds & and y(&). Such a material is called a bond-pair material
(Fig. 4.2).
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Fic. 4.2 In a bond-pair material, the bond force density in each bond ¢ is determined by its own
deformation and that of another bond y(&).

To determine the associated force state, the Fréchet derivative of this W is
evaluated as follows. Consider an increment in the deformation state Y. Then,
from (4.32),

oW = / wp(Y(8), Y(x(£)), &, 1(8)) 0¥ (&)
+wq(X(€), X(x(£)), ¢, x(£)) - 0X (x())]dVe.
Now use the change of variables {=y(¢) in the wq term to obtain
oW = / wo(X(&), X(x(€).&, 2(€))-0X (&) Ve
" /H wa (X0 (€)X, 1 (€). €) 0¥ (&) T (©)ave.

In the second integral, replace the dummy variable of integration { by &

oW = [ X0 Xr(&).&. 2()
+Wq(_<x’1(é)>,X<§>,x’1(§>, &)J (&)X (&) dVe.
Comparing this result with (4.21), the force state can be read off:

T (§)=W (&)= wp(Y(¢), Y(x(¢)), ¢, x($))
+wq (X 1(€) X&), x (&), €)' (&) (4.33)

Bond-based materials are a special case of bond-pair materials with (&) =¢&
for all &.
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4.13. ExamPLE: A BoND-PAIR MATERIAL IN BENDING

Consider the bond-pair material defined by (4.32) with

c

w(p, q, 1, s) = 1 6 — 0())27 (4.34)
9:cos_]u, 6y = cos ™! .57
pllql |r|]s]

where c is a constant and both § and 0, are in the interval [0, nt]. (% will be defined
later.) @ is the angle between the deformed bonds p and q, while 6 is the angle
between the undeformed bonds r and s. Mechanically, if ¢ > 0, this material
resists changes in the angle between the bonds r and s. The elastic material
model defined by (4.32) and (4.34) is objective, because it does not refer to any
special direction in space. Using (4.34) and the chain rule to obtain wy,, one finds,
for 6+£0,

" 7a_wa_(97€(9—90) —1 dcos 8
P 90op 2 sinf dp

c(6p—0) 1 |q|cos @
2sin 6 [pllq] p|

A more suggestive form of this expression is

- C(e() — 9)

P ™
where
0 if =0,
— 1
m(p, q) . qa_ cos Qg if 6 # 0.
sinf | |q] Ip|

Geometrically, m(p, q) is the unit vector normal to p that is coplanar with p and
q such that q-m(p, q) > 0 (Fig. 4.3). Similarly,

- c(t% — 9)

Wq = m(q, p). (4.36
L :

To define the pairing of bonds, take
x(¢)=-¢ VEeH, (4.37)

hence J = J~! = 1. Then, by (4.33), (4.35), and (4.36),



Peridynamic Theory of Solid Mechanics 115

Deformed beam TEH+T(-E)

) X=£)
e £ 2 e SN (S

St R

Undeformed beam
Fic. 43 (Top) Unit vectors m(p, q) and m(q, p). (Bottom) Peridynamic beam based on a

bond-pair material. The forces tend to restore the relative bond angles to their initial value, which in
this case is 7.

I <§>: Wp (X<§>a X<_§>7 é:a _‘f) + Wq (X<_§>7 X<§>, _éfa 5)

_c(n—0) -
where
6 = cos ! (€)- Y(=¢) 0<O<n
Y (

Note that T(&) L Y(&) (see Fig. 4.3).

This material does not offer resistance to any homogeneous deformation. The
strain energy density W changes only in response to nonhomogeneous deforma-
tions. This response is an aspect of nonlocality, because the finiteness of the bond
lengths is what gives rise to the angle changes that result in changes in strain
energy density.

An application of this material model is the bending of a beam. The strain
energy increases according to deformations of the beam involving curvature. This
can be thought of as a nonlocal version of an Euler beam. However, in the
traditional treatment of an Euler beam, a new PDE is introduced, reflecting the
resistance to curvature. This fourth-order PDE is virtually unrelated to the second-
order PDEs of the classical theory of elasticity. In contrast, in the peridynamic
beam model proposed here, the fundamental equation of motion is unchanged
from the basic three-dimensional peridynamic equation of motion. The
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peridynamic beam model simply uses a particular choice of material model,
which is the bond-pair model with the choice of i given in (4.37).

5. Linear Theory

Like the linear classical theory, the linear peridynamic theory concerns small
deformations. However, the applicable notion of smallness is different in the
peridynamic theory, because it does not restrict the deformation gradient, and
even allows discontinuities. Under this assumption of smallness, the peridynamic
equation of equilibrium reduces to a linear integral equation.

Linearization of the bond-based peridynamic theory is discussed in Silling
(2000) and Zimmermann (2005). The discussion below pertains to the more
general state-based theory and largely follows Silling (2010). See Section 1.2
for a summary of work to date making use of the linear theory.

5.1. SMALL DISPLACEMENTS

Let B be a body with horizon 6. Consider a time-independent deformation y*,
which may be large. (The role of y” in the linearization will become clear in
Section 5.3 below.) Let u be a displacement field superposed on y°, and define a
vector state field by

Ulx, {q — x) =u(q, t) — u(x, 1), Vx € B, (q —x) € H. (5.1)
The displacement field is said to be small if
t << 6, (5.2)
where
= sup |u(q,t) —u(x, 1) (5.3)
la—x|<o

(Strictly speaking, (5.2) is actually a condition on the relative displacements,
rather than the displacements themselves.) This idea of a small displacement field
is a nonlocal analogue of the concept in classical linear theory that Igrad ul << 1.
The peridynamic definition of a small displacement field (5.2) does not restrict
rigid translations of a body, but it does restrict rigid body rotations to small angles.
More importantly, it allows for possible small discontinuities in u, a key differ-
ence from the classical linear theory.

Recalling the definition of the norm of a vector state (3.4), for a small
displacement field, (5.2) and (5.3) imply that

lul] = o(0).
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5.2. DOUBLE STATES

In the linear peridynamic theory, the analog of the classical fourth-order elasti-
city tensor is a double state (see definition following (3.1)). Before developing the
linear theory further, it is helpful to introduce some properties of double states.

If D is a double state, then for every pair of bonds ¢ and ¢ in H, the value of
D(¢&, ¢) is a second-order tensor. The set of all double states is denoted D. In the
following, D and [E are double states, while A and B are vector states. Define the
vector state D e A by

(D+A) (&)= /H D& DAL AV, VEEH,

where the integrand is the product of a second-order tensor with a vector; the
component form is D;A;. The adjoint of D is a double state defined by

D', O=D"((, &) V& e,

where the superscript 7 indicates the tensor transpose. Note that the order of the
bonds is switched when taking the adjoint in addition to taking the tensor
transpose. D is self-adjoint if

D' =D
Also define the vector state A+ by
A*D=D"-A.

For any vector states A and B, the following identity holds:
B*D'+A=A+D*B.
If S(-): V-V is Fréchet differentiable, then

S(A+a)=S8(A)+VS(A)*a+o(|lal]) VA,a€V, (5.4)

where VS(A) is a double state. As before, in the case of a function of two states,
such as S(A, B), the Fréchet derivative with respect to each is denoted S, or Sg.

If U(-): V—R, then the second Fréchet derivative of W, if it exists, is a double
state defined by

VW = V(VI) on V.
The following list summarizes, omitting some details, three important results that

are proved in (Silling, 2010):

(1) If¥(,):V xV—-Rand V is twice continuously Fréchet differentiable,
then the order of differentiation in the mixed second Fréchet derivatives
of WU is interchangeable, that is,
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(Ua)B(A, B) = (Up),(A,B) VA, BeV.

(i) If ¥(-): V—>R and V¥ is twice continuously Fréchet differentiable, then
(VVI)" =VVo  on V.
(iii) If S(-): V-V and S is continuously Fréchet differentiable, then
(Vs)" =vs onV (5.5)

if and only if there exists a twice continuously Fréchet differentiable
function W(-):)—R such that

S=Vo on V.

(This result is analogous to Poincaré's theorem in vector calculus.)

5.3. LINEARIZATION OF AN ELASTIC CONSTITUTIVE MODEL

Let the force state for a body BB be given by T(Y), where T is the constitutive
model. Suppose that T is Fréchet differentiable, and denote its Fréchet derivative
by iX- Consider an equilibrated deformation y” corresponding to a time-inde-
pendent external body force density field b’, and define

Y'xl{q-x) =y"(q) ~y'(x) V¥x, q€B
and
T =T (Y[,x) VxeB.
Define a double state field called the modulus state field by
Kix] =Ty(Y'[x],x) VxeB. (5.6)

Let u be a small displacement field superposed on y°, and define the displacement
state field by (5.1). Define the linearized constitutive model by

T[x, t] = T'[x] + K[x] * U[x, ] Vx e B, t>0. (5.7)

By (5.4), the linearized model differs from the full model by a term of order
o(IIUlN). If the material is elastic, then by definition

T (Y, x) = WX(X, x) VY eV, xe B,
where W is the strain energy density function. Therefore, by (5.6),
K[x] = WXX(XO[X], x) Vx € B, (5.8)

and by (5.5),



Peridynamic Theory of Solid Mechanics 119

K'=K onB. (5.9)
Furthermore, by result (iii) of Section 5.2, (5.9) implies that the material is
elastic.

The fact that the modulus state K[x] depends on Y" in (5.8) represents a key
advantage of the peridynamic approach over other nonlocal models, because it
encompasses the coupling between the large deformation state Y° and the sub-
sequent small motions of the body. This includes the coupling between a large
bond force density T"(€) and a small rotation of the bond. A striking example of
the importance of these rotations is given in Example 4 of Silling (2010), in which
large compressive forces in bonds couple to subsequent rotations to result in
material instability.

For an elastic material, the force state in the linearized model (5.7) can be
obtained from the Fréchet derivative of the following strain energy density function:

. ~ lin 1
T=WyUx), WU x) =T*U+ UK[x+U.

