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Abstract:

In this paper the concept of an edge regular bipolar fuzzy graph is introduced and some relationship
between degree of a vertex and degree of an edge in bipolar fuzzy graphs are studied. Also some properties of
an edge regular bipolar fuzzy graphs are provided.
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1. Introduction:

In 1965,L.A.Zadeh[1] initiated the concept of bipolar fuzzy sets as a generalization of fuzzy sets.
Bipolar fuzzy sets are an extension of fuzzy sets whose membership degree range is [-1,1]. In a bipolar fuzzy
set, the membership degree 0 of an element means that the element is irrelevant to the corresponding property,
the membership degree (0,1] of an element indicates that the element somewhat satisfies the property, and the
membership degree [-1,0) of an element indicates that the element somewhat satisfies the implicit counter-
property. Although bipolar fuzzy sets and intuitionistic fuzzy sets look similar to each other, they are essentially
different sets. In many domains, it is important to be able to deal with bipolar fuzzy information. It is noted that
positive information represents what is granted to be possible, while negative information represents what is
considered to be impossible. This domain has recently motivated new research in several direction. Akram[2]
introduced the concept of bipolar fuzzy graphs and defined different operations on it. A.Nagoorgani and
K.Radha[3,4] introduced the concept of regular fuzzy graphs in 2008 and discussed about the degree of a vertex
in some fuzzy graphs. K.Radha and N.Kumaravel[5] introduced the concept of edge degree, total edge degree
and discussed about the degree of an edge in some fuzzy graphs. S.Arumugam and S.Velammal[6] discussed
edge domination in fuzzy graphs.A.Nagoorgani and M.Baskar Ahamed[7] discussed order and size in fuzzy
graph. A.Nagoorgani and J.Malarvizhi discussed properties of u complement of a fuzzy graph. In this paper we
introduce edge regular bipolar fuzzy graph. We provide some relationship between degree of a vertex and
degree of an edge. Also we study some properties of edge regular bipolar fuzzy graph.

2. Preliminaries:
2.1 Bipolar Fuzzy Graph [1]: By a bipolar fuzzy graph, we mean a pair G = (A,B) where A = (uf, 1Y) is a
bipolar fuzzy set in V and B = (ub,ud) is a bipolar fuzzy relation on V such that
ub (x,y) < miniul (x), uh () and b (x,y) = maxitul) (x), u) (y)) for all(x,y) € E.We call A the bipolar
fuzzy vertex set of V, B the bipolar fuzzy edge set of E respectively. Note that B is symmetric bipolar fuzzy
relation on A. we use the notation xy for an element of E. Thus,
G (A,B) is a bipolar fuzzy graphof G* = (V,E) if ub (xy) < minifuf (x), uf (y)) and
up Cey) = maxi@u) (x), u) () forall xy € E.
2.2 Degree of a Vertex [8]: Let G:(A,B) be a bipolar fuzzy graph on G*: (V,E). The degree of a vertex
(s (), ) () s dg (uh (), 1l (0)) = By (b (), g (x3)) = Xy e (up (), g (x3))

The minimum degree of G is §(G) =n {d; (ufs (x), ul (%)), Vx e V}

The maximum degree of G is §(G) =U {d; (uf (x), ul (x)), Vx e V}

2.3 Total Degree of a Vertex [4]: Let G:(A,B) be a bipolar fuzzy graph on G*: (V,E). The total degree of a

vertex (y (), il (%)) is t dg (uf (), 1) () = X xiyE(uﬁ (), 1l () + (g Go), e (x))
Xy €
2.4 Degree of an Edge in a Graph [6]: Let G*: (V, E) be a graph and let e = uv €E be an edge in G*. Then the
degree of the edge uv €E is defined by dg+(uv) = dg«(u) + dg+(v) — 2
2.5 Degree of an Edge in a Bipolar Fuzzy Graph [5]: Let G:(A,B) be a bipolar fuzzy graph on G*: (V, E). The
degree of an edge (ub (xy), ul (xy)) is
dg (b Cey), uff (x9)) = dg (uf (), ) (x)) +dg (uh ), 1) (1)) — Z(MB Cey), 1B (xy))
= szEE(IiB(XZ) g (x2)) + ZyzEE(/JB(yZ) 1y (y2))

