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ABSTRACT. Observations between 1997 and 2001, of a 30% velocity increase and up
to 60 m thinning of downstream parts of Jakobshavn Isbr, Greenland, immediately following calving of about 4 km of its 15 km floating ice tongue, suggest that acceleration may
have been initiated by the calving. Assuming that the force perturbation associated with
such weakening is swiftly transmitted far up-glacier, I develop equations to estimate the
perturbation. Initially, the observed changes are consistent with the comparatively small
perturbation associated with the calving. Thereafter, it was probably sustained by thinning of the remaining ice tongue at rates of about 80 m a^1. Otherwise, the force perturbation would soon have been balanced by reduction in the hydrostatic driving force for
longitudinal creep as the glacier thinned, with velocities dropping to their former values.
The calculated force perturbation increases to a maximum about 10 km inland of the
grounding line, consistent with decreasing weight forces as the glacier thins over bedrock
that slopes uphill seawards. Further inland, it progressively decreases, probably because
marginal drag increased as the glacier accelerated. Both here and on the floating tongue,
marginal ice appears to have been softened by the influence of locally intense shear on ice
temperature and/or fabric. More recent observations show continued acceleration and
thinning, and most of the remaining ice tongue calved away in April 2003, so thinning is
likely to continue.

1. INTRODUCTION
Draining approximately 7% of the ice sheet, with a total
annual snow accumulation equivalent to almost 30 km3 of
ice, Jakobshavn Isbr is the most active glacier in Greenland. The calving front retreated 30 km between 1850 and
1964 but it has occupied approximately the same location
since (Weidick, 1995; Sohn and others, 1998). Balance calculations by Echelmeyer and others (1992) suggest that total
loss by surface and basal melt and ice discharge was slightly
less than total accumulation within the drainage basin. Airborne laser-altimeter surveys along a 120 km profile in the
Jakobshavn ice-drainage basin have been made almost
every year since 1991 by NASA’s Airborne Topographic
Mapper (ATM). These, together with results from other
survey lines over the glacier, show slow sporadic thickening
between 1991 and 1997 (Fig. 1), in broad agreement with the
balance calculations. Since 1997, however, there has been
sustained thinning of several m a^1 within 20 km of the
grounding line, with lower rates of thinning further inland
(Thomas and others, 2003). Estimates of anomalous melting
using positive-degree-day methods are small compared to
total thinning, indicating that much of the thinning is
dynamic, associated with increased longitudinal creep rates
and therefore velocity.
At elevations up to at least 1000 m, thinning rates were
substantially larger during 1999^2001 than during the previous 2 years, with total thinning over the entire 4 years by
>40 m below 500 m elevation (Fig. 1). The ATM surveys in
2002 and 2003 show continued, widespread thinning over

most of the glacier basin, reaching rates of >10 m a^1 for
much of the fast-moving main trunk of the glacier. Although
velocity measurements for various periods since the 1960s
showed little variation (Carbonnell and Bauer,1968; Lingle
and others, 1981; Echelmeyer and Harrison, 1990; Fastook
and others,1995; Abdalati and Krabill,1999), such rapid dynamic thinning implies a recent substantial velocity increase. This was confirmed by a series of Landsat images
from 2001 and 2002 showing velocities increasing about
30%, from 7 km a^1 in 1997 (Abdalati and Krabill, 1999) to
>9 km a^1 in 2001, with a further increase by 2002. The
more recent results form part of the overall NASA investigation of the glacier and have not yet been published; they are
included here by kind permission of W. Krabill, who directs
the ATM surveys, and W. Abdalati, who provided me with
early velocity estimates from the Landsat images.
Until recently, Jakobshavn Isbr terminated in a floating ice tongue, about 15 km long, between fjord walls 6^
7 km apart (Fig. 1). The ATM surveys showed rapid lowering of surface elevations for this floating ice, equivalent to a
total thinning by >300 m between 1997 and 2001, assuming
the ice to be in hydrostatic equilibrium (Thomas and others,
2003). This is far larger than thinning of grounded portions
of the glacier immediately upstream, and is difficult to explain without invoking an increase in basal melting rates.
Moreover, between 1997 and 1998, the calving ice front retreated by about 4 km. Consequently, it is quite possible that
the transition from slow thickening to rapid thinning on Jakobshavn Isbr was initiated by calving and accelerated
melting from its floating ice tongue, which thinned suffi57
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Fig. 1. (a) ATM flight tracks along the northern and southern branches ofJakobshavn Isbr, superimposed on a Landsat
image fromJuly 2001. Surveys were made along the northern
branch almost every year since 1991, and the sequence of elevation profiles (b), along the yellow track in (a), shows progressive thinning since 1997, extending from the ice front to 600 m
elevation (Thomas and others, 2003). Thinning along the
main southern branch of the glacier, measured at locations
where a grid network of survey lines flown in 1997 were
crossed by later surveys, are similar to those shown here. The
probable grounding-line location (G) is at the transition from
higher-elevation, rugged topography to lower, near-horizontal
surfaces, and possible locally grounded ice rumples (A^C)
are identified where hills persist from year to year.The calving
ice front is marked by an abrupt drop in surface elevation to
about 30 m (the height of sea level above the ellipsoid). F
marks its location in 2001. It retreated about 4 km between
1997 and 1998, readvanced 2 km by 2001, and most of the remaining floating ice tongue had calved away by 2003.