\S]

5.4. EQUATIONS OF MOTION AND EQUILIBRIUM

Continuing under the assumptions of the previous section, the peridynamic
equation of motion (4.4) under a body force density field b is

P50 1) = /B (T, )(p — x)~T[p, (x — p)) dVp + b (x, 1)

for all x € B, t > 0. Since, by assumption, Y" is equilibrated under b,

/(IO[X] (p—x)-T'[pl(x —p))dV, +b'(x) =0 VxeB.
B
Subtracting the last two equations and using (5.7) leads to

p(x)ii(x, 1) = [5((K[x]*Ulx, 1]){p — x)—(K[p] *Ulp, 1])(x — p))dV, + b(x, 1),
(5.10)
where
b(x,7) =b(x, 1) —b’(x) =0  Vxe B, t>0.
Using (5.1) in (5.10) and simplifying results in

p(x)a(x, 1) = /BC()(X, q)(u(q, 1) —u(x, 1)) dVgq + b(x, 1) (5.11)



120 S. A. Silling and R. B. Lehoucq

for all x € B, t > 0, where C is the tensor-valued function defined by

Co(x,q) = /B(K[x} (P —x,q—x)—K[p|(x—p, q—p)+K[q|(x —q, p — q))dV,
(5.12)

for all x, q € B. (Recall from (3.3) that the dot products in (5.10) contain volume
integrals.) If the material is elastic, then by (5.9) and (5.12),

Ci(q, %) =Co(x,q)  V¥x,q€B. (5.13)
Setting the acceleration term to zero in (5.11) yields the linearized equation of
equilibrium:

/B Co(x, @)(u(q) — u(x)) dVy +b(x) = 0 (5.14)

for all x € B. This is a Fredholm linear integral equation of the second kind. C is
called the micromodulus tensor field.

5.5. LINEAR BOND-BASED MATERIALS

If the material is bond based as well as elastic, recall from (4.22) and (4.25)
that there is a bond potential function w(e, &, x) such that

T (Y, x)(&)=we(e(é),&, x)M(E)  VEEH, (5.15)
where
_ _ _ XY
eO)=X(O)|-l¢l, M= @] (5.16)

(x is included among the arguments in w(e, &, X) to account for heterogeneity.) To
evaluate the modulus state field K using (5.6), the Fréchet derivative of i is
found as follows. For a small increment JY in the deformation state, according to
(5.15) and the chain rule,

6T = w,.Mde + w,0M.

From (5.16),
be=M-3Y, M=(1 —M@M)%,
hence,
oY

oT =Wee(M®M)-éX+We(1—M®M)ﬁ~
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From this, (5.4), and (5.6),

1-M oM’

K&, €)= | wee (€(€), € X)M” @ M e (€16, €, %) = | A€ =)
(5.17)
where
S o X&)
e S e ]

and A is the three-dimensional Dirac delta function. The K given by (5.17) is
clearly self-adjoint. Because of (5.15), the second term on the right-hand side of
(5.17) is non-null only if T is non-null. This second term represents the change in
direction of T" in response to an incremental change dY. The first term on the
right-hand side of (5.15) represents the change in the magnitude of the bond force
density.

In the special case of linearization near the reference configuration and of zero
bond force densities in this configuration, (5.17) specializes to

K&, O)=wee(0, & X)AL — &) ﬁ;’f . (5.18)
In this case, (5.12) and (5.18) imply, after evaluating the integral,
— ® —
Co(x, q) = [Wee(0, q — X, X) + W, (0, x — q, q)] (a |’;)_ )E; x)
(5.19)
— ® —
_A(q _ X)j;gwee(oy X —p, p) (X P) (X p) de‘

x —pl|’

From (5.19), it follows that in addition to the symmetry (5.13) that always holds
for linearized elastic material models, the following symmetries also hold if the
material is bond based:

C(T(X’ q) = CO(Xa CI); CO(q7 X) = CO(X’ q) VX7 qc B.
When (5.19) is substituted into the linearized equation of motion (5.11), the term
involving A(q—x) integrates to 0, and the resulting equation of motion for this
body is

p(x)ii(x, 1) = /B Clx, q)(u(q. 1) —ulx, ) dVa+b(x.7)  (5.20)

for all x € B, t >0, where
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(9-x) ® (q-x)
N
la—x|
If the horizon ¢ is constant throughout B, then the region of integration in (5.20)
can be replaced by the neighborhood of radius J centered at x. This smaller region
of integration can be used because w,, (0, &, x) = 0 whenever I > d. The smaller
region cannot be used in the more general expression (5.11).

C(Xa CI) = [Wee(oa q—Xx X) + W66(07 X—q,q

5.6. EQUILIBRIUM IN A ONE DIMENSIONAL MODEL

This section describes application of the linear theory to an infinitely long bar
under static loading by a body force density field b. It is shown that the problem
can be analyzed using the Fourier transform, and a Green's function solution is
derived. Consider a homogeneous bar with constant cross-sectional area A,
infinitely long in both directions, oriented along the x-axis. The material model
is bond based and linear elastic with horizon ¢. The transverse dimensions of the
bar are much smaller than J. Define a coordinate system in which x; is the axial
direction. Let

X = X1, U= U, b:bla

Clg—x) =ACii(x,q) Vx,q€eR’

The equilibrium equation (5.14) simplifies to

/_Oo Clq—x)(ulq) —u(x)dg+b(x) =0, xe€R.  (521)

oo

By (5.13),

C(=¢)=C(§) VYEeRr
As shown in Weckner and Abeyaratne (2005), this C is related to the Young's
modulus E that would be measured in the static extension of a long bar by

e- [ " ec@de

0

Let v* denote the Fourier transform of any function v(x):

v (K) = [ ey,

o0

with inverse transform given by
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The Fourier variable «k physically represents the wave number, k=2n/A, where A

is the wavelength. Taking the Fourier transform of (5.21) leads to

| e micta = nute) - ut) dads + 57 (x) =
By the convolution theorem, this implies
C*(x)u" (k) — Pu"(x) + b*(x) = 0,

where

P= /jo C(&)dé = C*(0).

[o.¢]

The transformed displacement can therefore be written formally as

where
M(x) = P — C*(x).

After inversion of the transform, the displacement is given by

u(x) = i/Oo e ut (k) dx = 2171 h e’” ZEB dx

SN

:[mﬂ%@()%

where g is a Green's function given by

1 00 e[K(X*Z)
——dKx.
O T

(5.22)

(5.23)

(5.24)

Some particular cases of static solutions to this one-dimensional problem are
discussed in Silling et al. (2003) and Weckner and Abeyaratne (2005), the latter of
which also derives a dynamic Green's function. An example taken from Silling
(2003) is shown in Fig. 5.1. In this example, two opposite point loads of

magnitude b, are applied at the points x= +a, thus

b(x) = bo(A(x — a) — A(x + a)),

where A is the one-dimensional Dirac delta function. The peridynamic material

model has a micromodulus function given by
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u
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Fic. 5.1 Peridynamic and classical displacement fields for two opposite point loads applied at
x=+a, where a=0/4.

_ [3E/®, g <o
(&) = {0, otherwise,

where E is the Young's modulus. The length scale in the material model (the
horizon) and the length scale in the loading are related, in this example, by the
arbitrary choice
a=4/4.

The peridynamic solution contains delta functions, indicated by the vertical arrows
in the figure, located at + a. The jumps in displacement shown in the figure at + 3a
and + 5a are a result of the discontinuities in C(¢&) at = + J; they would not appear if
a continuous C were used. The solution also includes oscillations that decay with
distance from the points of application of the loads. As shown in Silling, Zimmer-
man, and Abeyaratne (2003) analytically, each successive oscillation contains a
discontinuity in a higher derivative of u than the one before it. The peridynamic
result approaches the classical displacement field asymptotically at large distances.

If the length scale in the material model, that is, the horizon, is reduced so that
0 <<a while holding E constant, then the peridynamic displacement field
approaches the classical field at all points except x= +a. At these two points, the
delta functions persist regardless of J (see Silling, Zimmermann, and Abeyaratne,
2003 for details). The convergence in the limit of small horizon is consistent with
the results of Section 6.3. The analysis in that section does not apply at the points
x= +a because the deformation is not smooth there; thus the peridynamic operator
is not expected to converge to the classical operator.
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For a given body force density field b, if a solution u to the equilibrium
equation (5.21) exists, then the function u’ defined by

u/:quuh

is also a solution to (5.21), where u, is any solution to the following homogeneous
equilibrium equation:

o0
Luy, : :/ C(q — x)(up(q) —up(x))dg =0, xeR,t>0, (5.25)
—00

where L is a linear operator. For any C, one such u, is provided by u;, = ¢, where ¢
is any constant. (A similar statement is true of the classical theory: any rigid
translation of an equilibrium solution is also an equilibrium solution.)

Other homogeneous solutions may also exist for certain choices of C. The set
of all these u;, functions is the null space of L. If M(xk) has a nonzero root «, then
it is easily confirmed that the function

up(x) = ™~

is a solution to the homogeneous equation (5.25). For such a material, the
transformed displacement u* given by (5.22) does not exist if b*(ky) # 0. In
other words, there is no deformation of the bar that can equilibrate an applied
body force density that has a nonzero Fourier component at k. In this case, (5.24)
may not apply.

Materials having a micromodulus C such that M has a nonzero root are not
typical well-behaved materials. For example, if C is nonnegative and continuous
on R, it follows from (5.23) that M has only the root k =0. (It is too restrictive to
assume that C is strictly positive, since this excludes some materials that have
physically reasonable behavior.)

An example of a material for which M does have nonzero roots has its
micromodulus given by

C¢) =Alg—a)+ A +a),

where a is a positive constant that is similar to the interatomic spacing in a
discrete lattice model. For this material, by (5.23),

M(x) = 2(1 — cos ax),

which has an infinite number of roots K, = 2nn/a, where n is any integer. If the
loading has nonzero Fourier components at these roots, that is, if

()
a
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for some integer n, then a solution to the equilibrium equation (5.21) fails to exist.
However, if b contains no Fourier components « outside the set (—2m/a, 0) U (0, 21/ar),
then the solution exists and is given by (5.24). This means that as a—0, there is a
larger and larger interval on the k-axis for which the peridynamic model behaves,
for purposes of existence and uniqueness, like the classical theory. This observation
is consistent with the general rule that in the limit of small material length scale, the
peridynamic theory behaves similarly to the classical theory, provided certain
smoothness conditions are met. (In the classical theory, only the Fourier component
k=0 is excluded from b, because it represents loading that is not self-equilibrated.)

