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Abstract

In this paper, by using the probability density function we introduce the mild solution of fractional
differential equations with impulsive conditions and obtain various criteria on the existence of mild
solutions by using fixed point theorem.
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1 Introduction

Recently, fractional differential equations have been proved to be valuable tools in the modelling of
many phenomena in various fields of engineering, physics and economics. indeed we can find many
application in viscoelasticity, elctrochemistry, control, porous media and electromagnetic there has
been a significant development in fractional differential equations in recent years see ([1-12]).

actually fractional differential equations are considered as an alternative model to integer differential
equations for more details on fractional calculus theory one can see the excellent books [13,14].

In particular the non-local problems for impulsive fractional differential equations have been
attractive to many researchers the advantage of impulsive fractional differential equations is that
they can describe the model which at certain moments change their state rapidly and which can’t
be modeled by the classical differential equations (15).

Present work deals with fractional differential equations with impulsive conditions unlike ref [16]
which deals with ordinary differential equations have no impulsive condition.

The main purpose of this paper is to prove the existence of mild solutions for the following
impulsive fractional differential equations in a Banach space X:
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“Diz(t) — F(t,z(t), z(b1(t)), ..., z(bm (¥))] = Alz(t) — F (¢, (t), z(b1(t)), ..., z(bm (1))]
+G(t,z(t),z(a1(t),...,x(an(t))) t € J =1[0,b],t # tx, k =1,2,3......,m (1.1)

2(0)+g(z) =20 € X
Azlizs, = Ie(z(ty)),k=1,2,3,...m  (1.2)
The linear operator A generates an analytic semigroup(7'(¢))+>0
where
(T'(t))+>0 is @ compact analytic semigroup of uniformly bounded linear operators 7'(¢t) on X

(T'(t)):>0 is a compact analytic semigroup of uniformly bounded linear
operators (T'(t)) on X

Afimy, = Te(a(ty))
where,
x(t) is the right limit of () at (t = tx) , z(¢;, ) is the left limit of z(¢) at (¢t = tx). F, G and g are
given functions to be specified later and “D{ is Caputo fractional derivative of order 0 < ¢ < 1

2 Preliminaries

Let X be a Banach space with norm ||.|| and A :D(A) — X is the generator of a compact analytic
semigroup of uniformly bounded linear operators (7'(t)) on X.

there exist M >1 suchthat |T(¢)]| < M,t>0(17)

We need some basic definitions and properties of the fractional calculus theory which are used
in this paper

Definition 2.1 (15)

The fractional integral of order ¢ with the lower limit 0 for a function f is defined as:

L[t f(s)
If(t) = / IS,
f() F(q) o (t_S)lfq
t>0, ¢>0
where T is the gamma function.
Definition 2.2 (15)
The Caputo derivative of order ¢ with the lower limit 0 for a function f is defined as:

cpapy — 1 S A C R
DO = = | Gyt

— S

t>0 ,0n—-1<g<n
We shall state some properties of the fractional integral I and fractional differential D¢ operators:
Properties. (18) For ¢, > 0 and f as a suitable function we have:

LIGf(t) = 157 f(t)

LIS f(t)y=IgI8f(t)

I§(f(8) +g(t) = I§ £(t) + Igg(t)
I§°Dif(t) = f(t) — £(0) ,0< g < 1
D3 IS f(t) = f(t)

°D§ “Dg f(t) "D f(1)

o ok~ 0D~
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7. °Dg Dy f(t)#° Dy “Dg f(t)
For simplicity of notions we shall take Dg f(¢) , I¢ f(t) as DI f(¢t) , 11 f(t).
Theorem 2.1. (Sadovskii)(17)
Let P be a condensing operator on a Banach space that is P is continuous and takes bounded sets
into bounded sets; let a(P(B)) < a(B) for every bounded set B of X with a(B) > 0 of P(H) C H
for a convex, closed and bounded set H of X, then P has fixed point in H.

3 Main Results

In order to define the solution of the problem (1.1-1.2), we define the following space.