The minimum edge degree of G is §;(G) = N {d; (ub (xy) uB N(xy)), VxyeE}
The maximum edge degree of G is §(G) = U {d; (ub(xy), u (xy)), Vv xy € E}
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2.6 Example:

x (0.2,-0.4) y_———
(0.2,- 0.5)

(0.1,-0.5)

(0.9,-0.8)
(0.6,-0.4) W

Figure 2.1
dg (pfy (), pff (x)) = (0.3,-0.9)
t dG (ﬂﬁ (X), I'l,IX (X)) = (05' _14)
5(6) =n {dg (uh (x), Ul (x)), Vx eV} =n{(0.3,-0.9),(0.5,-0.6),(1.0,—1.1), (0.6, —0.4)}
6(G) =(0.3,-1.1)
AG) =V {dg (uh (x), 1 (x)), ¥V x €V} =U {(0.3,-0.9),(0.5,—0.6), (1.0,—1.1), (0.6, —0.4)}
A(G) = (1.0,—0.4)
dG (‘Ll.g (xy)' #g (x)’)) = (04" _07)
t dg (up (xy), uf (xy)) = (0.6,—1.1)
8x(G) =n {d;(ub (xy), uf (xy)), ¥ xy e E} =n {(0.4,-0.7),(0.9,—-1.3), (1.1, —1.0), (0.4, —0.7)}
6g(G) =(0.4,-1.3)
Ap(G) =U {d; (ub(xy), u¥ (xy)), ¥ xy e E} =U {(0.4,—0.7),(0.9,—1.3),(1.1,—1.0), (0.4, —0.7)}
Ag(G) = (1.1,-0.7)
2.7 Order of a Bipolar Fuzzy Graph [7]: The order of a bipolar fuzzy graph G is defined by
0G) = ZxEV(.uA(x) Ha (x))
2.8 Size of a Bipolar Fuzzy Graph [7]: The size of a bipolar fuzzy graph G is defined by
S(6) = Yuyer(ph (xy), uf (xy)).
2.9 Regular Bipolar Fuzzy Graph [3]: Let G: (A,B) be a bipolar fuzzy graph on G*: (V, E). If each vertex in G
has same degree k then G is said to be regular bipolar fuzzy graph (or) k-regular bipolar fuzzy graph.
2.10 Theorem [7]: Let G: (A,B) be a bipolar fuzzy graph on G*: (V, E). Then
Yer de (uh (), (1)) = 28(6).
2.11 Theorem [3]: Let G: (A,B) be a bipolar fuzzy graph on G*: (V, E). Then
Yrev t dg(uh (), 1} () = 25(G) + 0(G).
3. Some Results Based on Vertex Degree and Edge Degree:
3.1 Theorem: Let G: (A,B) be a bipolar fuzzy graph on a cycle G*: (V, E). Then
Yoer do(ph 00, 1 () = Xy er de (1h (), 1l (x3)).
ie) Xvev dg(v) = Zuver de (uv).
Proof:
Let G* be a cycle vy v,v3 ..... v, V4.
Then XLy dg (Vi vig1) = dg(n1v2) +dg(vv3) + .. dg (v, v1), Where v, g = vy
=dg(v1) +dg(vz) — 2u(v1v2) + de (V) + dg(v3) — 20 (v v3) + -+ dg (V) + dg(v1) — 2p(V,v1)
=2(dg(vy) + dg () + -+ dg (1)) — 2(u(v1v2) + 2u(Vyv3) + -+ + 2u(v, 1))
=2)i1de(v) —2X0 u(v; vigq)
=Yver e (W) + Xyev dg(vy) — 25(G) since S(G) = Yywer H(uv).
=Yver de (W) + 25(G) — 25(G),since Xy, ey d (v;) = 25(G) = Xp,ev dg (vy)
Hence ZVEV dG (1.7) = ZuveE dG (uv)-
3.2 Theorem: Let G: (A,B) be a bipolar fuzzy graph on G*: (V,E). Then
Yoyer de (b (), uf (x¥)) = Tuy er de(uh ey, 1 (xy)) (uh Cey), g (x3)).
Where dg-(up (xy), 1 (xy)) = dg+(uh (), ) (%)) + dg+(uh (), uf () — 2 forall x,y € V
Proof:
By the definition of edge degree in a bipolar fuzzy graph, edge degree is sum of the membership values
of its adjacent edges.
Therefore in X, ez dg (yg (xy), ud (xy)),every edge contributes its membership value exactly number
of edges adjacent to that edge times.
Thus, in  Yyyerdg(uf (ey), uf (xy)).each (uf(xy), uy (xy)) appears dg-(uf (xy), uf (xy)) times
and these are the only values in that sum.
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Hence 3., er dg(uh (), uf (x9)) = Xy er g (h Cey), el () (f Cey), w1 (x3)).
3.3 Theorem: Let G: (A,B) be a bipolar fuzzy graph on a k-regular bipolar fuzzy graph G*: (V,E). Then
Tayer dg (1 Cey), uf () = 2(k — DS(G).
Proof:
By theorem 3.2,