The viability of this mechanism has been widely disputed (e.g. Hindmarsh,1993,1996; Van der Veen, 2001), with
the opposing school claiming that outlet-glacier behavior is
determined almost totally by local conditions, such as bed
and side shear stresses, rather than events occurring far
downstream. Moreover, even if velocities were to increase
for glaciers flowing into a weakening ice shelf, this should
cause an increase in basal and marginal drag to balance
any reduction in ice-shelf backforces, and increased advection of thicker ice from upstream would inhibit glacier thinning. However, the recent behavior of Jakobshavn Isbr, of
glaciers flowing into the Amundsen Sea, West Antarctica
(Rignot and others, 2002; Shepherd and others, 2002), and
of others that used to flow into recently collapsed portions
of the Larsen Ice Shelf, West Antarctica (De Angelis and
Skvarca, 2003), suggests that inland ice does swiftly respond
to downstream changes. If so, the impact is not confined to
marine portions of an ice sheet, and it applies to any perturbation, whether from a weakening ice shelf or from increased basal lubrication of the glacier. In the Appendix, I
develop equations relating such force perturbations to
changes in longitudinal strain rates (and therefore
velocities), and here I apply them toJakobshavn Isbr. First,
however, I apply them to a simplified model glacier in order
to examine the spatial distribution of creep-rate changes
and resulting ice-thinning rates corresponding to a comparatively small reduction in resisting forces, and how these
are affected by different glacier geometry. I use the following equations from the Appendix (equation numbers italicized), where their derivation is explained:
"x ="x ¼ k0 ½ð"x =kÞ1=3 þ 0:5i gHi  P 3 ="x  1
ðA10Þ


@Hi =@t  A  ð1 þ Þ Hi fk0 ½ð"x =kÞ1=3
þ 0:5i gHi  P 3  "x g þ "x Hi



 Hi "x   V ð@Hi =@xÞ  V@Hi =@x;
ðA14Þ
where "x is the longitudinal strain rate, i is ice density, g is
acceleration due to gravity, V is velocity, A is surface accumulation rate expressed as a depth/unit time,  refers to
changes following a perturbation, P, in back pressure,
assumed to be constant in the y direction across glacier
width W and thickness Hi, and primed values refer to conditions after the perturbation. k ¼ =B3 with B the ice stiffness parameter,  ¼ ð1 þ  þ 2 Þ=ð2 þ Þ3 ; and  ¼ "y ="x.

2. MODEL GLACIER
ciently to become unpinned from shoaling seabed beneath
grounded ice rumples (Thomas and others, 2003). If so, this
suggests the need to reconsider the concept of marine icesheet instability, first proposed 30 years ago by Hughes
(1972) and Weertman (1974). This involves rapid collapse of
portions of an ice sheet that rest on rock well below sea level.
The cause for collapse is weakening of ice shelves that limit
outflow from marine ice sheets, and an associated increase
in longitudinal tensile stresses, and hence creep rates and
discharge speeds, far into the interior of the ice sheet. This
concept is based on an implicit assumption that stress perturbations can be transmitted far upstream, and that longitudinal stretching of much of the grounded ice sheet is
governed by dynamics very similar to those of an ice shelf.
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The model glacier is a highly simplified version of Jakobshavn Isbr, comprising a high-elevation catchment region
of width W = 250 km, where flow is approximately parallel
for distance along glacier from x ¼ 0 to 200 km (  0), and
thickness Hi decreases from 3000 to 2600 m. The basin then
progressively converges from x ¼ 200 km to x ¼ 400 km
where W ¼ 200 km, with Hi decreasing from 2500 to
2200 m, followed by a region of increased convergence and
more rapid flow for 50 km with W decreasing to 10 km and
Hi decreasing to 2000 m. Finally, the glacier is channeled
into a narrow trough for the final 40 km, converging to
W ¼ 6 km and thinning to H ¼ 1000 m at the grounding
line, where it flows into a floating tongue within a fjord of

Thomas: Recent thinning and acceleration ofJakobshavn Isbr
Table 1. Estimates for a model glacier of fractional increases in strain rate ("x ="x ), ice velocity (V =V ) and of thinning rate
(@Hi =@t) for a force perturbation of ^300 GN.Thinning rates are shown before correction for advection increase, (@Hi =@tÞd
and after correction (@Hi =@tÞc

x

W

Hi

km

km

m

0
100
200
200
300
400
400
410
420
430
440
450
450
460
470
475
480
485
490

250
250
250
250
190
130
130
106
82
58
34
10
10
9
8
7.5
7
6.5
6

3000
2800
2600
2600
2400
2200
2200
2160
2120
2080
2040
2000
2000
1750
1500
1375
1250
1125
1000

@Hi =@x

V
ma

^1

0
11
23
23
47
92
92
116
151
215
369
1270
1270
1604
2090
2421
2841
3383
4106

10

^3

^2
^2
^2
^2
^2
^2
^4
^4
^4
^4
^4
^4
^25
^25
^25
^25
^25
^25
^25



B
1/3

kPa

600
600
600
600
600
600
600
580
560
540
520
500
500
475
450
438
425
413
400

width 6 km. Accumulation rate (A) is 0.3 m a^1 over the two
higher-elevation regions, with A decreasing linearly from
0.3 to ^1m a^1 and then to ^4 m a^1 within the two lower
regions. Assuming that the glacier is initially in steady state,
I applied the requirement for volume continuity to infer
velocities and strain rates ("z ; "y and "x ) at various points
along the glacier. The backforce at the grounding line is
then changed by Fb ¼ 300 GN, consistent with loss of
small ice rumples or of part of its floating ice tongue (see
Appendix),
and
resulting
in
a
perturbation
(P  Fb =ðWHi Þ) in back pressure along the entire glacier. For comparison, the total hydrostatic force
(Fh ﬃ 0:5i gWHi 2 ) ranges between 1016 N at the upstream
end of the glacier and 27 000 GN at the grounding line, with
P ranging from 0.4 kPa upstream to 50 kPa at the grounding line. Assuming no change in B or in the ratio ()
between longitudinal and lateral strain rates (so that
k0 ¼ k), Equation (A10) becomes
1=3
"x ="x  ð"1=3
P Þ3 ="x  1 ;
x k

ma
0
0
0
^0.29
^0.48
^0.66
^0.87
^0.94
^0.97
^0.99
^0.99
^0.99
^0.45
^0.45
^0.44
^0.44
^0.43
^0.42
^0.4