Q={z:J - X,z €C(Jp,X),k=0,1,...m,

there exist
z(t), 2(ty), k=0,1,....m,z(ty ) = z(tr); (0) + g(z) = z0}
which is a Banach space with the norm ||z|q = max[||zx||s; k= 0,1,...,m] (17)
Definition 3.1 (15) A function z € Q2 is said to be a mild solution of the system
(1.1)- (1.2) if:
()zo + g(z) = o
(iAz|¢=¢, = In(z(ty)), k=1,2,3,....m

z(t) = Sq(t)[zo — g(z) — F(0,2(0), 2(b1(0)), ..coey (b (0)))] + F (¢, 2(t), (b1 (2)), ..., x(bm (t))

t
+/ (t — )T Ty (t — 5)G(s,x(s), z(a1(s)), ...... ,x(an(s))ds + E Ty(t — ti)In(x(ty )
0 0<tp <t

,ted

where, S,(t) and T,(t — s) are defined by:

Sy(t) = J5° ba(0)T(190)d0

Tyt — s) = q [;° 06q(O)T((t — 5)7 0)d6

where, ¢,(0) is the density function [ ¢,(0)d6 = 1,60 € (0, cc)

Assume the following conditions (17):

(H1)there exist constant 8 € (0,1) such that: F : J x X™*! — X is continuous function.
APF . Jx X™F 5 X satisfy Lipschitz condition, that 3 constant L > 0 such that:

| AP F (51,00, 21, covoes Tm) — APF (82,20, @1, ooy o) | < L(|S1 — Sa| + mazizon....m ||z — z3]|)
’
forany 0 < s1, s2 < b, zj,z; € X ,i=0,1,..... ,m

and there exist constant L, > 0 such that:
|ABE(t, 2o, 21, ooy o) || < La(maz{||lz:]| : i = 0,1,....,m} + 1), holds for any (¢, zo, z1, ...... , Tm) €
J x Xt
(H2) G : J x X™*! — X, this function satisfy the following conditions:
(i) Foreach t € J; G(t,.) : X" — X is continuous, for

(20, T1yenery L) X X"
the function G(., Xo, X1, ....... ,Xn) : J = X is strongly measurable.
(i) Foreach r € N there is a positive function g, € L*(J) such that sup .o j,... Jzn|i<r |Gt To, 1, ooy T0) || <
gr(t) and
b -1
t—35)"""gr(s)ds
le inffo( )7" g:(5) = ul'(q) < (4+00).
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where . is a constant.

(HS)ai,b]‘GC(J,J),i=172,....7n 71=12 ... ,m

where a;, b; are constants.

(H4) There exist positive constants L, L, such that lg(@)|| < Lallz|lo + Lo for all z € Q and
g : Q — X is completely continuous.

(H5) I, : X — X is completely continues and their exist continuous non-decreasing functions
Ly : R+ — R4 Such that for each z € X.

.. L
11k()] < Ll tim ing 20D = nr(g) < oo

where Aj is a constant.
Also the present work inquires the following lemma (15):
lemma 3.1 For fixed t > 0, (S4(t), T,(¢)) are linear and bounded operators

(.e.)

154(O)l < M
qM
.01 < 5

Proof.for any fixed ¢ > 0,since T'(t) is linear operator,it is easy to see that (S,(¢), T4(t)) are linear
operators for ¢ € [0, 1] according to[16] we find that

 q I(1+%)
— U, (0)df = ——2L-
0 08 a(f) r(1+¢)
then we have

. ! _ T(14¢)
/0 0% g (0)d6 = i ﬁwq(e)de_m

in the case of ¢ = 1 we have

/OOO 06, (0)d0 — /Ooo eiqq/q(e)de _ ﬁ

for any z € X we have
Sultyal=1 [~ 6T 0)sds] < Ml
0
and

11.(0) ol = la [~ 00O)T(W0)0] < 5

lemma 3.2 The operators (S,(t)):>0, (T4(t)):>0 are strongly continuous, which means ,vx €
X, (0<t <t <b)

||

[1Sq(t )x — Sq(t )zl = 0, [ To(t )x — Ty(t )zl =0
as (t' — t")
Proof. The operators Sy(t):>0 and T,(t):>0 are strongly continues which means that:
Foreveryz € Xand0<t <t < awe have:

