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Some multivariable orthogonal polynomials of the Askey tableau-discrete
families

M. V. Tratnik
Center for Nonlinear Studies and Theoretical Division, Los Alamos National Laboratory, Los Alamos,

New Mexico 87545
(Received 31 May 1990; accepted for publication 16 April 1991)

A multivariable generalization is presented for all the discrete families of the Askey tableau.
This significantly extends the multivariable Hahn polynomials introduced by Karlin and
McGregor. The latter are recovered as a limit case from a family of multivariable Racah

polynomials.

I. INTRODUCTION

At the head of the Askey tableau' of classical orthogo-
nal polynomials lie the Wilson family>* and their discrete
analogs the Racah polynomials.® The latter can be expressed
as the following hypergeometric series

r, (a,3,6,y|x)
=(a+1),(y+1),B+6+1),
1

(Y+86+ 1), (p/24+8/24+3/2),(a+ 1), (B+6+ 1) (y+ 1),

—nn+a+B+1,—xx+y+6+1
X o F, i1},
(1.1)
where a,3,8,y are complex parameters, # is a non-negative
integer, and (¢ + 1), =T (n+a+ 1)/T'(a + 1) denotes
the Pochhammer symbol. These are polynomials of degree
2n in x and they satisfy the following discrete orthogonality

relation:

A
xgo (W/2+68/2+1/72) (y+8—a+ 1), (y =B+ 1),(6+ 1),x!

A, =m(a+ 1), B+, (y+ 1), (a=6+1),(a+B—y+1),(B+6+1),

X

7o (X)) (X)) =A,8,m5 (1.2)

(n+ta+p+1),
(@+B+12),,

FNy+86—a+DNI'(—a—B-DI(y—F+DIS+1)

Ty +86+2)T(—-BT(y—a—BT (6 —a)

witha+ 1,8 +8+ 1L, ory+ 1= — A, where A is a non-
negative integer. The x sum is over the positive integers
x =0,1,2,...,A and the indices are confined by 0<n,m<A.
The limit §— o with @ + 1 or ¥y + 1 = — A gives the
Hahn orthogonality relation
A& (a+ D, (y+ 1),
o (y—B+ 1)l
where
h,(aBy|x) = (a+ 1), (¥ + 1),

—n,n+a+/3+l,—x'1)
a+lLy+1 )

h,(x)h,, (x) =A4,6,,, (13)

Xst(

o<n<A,
A,=(=1D"la+ 1), B+ D, (y+ 1),
(n+a+p+1),
(¢ + B +2);,
N(—a—B-DI(y—B+1)
r(—-ri(y—a—-p5

Letting B— o in (1.2) with @ + 1= — A gives the dual
Hahn orthogonality

X{a+B—-yv+1),

X (1.4)
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(P+86+ 1), (w/2+68/2+3/2) (a+ 1) (y+1),
o (W24+8/2+1/2) (y+8—a+1),(6+1).x!
X( a l)xdn (x)dm (x) :/{nsnm’ (1'5)

Me

x

Il

with
dn (a,(sy’}’lx) = (a+ 1)n(7+ l)n

—n, —x, 5
Xst( n,—xx+v-+ +1;1)’
a+ly+1
0<n<A,

A, =nla+ 1), (y+ D, (@a-5+1),

Fy+d—a+ NG+ 1)
T(y+6+2)T6—a)
The Meixner polynomials limit from the Hahn family by
transforming a—£&c, ¥ + 1 -, B— — &, and taking £ — oo.
These are given by

(1.6)

0

Z g (B)xmn (x)mnv (x)

x=0 X!
= (B),,n!c‘"(l - C) _‘Bann”

m, (Bclx) = () Fi( —n,—xB1 —c™ 1), (1.7
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where the sum is over all non-negative integers
x =0,1,2,...,c0. The Krawtchouk polynomials are obtained
from the Meixner family in the special case when