ð1Þ

for conditions immediately after the force perturbation
(Hi  0). This was solved using the estimated values of
"x and ð¼ "y ="x Þ. Post-perturbation velocities were calculated assuming variation in ("x ="x ) is linear between
points where it was calculated. Equation (A14) was simplified to give an indication of the thickness change during a
short period after force perturbation:
ð@Hi =@tÞc  ð1 þ ÞHi "x  V@Hi =@x
ð2Þ
with the first term on the righthand side representing the
thickening (@Hi =@tÞd caused solely by altered strain rates,
and the second term representing the correction for changes
in ice-thickness advection. Results are summarized inTable 1.
The assumed values of B ¼ 600, 500 and 400 kPa a1/3
correspond to effective ice temperatures of about ^21‡, ^16‡
and ^10‡C, with the ice warming at lower elevations partly
because of downward percolation of surface meltwater and

"x ="x

A
^1

0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.04
^0.22
^0.48
^0.74
^1
^1
^1.8
^2.5
^2.9
^3.3
^3.6
^4

V =V

ð@Hi =@tÞd
^1

%

%

ma

2.2
2.2
2.3
2.2
2.9
4.2
3.6
4.5
5.5
6.7
8.5
13.8
18.5
22.2
27.1
30.3
34.1
38.7
44

0
2.3
2.3
2.3
2.5
3.3
3.3
3.6
4.1
4.9
6.5
11.1
11.1
12.9
15.6
17.3
19.5
22.2
26

^0.007
^0.007
^0.008
^0.008
^0.012
^0.020
^0.020
^0.017
^0.014
^0.017
^0.058
^0.52
^5.6
^8.4
^13
^17
^23
^31
^45

ð@Hi =@tÞc
m a^1
^0.007
^0.007
^0.007
^0.007
^0.009
^0.014
^0.007
0
+0.011
+0.026
+0.038
+0.042
^2.1
^3.2
^5
^7
^9
^12
^18

strain heating. Two estimates for "x ="x and @Hi =@t are
calculated at locations where there is a change in thickness,
slope and glacier convergence. The large difference between
estimates at x ¼ 450 km is caused by large change in these
parameters assumed at this location.
Over the first 400 km of the glacier, thinning rates are
small, and would be submerged by the effects of short-term
variability in accumulation and ablation rates (Van derVeen,
1993). Further seaward, correction for increased advection
results in ice thickening rather than thinning. But, beyond
450 km, creep thinning (@H i=@tÞd becomes so large that corrected thinning rates exceed 5 m a^1 over the final 20 km.
Although these estimates take no account of changes in  as
the longitudinal strain rates change, nor of increases in backforces if the increasing velocities result in an increase in basal
and marginal drag, they are similar to thinning rates recently observed on Kangerdlugssuaq Gletscher, Greenland,
and Jakobshavn Isbr (Thomas and others, 2000, 2003). In
the next section, I apply a similar analysis to Jakobshavn Isbr, in order to estimate the force perturbation consistent
with observed glacier acceleration and thinning.
3. JAKOBSHAVN ISBR
Assuming that the approximately 30% velocity increase
observed between 1997 and 2001, described above, represents an equal increase in longitudinal strain rates within
the lower reaches of the glacier, then "x ="x  0:30. Within this region, Echelmeyer and Harrison (1990) measured
velocities at several locations along the glacier, and ice
thicknesses were measured by Clarke and Echelmeyer
(1996). I interpolated between measured thicknesses, and to
a grounding-line thickness inferred assuming hydrostatic
equilibrium. I assume the width of the main active trunk of
the glacier is 5 km for a distance 55 km upstream from the
grounding line, and that B ¼ 400 kPa a1/3.
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Fig. 2. Glacier profile for Jakobshavn Isbr (a), velocity and thinning rates (b), strain rates (c) and estimated reduction in
backforces (d) corresponding to thinning and 30% velocity increase, observed between 1997 and 2001. These data refer to
flight-lines in Figure 1, along the main, southern branch of the glacier.The grounding line is at approximately 55 km along the
profile. Curve A in (d) shows estimated backforce reduction immediately following an assumed instantaneous velocity increase,
before the glacier has thinned. Curves B show the backforce reduction, and estimated error bounds, occurring between 1997 and
2001, taking account of glacier thinning (and therefore reduction in hydrostatic driving forces) during this period.The bold line
passing through curves B shows the backforce reduction consistent with increasing marginal shear stresses caused by the velocity
increase.
Longitudinal strain rates were calculated as the gradient
(@V =@x) of measured velocities, and lateral strain rates on
the basis of volume continuity. For pre-perturbation values,
I assumed steady state at the time of the velocity measurements (@Hi =@t ¼ A þ Hi "z  V@Hi =@x ¼ 0); also, "z ¼
ð1 þ Þ"x , so that
 ¼ 1 þ ðA  V@Hi =@xÞ=ðHi "x Þ :