In summary, the existence of solutions to the equilibrium problem (5.21)
depends on both the material properties and the loading. A solution u for well-
behaved materials (no nonzero roots of M) is given by (5.24), provided 5*(0) = 0.
For any such solution u, u + ¢ is also a solution for any constant c. If M has
nonzero roots, the existence of solutions depends on the Fourier spectrum of the
loading.

5.7. PLANE WAVES AND DISPERSION IN ONE DIMENSION

The equation of motion corresponding to (5.21) for the infinite, homogeneous
bar is given by

pite 1) = [ Cla=(ulg, ) —ulx )dg +b(x ). xER 120

oo
(5.26)
To investigate plane waves in the bar with wave number « and angular frequency
w, assume a motion of the form

u(x’ t) _ ei(KX—a)l)

with b =0. Substituting this expression into (5.26) results in

o0
_pwzei(xx—wt) :e—iwt/ C(q_x)(eikq_eiwc) dq,

o0

which implies the condition
pa’ = M(x),
where M is given by (5.23). This provides the following dispersion relation:

M(x)
S

o(k) =%
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Classical
/

/ Peridynamic, stable

Peridynamic, unstable

Fic. 5.2 Dispersion curves for stable and unstable peridynamic materials.

The corresponding phase velocity is given by

) = 20y 1 M)
K K p
Evidently, stable waves exist for a given « only if M(x) > 0. Fig. 5.2 illustrates
possible dispersion curves for a peridynamic material exhibiting stable waves at all
wave numbers and also a material that is unstable for some wave numbers due to
“imaginary wave speeds.” The peridynamic dispersion curves have the same slope
at the origin as the classical dispersion line if their Young's moduli are the same.

6. Relation to Other Theories

In this section, we identify quantities and principles that allow comparison
between the peridynamic and the classical theories, as well as some nonlocal
theories. This comparison would not be complete without discussing Navier's
theory of solids (see Timoshenko, 1953; Todhunter, 1960). Navier conceived of a
continuum as a smoothed-out distribution of masses that interact with each other
through a central potential. This model treated the relative motion of each such
pair according to a first-order approximation based on the displacement gradient
components. In this sense, Navier's model was a local theory, even though
conceptually it involved long-range forces. Because of the assumption of central
potentials, isotropic materials were restricted to a Poisson ratio of 1/4 in Navier's
theory. The local theory of Cauchy that was introduced after Navier's does not
suffer from this restriction, and this is the classical continuum theory that continues



128 S. A. Silling and R. B. Lehoucq

to enjoy wide usage and acceptance today. In the next section, we compare the
kinematics of this classical theory with those in the peridynamic theory.

6.1. DEFORMATION GRADIENT AND THE DEFORMATION STATE

Recall the definition of the deformation state (4.1) at a point x € 3, where B is a
body with horizon ¢:

Yix[($)=y(x+¢) -yx) VEeH. (6.1)
(In this discussion, the time variable will not be included explicitly.) If the
deformation is continuously differentiable on B, then the first two terms of a
Taylor expansion yield

y(x+&) =y(x) + Ex)E+0(|E7)  VEEHN,

where the deformation gradient tensor field F is defined by

F(x) = a—i (x) Vx € B.

Comparing the last two equations,

Y[x[(&)=F(x)é+0(|&) VéeH, xeB. (6.2)
For a given continuously differentiable deformation, since | 1<, it follows that

Y[x| = F(x)X + 0(5°) VxeB

where X is the identity state defined in (3.1). In this sense, conceptually, the
deformation gradient approximates the deformation state. The key distinctions are
as follows:

* The deformation state is nonlocal in that it explicitly relates the deformation
of material points separated by finite distances, while the deformation
gradient is local.

e The deformation state can be evaluated even if the deformation is not
differentiable or continuous.

e The deformation gradient tensor maps small spheres into ellipsoids. (This is
implied by the polar decomposition theorem.) The deformation state can
describe more complex kinematics.

6.2. PERIDYNAMIC STRESS TENSOR

Recall from Section 2.5 that, as a consequence of Noll's lemma I (Noll, 1955),
the flux of linear momentum through a surface, that is, the force per unit area, can
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be expressed as the divergence of a tensor field. This tensor field is called the
peridynamic stress tensor field, denoted v. This can be expressed in terms of the
primitive quantity t as

v(x) = /u/ooo /OOO (v 4+ 2)°t(x + ym, x — zm) ® m dz dy dQy,, (6.3)

where U is the unit sphere and dQ,, is a differential element of solid angle in the
direction of the unit vector m. The integrand can be alternatively expressed in
terms of the force state by substituting

€(x + ym, x — zm) = Tlx — zm]((y + 2)m). (6.4)
The peridynamic equation of motion in terms of the peridynamic stress tensor is
formally identical to the classical equation of motion:

py =divv+b on B, t>0, (6.5)

in other words,
/(t —t)dV =divw  on B, 1> 0. (6.6)
B

The peridynamic stress tensor is similar to the Piola stress in the classical theory in
that it provides the net force per unit area through a closed surface 0P with unit
normal n:

F’P:/ vn dA.
P

However, the forces described by v are nonlocal; they represent direct interaction
between points such as x+ ym in the exterior of 0P and points such as x—zm in
the interior.

6.3. CONVERGENCE IN THE LimIT oF SMALL HOR1ZON

Under the assumption of a continuously differentiable deformation, the
approximation (6.2) becomes more accurate as the horizon ¢ is reduced, because
I&1<9. It is also reasonable to expect that, since t in (6.4) is non-null only when
y+2z <0, the (nonlocal) peridynamic stress tensor should approach the (local) Piola
stress tensor as o is reduced.

To further investigate the convergence of the peridynamic equations to the
classical equations, it is necessary to specify what it means for a peridynamic
constitutive model to change horizon. Restricting attention to elastic materials, one
way to do this is to require that for a homogeneous deformation of a homogeneous
body, the strain energy density should be invariant as the horizon changes. To
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make this precise, suppose a material model W, is given with horizon J,. For any
horizon ¢ > 0, define s = §/J;. Let H, be the family with horizon d, and let V; be
the set of vector states on H,. Define an elastic material model by

Wi(Y,) = Wi(E(X,) VY, €V, (6.7)
where E (- ) : Vs;—V is defined by

Y, (s
)@= 28 veen, (6.5
Geometrically, E, rescales the length of bonds & € H; to the original family H;.
To confirm that the new material model defined in (6.7) possesses the required
invariance under rescaling, let a homogeneous deformation of a large body B be
defined by

y(x) = Fox + ¢ Vx € B,

where F, is a constant tensor, det Fy > 0, and ¢ is a constant vector. If xel53 is
sufficiently far from the boundary of the body that its family does not include any
points on this boundary, then from (6.1),

Y (§)=F¢ V¢ € H,. (6.9)
Then for any & € V4, from (6.8) and (6.9),
Y, (s8) _ Fosé
s s

E, (Xs)<§>: = F\¢.

So, if the deformation is homogeneous, E,(Y,) is independent of s. Therefore,
under this assumption, W, (Y,) defined through (6.7) is also independent of s. This
proves that this rescaled material model is invariant under changes in ¢ if the
deformation is homogeneous.

Now let T, denote the constitutive model for the force state derived from VAVS:

iS(XJ) - VW?(XA) VXA S VS'
It is easily shown (Silling & Lehoucq, 2008) that this force state scales with s as
follows:

T (Y )(§)=s "Ti(B,(X))(¢/s)  VEEH, (6.10)
Let v; denote the peridynamic stress tensor obtained from its definition (6.3) for
this T, using (6.4):

(x —//0 A y + 2)°T,(Y,) [x — zm]{(y + z)m) ® m dz dy dQ,.

Returning to the case of a given continuously differentiable deformation with
deformation gradient tensor field F, it can be shown (Silling & Lehoucq, 2008)
that v, approaches a limit given by
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vi(x) > 6(F(x)) as s—0, VxeDB,

where ¢ is the function defined by
6(F) = / T (FX)(&)®¢EdV; VEe LT, (6.11)

where L7 is the set of all second-order tensors with positive determinant. ¢ is
called the collapsed stress tensor because it represents the limit, under the present
assumptions, of the peridynamic stress tensor for the horizon collapsing to zero. It
can further be shown (Silling & Lehoucq, 2008) that

div vy(x) > dive(F(x)) as s—0, Vxe B, (6.12)
and that

6(F) = g—g (F) VFecLl",

where () is defined by

Q(F) =W, (FX) VFec/l'.

Furthermore, ¢ and Q inherit properties from the peridynamic material with
horizon 0, characteristic of a Piola stress tensor:

* Objectivity: Let O" be the set of all proper orthogonal tensors. Then
Wi (QY) = Wi(Y) VY€V, QeO"

> Q(QF)=Q(F) VFe/l", QeO".
e Isotropy:

Wi (YQ) = Wi(Y) VY eV, Qe0"
> QFQ)=Q(F) VFel", QeO".
* Balance of angular momentum:
[ x@xmm@ae=0  vrev,
H,
= oF)Ff =F¢'(F) VFEeL".

Equation (6.12) means that if a given deformation is twice continuously differenti-
able, we can compare the acceleration fields y,; computed by the peridynamic
theory, for a material with horizon sd;, to those of the classical theory y,:

Y=Y as s—0,

where
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i, = /H [T, ) (=)~ T, [ (x — )] Ve +b

and

p¥, = dive +b.

In these equations, T, and ¢ are derived from the same peridynamic material
model with horizon ¢, through (6.10) and (6.11), respectively.

In this sense, the peridynamic theory converges to the classical theory in the
limit of small horizon. Stated differently, the PDEs of the classical theory are
obtainable from the peridynamic equations as a limiting case.

6.4. ELasTIicITY TENSOR DERIVED FROM A PERIDYNAMIC MATERIAL

Recall from Section 6.3 that a classical material model can be derived from a
peridynamic model by requiring that the two produce the same stress tensor for all
homogeneous deformations. The classical material model is given by (6.11),
which provides a Piola stress tensor 6(F), where F is the deformation gradient
tensor.

By specializing this approach to linear peridynamic material models, a fourth-
order elasticity tensor can be derived. To do this, substitute the linear constitutive
model (5.7) into (6.11) and assume T = 0. Consider a displacement gradient
tensor H, not necessarily symmetric, where |HI << 1. By setting F=1+H, the
following expression for the components of stress is obtained (Silling 2010):

o = {/H/HK”((&’ 4)5;51 dVe dVe | Hy.