B=—A, c¢=gq/(g-1), (1.8)

where A is again a non-negative integer, and these satisfy
A

A
5 (e =k, Gk, 00

x=0

Aln!
=ﬁqi"(l '_q)nSrtm’

k,(Aglx) =(—A),,F, (—n,—x;—Ayg™ ). (1.9)

The Charlier polynomials result upon setting ¢ = a/£ and
£ = £ in the Meixner family and taking £ — . These are
given by

o X

> a—‘c,,(x)cm (x) = nla~"exp(a)éb,,,,
x

x=0 A+

clalx) =,F(—n,—x;—a~"). (1.10)

A family of multivariable Hahn polynomials was intro-
duced by Karlin and McGregor® in the context of linear
growth models with many types. In this paper we extend
those polynomials to the remaining discrete families of the
Askey tableau. That is, to the Racah, dual Hahn, Meixner,
Krawtchouk, and Charlier polynomials. The Hahn family is
recovered as a limit case of the Racah polynomials. The anal-
ogous generalizations of the continuous families of the As-
key tableau are discussed in a companion paper.®

il. MULTIVARIABLE RACAH, HAHN, AND DUAL HAHN,
POLYNOMIALS

The multivariable Racah polynomials of p variables
X|,%,...X, are given by the following expression

R (al,az,...,a” X ,xz,,..,xp)
Y 1My sl
p—1
—_—[H P AN '+t afa,, — LN
k=1
J
A *p X3 Xz P
> o3 o > > p(XIR,(XR, (x) =4, H Bpm, s
X,=0x,_; =0 X, =0x)=0 k=1

p
A= I tat) " 'm!l(n, +ar YINF N~ a5,

T(a, =M@} —T(NE + g+ a8t —yp)

+a{(+xk+anlc_-"—xk+l — ”"‘Nll(”l”{"xk)]

><r,,p(21‘v”1’"1 +n+asa, — LN

+af —y— LN 4y = NPT v x,), (2D
where #, (x) arethe single variable Racah polynomials (1.1)
and we are using the following shorthand notation

NjEan, a}szak (NIt =i 1'=0).(2.2)
k=j k=j

Although these polynomials are products of single variable
orthogonal polynomials they are nontrivial in that the pa-
rameter arguments also depend on the variables. The param-
eters «;,&y,..4Q,, 1,7,¥ are in general complex and
X1 3X350005X sty sy 5o, BTE MON-negative integers. These
polynomials are of total degree 2N{ in the variables
Xy,X3,X, and are associated with the following weight
function

Play e, Yy 12 3eens X )

_@s 4Dy feot Tay, ) + X, —xp)

xb (ay =)y, L= (Xp 1 — Xt
Claf* ' +x,,y +x) (@f2+ 1),
Claf +1+x0 +x)  (al/2),
(@724 1), (@*'—y-1, (y+1),

@/2),, (r—a, 1 +2),, (& —7p),
(2.3)
which is nonvanishing over the domain
0<x, <x; <***<x,<Awhere A is a non-negative integer and
7+ 1= — A, The parameters are assumed to be such that

this weight function is finite. In the case p = 1 the empty
products are to be interpreted as unity in which case (2.1)
and (2.3) reduce to the respective single variable expressions
(1.1) and (1.2) apart from a redefinition of the parameters.
These polynomials satisfy the following orthogonality
relation: :

DINF+ N+ ab 4+ 1)
TN+ +ab* 4+ 1)

Fe)(n+ DI (a,,, —y— DIl (a; —p—y—1)

which is proven as follows. The x, summation

(all’+]'—7,_“l)‘,v;'1(7/+1)N;l:(77"‘a1 +7’+2)NI‘)! (2’4')

fo(ay),, (1 + 1D Tay +x, —x))T(a} +x, +x)) (@, /2 + 1),

x =0

x ey =) (g —x )W (e + 1+ x; +x, )a,/2),,

Xrnl(ﬂyaz — 1,(11 + X3y — X3 — l'xl )rm'("];az e 19“1 + Xy, — X, — IExI)