ð3Þ

After the force perturbation, V and "x increased by 30%,
ice-thickening rate ¼ @Hi =@t, and Equation (3) becomes:
 0 @H


@Hi
i
A  @t i  1:3V @H
@x þ  @x
:
  1 þ
ð1:3Hi0 "x Þ
0

P ¼ ð"x =kÞ1=3  ð"0x =k0 Þ1=3 þ 0:5i gHi :
Then, with P ¼ Fr =ðWHi Þ, where Fr is the glacier backforce and W is glacier width (assumed to be unaffected by
the change in back pressure), the perturbation in backforce
Fr becomes:
Fr ¼ WHi ½P þ 0:5i gHi  ð"x =kÞ1=3 Hi =Hi 
¼ WHi ½i gHi þð"x =kÞ1=3 ð1Hi =Hi Þð"0x =k0 Þ1=3 :
ð5Þ

ð4Þ

Equations (3) and (4) were solved along the glacier, using
interpolated velocity and ice-thickness estimates, with accumulation rates based on the surface mass balance estimated
by Echelmeyer and others (1992), showing A ranging from
about ^4 m of ice a^1 near the grounding line to zero at
1200 m elevation. I assume A0 ¼ 1:3A to take account of increasing summer temperatures, but this has little effect on
results. The resulting estimates for  and 0 were then used
to calculate corresponding values of  and 0.
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Equation (A10) can be solved for the change in back
pressure:

This was solved at 5 km intervals along the glacier to give
estimates of the decrease in backforces, Fr shown in Figure 2, along with plots of ice thickness, velocity, strain rates
and measured thinning rates. For errors of 0.0_1 in
"x ="x ;  50 m a^1 in velocity (and corresponding
0.014 a^1 in ex ), 50 m in thickness, and 0.5 m a^1 in thinning rates, estimated errors in Fr are also shown in Figure
2. These take no account of errors in B or W. Also shown in
Figure 2 is the backforce reduction, consistent with a 30%
velocity increase, before the glacier has thinned. This is
about 300 GN at the grounding line (P  100 kPa),
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similar to that estimated (500 GN) from Equation (A18) in
the Appendix for the 4 km retreat of the calving front
observed between 1997 and 1998, assuming a marginal
shear stress of 100 kPa and seaward ice-tongue thickness of
600 m. But it is far smaller than that required to sustain the
velocity increase and ice thinning until 2001, by which time
Hi in Equation (5) had decreased to large negative values.
Continued thinning implies a progressive decrease in
backforce at the grounding line, with the decrease rising to
4000 GN in 2001. The glacier’s floating ice tongue retreated
by 4 km between 1997 and 1998, and thinned by about 320 m
by 2001, while it readvanced 2 km (Fig. 1; Thomas and
others, 2003). Assuming hydrostatic equilibrium to infer ice
thicknesses from measured surface elevations, these changes
represent a reduction in area of marginal ice undergoing
shear from Sm  23 km2 in 1997 to approximately 13 km2
in 2001. Then, from Equation (A19) in the Appendix,
Fm ¼ m ½Sm þ ðSm þ Sm ÞVc =3Vc ;

ð6Þ

where m is the shear stress between the floating tongue and
its sides and Vc =Vc is the fractional increase in ice velocity
(30%) between 1997 and 2001. Figure 2d indicates that
Fm  4000 GN at the grounding line, yielding
m  350 kPa. Substituting this value into Equation (A18)
from the Appendix
Vc  W ðm =BÞ3 =4;

ð7Þ
1

with ice-tongue widthW  7 km and V  7 km a , gives a
value for the flow parameter B  220 kPa a1/3, corresponding to an ice temperature of about ^2oC. Although this estimate is very approximate, it suggests that the combined
effects of strain warming and ice-fabric development may
have appreciably softened the marginal ice in this region of
extremely high shear.
Figure 2 shows the backforce reduction continuing to increase by 900 GN to reach a maximum about 10 km inland
from the grounding line.This can be partly explained by the
uphill basal slope in this region, which makes the weight
force (Fw in Equation (A1)) positive (i.e. resisting longitudinal extension): as the glacier thins, Fw decreases, thus decreasing the backforce. The magnitude of the total change
between 1997 and 2001 is approximately:
Fw  Hi dWi g tan 

ð8Þ

where Hi is the average total thickness of ice lost between
1997 and 2001 over a glacier width W and distance d upstream from the grounding line, and  is the average basal
slope over the same region. Distance d 10 km and
W  5 km. From Figure 2a and b, Hi  60 m and
tan   þ 0.025, so that Fw  700 GN, which is very
close to the backforce reduction of 900 GN over the same
distance, shown in Figure 2d.
Further inland, the calculated backforce reduction decreases to 800 GN, 50 km inland from the grounding line.
This may be partly due to the simplifying assumption of
constant glacier width. However, although earlier observations (Fastook and others,1995) show that tributaries join
the main glacier trunk, the resulting glacier widening is
comparatively minor over the region studied here. Consequently, much of the decrease in backforce reduction probably results from an increase in resisting forces Fd and Fm as
glacier speed increased. Assuming it to be solely caused by
increasing marginal shear, we can use Equations (6) and (7)
to estimate a value of B  300kPa a1/3 for marginal ice (corresponding to an ice temperature of ^6‡C), that best fits the