The classical constitutive model for linear elasticity is
oij = CijuHy,

where C;j; is the fourth-order elasticity tensor. Since H is arbitrary, comparing the
last two equations leads to the conclusion that

Cij/d:/H/HKik@a &€ dVy dVe.

Thus, a classical linear elastic material model has been obtained from a peridy-
namic linear elastic model. The two models give the same stress tensor for
homogeneous deformations of a homogeneous body. They are expected to dis-
agree for nonhomogeneous deformations, and the classical model is not applic-
able at all if a discontinuity in the deformation is present.
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6.5. NoNLocAL THEORIES

In this section, the peridynamic model is compared with other strongly non-
local theories, i.e., theories in which points separated from each other by a finite
distance interact directly. Also included is a comparison with higher order
gradient models, which are weakly nonlocal because they contain a length scale in
the constitutive model but do not explicitly include interactions across finite dis-
tances. The literature on such nonlocal models is large, and only a few representa-
tive models are discussed here to illustrate the main similarities and differences.

Strongly nonlocal theories have been proposed as a way to gain insight into the
role of the finiteness of the interaction distance between atoms, particularly
microstructure in crystals. A pioneering example of such a nonlocal theory is
Kroner's (1967), which added nonlocal terms, in the form of an integral operator,
to the local equation of motion for a body B:

p(x)iti(x, t) = Cyjpug, jj + /(Dik(x/_x)uk(x/) dVyr + bi(x, 1),
B

where Cjjy; is the fourth-order elasticity tensor, and @y is a function representing
the effect of long-range interactions. Kroner's nonlocal model is linear because the
integral is a linear operator. Because Kroner's equation of motion, like the
classical equation of motion, involves the second partial derivatives of displace-
ment, it does not lend itself to the study of phenomena involving discontinuities.

Perhaps the most widely known nonlocal elasticity theory is that of Eringen
(2002). In its simplest form (Eringen, 1983), its basic equations for an isotropic
solid can be expressed as

p(X)'il i (X, I) = l‘ij7j(X, I) + b,‘(X, t),

1(x, 1) = / (X —x])oy (<, 1) dViy
B

GU(X, t) = k&ijukk(x, l) + 2pu[7j(x, l‘),

where A and p are the usual Lamé and shear moduli and « is a weighting function.
Thus, in this version of Eringen's model, a nonlocal stress tensor #; is evaluated
from the weighted volume average of the local stress tensor ;. Like Kroner's model
(and the classical local model), the form of Eringen's equations prevents it from
achieving the goal of peridynamics, which is to apply the same field equations on or
off of discontinuities. (However, Eringen, Speziale, & Kim (1977) successfully
treat the problem of a crack in a nonlocal elastic medium by, essentially, represent-
ing the crack as a zero traction boundary condition. The solution to this problem
demonstrates the absence of unbounded stress fields near the tip of a crack
represented in this way within a nonlocal continuum.)
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Kunin (1982, 1983) developed a nonlocal model in which internal forces are
expressed directly in terms of the displacement:

p(x)ili(x, t) = /B(D,«k(x’—x)uk(x’)dVX« + bi(x, 1).

Formally, this expression is the same as the linearized equation of motion in the
peridynamic model (5.11). However, in the peridynamic equation, the kernel is
derived by linearization of a material model in the nonlinear theory, and therefore
allows the micromodulus function Cy in (5.11) to be obtained in an unambiguous
way. For example, linearization of a peridynamic model of an isotropic fluid
uniquely determines the appropriate C,, function (Silling, 2010).

Deriving the linearized material model as described in Section 5.3 also pre-
serves the coupling between the forces within a large deformation state Y and a
superposed small displacement field. These potentially large forces have a major
effect on the properties of plane waves and therefore on material stability (Silling,
2010). For example, in a typical crystal, there are large forces between the atoms
regardless of the deformation. If the crystal has zero stress at a point, then the net
force across any plane through that point is zero. But this does not change the fact
that the forces are present; they merely cancel each other out. The coupling
between these forces and superposed displacements cannot be neglected in a
theory aimed at providing insight into the mechanics of microstructures.

A higher-order approximation to the deformation state may be obtained by
adding an additional term to the Taylor expansion in (6.2):

Y[x](§)=F(x)¢ + (grad F(x))(§®¢) +0(¢]), (6.13)

where (grad F(x)) is a third-order tensor representing a “strain gradient” term. If a
constitutive model explicitly involves this new term, for example, if the free
energy has the form

(F, grad F),

the resulting mathematical description of the system is a higher-order gradient
theory. Theories of this type implicitly involve a length scale because the dimen-
sions of the two arguments of v differ by length. If the deformation has contin-
uous third derivatives in space, then (6.13) asymptotically represents a better
approximation to Y than (6.2). However, if there is a discontinuity in the
deformation such as a crack, then a higher-order gradient model is no more
applicable than the classical local model.

Nevertheless, Seleson, Parks, Gunzburger, & Lehoucq (2009) have shown
that a higher-order gradient approximation can be used as an intermediate step
in upscaling a molecular dynamics model to peridynamics. To do this, these
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authors construct separate higher-order gradient models from both an assumed
peridynamic constitutive model and the discrete system using an inner expansion
technique (Arndt & Griebel, 2005). The parameters in the peridynamic model are
determined by matching the coefficients between these two higher-order gradient
expressions. In effect, this provides a peridynamic model for the discrete system
that is demonstrated to accurately reproduce key features of the molecular
dynamics model, including wave dispersion.

7. Discrete Particles as Peridynamic Bodies

In this section, it is shown that the ordinary differential equations (ODEs)
describing the motion of discrete particles can be obtained as the limiting case of
the motion of mutually interacting peridynamic bodies of finite volume, as their
volume is reduced to zero. This limiting process could not be carried out within
the classical theory of continuum mechanics, because nonlocality is a fundamental
aspect of the system. The resulting interactions between the discrete particles have
the same basic structure as the peridynamic continuum equations. It is further shown
that these particles can be represented within the continuum equations with a mass
density field and constitutive model that use generalized functions. This allows any
multibody potential to be represented as a peridynamic material model.

Averaging the mass density and the interactions between particles results in a
conventional (smooth) continuum. The averaged peridynamic stress tensor over a
collection of particles provides, in effect, a Piola stress tensor field that appears in
the classical equation (PDE) of motion. This result achieves the goal of deriving a
classical stress tensor field from a set of particles interacting through an arbitrary
multibody potential.

7.1. SELF-EQUILIBRATED SUBREGIONS

Let a body B be defined by
B= ,évjl Pi»
where the P; are N are disjoint bounded subregions. Assume that the nonpolarity

condition (2.24) holds on 5. For each subregion, define its mass and center of
mass by

= [pave w0 =g [y a0
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Recall the abbreviated notation defined in (2.11). Define the net force and that P;

exerts on P; by
F; = / / f£dv' dv (7.2)
P, P,

and the net external body force on P; by

Fot — / bdv. (7.3)
Pl

Within each P;, let r; denote the deformed position vector relative to the deformed
center of mass:

ri(x, 1) = y(x, 1) —y; (1), Vx € P (7.4)
The net moment about y; that P; exerts on P; is found from
T = / / r; X £dV'dV, (7.5)
PP
where r; = r;(x, ). The net external moment on P; about y, is given by
T = / r; x bdV. (7.6)
P;
The condition
F; =0, i=1,...,N (7.7)

is always satisfied because of (2.5) and (7.2). If the subregions are separated by
empty space and are small in size relative to the distances between them, it is
reasonable to require on physical grounds that

1, =0, i=1,...,N. (7.8)
A system in which (7.8) holds will be called self-equilibrated. This condition does
not follow from the antisymmetry of f, except in the special case of an ordinary
material (see Section 4.3).
An alternate form of the condition (7.8) may be derived as follows. By (2.10),
(7.2), (7.4), (7.5), and (7.7),

//r,xdedV yle,I—i—//r,xdedV

(y;+ 1) x (t—t)dvadv

PSP

y X (t—t)dV'dv

9
9

(¥ —y) x tdV'dv,
PiJPi
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where the change of dummy variable of integration x <> x' has been used in the
last step. Since the material is assumed to be nonpolar, (2.24) holds. So, the last
expression implies

Tiiz// (y/—y) x tdV'dv.
P B\P,

Therefore, an alternate form of the condition for self-equilibration (7.8) is

// (y'—y) x tav'av =o, i=1,...,N. (7.9)
PiJ B\P;

We emphasize that self-equilibration does not hold in general; it reflects the
special physical situation of small bodies separated by large empty distances.

7.2. LINEAR AND ANGULAR MOMENTUM IN SELF-EQUILIBRATED SUBREGIONS

From the local balance of linear momentum (2.14) integrated over P;,

/pydvz//fdv’dv+/bdv.
Pi i) B Pi

In view of (7.1), (7.2), (7.3), and (7.7), this is equivalent to

My, =Y Fi+F*,  i=1,..N. (7.10)
J#
Equation (7.10) is the balance of linear momentum for the subregions expressed in
terms of the centers of mass, the net force between the subregions, and the net
external forces. It holds regardless of whether the subregions are self-equilibrated.
Now consider the balance of angular momentum about the origin in sub-
region P;:

d ' ,
— pyxde:/pyXj'de://ydeVdVJr/ydeV.
dr Jp, P; P8 P;

i i

Using (7.4),

i

/p(yi—l—r,-) x (y;,+1t;)dV ://(yi—kr,-) X de/dV—i—/ (y;,+1;) x bdV.
. /B P,

(7.11)
But from (7.1) and (7.4),

/pride/pi‘idV:O.
P; P;

i
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From this, the terms on the left-hand side of (7.11) involving r; x y; and y; X t;
drop out. Grouping the remaining terms involving y, together and using (7.2) and
(7.3) result in

yi X | Miy; = Fy—FX +/pr,~x'i-idV://r,~xde/dV+/rixde.
j#i Pi 731' B 77,'

By the balance of linear momentum (7.10), the term in parentheses vanishes, so

that
/pri X i-',-dV://r,- X fdv’dv+/r,- X bdV.
P; P.JB P

i

If the subregions are self-equilibrated, (7.8) allows this to be rewritten in the form

ai=>Y 1+, i=1,...,N, (7.12)
i

where

a[:/pri X t;dV
Pi

and t;; and 1 are defined in (7.5) and (7.6), respectively. Since a; is the angular
momentum of P; about its own deformed center of mass, a; can be thought of as
the angular momentum due to the “spin” of the subregion. Equation (7.12) asserts
that if the subregions are self-equilibrated, changes in this spin are independent of
the net force on the subregion.