(2.5)

is evaluated by using the single variable results (1.1) and (1.2) with the parameters depending on the variable x, . This gives
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F(ny +7+1)

r(a‘ - 77)

Onm, (@) T I0 (1) + @) (1) + 7+,

(Tl t+ata+1+x)0n +ai +x;)
(.xz _nl)!r(a[ —77+x2 "“‘nl)

b

)
'TQ2n, +7+a + 1) T(@)T(n+1)

which suggests that after the x,,x,,...,x; summations we obtain

J
[H 6nkm,((a,l<) _lnk!r(nk +ak+1)(N,f +Nll(-1 +77+a,2(+1)nk
k=1

[(a, —n)

TVl + 7+ +14+x, DTV + 4" +x,,,)

(2.6)
T(Ni+Ni~'+ntas+1) ]
TQNY+p+ab*t+ 1)
) j= 1’2""’p—~ 1, (2.7)

[(a))T(n+1)
where by convention 1/(x,, , — N{)!=0ifx;

(X010 — NI @y — 4 x4,

—-ND

— N4 =0,—1,—2,.... The postulate (2.7) is then proven by induction

onj. Multiplying (2.7) by the remaining x; , , dependent part of the weight function and polynomials and summing over x; , ,

gives

J
II Snm, (@) ™ 'mi T (ny, + o VNFHNTT a5t ),
K2

X,

T(NY+N{ " '"+94+a5+1)
TNt +np+a5t'+1)

I'ia, —7)
M )T'in+1)

2 F(1V1| +77+a12+‘+1+xj+1)1"(N11 +aj1+l+xj+1)

X,1=0 (x

r(aj+2 +xj+2
X

i1 — NN (g, — 7+ x4 —~N%)
_xj+1)r(aji+2+xj+2 +xj+1)(aj1+l/2+ l)xj+,

(xj+2 — j+1)!r(a”;+l +1 +xj+2 +xj+1)(aj1+l/2)xl.
><r,,“l(2N’i +7]+aé+l’aj+2 - I’N"l +aj;+l+xj+2’NJi
><"m,”(zlujl +77+a£+ l’aj+2 - leri +aji+1 +xj+2!Mjl

+1
=X — =Nl +x.,,)

—xj+2—l|—M’i+xj+l), (2.8)

and noting that this expression vanishes unless M4 = N’ due to the Kronecker deltas, the summation is then evaluated by

(1.1) and (1.2) yielding

I+ 1

II Suum, (@) My + e DVINT+ N "+ +a3™ ),

k=1

I'(a, — 1)

DN 4+ a2+ 14 %, )TV + 22+ x05)

C(NY N p+ak+1)
TN +p+ast'+ 1)

Cla)T(n+1)

) (2.9)

(X4, —NI"DID(a =14 %;5 2 — Nih

which is (2.7) with j + 1 replacing j thus proving (2.7). Settingj = p — 1 in (2.7) and substituting into the left side of (2.4)

then gives

A *p X3 x2

Sy oy p(X)R, (x)R,, (x)
x,=0x,.,=0 x,=0x;=0

F(a, —7)

P
p—1

- [ T Snm, (@) =ML, + s VNS 4 NE b4 ah e,
K=

F(N’f+N’f‘1+n+a§+l)]
FQNY+y+a5t' +1)

8 TN '+ n+a +1+x,)0(Vi~ " +af +x,) @2+ 1),

F@)T @+ 1) =0

ey, gD,
(y_ap+l +2)x,, (all’ _y)xp

X QM 4+, — LMYt af —y— LM{™ 4y = M{7  + x,),

and as before noting that this expression vanishes unless
M?2-1'= N2-!due to the Kronecker deltas, this summa-
tion is then also evaluated by using (1.1) and (1.2) yielding
the orthogonality relation (2.4).