decrease in backforce reduction if B is constant along the
glacier margins (Fig. 2d). This is substantially higher than
the value calculated above for the margins of the floating
ice tongue, but is consistent with upstream decrease in shear
strain rates, and therefore in strain softening. Moreover, this
estimate represents a maximum value because I have not
included the effects of upstream glacier widening nor those
of increasing basal shear stresses as velocities increase. Estimates of marginal shear stress from Equation (6) increase
from 250 kPa at the inland end of the survey to about
500 kPa 10 km inland from the grounding line. Assuming
that driving stresses (d  product of i gHi and surface
slope), summed across the 5 km wide glacier, are balanced
by basal (b ) and marginal (mÞ ) shear stresses, we can
write:
5000d  5000b þ 2Hi m :
Solution of this equation along the glacier shows b to be approximately constant at 50 kPa, far less than marginal shear
stresses, supporting the assumption that stretching of the
glacier can be approximated by ice-shelf dynamics.
Calving of most of the remaining ice tongue, in April
2003, should have resulted in additional backforce reduction
and continued glacier thinning. Consequently, there is a
strong probability of grounding-line retreat over part of the
15^20 km of glacier bed that slopes uphill in the direction of
motion (Fig. 2a). However, ice-surface elevations are far
above those representing hydrostatic equilibrium, so substantial retreat would require continued thinning for
decades. Moreover, the glacier could establish a new force
balance quite rapidly if a new floating tongue forms in the
embayment created by retreat of the grounding line of the
southern glacier trunk.
4. CONCLUSIONS
In the Appendix, I develop a set of equations that explore
ramifications for glacier behavior if perturbations in forces
that determine longitudinal stresses are swiftly transmitted
over long distances up the glacier. Over most of a glacier
system, the force driving longitudinal creep is quite small,
being the difference between extending hydrostatic and
weight forces, and retarding forces associated with shear
over the glacier bed and past its sides plus the force needed
to push its floating extension seawards. Consequently, small
changes in any of these forces can result in large changes in
driving force. Rapid perturbations are most probably
caused by changes in the retarding forces, such as weakening of the floating extension or increased basal lubrication
where the glacier is sliding. In areas with low strain rates,
even small changes in the retarding forces can result in large
fractional changes in longitudinal strain rates. Fractional
strain-rate changes are smaller in areas with large strain
rates, but the magnitude of the strain-rate change is larger.
Typically, Antarctic glaciers have quite small strain rates,
and consequently should show a larger fractional change in
longitudinal strain rates (and therefore velocity and mass
balance) in response to small force perturbations than more
active glaciers in Greenland and temperate regions.
Several effects act to modulate the glacier response to
backforce reduction. The analysis presented in the Appendix shows that changing ice thickness acts to balance the
perturbation by changing the hydrostatic driving forces as
the glacier shifts towards a new thickness profile compatible
61
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with force balance.The effect of thickness changes on weight
forces also reduces the force perturbation if the glacier bed
slopes down in the direction of motion, but increases it if the
bed slopes upward. Thickening/thinning rates associated
with a force perturbation are also affected by changes in ice
advection as the glacier velocity changes, and these generally act to reduce the rates of thickness change. Changes in
the strain-rate tensor induced by the perturbation also affect
glacier response, with greatest impact in regions where
  2. Finally, the effects of changing glacier velocities on
basal and marginal drag act to reduce the force perturbation.
Application of this force-perturbation analysis to thinning and acceleration of Jakobshavn Isbr between 1997
and 2001 shows that these changes could have been initiated
by calving of 4 km from the glacier’s 14 km long floating ice
tongue in 1997/98. Before 1997, the ice front had advanced
and retreated 2 or 3 km about a position that it had
occupied since 1964 (Sohn and others,1998), indicating that
calving-induced backforce reductions during this period
were soon balanced as the rapidly moving ice front reoccupied its former position. The recent calving, however,
was accompanied by extremely rapid thinning of the floating tongue (averaging about 80 m a^1 between 1997 and
2001). This, together with probable flotation of grounded
ice rumples within the floating tongue, can probably explain
the very large backforce reduction inferred by the force-perturbation analysis at the grounding line between 1997 and
2001. Further inland, backforce reduction is consistent with decreasing weight forces within 10 km of the grounding line, combined with an increase in lateral drag as velocities increased.
Despite the various causes for negative feedback reviewed above, the glacier has thinned and accelerated dramatically since 1997, and it continues to do so. Indeed, a time
series of Landsat images shows calving of much of the remaining floating tongue in April 2003 (Fig. 1) which will
further decrease the backforces. Although little additional
contribution can be expected from the floating tongue, this
major calving event should result in even higher glacier
velocities and ice-thinning rates during 2003/04. But without a continued decrease in backforces, these responses
should begin to decrease as the glacier runs out of hydrostatic head. A possible cause for future backforce reduction
is enhanced basal lubrication associated with drainage to
the bed of excessive surface meltwater (Zwally and others,
2002) if summer temperatures continue to be above normal.
Without this, ice velocities and thinning rates are likely to
peak in 2003/04, and then start to decrease as continued
thinning reduces hydrostatic forces. As velocities decrease,
however, the negative feedback from increased basal and
marginal drag should also decrease, allowing inland values
of the force perturbation to increase. Consequently, thinning is likely to continue for several years, with the zone of
maximum thinning progressively shifting inland, unless a
new floating ice tongue is established in an embayment
formed by the retreating grounding line.
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APPENDIX