7.3. PERIDYNAMIC PARTICLES

The next step is to investigate the balance of angular momentum in the limit of
self-equilibrated subregions with zero size. This limiting case represents peridy-
namic particles. To derive the properties of these particles, we adopt an ansatz
concerning the nature of the forces during this limiting process such that the net
forces remain fixed. Suppose that each subregion P; is bounded by a sphere
centered at the center of mass in the reference configuration x;. It is assumed that
there exists a number &> 0 such that |r;| < ¢ for all i and all 7 > 0, where r; is
defined in (7.4). The sizes of the P; in the reference configuration are variable and
are parameterized by e.

For any ¢>0 and any P;, assume that the bond force densities obey the
following ansatz:

t= T,-,(p,.j(x’,x, €), (7.13)
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where the T are vectors independent of &. ¢; is a nonnegative function on
P; x Pj x R such that for any £ >0, [, [, ¢; = 1. From (7.13), it is immediate
i J

that
T,,://tdv’ dv. (7.14)
PPy

From (2.10), (7.5), and (7.13), since Irl < €, it follows that

[ty =

| (t—t)dvV av

/ / 01Ty, — Tl dV'dV
//(plﬁrsl

< e(|Ty+T5),

IN

3|le|

Dji
i/ Pj

hence,
Tj=0(¢) as &—0.
Adopting an ansatz for b similar to (7.13) leads to

T =0() as &—0.
From these results and (7.12), the conclusion is that

a;—0 a &—0. (7.15)

This proves that in the limit ¢ — 0, the angular momentum of a peridynamic
particle about its own deformed center of mass is independent of time.

Next we derive a condition for nonpolarity of the interparticle forces Tj;.

Continuing under the ansatz (7.13), since the P; are self-equilibrated, (7.9) implies

0:// (y'—y) x tdV av
B\P;
/ /y -y) x tdV dv
Pi j#i

=[S [ (e~ i) x eavav
Pij#i /i
_Z(y/ y, x TU+/ / j—ri) x tdVav
Pij#i

J#i

:Z (yj - y[) x Ty +0(e) as &0,
Pz
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where r’; = r;(x/, ). So, in the limit ¢ — 0, the requirement of nonpolarity (2.24)
reduces to

Z(yj—yi) x T;=0 (7.16)

J#
for all i, which states that the net moment about y; exerted by the T;; on the other

particles is zero.
Using (2.10), (7.2), and (7.14), it follows that

Fij = Tij —Tj'

for all i and j. Then by (7.10), the balance of linear momentum for peridynamic
particles may be written as

My, = Z(le —Tj) + E (7.17)
J#
for all i.

We have already investigated the dependence of angular momentum of peri-
dynamic particles about their own deformed center of mass, with the result (7.15).
Now we consider the balance of angular momentum of particles about the origin.
To do this, once again take the limit as e—0 in the global balance of angular
momentum (2.26), leading to

Miy; x'y; = Z<Yj x Tj—y; X le’) Ty x FY (7.18)
J#
It is easy to show that this relation holds if the forces are nonpolar. To see this,
note that (7.17) implies

Miy; x y;=y; X (Z(TU - Tji) + F?Xt>‘
J#
Add (7.16) to this result to obtain (7.18). Thus, if nonpolarity holds, then the global
balance of angular momentum follows from the balance of linear momentum.

It is a standard result in textbooks that for pairwise interactions between
particles, in which the force vector F;; is parallel to the relative deformed position
vector y; —y;, the balance of angular momentum follows from the balance of
linear momentum. In the present case of more complex interactions, the additional
nonpolarity relation (7.16) is required. Of course, this additional relation is
trivially satisfied in the special case of pairwise interactions.

By (4.2), (4.5), and (7.14), it follows that the T;; can be expressed in the form

Ty = Tij(Yp '”aYN)’
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where the 'Tij are suitably defined functions. These functions provide a constitu-
tive model for the forces between peridynamic particles. The functions 'i"ij must
satisfy the nonpolarity requirement (7.16).

7.4. PARTICLES AS A SPECIAL CASE OF A CONTINUUM

In this section, we demonstrate that a collection of discrete peridynamic
particles, together with the forces between them, can be represented within the
framework of the continuum theory using generalized functions. To do this, let x;
denote the reference positions of the particles. Define a peridynamic body and its
bond force densities by

)= S MAGx-x), bk =S U DAx-x),  (7.19)
t(x',x, 1) Z Z T;(1)A(x — x;)A(x’—xj), (7.20)

i A

where A is the three-dimensional Dirac delta function (which has units of volume ™).
To confirm that this body reproduces the accelerations for peridynamic particles
given by (7.17), substitute these expressions into the equation of motion (2.15):

p(x)y(x, 1) = /B(t(x',x, 1) —t(x, ¥/, t))dV’ +b(x, 1)
to obtain

ZMAX—X, X, t ZFeXt X—Xi)
Jr/BZ Z T;(1) A(x - x,)A(x/—xj) - A(x’—xi)A(x — xj))der .

i A
Taking x to be any of the particle reference positions, and carrying out the

integration using the properties of the delta function, leads to (7.17).
Expressing the constitutive model (7.20) at x; in terms of a force state, set

I[X7 t] <f>=t(x +¢ %, t)
to obtain
=> > Ty(Ax - x)AE - (x5 — x7)). (7.21)
it
With this constitutive model and (7.19), the equations for peridynamic particles
are seen to be a special case of the continuum theory.
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7.5. MuLTIBODY POTENTIALS

Consider a set of N particles with masses M, ..., My and current positions
Vi, .., ¥n- Let the potential energy of this set of particles be given by
U(y,, --..,y,), where U is an N-body potential. Assume that U has the property
of translational invariance:

Uy, +¢ .,yy+¢) = Uy, - yy) (7.22)
for any constant vector c¢. Also assume that U satisfies the balance of linear

momentum,

N oU
a (Y1a . "YN) = 0’ (723)

and the balance of angular momentum,

Z (yis - yy) = 0. (7.24)

These two assumptions are equivalent to requiring that each N-tuple of particles
have constant total linear and angular momentum in the absence of any other
interactions. Define arbitrary reference positions of the particles xq, ..., xy inde-
pendent of time, and let the particle locations be described by the motion y(x,t), so
that

yi=vy(x 1), i=1,..,N. (7.25)

Let x, be an arbitrary fixed point called the reference point for this N-tuple of
particles. This reference point may or may not coincide with the reference
positions of any of the particles. Define an elastic nonhomogeneous peridynamic
body by the following mass density and body force density:

N N
Z (x—x;), b(x 1) = Z F&(1)A(x — x;) (7.26)

and by the following strain energy density function:
W(X, x) =Ax—x0)U(y;, -, ¥n)s (7.27)

where A is the three-dimensional Dirac delta function. To put (7.27) in a form
whose right-hand side depends explicitly on Y, recall the definition of the
deformation state (4.1), and use the abbreviated notation

y=yx1), Y=Y[x1. (7.28)
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Then, for any x,
yi=y+X(x —x), i=1,...,N.

Now we can rewrite W in terms of the deformation state:

W(X7 x) = A(X_XO)U(YU ""YN)
=Ax —x0)U(y + Y(x; — %), ...,y + Y(xy — X))
=A(x —x0)U(X(x; — x), ..., Y{xy — X)). (7.29)

In the last step of (7.29), the translational invariance of U was used as stated in
(7.22). Using (4.21), it is easily confirmed that the force state corresponding to
this W is given by

N U

T %)= —x)) 5

A€ — (x; — x)).
It can also be confirmed directly that with p and b supplied by (7.26), the equation
of motion (2.15), evaluated at any x = x;, implies

oU

Mi&,:—a—yﬂfxf, i=1,..,N (7.30)

1

which shows that the force on particle i due to interactions with other members of
the N-tuple is —dU /dy;.

In subsequent discussion, it will be necessary to have the peridynamic descrip-
tion of the N-tuple of particles in the form (7.21). This can be accomplished
by treating the reference point for the N-tuple, X, as a particle with zero mass.
Define

aUu

M, = 0, Tszg, Jj=1,.
J

N (7.31)

and
Ty =Tj=T;; =0, i=1,...,N,j=1,...,N. (7.32)

With these definitions, the equation of motion for peridynamic particles (7.17)
implies (7.30). It also implies the additional relation

Moo N U o
0yo — N
= dy;

which vanishes because of (7.23). With the definitions (7.31) and (7.32), the
requirement for nonpolarity (7.16) is immediately seen to be implied by (7.24).
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Several results have been obtained:

e This N-tuple of particles interacting through the multibody potential U can
be described exactly as a peridynamic state-based constitutive model with a
strain energy density function W( -, x) that is nonzero at a single arbitrary
point X = X.

The bond force densities in the force state at this x involve only the partial
derivatives of U.

These bond force densities generate the correct expression for Newton's
second law for the particles (7.30).

* We did not need to identify the force that each particle exerts on the other,
since the forces Ty; only involve the gradient of the N-body potential.
Nonpolarity of the bond force densities is necessarily satisfied for any
admissible U.

L]

The primary limitation of the method presented here for treating molecular
dynamics through the peridynamic equations is that the N-tuples that interact
through the multibody potentials are defined in the reference configuration, so it is
assumed that these sets of particles do not change over time. This would be a good
approximation for solids, but not fluids, in which the sets of particles that interact
would evolve over time. However, it may be possible to extend the peridynamic
theory to an Eulerian framework, which would avoid this problem.