ITy(t )z — Ty(¢ )] = |q / 06, (0)[T((£")76) — T((£ )6)]xde)
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< abt [ 00,0)|T(¢")'0 ~ (¢)70) ~ Tlelas

According to the strongly continuity of T'(¢):>0

We note that |T,(t" )z — T,(t )z| tends to zero as ¢ —t — 0 which means that {7} (t)}+>o
is strongly continuous. Using a similar method we can also obtain that {S4(¢)}+>0 is also strongly
continues .

lemma 3.3 If T'(¢) is compact operator for ¢ > 0 then (S,(t), T,(t)) are also compact operators
fort >0

Our main results may be presented as the following theorem:

Theorem 3.1

Assume the conditions (H1)-(H5) then the system (1.1)- (1.2) has mild solution on J provided
that:

Lo = L{(M + 1)Mo] < 1

M[Ly+ MoLy+ p+ Y Al + MoLy < 1

k=1

where My = ||A7?||
Proof. For simplicity we rewrite that

(t,z(t), z(b1(t), ...... ,2(bm (1)) = (¢, v(t))
and
(t,z(t), z(a1(t), ...... ,x(an(t))) = (¢, u(t))

consider the operator N : Q — Q defined by

N(z) ={p € Q:p(t) = S;(t)zo — g(x) — F(0,v(0))] + F(¢,v(t))

+/0 (t— )11 Tyt — )G(s,u(s))ds + Y Tyt —tu) Iu(x(ty)),t € J}

0<tp<t

The fixed points of N are mild solutions to the system (1.1)- (1.2) We shall show that N satisfies
the hypotheses of Theorem (2.1) we will find the proof by the following steps.
Step1. There exists a positive integer » € N such that N(B,) C B, where

B, ={zeQ:|z|<r0<t<b}

For each positive number r, B, is bounded,closed and convex set in 2. We want to prove that
N(B;) C B, , we use contradiction.

Let N(B,) is not subset of B, then for each positive integer r, there exist the functions z,(.) € B,
and ¢.(.) € N(z,), but ¢,(.) ¢ By, where N(B;) = U,cp5, N()

that is

r < ller @l = 154 [zo — g(xr) = F(0,v,(0))] + F (¢, v (1))

+ /0 (t— )" ' Ty(t = 8)G(s,un(s))ds + Y Tyt — te) In(zr ()]

0<tp <t

< I\Sq(t)[wo—g(mr)—AfﬁABF(O»vr(O))]IIJrIIA*BABF(t,vr(t))|\+/0 1(t=5)""" Ty (t=5)G (s, ur(s)) | ds
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+ > ITa(t = te) In(an (8)

0<ty <t

m

r < M[|zoll + Lar + Lo+ MoLu (r + 1)] + MoL (r + 1) + %/ (t = 5)7 g, (s)ds + % S Lilr)
0 k=1

dividing both sides on r and take the lower limit as » — oo we get

[[zol|
T

+ L2 +

’ . 71
t—s)9 -(s)d
Lo oy O o p 4D M o= 9" gr(s)ds

1< M —=
< M| r T T T'(q) r

M S L)
g™

1< M[Lz + MoLi] + MoLy + Mp+ MY A
k=1

1< MLy + MoL1 + p+ Y _ M)+ MoLy  (3.1)
k=1
the equation (3.1) contradict with the condition of theorem (3.1) then for positive integer r € N
we find that

N(B,) C B,

step2 we will show that the operator N = (N1 + Nz) is condensing this means thatNV; is
contraction and N, is compact the operators(N1,N»2)are defined on B, by:

(N1z)(t) = F(t, v(t)) — Sq(t)F(0,v(0))