EFFECT OF FORCE PERTURBATIONS ON LONGITUDINAL STRAIN RATES
A1. Force balance
Conventionally, ice velocity is expressed as a relationship
between local driving forces and ice material properties
and/or conditions at the glacier bed. This tends to focus attention on shearing stresses determined by surface slope and
ice thickness. But ice velocity is also the sum effect of longitudinal strain, which is determined by longitudinal stresses.
My purpose here is to pursue this view of velocity in order to
develop equations relating perturbations in longitudinal
forces with their effects on strain rates and therefore
velocity. I assume that longitudinal forces and their
perturbations are transmitted up the glacier, and that longitudinal creep is determined by dynamics similar to those
governing ice-shelf behavior.This means that estimated glacier responses probably represent upper limits, and comparison of these estimates with observations will help assess the
viability of this approximation.
The approach adopted here is similar to that of Weertman (1957) and Thomas (1973a) in early analyses of ice-shelf
spreading. For a two-dimensional ice sheet, with zero basal
slope transverse to the flow direction, I take curvilinear axes
with x in the flow direction along the bed smoothed over
several (10^20) times the ice thickness, y in the transverse
horizontal direction, and z perpendicular to the smoothed
ice bed (Fig. 3). At any point at distance x along an ice-sheet
discharge glacier or ice stream (hereafter referred to as glacier, including any floating extension) of width W, the tensile force (FE(x)) for spreading the glacier in the direction
of motion is:
FE ðxÞ ¼

W =2
Z



ZL
x



2
6
4

W =2
Z

ði gHi tan  þ b Þ dy 

W =2
W =2
Z

on the glacier at its grounding line (at x ¼ L) by depth Dw
of sea or lake water with density w, and additional backforce (Fb), transmitted to the grounding line by any floating
extension, associated with areas where this extension runs
aground or shears past its sides.
Equation (A1) can be abbreviated to:
FE ðxÞ ¼ Fh ðxÞ  Fr ðxÞ ;

ðA2Þ

with Fr ðxÞ the resisting forces including for convenience, Fw,
which is generally negative and therefore tensile. Assuming
resistive forces are distributed evenly over the glacier crosssection (SðxÞ), the longitudinal tensile stress is:
E ðxÞ ¼ 0:5i gHi ðxÞ  Fr ðxÞ=SðxÞ:

ðA3Þ

Assuming that the glacier moves primarily by stretching,
with little shear except near the bed and ice margins, the
longitudinal creep rate can be expressed in a form similar
to that for an ice shelf:
"x ¼ kðE Þn ;

ðA4Þ

where n  3; k ¼ =Bn ;  ¼ ð1 þ  þ 2 þ  2 Þðn1Þ=2 =ð2 þ Þn,
with  ¼ y =x, and  ¼ xy =x ; taking account of lateral

0:5i gHHi dy
W =2

Fig. 3.The coordinate system used here.

ZH

3
7
m dz5dx

0

0:5w gD2w dy  FB

W =2

or:
FE ðxÞ ¼ Fh ðxÞ  Fw ðxÞ  Fd ðxÞ  Fm ðxÞ  Fg  Fb :
ðA1Þ
The first term on the righthand side is the hydrostatic force
(Fh) with i ice density, g acceleration due to gravity, Hi vertical ice thickness, and H the value of z at the surface. The
second term is the compressive force (Fw) associated with
the net upstream component of weight forces acting on the
glacier as it flows over a basal slope  with respect to true
horizontal, taken positive uphill in the direction of motion.
The remaining terms are the resisting force (Fd) caused by
basal drag ( b), and that (Fm) caused by marginal shear
( m) of the glacier past its sides, the backforce (Fg) exerted

(y Þ and shear ðxy ) strain rates, and B is the ice-hardness
parameter averaged over the glacier cross-section at x
(Thomas, 1973a). Note that I adopt a temperature dependence of B inferred from table 5.2 in Paterson (1994).
The assumptions here limit application to wide, thick
glaciers, where most shear takes place near the bed or ice
margins. Within such glaciers, most of the ice moves seaward as a large slab that is stretching/compressing in the
flow direction and diverging/converging laterally.Whatever
shear does occur within the slab serves to increase the effective shear stress, thereby softening the ice.
Equations (A2^A4) yield:
"x ðxÞ  kðxÞð0:5 ðxÞi gHi ðxÞÞn ;

ðA5Þ

where ðxÞð¼ FE ðxÞ=Fh ðxÞÞ is the fraction of the hydrostatic force available to stretch the glacier. is generally
small, reaching a maximum of about 10% for a freely floating ice shelf, but can be larger for regions of thick, grounded
ice if resistive forces are suddenly reduced, such as during a
glacier surge. Generally, however,
is far smaller for
grounded ice that is anywhere near steady state. Otherwise
creep thinning would become far too large to be balanced
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Fig. 4. A plot of the fraction ( ) of total driving force available to stretch the glacier, vs longitudinal creep rate, for different values of B/H (in kPa m^1 a1/3). A typical range for B is
400^600 kPa a1/3, corresponding to ice temperatures between
about ^10‡ and ^21‡C.Thus B/H ¼ 1.5 kPa m^1 a1/3 corresponds to H ¼ 267^400 m; B/H ¼ 0.1kPa m^1a1/3 corresponds to H ¼ 4000^6000 m. Strain rates along much of a
glacier are <0.01 a^1, implying < 0.15.

by local and upstream accumulation. An estimate of the
magnitude of can be obtained by inverting Equation (A5):
ðxÞ  2ð"x ðxÞ=kðxÞÞ1=n =i gHi ðxÞ

ðA6Þ

and solving with n = 3, using observations of glacier geometry, strain rates and temperatures. For example, with zero
transverse divergence/convergence (so that = 1/8), Equation (A6) becomes:
¼ 4B"1=3
x =ði gHi Þ