7.6. PERIDYNAMIC STRESS DUE TO Two DISCRETE PARTICLES

Consider two distinct particles 7 and j with reference positions x; and x;. Let the
force state field be given by

I[x] <§>:TijA(x — xi)A(f — (xj — x,-)). (7.33)
One or both of these points may be a zero-mass reference point for a multibody
potential, as discussed in the previous section, or they may both have positive
mass. Recall from (6.3) that the peridynamic stress tensor field is given by

v<x)_/u/0°°/0°o (5 + 2)2Tx — zm]((y + 2)m) ©m dz dy Oy, (7.34)

where U is the unit sphere and dQ,, is a differential solid angle in the direction of
the unit vector m. Let L denote the open line segment connecting x; and x;.
Comparing the last two equations, evidently the integrand in (7.34) takes on
nonzero values only if x € L and only if m = £m;;, where m;; is the unit vector
defined by
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Fic. 7.1 Interacting particles at x; and x;.

Xj—Xi

% —xi
(see Fig. 7.1). From this observation and the form of the integrand in (7.34), it
follows that v can be expressed in the form

v(x) = S(x) @ my;, (7.36)

where S is a vector-valued function that takes on non-null values only on L.
Recall from the properties of the peridynamic stress tensor (6.6) that

div (o) = [ (T06)€)~Tx + 8)(~¢)) v
Applying this to (7.33) leads to

div v(x) = (A(x — x;) — A(x — x;)) Ty (7.37)
Let R be a sphere centered at x; with radius r < |xj — x| (so that its boundary oR
intersects L). By (7.37) and the properties of the delta function,

/ div v(x)dV = Tj.
R

From this, (7.36), and the divergence theorem,

T; = /a Rv(x)ndA = /a 72(s(x) ® my)ndA,

where n is the outward-directed unit normal vector to dR. But since S is non-null
only on L, it follows that n = m;; there. Therefore,

Ty = (/ms(x) dA>m,-j.m,;,- = /ms(x) dA

since m;; is a unit vector. Since this must hold for every choice of r such that
0 < r < |xj — x|, it follows from (7.36) that

/ y(x) dA = Ty  m; (7.38)
P
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for every plane P normal to L that intersects L. Thus, v has the structure of a two-
dimensional Dirac delta function. Another way to state this is as follows:

ev=0onR>—L.
+ For any function y on R, using (7.38),

/ ywdV = // yvdAds =T} ®ml;,-/yds, (7.39)
R? LJP L

where s is the path length along L and P; is the plane normal to L that intersects L
at 5. This relation will be used in the next section in computing the average stress
among many particles.

7.7. AVERAGE STRESS DUE TO MANY DISCRETE PARTICLES

Now consider a system of many particles. These may include zero-mass reference
points for multibody potentials (Fig. 7.2), as discussed in Section 7.5. From the results
of the previous section, the peridynamic stress tensor field v is non-null only on the
line segments L; connecting pairs of particles that interact with each other. (This is
unrelated to whether the particles interact through a pair potential or a multibody
potential.) To make this stress more useful, an averaging function is now introduced.
First, the mechanical significance of an averaged stress field is investigated.

Let ¢ be an averaging function on R> such that [¢=1. A typical choice of ¢
would be

¢(q) = cexp (—la*/a®), (7.40)

where a and ¢ are constants. Let v be the peridynamic stress tensor field. Recall
the local equation of motion in terms of the stress tensor (6.5):

Xo

/-—)
Massless reference point X, ’ Force = -Tpy= - g—:/
1

X4

X5 v#0onLgy,..,Lgs

Fic. 7.2 Peridynamic particles interacting through a five-body potential with reference point x,.
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p(x)y(x, t) = dive(x, t) + b(x, ?). (7.41)
Evaluate this equation at x+q, multiply both sides by ¢(q), and integrate
over R?:

[ ot@ptx+ s tx+ a nav, =
/gb )divv(x + q, 1) dV —i—/(;S b(x+q, 1)dV,.

Define the following averaged quantities:

/(b p(x+q)d

/¢ p(x+Q)y(x +q, 1) dVy,

wmozjﬁmw&+%aM@

1) = /¢(q)b(x +q,1)dVy. (7.42)

Note that y is a mass-weighted average deformed position vector. In terms of
these quantities, (7.41) becomes

p(x)y(x, 1) = div¥(x, 1) + b(x, 7).
This is the peridynamic equation of motion in terms of the averaged quantities.
If the distance between interacting particles, that is, the horizon, is small com-
pared to the length scale of the averaging function (such as a in 7.40), then it is a
good approximation to assume that ¢ is constant along any of the bonds. Neglecting
the resulting error term, from (7.39) and (7.42), for any pair of particles i and j,

¥(x) = (Ty © my) (|x; — xilp(x; — x)).
Using (7.35), this can also be written as
v(x) = d(x; — x)Tij ® (xj — x,-).
For the system with many particles, this becomes
v(x) = Z Zqﬁ(xi - x)T; ® (x — x;). (7.43)
A
Since ¢ has dimensions of 1/volume and T; has dimensions of force, v has

dimensions of force/area. By (7.19) and the first equation of (7.42), the averaged
density for many particles is given by

= Z Mip(x; —



148 S. A. Silling and R. B. Lehoucq

If v is evaluated in the reference configuration, in which y, = x;, then the
requirement (7.16) for nonpolarity implies that v is symmetric. To confirm this,
let a be any vector, and note that (7.16) implies

Zfbiz‘fg x Ty =0, §ij =X — Xi, ¢ = ¢(xi — x).
Then, usirllg thf]éAC—CAB rule and (173),
OZZ (/%g (& x Tj) x a
=>. ¢i§a x (Ty x &)
T
:Z @; [Tj(a-&5) — &(a- Ty)]
:Z: (/)i;[(Tij ® &y)a— (& © Ty)al
=2skw [Z @) (Ty ;)
— ofskw T}([x)]a,ﬁél

a

where “skw” means the skew-symmetric part of a tensor. Since this must hold for
any a, it follows that skw ¥(x) = 0; hence, ¥ is symmetric.

Thus, the nonpolarity of forces implies the symmetry of the averaged peridy-
namic stress tensor, prior to significant deformation of the system. After deforma-
tion, the stress tensor is no longer symmetric except in special cases. This is
comparable to the asymmetry of the classical Piola stress tensor in a body under-
going large deformation.

Our expression for v in (7.43) performs the averaging in the reference config-
uration, because the reference position vector X is the spatial variable. Because of
this, the weighting for a particle does not change as the particle moves. This
means that if the particles are highly mobile, as in a gas, the expression (7.43) for
stress is not very useful, because its status as an observable quantity depends on
the assumption that the particles always remain close together. In this case, it is
more useful to perform the averaging in the deformed configuration, so that the
weighting of each particle varies as it moves closer to or farther from an
observation point. To derive the effect of this change on the averaged stress,
define the momentum density at any point X in space by

p= ZM@J’ i o= ¢(yl‘ - X)-

Define a function @ by
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(D(Z7 X) = d)(z - X)7
thus
p= ZMi(D(Yi» X)).’i-

Observe that
b 9D
9z ox
Evaluating the time derivative of p holding x fixed, while using 7.44 and
temporarily neglecting body forces, leads to

(7.44)

- . L .
p:ZMi Syt \Vit5, o X) |y

:ZM,- oyi— |y %g (vi» %) |y
=>_ Mi[¢3; — div(®(y;, )7 ;@5 )]
:Z Mi[¢y; — div(¢y ;@ ;)]

:Z Mig5,; — divz Mgy ;@Y ;.

We are free to choose any reference configuration that is convenient. In this case,
choose it to be the configuration at any time ¢. Then the peridynamic stress tensor
is given by (7.43) with x; = y,, so that

p =divv +divk + b,
where the kinetic stress tensor is defined by
K= —ZM@;’% Ry,
i

The kinetic stress tensor accounts for the transport of momentum due to the
motion of particles into or out of a region that is fixed in space. In contrast, the
peridynamic stress tensor accounts only for the acceleration of particles. Kinetic
stress is the primary contributor to pressure in gases, in which interactions
between particles are weak but velocities, including thermal velocities, are sig-
nificant. The idea of kinetic stress is not new and not particular to the peridynamic
model, but it is included here to show that it can be included in the peridynamic
concept of momentum balance in a straightforward way.

The averaged peridynamic stress given by (7.43) is similar to Hardy's expres-
sion for the potential contribution to the stress tensor (Hardy, 1982), which is
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obtained by averaging a large number of particles interacting through pair poten-
tials. Hardy also discusses the relation of this stress tensor to the virial stress. The
present approach applies to multibody potentials, while ensuring that the average
stress satisfies balance of angular momentum (in the sense of producing sym-
metric v in the reference configuration, as shown above). A review of many
concepts for deriving stress from discrete particles, along with new contributions,
can be found in (Admal & Tadmor, 2010).

8. Damage and Fracture

This section presents the peridynamic view of damage and its incorporation into a
material model. This is presented within a thermodynamic framework that highlights
the role of irreversibility of damage. Various damage evolution laws and their
implications are described, the simplest being independent bond breakage. The
energy balance for moving defects is investigated, leading to peridynamic expres-
sions for the J-integral, surface energy, and the Griffith criterion for crack growth.

8.1. DAMAGE AS PART oF A CONSTITUTIVE MODEL

Suppose that a material has a free energy function v and entropy function
n that depend not only on the deformation state and temperature, but also on a
scalar state ¢ called the damage state. We write

o(x.0.0), (¥ 0.0). (8.1)

The damage state is special in that it cannot decrease over time; thus,

>0, ie, G20 VEeH. (8.2)

It is also assumed that

0<¢<1, ie, 0<@(&) <1 VEEH. (8.3)

The damage state is determined by the deformation and by other variables through
a prescribed damage evolution law of the form

6=D(Y. X, ...
or alternatively in terms of the rate of damage growth:

o=D(Y, Y, ...).
A material model such that, for any & € H,

P(E)=1 = T(£)=0 (8.4)
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is said to have strong damage dependence. All other material models have weak
damage dependence.