Syer do (U (ey), uf (x9)) = Ty er do (1F (ey), 1 () (uf Cey), g (x)).

= Yy er( de(h (), 1) (0)) + dg=(uh 0, 1) 0)) — 2) (a5 (), 1B (xy).

Since G* is k-regular bipolar fuzzy graph, dg-(uh(x), u} (x)) = k forallx € V

Sayer e (b (), uf (xy)) = (k + k = 2) Tpyep(ph (ey), uf (xy))

= 2(k-1) Ty er (63, 1§ (x3))

Hence Syer Ao (U (xy), 1 (xy)) = 2(k — 1)S(6),5inceS(G)= Xy ex (1h (xy), 1 (X))
4. Edge Regular Bipolar Fuzzy Graphs:
4.1 Edge Regular Bipolar Fuzzy Graph: Let G: (A,B) be a bipolar fuzzy graph on ¢* : (V, E). If each edge in
G has same degree k, then G is said to be an edge regular bipolar fuzzy graph (or) k-edge regular bipolar fuzzy
graph.
4.2 Remark: G is k-edge regular bipolar fuzzy graph if and only if 6;(G) = Az(G) = k.
4.3 Remark: A complete bipolar fuzzy graph need not be edge regular. For example, in figure 4.3, G is not
bipolar edge regular, but it is complete.
4.4 Example: Consider the following bipolar fuzzy graph G: (A,B)

X (0.4,-0.2) y_————

(0.7,-0.9)

(0.4,-0.6)

(0.7-09) |0.3,-0.6)

(0.4,0.3)

(0.8,-0.9) —@
(03-07) 2

Figure 4.1

Here, G is (1.4,-1.8) edge regular bipolar fuzzy graph. But it is not a regular bipolar fuzzy graph.
4.5 Example: Consider the following bipolar fuzzy graph G: (A,B)

X (0.5,-0.6) y_————_

(0.6,-0.8)

(0.6,-0.9)

(0.6,-0.3) (0.6,-0.3)

(05-0.6) 2

Figure 4.2
Here G is (1.1,-0.9) regular bipolar fuzzy graph. But it is not an edge regular bipolar fuzzy graph.
4.6 Example: In the following figure 4.3, G is neither edge regular nor regular bipolar fuzzy graph.