Apart from normalization, the weight function (2.3)
and summation region are invariant under the following per-
mutation of parameters and variables:
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(x, =N~ (a, —n+x, —Ni~™h

(af/2),,

rnP(Zle_l+77+a12”ap+l _17N€_1+a[1,_7—1’N€*1+7/I_N‘l’“l+xp)

(2.10)
a]*"’_a‘]’ +27/+2) ak+lHap—k+l’
k=12,.p—1,
o on+l, xpeod—x, o, k=12,.p,
(2.11)

and if this is applied to the orthogonality relation (2.4) it
implies that the transformed polynomials also form an or-
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thogonal family with the same weight function. The polyno-
mials are not invariant under (2.11) so one immediately ob-
tains a second family of multivariable Racah polynomials.
After a redefinition of the indices n,<>n, _, ., this second
family is given by

Y fPNN JONEY P TP
R(
My st

7Y
=1, QNS +a5* ' — Lg NS —a, + 7+ LN§

+yY|—NE+A—x))
p

X[H r, (2N +abt — La, —1,
K=2

Niia _a,f_A“‘xk-l’Ni+1

+y+xe | —NEL +A_xk)]9
(2.12)

and these are also of total degree 2N{ in x, ,x,,...,x,. The
normalization constant is not given explicitly but it can be
evaluated from (2.4) after applying (2.11).

Another multivariable generalization of the Racah
polynomials has been studied by Gustafson.® These are
closely related to the so-called U(#n) multivariable hyper-
geometric series introduced by Holman et al.”® Those poly-
nomials are associated with a different weight function than
(2.3) and apparently are not related to the polynomials dis-
cussed here.

Multivariable dual Hahn polynomials follow as limit
cases of these Racah families. For example, dividing (2.4)

by 7"+ ™% and taking the limit 7 — oo yields

A xp X3 Xy
T 2 Y ZpED()D,(x)
Xp=0x,_ =0 X, =0x =0
D
=24, I Snumes (2.13)
k=1
D(al yors@p o1 | X15%2 ,...,xp)
Y Ryshy ety

p—1
=[H d, (Nt~ 4 bxy — LN
k=1

p
A, = H (@) "' Ty + 2y )

k=1
F(af —v)
D(a)T(a,,, —y—1)
XA(@f T —y— 1) (y + 1) (= DT,

where d, (x) are the single variable dual Hahn polynomials
(1.6). These are also of total degree 2N¥ in x{,X;,....%,.
After multiplying by appropriate renormalization factors
one can obtain further families of multivariable dual Hahn
polynomials in the limit 77— oo of the second Racah family,
or the limit &, , , — o of either Racah family. ‘

The multivariable Hahn polynomials of Karlin and

McGregor* are contained as a limit case of the Racah family
(2.1). To obtain these divide (2.4) by apf =2+ T V+#E
take the limit o, —» o, redefine w—oa,, a,—a; +1,
k =2,3,..,p + 1, and make the change of variables y, =x,,

P =X, — X _ 1, k= 2,3,..,p. This gives

Z e ZZp(y)Hn (y)Hm (.V) "—"A,, 1£I ankmk’
k=1

Ve Y2 N

(a, yonsllp 41
14

W ,...,yp)
ety

p—1
- [ T[ Fin (N5~ 4 @k 4 b — Ly, N
k=1
— YA =N y';)]
thp(ZN‘f“l +CX‘,7 +P— liafp-pl"l\“l’—-l

+y] = N7+ YR,

Vi (ak + 1) %

p(al,...,ap+1,'}’[y1 pensdp) = [ H _I—y—
K=t Vi

¥+ 1)y,

X y
(7’—‘1’p+1 + 1)1"1’

yd
bt am N e 1= N x| A= [ 0N et

Xd, (N '+ o™ —y—2,N{" +af —y—1,
N~ 4y =N '+ x,),
Py sy 15 VXX 500X )

—_ (al )x, ('_ 1)31 [p~l F(ak+1 +xk+1 —xk)