ðA7Þ

and we can plot vs x for different values of Hi and B
(Fig. 4). Clearly, the longitudinal creep rate is very sensitive
to the value of , which in turn is determined by the difference between two very large forces, so that small changes in
either of these forces can have a large effect on , and an
even larger one on creep rates.The tensile forces are difficult
to change rapidly, so the longitudinal creep rate can be very
sensitive to quite small changes in the resistive forces. The
most likely causes of such changes are major changes in
basal lubrication or in ice-shelf backforces.
A2. Perturbations
Combining Equations (A3) and (A4), and setting n = 3:
"x ðxÞ  kðxÞð0:5i gHi ðxÞ  P ðxÞÞ3 ;

ðA8Þ

where P(x) (= Fr(x)/S(x)) is the back pressure, comprising
the various terms in Equation (1). Following a perturbation
() in the forces acting on the glacier, this becomes:
"0x ðxÞ  k0 ðxÞð0:5i gHi ðxÞ  P ðxÞ
þ 0:5i gHi ðxÞ  P ðxÞÞ3

ðA9Þ

where post-perturbation values are primed. Then, using
Equation (A8):
"x ="x ¼ k0 ½ð"x =kÞ1=3 þ 0:5i gHi  P 3 ="x  1:
ðA10Þ
Hydrostatic forces and the flow parameter (B) are unlikely
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Fig. 5. Plots of the fractional increase in longitudinal strain
rates (a), and the strain-rate increase (b), against the preperturbation strain rate, for various values of the perturbation
in longitudinal stresses (F =S in kPa).

to change rapidly, so perturbation is most probably caused
initially by a change in resisting forces responsible for the
back pressure (P). Then, with B = 500 kPa a1/3 (equivalent
to an ice temperature of approximately ^16oC), zero lateral
convergence/divergence ( = 1/8) and k = k0 ,
3
"x ="x ¼ ð"1=3
x  0:001P Þ ="x  1

ðA11Þ

with x expressed in a^1 and P in kPa. Fractional strainrate increase (x =x ) and the strain-rate increase (x )
are plotted in Figure 5a and b respectively against the preperturbation longitudinal strain rate (x ) for various values
of the stress release (^P). For a given force perturbation,
the fractional increase in strain rates decreases, but the
strain-rate perturbation increases, with increasing x. For
example, a 10% fractional increase in x requires a stress release of about 30 kPa for x = 0.7 a^1, but only about half this
for x = 0.1 a^1. If the stress release is felt over most of the
more active regions of the glacier, the strain-rate increase
results in a similar fractional velocity increase. Consequently, we should expect glaciers with small longitudinal
strain rates (typically found in Antarctica) to show a bigger
fractional velocity increase to small force perturbations
than those with high longitudinal creep rates (typical of
Greenland and temperate regions).
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Thickness changes can be estimated by invoking
volume-continuity requirements that:
"z ¼ ð1 þ Þ"x  ð@Hi =@t þ V@Hi =@x  AÞ=Hi ;
ðA12Þ

Changes in either of the terms on the righthand side of this
equation result in backforce changes given by:
ðA17Þ
Fm ﬃ ðSm þ Sm Þm þ Sm m :

where A is accumulation rate expressed as a depth of ice per
unit time, and V is vertically averaged ice velocity.
Assuming that the glacier is in steady state (@H/@t = 0)
before the perturbation, at time Tafter a force perturbation has been applied, the rate of thickness change is:

Vc ﬃ W ðm =BÞ3 =4

@Hi =@t  A  ð1 þ ÞðHi "x þ "x @Hi Þ  Hi "x 
 V ð@Hi =@xÞ  V@Hi =@x ;

ðA13Þ

where the prefix  refers to the change in a quantity during
T . Then, using Equation (A10),

@Hi =@t  A  ð1 þ Þ Hi fk0 ½ð"x =kÞ1=3

þ 0:5i gHi  P 3  "x g þ "x Hi
 Hi "x   V ð@Hi =@xÞ  V@Hi =@x:
ðA14Þ
A3. Feedback effects
Equation (A10) shows the change in longitudinal strain
rates to be strongly determined by the value of k0
(= 0 =B0 3). Although B should change only slowly after a
force perturbation, changes in x are likely to affect the
value of  and hence also . For small shear strain rates,
@/@  ^( ^1)2/(2 + )4. Consequently, values of 0 and k
are extremely sensitive to  in areas where  is close to ^2,
which is most likely where glacier flow is longitudinally
compressive and laterally divergent. In such areas, small
changes in the shape of the strain-rate tensor have a dominant impact on the glacier response to a perturbation, and
results from Equation (A10) become sensitive to small measurement errors. Fortunately, such areas are not common.
Equation (A10) also shows that the strain-rate response to a
perturbation will decrease as the thickness response (Hi )
increases. This means, for example, that following a sudden
reduction in backforce, strain rates and glacier velocities
should increase swiftly to a maximum, and then decrease
as associated glacier thinning increases the magnitude of
Hi , and the glacier shifts towards a new thickness profile.
From Equation (A1), the total backforce is
Fr ðxÞ ¼ Fw ðxÞ þ Fd ðxÞ þ Fm ðxÞ þ Fg þ Fb :
ðA15Þ
Following a change in any of these forces, others may be affected by resulting changes in the glacier. Thus, a change in
the ice-shelf backforce (Fb) might cause changes in glacier
thickness and velocity. In turn, these changes are likely to
alter some or all of the other terms. Changing thickness will
alter Fw and the position of the grounding line, and therefore Fg, unless the glacier bed is horizontal, with effects on
backforce perturbation dependent on the sign and magnitude of basal slope. Changing velocity will alter Fd and Fm,
reducing the backforce perturbation to an extent determined by relationships between velocity and basal and marginal drag. For instance, upstream from the seaward part of
a fast-moving glacier, backforce associated with marginal
shear ( m) is
Fm ﬃ Sm m ;
ðA16Þ
where Sm is the area of marginal ice undergoing shear.