(05.0.4)

06-01) y

Figure 4.3

Z
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4.7 Example: Consider the following bipolar fuzzy graph G: (A,B).

u
(0.7.-0.6)

(0.5,-0.8) (0.3,-0.2) (0.8,-0.9)

Figure 4.4

Here G is both (1.2,-0.8) edge regular bipolar fuzzy graph and (0.9,-0.6) regular bipolar fuzzy graph.
4.8 Remark: From the above examples, it is clear that in general there does not exist any relationship between
edge regular and regular bipolar fuzzy graph.
4.9. Theorem: Let B be a constant function in G: (A,B) on G*: (V,E). If G is regular, then G is an edge regular
bipolar fuzzy graph.
Proof:

Let (b (xy), ul (xy)) = c for all xy € E, where c is a constant.

Assume that G is a k-regular bipolar fuzzy graph.

Then dg(uf (x), 1l (x)) = k forall x e V

By definition of edge degree,
dg (up (xy), uf (xy)) = dg (uf (), 1) () + dg (h ), 1) () — 2(uf (xy), uf (xy)), for all xy € E

=k+k-2c for all xy € E
de (s (xy), uff (xy)) = 2(k — ¢) forall xy € E
Hence G is an edge regular bipolar fuzzy graph.
4.10 Remark: The converse of above theorem need not br true. It can be seen from the following figure. Here B
is a constant function and G is (0.9,-1.2) edge regular bipolar fuzzy graph but not a regular bipolar fuzzy graph.
—

(0.5,-0.6) (0.6,-0.4)

(0.6,-0.7)

e
(0.3.-0.8) (0.3-04)

(0.9,-0.5)

Figure 4.5
4.11Theorem: Let G: (A,B) be a bipolar fuzzy graph on a k-regular bipolar fuzzy graph G*: (V,E). Then E is a
constant function if and only if G is both regular and edge regular bipolar fuzzy graph.
Proof:

Let G: (A,B) be a bipolar fuzzy graph on a k-regular bipolar fuzzy graph G*: (V, E).
Assume that E is a constant function.
Let (uf (xy), ub (xy)) = c for all xy € E, where c is a constant.
To prove that G is both regular and edge regular bipolar fuzzy graph.
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Since G* is k-regular, dg-(pf (x), 1y (x)) = k forall x € V
wodg (W (), 1Y () = Ty er(uh(xy), uf (xy)) forall x e V
= Yyepcforallx eV =c dg-(uf (), uf ) forall x € v
de(pf (), 1l (x)) = ckforallx e V
Hence G is a regular bipolar fuzzy graph.
Now,

de (b Oey), ul (cy)) = Tuzer(uh (x2), uf (x2)) + Tzyer(uh (zy), ub (zy)), forall xy € E
XFZ zZ#y

= YxzeeC + Yzyepcforall xy € E
XFZ z#y

=c (dg(h (0, uf () = D + ¢ (dg(uh ), uf ) — D forall xy € E
=c(k-1) + c(k-1) forall xy € E

~dg(ubey), uf (xy)) = 2c(k — 1) forall xy € E
Hence G is also edge regular bipolar fuzzy graph.

Conversely,assume that G is both regular and edge regular bipolar fuzzy graph.

Let dg(ph(x), 1l (x)) =k, forallx eV

And dg (ug (xy), 1l (xy)) = ky forallxy € E

To prove that E is a constant function.

By definition of edge degree,
dg (ug Cey), g (x3)) = dg (uh GO, 1 () + dg (uh 00, 1) () — 2(up (xy), g (xy)), for all xy € E

ko = ky + ky — 2((ub ey), u¥ (xy)), for all xy € E

(b Oey), ug (xy)) = (2ky — k) /2 forall xy € E
Hence E is a constant function.
4.12 Theorem: Let G: (A,B) be a bipolar fuzzy graph on G*: (V,E) such that E is a constant function. Then G
is edge regular if and only if G* is edge regular bipolar fuzzy graph.
Proof:

Let (uf (xy), 4l (xy)) = c for all xy € E, where c is a constant.
Assume that G is edge regular bipolar fuzzy graph.