11

x, ! k=1 (Xpq1 — X!
D(aft ! +xp 01 +x0) (alf/2+1)xk]
D(at + 1+ X000 +x) (af/2),,

(@241, (@ —y—1), (y+1),

(27/2),,
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(¥ —=api1 +2), (@] =7y,

k=1
r(nk +ak+1 + 1)
Lla, +1)
DINF+ N~ taf +k)
TN +af* 4+ k+ 1)

DNy +a8t ' +p—yp)
F(ap+l _?/)

X

¥+ Dy ( = DY,
(2.14)

» where the summation region is over non-negative infegers

satisfying y, >0, Y2 <A, and &, (x) are the single variable
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Hahn polynomials (1.4). These polynomials are of total de-
gree N2 inp, ,p,,....y, and form a complete set for polynomi-
als in these variables.

In these variables it is obvious that the summation re-
gion and weight function are invariant under an arbitrary
permutation of the labels (1,2,..,p). If one defines
Ypo1 =A — Y%, then they are also invariant (apart from
normalization of the weight function) under an arbitrary
i

o, (p) =Fil Y+ L, + 1550,

L) = (r+ 1+ Y5, Fifig (

x
S S S W () ~ H 8y
Yo Y2

k4

where F/% is the Srivastava hypergeometric function'
or more commonly known as the generalized Kampé de Fér-
iet hypergeometric series. These polynomials are invariant
under permutations of (1,2,...,p) but are not invariant under
permutations involving the p + 1 label; the latter transfor-
mations therefore generate new families of biorthogonal
polynomials with respect to the same weight function.

lil. MULTIVARIABLE MEIXNER, KRAWTCHOUK, AND
CHARLIER POLYNOMIALS

The Hahn polynomials (2.14) contain as a limit case a
family of multivariable Meixner polynomials. Set
v+ 1=8 a,=¢é, a, = —§ divide (2.14) by
ENT+ M and take the limit £ oo. This yields

i v i i p(y)Mn(}’)Mm(}’)=/{,, [rp[ 6nkmk]y
k=1

¥p=0 yr =0y =0
(3.1)
M(c, WCayeresCp | V1 ,yz,..,,yp)
B MYyl seenslly

p—1
=[H My (NS=T—¥E*,

k=1

. — Ny — Vi — Hp
j" (y) = (Yl‘, +B)N1{F(l)g::(2)( _N;la _ YI]’ —_

j— np’

N

— 1y, = Pises
Lo =reg( T T

3 S DT )~ H Bnmes

y2=0y,=0

N
i
1)

and these are invariant under permutations of (1,2,...,p).
A special case of the Meixner family are the multivaria-
ble Krawtchouk polynomials. These are obtained for

B=—A, A=012., ¢, =¢/(Qf—1),

2341 J. Math, Phys., Vol. 32, No. 9, September 1991

14 [—
—N{ —a,,

permutation of the labels (1,2,...,p + 1). That is, under an
arbitrary simultaneous permutation of (¢, ,,,....2, , , ) and
(1 V2s-¥p 4 1 )- The polynomials given in (2.14) are, in
general, not invariant and thus one generates distinct fam-
ilies satisfying orthogonality relation (2.14) under these per-
mutations.

A family of biorthogonal polynomials™'® with the same
weight function is already known. These are given by

92,10

(N’f +aft! +p:—n1,—y1;‘--;—n,,,—y,,)
""" o, +1 ’

Ry, = Y5 — 1
— N8 —y—Yh, + L.