8.2. IRREVERSIBILITY OF DAMAGE GROWTH

Recall the inequality (4.15) derived from the first and second laws in terms of
free energy:
TeY —0n—1>0.
We now repeat the Coleman and Noll procedure (1963) used previously in
Section 4.5 to obtain restrictions on the constitutive response in the presence of

evolving damage. Differentiating the first of equation (8.1) with respect to time
yields

b=y Y + 0+ 0, (8.5)

where ¢y and 1), are the Fréchet derivatives of ¢ with respect to Y and ¢,
respectively, and v, = 01)/d6. Combining the last two expressions yields

T =y | X — I+l — 5,0 > 0. (8.6)

As in Section 4.5, assume that Y and @ can be varied independently and
arbitrarily in (8.6); hence,

T= 7/11; n=—vy. (8.7)
In view of (8.2), Q cannot be set arbitrarily in (8.6), leading to the conclusion

which is the second law restriction on the dependence of free energy on the
damage. Using (8.7), (8.5) takes the form

b=TeY —On+i,9. (8.9)

Now assume an adiabatic process, so that A=r=0. Subtracting (4.14),
which continues to hold in the presence of damage, from (8.9) leads to the
conclusion

n=-— P i=—1,0 (8.10)

where s the rate of energy dissipation. The first equation of (8.10) gives the
entropy production due to damage evolution.
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8.3. BonD BREAKAGE

Recall the definition of the scalar extension state e,
e = [Y|-[X], (8.11)

where X is the identity state defined in (3.1). A useful example of a damage
evolution law is given by the following model:

O(E=D(Y, &)(&)=max f(e(&),€), (5.12)

where f(e,&) is a nondecreasing function of e, 0 < f < 1, and the maximum is
taken over all times up to . Assume for simplicity that for a given motion, e is a
nondecreasing function of time. Observing from (8.11) that

. Y
e=M-Y, M=, (8.13)
Y|

differentiating (8.12) with respect to time yields an equivalent damage evolution
law in terms of the rate:

0(€)=D (Y, X, &) =f.(e(¢),&)M(&) - X (&), (8.14)

where f, denotes the partial derivative of f with respect to e. It is helpful to
introduce a vector state r defined by

r(&)=f.(e(&), E)M(E), (8.15)
so that (8.14) can be written as
p=r1Y, (8.16)

provided e is nondecreasing. A specific case of such a damage model is bond
breakage in tension, in which

fle, &) = H(e - ey(§)), (8.17)

where H is the Heaviside step function and e, (&) is the prescribed bond breakage
extension for the bond &. In this case,

fele, &) = Ale — e(§))
and from (8.14),

d=Ale—e)M-Y.

Alternatively, the same damage evolution law can be defined in terms of the rate
through (8.16) with
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r=A(e—e,)M

Bond breakage in compression can be treated in a similar way.

8.4. ORDINARY MATERIAL MODELS WITH STRONG DAMAGE DEPENDENCE

Suppose an elastic material model is defined by

W(Y) = W'(e), (8.18)
where W' is a function and e is the scalar extension state, defined by (8.11).

Because of (8.13), the chain rule implies

VW(Y) = VW' (e)M.
Now we will modify the material model (8.18) to include damage. To do this,
define a free energy density function by

w(x 9) = WO((l—@)g). (8.19)

The first equation of (8.7) and the chain rule provide the following force state:

T=vy=(1-0)'M, =W ((1-g)e).  (320)
Because of the (l — ¢ term in this expression for T, evidently (8.4) holds for
this material, so it has strong damage dependence. By (8.19),

D (8.21)

So, the second law requirement (8.8) holds, provided

t'e > 0. (8.22)
This asserts that the scalar bond force density in each bond has the same sign as
the bond's scalar extension.

8.5. BonD-BASED CONSTITUTIVE MODELS WITH BOND BREAKAGE

An important special case of the ordinary material with strong damage depen-
dence is obtained if the bond breakage model for evolution of damage is com-
bined with a bond-based constitutive model. Following (4.24), choose

W@:AM@@W@

where w(e,¢) is the differentiable bond potential function. Let the damage evolu-
tion be described by the bond breakage model in (8.17). Following the method of
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the previous section, modify W' to include damage by defining the following free
energy function:

o(x.0) =w((1-0)e) = [w((1-¢@)ew@)e)ave. .29

From (8.20), the force state is given by

T=(1-¢)'M  £@=w((1-0)ed).¢).

The Fréchet derivative of ¢ with respect to ¢ is supplied by (8.21); thus,

Vol =—e(@w.((1-(@))et@.¢) (8.24)

for all {€’H. The second law condition is given by (8.22). The important
distinction between this material and more general ordinary materials is that,
here, 1°(&) and ¢(&) for a given bond & are determined independently of whatever
happens in all the other bonds.

It is of interest to compute the dissipated energy at a point X up to time 7. To do
this, use the second equation of (8.10) and (8.24), assuming for simplicity that e is
nondecreasing:

. ye i = / ’ | eterme((1- 000 )ete) ) e ave .

Recalling that, by definition, 1, refers to the derivative of ¢ holding y, and
therefore e, constant, it follows that

¢(¢)
v _/HA %W(“ — 0)e(€), &) dodVe.

Combining this with (8.12) and (8.17), because ¢(&) changes discontinuously

when the extension reaches the bond breakage extension e;(&), it follows that

= /H w(&)B(E) Ve,

where the bond breakage energy is defined by
wi(§) = w(ep(§), §) —w(0, ).

In this material, the dissipated energy is simply the integral of the bond breakage
energies over all the broken bonds in the family.

In this material, ¢ depends only on the current value of ¢. This is not true for
most other materials; a counterexample is the separable damage model discussed
in the next section.
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8.6. SEPARABLE DAMAGE MODELS

The previous section showed how damage can be introduced into a bond-based
material model simply by modifying the bond potential function with a term that
depends on bond damage, as indicated in (8.23). The present section deals with
incorporation of damage into more general elastic consititutive models. Assume
that such an “undamaged” model is provided, and let W (Y) be its strain energy
density function. Let T = VW?. Further assume that

W'X)=0 and WY (Y)>0 VYeV. (8.25)

Define a free energy density function by

6(X, 0) = o(0)W'(x), (8.26)

where

(D(Q) = %[HQ - g(f))zdv@ V= /Hdvgu. (8.27)

Because the damage state and the deformation state appear in separate terms in
(8.26), this type of damage model will be called separable. After evaluating the
Fréchet derivatives and using the first equation of (8.7), the force state including
damage is found to be

T(E) =ty (€)= () T(). (8.28)

This means that all the bonds have their force reduced by the same scalar @ (Q)
O decreases monotonically with time because, by the assumption (8.2), ¢

increases monotonically. From (8.26) and (8.27), the Fréchet derivative of free
energy with respect to ¢ is given by

v(=—2 0 (1 - g0, (8.29)

The second law requirement (8.8) is necessarily satisfied because of (8.3), (8.25),
and (8.29). The energy dissipation rate is found from (8.10) and (8.29) to be

12)‘1 = _wﬁ.é = Vv ¥
=W (Y)D.

2WY) [ - stend ave

The dissipated energy up to time ¢ is therefore given by

(1) :/Ot{/;d(r)dr: _/0, WO (X[1))® (1) dr.
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The separable damage model results in a material characterization with weak
dependence on damage (see Section 8.1), because (8.28) does not necessarily
imply that bonds with ¢(&)=1 have T(£)=0. This is in contrast to the materials
discussed in Section 8.4, which exhibit strong damage dependence.

8.7. ENERGY BALANCE IN PROGRESSIVE DAMAGE

Consider a closed, bounded subregion P; with constant shape that translates
through the reference configuration B with velocity V; thus, there is a flux of
material through its boundary dP,. Assume a steady-state motion of the form

y(x, 1) = x+u(x — Vi), (8.30)

where u is some differentiable function (Fig. 8.1).

Assume that body force, kinetic energy, heat transport, and heat sources are all
negligible. Additionally assume an isothermal process, so that 6 = 0. These
assumptions along with the local first law expression (4.11) and (8.9) imply

Y=étis0. (8.31)
Recalling the shorthand notation in (2.11), the global first law (2.34) in this case

has the form
/ £dvV = / / (t-y' —t -y)dV dv. (8.32)
P, J B\P,
u, V
e
Streamline TN\
Crack 7
P, — Flux=4V-n

\'

Fic. 8.1 Subregion P, containing points where there is energy dissipation moves to the right with
velocity V.
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Because the motion is steady state, the total time derivative of any intensive
quantity over P, vanishes. The Reynolds transport theorem therefore implies, for
the free energy v,

d .
—/de:/de+ YV-ndA =0,
dr Jp, P P
where n is the outward-directed unit normal to d7P,. Using this and (8.31),

/Pt(.'s+¢£-¢'>)dv+ VoA =0,

From this and (8.32),

// (t-y'—t'-y)dV dV + w@-q'adVJr/ YV-ndA = 0.
J B\P, [ P,

Evaluating y and y’ using (8.30),

// (¢ - (uyV) —t-(u;v))dv’dv+/%-<2>dv+/ WV ndA =0,
PJB/P P - P
(8.33)
where the ¢ subscript has been dropped from P, and
u, = grad u(x — Vi), u, = grad u(x'—Vr).
(Note that (8.33) has the same structure as the master balance law discussed in

Section 2.5.) Using the second equation of (8.10), this result can be expressed in
the form

J-V:/de, b=y d, (8.34)
. s
where
_ T, (. I\T !
- /P /B (I ) gV av ¢ /a umaa. (8.35)

This provides the peridynamic equivalent of the J-integral in the standard theory
(Rice, 1968). Equations (8.34) and (8.35) relate the free energy lost in some
dissipative process to quantities along the surface of a subregion P that contains
the material where the dissipation is occurring. This dissipative region can be
much smaller than P. The required quantities on the surface P can be evaluated
if the deformation is known near this surface. Thus, we can “measure” the
dissipation based on these far-field quantities without knowing the details of
what happens in the dissipative region. Recall that (8.2) and (8.8), which are
consequences of the second law, together with (8.34), ensure that
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J-V>0

for any V; in other words, the rate of energy dissipation is always nonnegative.

Although it was assumed that u is differentiable (with respect to all spatial
coordinates), it is only the directional derivative u,V in the direction of motion
that is used. Therefore, it is permissible to have discontinuities parallel to the
direction of propagation, as would be the case with a crack. As in the classical
development of the J-integral (Rice, 1968), the assumption of a steady motion
excludes curved or oscillatory cracks. However, the peridynamic method can
nevertheless be applied in these cases, as demonstrated by the numerical studies
summarized in Section 1.2.

Evidently, if there is no dissipation within the closed surface JP, then J=0.
So, P can be deformed to include any amount of additional material in which
there is no dissipation occurring without changing the value of J. In this sense, J
is “path independent.”