Approximating center-line velocity (Vc) as
ðA18Þ

(e.g. van derVeen,1999, p.125^127), a velocity change by Vc
implies a change in marginal shear stress given by:
m =m ﬃ Vc =3Vc
assuming no change in W or B. Equation (A17) then
becomes:
Fm ﬃ m ½Sm þ ðSm þ Sm ÞVc =3Vc  :
ðA19Þ
Thus, calving from an embayed ice shelf would reduce Sm
and Fm, the resulting velocity increase would then increase
Fm, but any associated glacier thinning would decrease Fm
by reducing Sm.
In addition to feedback effects on the strain-rate response, changes in ice thickness are also affected by the
terms in Equation (A14) underlined here:

@Hi =@t  A  ð1 þ Þ Hi fk0 ½ð"x =kÞ1=3

þ 0:5i gHi  P 3  "x g þ "x Hi
 Hi "x   V ð@Hi =@xÞ  V@Hi =@x:
ðA14Þ
For some time after the force perturbation, the largest of
these terms is likely to be the change in ice advection
(V @Hi/@x) resulting from the velocity change. This will
generally reduce the magnitude @Hi/@t because @Hi/@x is
most commonly negative. Changing thickness and thickness
slope should also provide negative feedback. Because of
these various feedback effects, it is possible for parts of a glacier to thicken while longitudinal strain rates and discharge
velocities increase.
A4. Perturbation scenarios
In order to estimate the magnitude of force perturbations
likely to affect glaciers, I shall consider two simple cases:
thinning of the floating extension of a glacier, and reduction
in basal drag within part of its lower reaches. In each case, I
assume the glacier to be flowing over a horizontal bed, and
glacier width at distance x along the glacier is W ðxÞ.
A4.1. Ice-shelf weakening
The glacier is assumed to flow into a floating tongue, or ice
shelf, containing locally grounded ice rises (with zero
velocity at centers) and ice rumples (where the ice is pushed
over the local grounding). If one of these is lost (i.e. the ice
floats free from local grounding), the change in backforce is:
FIR1 ¼ ðwHu c þ 2dHs s Þ
ðA20Þ
for an ice rise, and
FIR2 ¼ wd b

ðA21Þ

for ice rumples, where w is the width of the ice rise/rumples
transverse to ice motion, d is the length along the flow direction Hu is the average thickness of floating ice immediately
upstream of the ice rise,  c is the average compressive stress
in this same area Hs is the average thickness of floating ice
along d,  s is the average shear stress between floating and
grounded ice in this same area, and  b is the average basal
shear stress for the ice rumples.Values of  c can be far higher
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than usually associated with basal and marginal shear
stresses, so I assume s ¼ b ¼ c =R ¼ 100 kPa, and that
Hu ¼ Hs . Then,
FIR1  105 Hu ðRw þ 2dÞ N
FIR2 ¼ 105 wd N:

Fd ¼ Sb b :

Typically, Hu  300^1000 m, R can be as much as 5 or more
(Thomas, 1973b) and ice rises/rumples likely to float free
over short time periods are comparatively small (say
w  d = 0.5^1km). These values give a range for FIR of
about ^50 to ^700 GN for an ice rise and ^30 to ^100 GN
for ice rumples.
Ice-shelf thinning (by HIS ), or retreat (by D) of the
side area of an ice shelf undergoing marginal shear (s ),
yields a backforce reduction of:
FIS ¼ 2ðDHIS þ D HIS Þs

the glacier lubricated, for instance, by rapid drainage of a
surface lake, to reduce basal shear stress locally by b. Upstream from this region, the backforce per unit width is then
changed by:

ðA22Þ

5

 2  10 ðD=D þ HIS =HIS ÞDHIS N
for s ¼ 100kPa;
where D is the ice-shelf length and HIS is average thickness
at its sides. Thus for a 1% reduction in length or thickness,
FIS  ^2000 DHIS N. For example, the Pine Island ice
shelf has D  60 km and HIS  500 m, yielding
FIS  60 GN for a 1% reduction in length or thickness.
A4.2. Lubrication of the glacier bed
Here, I consider the simple case of an area (Sb) at the base of

Here,  b may be considerably less than 100 kPa because
such lubrication is most likely to occur in areas where the
basal shear stress is already quite small. For  b = 10 kPa,
values of Fd ranging from ^50 to ^700 GN would require
Sb = 5^70 km2.
These estimates suggest that a backforce reduction of a
few tenths of a GN would be associated with quite small
changes in downstream ice shelves or in the basal lubrication of a glacier. In order to translate such perturbations into
their effect on glacier behavior, a value of F = ^100 GN
distributed over a glacier cross-section (S) of 5 km2 (similar
to Jakobshavn Isbr) and over 50 km2 (similar to Pine Island Glacier) represents a stress reduction (F =S in
Fig. 5) of 20 and 2 kPa respectively. Longitudinal strain rates
on the two glaciers are typically a few tenths and a few hundredths per year respectively (Echelmeyer and Harrison,
1990; personal communication from E. Rignot, 2002), corresponding in Figure 5 to a fractional increase in strain rates
of about 10% for Jakobshavn Isbr and 5% for Pine Island
Glacier.
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ðA23Þ