"’_y"), (2.15)
a, +1

B+1

—C¥ep | =N+ Y’f)]
><m,,p(N‘1"1 +B,CE| =N~ 4+ Y8),

k

Id
p(cl ’C29-..,CP’B |yl 7y2)-.-,yp) = [ H k'] (B) Yf’
k=1 Vg

Ck 7&07

p
Z lex| <1,

[H R(CH) T () '](ﬁm

k=1

X(1—c2)y M7= (n =0),

where the summation convention is being used for the ¢,
parameters. These polynomials are also of total degree N { in
V1:Yarp, and form a complete set. In analogy with the
Hahn family, the summation region and weight function are
invariant under an arbitrary simultaneous permutation of
(€15€25--5Cp) and (y, P2s-¥p ) and as before one generates
new families satisfying (3.1) by applying these permutations
to the polynomials.

A family of biorthogonal polynomials'?
weight function are given by

with this same

o~ oot
€ Cp )7

,(CP_I)C - ( f—l)cp_l)’

(3.2)

k=12,..,p,

2:>0, 0<@f <l (3.3)

Q;E Z qk,
K=j

and are given by
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R e o NIl

=0 =0 k=1yk!

X (1-02)* VK, (K, (»)
-4 1 a,,m],
k=1

X (ql Garoy | V1V2see¥p )
A nl’nzr--’np

p—1 . ,
= [T s vimt = v,

i=1

F
AN Y VA Yf;)]
q; 11
P
Xk, (N';"‘—A,Ll ~ NP4 Y';),
’ (@7 -1
|
Ry T P —

'z/‘n(y) = (Yll, - A)NfF(l)g):g(

. ( — Ry = Pies — Ry — Yy

. P
S 3 K VT )~ [ Snimes
~ k=1

Y n=0

and these are invariant under permutations of (1,2,...,p) but

are not so under permutations involving the label p + 1.
The Meixner polynomials also contain a family of multi-

variable Charlier polynomials as a limit case. Set ¢, = a, /€&,

B = &, divide (3.1) by £ ¥ ™, and take £ — 0. This yields

% 0 P Jzk £
z PN Z H ; C,,(y)C,,,(,V)=/i,, [H §n/.mk],
k=1

=0 n=0LK=1 Vi
BATS o T 48
C(a,,az,...,ap
HyyHy syl
p—1 Ak
k—1 k41 1
=0 (w0 =t
Pl Ay 41
k1 k
- Nt

Xc,, (AR = NE= 14+ YD),

Ap = [ f[ nk!(A{‘)“"””""‘(ak)"*—'] exp(4%), (3.6)
k=1
where ¢, (y) are the single variable Charlier polynomials
(1.10). The weight function is simply the product of single
variable Charlier weights but the polynomials are a nontri-
vial multivariable extension. An obvious family of polyno-
mials orthogonal with respect to this weight function are just
the products of single variable Charlier polynomials; these
are obtained in the above limit with a different renormaliza-
tion factor from the biorthogonal Meixner family (3.2).
They are clearly invariant under the obvious permutation
symmetries of the summation region and weight function,

2342 J. Math. Phys., Vol. 32, No. 8, September 1991

p’_yp;(Q‘{ — Dg ' (QF — g, ‘)’

).

—~ NP —YP 4 A1

,41_ b “qp

to=|11 mA@H T g™ |
k=1
Al

= 34
* (A—-N)! -

(1—-09)"
where k, () are the single variable Krawtchouk polynomi-
als (1.9) and the sum is over non-negative integers satisfying
V20, Y{<A. This weight function and summation region
have additional symmetries compared with the Meixner
family. If one defines y,, ,=A—Y{ and g, , =1— Q%
then they are invariant under an arbitrary simultaneous per-
mutation of (¥ 055V 4 1) @0d (41,g55.-49, . 1 ). The poly-
nomials are again not invariant and once more one generates
new families of orthogonal polynomials under these permu-
tations.

The biorthogonal families'? with the same weight func-
tion are given by

(3.5)

The family given in (3.6) however is again not invariant and,
as discussed several times, applying these permutations gen-
erates new families satisfying (3.6).

IV. DISCUSSION

We have extended the previously known multivariable
Hahn* polynomials to all of the remaining discrete families
of the Askey tableau. The analogous generalizations of the
continuous families are discussed in a companion paper.’
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