8.8. RELATION TO THE GRIFFITH CRITERION

A good approximation in many solids is to assume that a crack will grow if a
definite amount of energy G, called the critical energy release rate, is available to
it per unit area of crack advance. The critical energy release rate is often thought
of as being consumed in separating atoms to create new surface area, but it can
include other processes as well, such as plastic work in the vicinity of the crack
tip. Plasticity in peridynamic materials, although not treated in this chapter,
is discussed in Silling et al. (2007). Like the rate dependence discussed in
Section 4.5 (see (4.19)), plasticity represents a mechanism whose energy dissipa-
tion rate can be included through terms similar to 0 ¢ discussed here for damage
evolution.

The Griffith concept of crack growth can be related to the peridynamic model as
follows. In (8.34), suppose Q scales with V. In other words, assume that the damage
model is such that there exists a vector state-valued function g(?) such that

¢ =r-Y.

(8.15) is an example of such an r. From (8.30),

Y [x](x' —x)=—(u

X

- ux)V.

Combining the last two equations,

¢ =—(G*r)-V, (8.36)
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where the double state field G is defined by
GIx)(¢, €)= (uc(x +¢) —uy (x))A( = &)

for all bonds &,{ € ‘H. From (8.34) and (8.36),

Jv= (/P%-@-gdv)-v

from which it follows that

J= /Pw?'@'zdv- (8.37)

If the direction of propagation is parallel to a unit vector a, then J - a is the energy
dissipation (with units of energy/length). If the body is a plate of thickness f
containing a crack through its thickness, and if P is a cylinder through the
thickness containing the crack tip, then the energy dissipated per unit crack area is

_Ja

7
Under the assumptions of the present analysis, we have arrived at the Griffith
model for crack growth: energy is dissipated at a constant rate per unit crack area,
independent of time and propagation speed. Of course, the integrand in (8.37)
depends on all the details of the deformation and the material model, including the
damage model.

Ga

8.9. SURFACE ENERGY

The results of the previous section show that, under certain conditions, a crack
growing in a peridynamic solid consumes a fixed amount of energy per unit area
of crack growth. This energy can be computed, in a numerical model of a growing
crack, either by evaluating J directly from (8.37) or by using the expression (8.35)
that was derived from an energy balance on a moving subregion containing the
crack tip. By carrying out this calculation for different choices of parameters in
the damage evolution law D or D, these parameters can be calibrated to experi-
mental data on critical energy release rate.

In this section, a simpler but approximate procedure is presented for accom-
plishing the same thing. This procedure assumes that the energy consumed by a
growing crack equals the work required, per unit crack area, to separate two
halves of a body across a plane (Fig. 8.2). Suppose a plane A separates a large
homogeneous body B into two subsets B. and 5_, where B_ includes .A.
Consider a small patch on 4 with area a. Let P be the cylinder normal to A,
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Py
By (X', x, t)
Area a\\ oy I I I c/2
P e
B_
P_

Fic. 8.2  Computation of surface energy by the total work absorbed by P_ as it separates from B, .

extending infinitely in both directions from it, whose crosssection is this small
patch. Also define P, = PnB,and P-. =PnB_.
Consider a motion with velocity field v given by

/2 on B,
V7 =2 onB_’

where c¢ is a constant vector. Now compute the total energy E absorbed by P in
this motion. By (2.33),

t [e’e}
E= / Was(P)dt' = / / / t-(v/—v)dV'dvd,
0 0 PJIB

where t = t(x/,x, 1), v=v(x), and v'=v(x'). In this discussion, 7 serves as a
convenient parameter although dynamics is not considered. Because the body is
homogeneous, the energies absorbed by P, and P_ must be equal. Also, bonds
that do not cross A do not contribute to the integrand, since v = v’ for these
bonds. With these simplifications,

E:Z/ //t-cdv’dwz, (8.38)
o JP_ JB,

in which the factor of 2 appears because the integral over P, is not included
explicitly. Assume that the material is characterized by a free energy density
function with damage. By (8.7),

t=t(x,x, 1) = Yy (X, ?) (x'—x).

Following (Foster, 2009), assume that the material model is such that each bond
consumes a prescribed amount of work wq (per unit volume squared) as the two
parts of the body are separated out to a large distance:
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/ t-cdt = wy Vx e B_, VYxeB".

0
An example of such a material model is one in which each bond breaks at the time

1(x/,x) at which the net work done on it up to that time equals wy; thus,

¢lx, (x'—x) = H(1 —1(x',x)),

(¥, x)
/ t-cdt = wy.
0

Also, assume that in such a material model, t=0 for ¢ > t. The function t is not
known in advance, but this does not matter; it can be computed in a numerical
simulation “on the fly.” Under these assumptions about the material, (8.38)
becomes

where 7 is defined by

E = 2w, / o[x, oo](x'—x)dV dV. (8.39)
P JB,

To evaluate this double integral, observe that ¢[x, co](x'—x)=1 for bonds that
connect points x € P_ to points x'€ B,. Refe;ring to Fig. 8.3, any point X on
the lower vertical axis with 0 <z < is connected to points x' within the
spherical cap H N B... Working in a spherical coordinate system with elevation
angle ¢, azimuthal angle 9, and radius ¢, (8.39) reduces to

2n p3 S pCOS T (z/€) st
E— ZW()CZ/ / / / Esing do dé dzd9 =" (8.40)
0 0 z 0

2

HNB,

>\

Fic. 8.3 Computation of surface energy by the total work absorbed by P_ as it separates from 5.
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Assuming that this surface energy equals the critical energy release rate G for the
material times the area of the patch a,

G =E/a.
From this and (8.40), solving for wq yields
2G
wy =—.
* T ot

Thus, the critical value of work on a bond for bond breakage has been determined
from the measurable quantity G. This result is independent of the details of the
constitutive model.

9. Discussion

The development of the peridynamic theory presented above has emphasized
the unifying aspect of the theory: the same field equations can be applied directly
to traditional continua, to continua with emerging and propagating defects, and to
discrete particles. Does such a unified treatment have any advantages over
standard methods? One possible benefit is that since all these regimes satisfy
the same field equations, it may not be necessary to devise coupling methods to
connect disparate mathematical systems. For example, communication between
an atomistic and a continuous region does not require coupling between a set of
ODE:s describing the particles and of PDEs describing the continuum, since both
regimes obey the same integro-differential equations in peridynamics. Develop-
ment of such an atomistic-to-continuum coupling within the peridynamic frame-
work is a current area of research.

Similarly, because the same field equations within the peridynamic model
apply to points either on or off of a discontinuity, cracks and other defects grow
autonomously. Their nucleation and progression are determined by the equation
of motion and the material model, which may include damage evolution. It is not
necessary to provide a supplemental kinetic relation that dictates the evolution of
cracks, as is needed in traditional fracture mechanics. Instead, cracks appear and
grow spontaneously depending on conditions.

It is worthwhile to compare the peridynamic approach to fracture with varia-
tional approaches (Bourdin, Francfort, & Marigo, 2000, 2008; Francfort, &
Marigo, 1998) in which the growth of a crack is determined by energy minimiza-
tion, including contributions from continuous parts of the body and from energy
consumed by the crack. Like traditional fracture mechanics, this variational
approach treats cracks as separate entities from the continuous parts of the
deformation, hence the need to include their energy consumption through separate
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terms in the variational statement. Thus, the variational approach to fracture has
fundamentally different purposes and characteristics from the peridynamic
approach, which treats damage only through the material model and does not
distinguish between cracked and continuous parts of the body.

A question of fundamental interest is the extent to which the peridynamic
approach to damage can qualitatively and quantitatively reproduce the phenom-
ena of fracture, particularly in complex materials and geometries. A closely
related question is how the details of the constitutive model, including the damage
evolution law, influence predicted fracture and failure of materials. As noted in
Section 1.2, there are many encouraging numerical results available that apply
peridynamic modeling to a variety of problems in fracture and fragmentation,
including dynamic fracture. In most cases, these simulations rely on the simplest
possible assumptions about material response and damage. A more comprehen-
sive approach is needed to learn what insights can be gained from the peridynamic
method for fracture and what types of material models lead to the best agreement
with experimental data.

As remarked in Section 3, the peridynamic theory uses vector states, rather
than second-order tensors, as the fundamental quantities that a constitutive model
deals with. These states are infinite dimensional objects, unlike tensors, which are
nine dimensional. This suggests that there may be a potentially larger and richer
environment provided by the peridynamic theory in material modeling. This
environment includes, as discussed in this chapter, the ability to treat disconti-
nuities and long-range forces directly. But there may also be other avenues of
material modeling in the peridynamic theory that remain to be explored. For
example, it is demonstrated in Silling, Weckner, Askari, and Bobaru (2010) that
peridynamics reveals a condition for a particular type of material instability,
interpreted as the nucleation of a crack, that is not necessarily well described by
mathematical conditions such as loss of ellipticity in the classical theory. It is
shown in Weckner and Silling (2010) that a peridynamic micromodulus function
in one dimension can be obtained from experimental measurements of wave
dispersion data. Material response within peridynamics, including its implications
for material stability and generation of defects, is an open and promising area of
research.

As noted in Section 7.5, the representation of a system of a discrete particles
within the peridynamic theory is at present limited by the interactions that are
defined in the reference configuration due to the Lagrangian nature of the method.
The generality of the treatment could be improved by developing an Eulerian version
of the model that would allow changing interactions. This would also permit a
number of other applications to be modeled, notably those involving fluids.
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Future development of the peridynamic theory will include multiscale applica-
tions. It may be possible to construct a consistent multiscale method within peridy-
namics, that is, a rigorously coupled set of models at different length scales that all
have the same mathematical structure. Such a multiscale method has been proposed
in Silling (2010). In this approach, a set of reduced, or coarsened, degrees of freedom
is chosen from a detailed linearized model at the smallest length scale. This detailed
description could represent a linearized molecular dynamics model since, subject to
the assumptions in Section 7.4, discrete particles are a special case of a peridynamic
continuum. It is possible to evaluate the coarsened micromodulus function such that
the forces within the coarsened model agree with what would have been evaluated
from the full, detailed model, even though the coarsened model excludes many of the
original degrees of freedom. The resulting coarsened model has the same mathema-
tical structure as the detailed model, that is, linear peridynamics. Therefore, the
coarsening process can be repeated over and over hierarchically, leading to succes-
sively more economical computational models.
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