Then dg(ub(xy), uf (xy)) = kforallxy € E
Now,
de (up (xey), ug (xy)) = szfE(#E (x2), uf (x2)) + Zzyff(uﬁ (zy), uff (zy)), for all xy € E

X#Z z#y

K = Yxzeec+Yzyeccforall xy € E
x#z z#y

= ¢ (dg+(uh (), 1 (1)) = D + ¢ (dg(h ), 1) () — D forall xy € E
kic = dg-(uh (), 1 () + dg-(uh ), ui () — 2forall xy € E
de-(uh cy), ul (xy)) = k/cforallxy € E
Hence G™ is edge regular bipolar fuzzy graph.
Conversely,assume that G* is m edge regular bipolar fuzzy graph.
Then
de-(ub ey), ull (xy)) = mforall xy € E
Now,

de(uh (xy), 1§ (xy)) = Tzer(uh(x2), uff (x2)) + Layer(uh(2y), uf (zy)), forall xy € E
X#Z z#y

= Yazee ¢ + Yayep cforall xy € E
X#FZ z#y

= ¢ (dg+(uh (), () = D + ¢ (dg-(uh O, 1) () — D) forall xy € E
= ¢ dg+(up (xy), uf (xy))
=cmforallxy € E
Hence G is edge regular bipolar fuzzy graph.
4.13 Theorem: Let G: (A,B) be a bipolar fuzzy graph on G*: (V,E) such that E is a constant function. Then G
is regular if and only if G* is regular bipolar fuzzy graph.
Proof:
Let (uf (xy), 4l (xy)) = c for all xy € E, where c is a constant.
Assume that G is regular bipolar fuzzy graph.
Let dg(phCo),u(x)) =kforallx eV

Then  dg(ph (), u (0)) = Tuyer(ph xy), uf (xy)), forall x e V
XFy
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k = nyeEC

Xiy
k= cdg(ph (), uf(x)) =mforallx eV
de-(1h 0O, u () = k/c forall x € V
Hence G~ is regular bipolar fuzzy graph.
Conversely, assume that G* is m-regular bipolar fuzzy graph.
Then dg+(uf (x), 1l (x)) =mforall x € V

de (1 (), 1 () = Tayer(uh (xy), ul (xy)), forall x € v
XFYy

de (1 G0), 1 (%)) = Sayerc, forall x € V
X+

Yy
dg (uh (), 1) (1)) = ¢ dg(h (), i () , forall x e V
de(ph (), uf (x)) = cm , forallx eV
Hence G is regular bipolar fuzzy graph.
4.14 Theorem: The size of a k-edge regular bipolar fuzzy graph G : (A,B) on a k; - edge regular bipolar fuzzy

graph ¢* : (V,E) isZ—kwhere q = |E|
1

Proof:
The size of G is S(G) = Yy er(uh (xy), ul (xy))
X*y

Since G is k-edge regular bipolar fuzzy graph and G* is k; edge regular bipolar fuzzy graph,
dg (1 (xy), uf (xy)) = k, dg+(up (xy), uf (xy)) = ky forall xy € E
By theorem 3.2
Yyer dg (uh (ey), 1 (x)) = Tyer do (b (xy), i (xy)) (uf (xp), uff (xy)).
Thus  Yuyer de (b (), uf () = Dayer b (uf Cey), g (x)).
gk = ky S(G)
Hence S(G) = %

5. Conclusion:

In this paper, we have found some relationship between degree of a vertex and degree of an edge in
bipolar fuzzy graphs and studied some results between regular and edge regular bipolar fuzzy graphs. The
results discussed may be useful for further study on totally edge regular bipolar fuzzy graphs.
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