Nezw = {p € Q: ¢(t) = S4(t)[zo — g(=)] + /O Ty(t —5)G(s,u(s)) ds+ Y Tyt —te)Iu(e(ty)))}

o<ty <t

to prove that V; is contraction ,we take z1,z2 € B,. then for each ¢ € J and by using the first
condition from the previous assuming conditions also we use this condition

Lo = L[(M + 1)Mo] < 1

let z1, 22 € B, then for each ¢t € J we have

[(N1z1)(t) = (Niz2) ($) || < [|F(E v1(8) — F (¢, v2(8)[| + [[S (O)[F(0,v1(0)) — F(0, v2(0))]]|

= [|ATIIAF (8, 01() — AP F(t, 02()]]| + (1S4 () A~ [APF (0, 01(0)) — A7 F (0, v2(0)]|

< MoLsupo<s<llz1(s) — w2(s)|| + M Mo Lsupo<s<sll@1(s) — z2(s)||

< MoL(M + 1)supo<.<s a1 (s) — aa(s)]
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< Losupo<s<s||z1(s) — z2(s)||

where

MyL(M + 1) = Lo < 1then || Niz1 — N1iz2|| < Lo|lz1 — 22]],0 < Lo < 1 then Ny is contraction
operator (8)to prove that N» is compact operator,firstly we prove that N is continuous on B,..

let {z,}n=6° with z,, — x in B, then by using the conditions of (H2)(:) and (H5).

is continuous .

(11)G(s,un(s)) = G(s,u(s))

as n— oo
since ,||G(s,un(s)) — G(s,u(s))|| < 2g-(s)
we have to prove that the operator N is continuous

HM%*MMZMM&wwm*M%HfL%@*M@%%@%%%AMMS

+ > Talt = ti)e(za(ty)) = In(a(t)]]

0<tp <t

b
[ Nozn—Naz|| < Mllg(mn)*g(fﬂ)HJrM/ IG(5,un(8))—=G(s,u(s)|ds+M > [[Te(wn(ty ) —Te(z ()]l
0 0<tp<t
(llg(zn) — g(@)[| = 0, [[Tx(zn(ty ) — Le(z(tp )l = 0,[G(s,un(s)) — G(s,u(s))| = 0) as n — oo
then

|Nozyp, — Noz|| - 0 as n — oo

then N is continuous,
next we prove that { N2z : « € B, } is a family of equicontinuous functions

let © € Brand 11,72 € J

thenif 0 < 71 <72 <bandp € Na(x) then for each ¢ € J,
we have

p(t) = Sq(t)xo — g(x)] +/0 (t =) Tyt = 5)G(s,uls))ds + Y Tyt — ti) Iu(2(ty))

0<ty <t

then
wmwwmwswmw—&mwm—mw+AWan—@—nw—@wmwmmw

[ e = 9) = T - 9IG s, u(s)) ds
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+/T2 [T4(72 = $)I[[|G(s, u(s))l|ds

1

+ > T = te) = Tyl = to) [ (2 ()

0<tp <71

+ > ITa(r = o)l (= ()
T1<tRp<T2

the right hand side of the previous equation is independent of = € B, and tends to zero as

T2 — T1 —> 0.

since the compactness of {T'(t)}:>o implies the continuity in the uniform operator topology,
similarly using the compactness of the set g(B,) we can prove that the functionsN.z,z € B, are
equi-continuous at ¢t = 0. hence N, maps B, into a family of equi-continuous functions. it remains to
prove that(N2B;)(t) is relatively compact for each t € J

where

(N2B)(t) = {p(t) : p € N2(By)}, t € J

obviously by using condition (H4),(N2By)(t) is relatively compact in 2 for ¢t = 0.
Let0 <t <bbefixedand 0 < e < t for z € B, and ¢ € N2(z) we have

(1) = Sy(t)[zo — gla)] + / (b= ) Tyt — )Cls,ul(e))ds + S Tyt — te)I(a(ty)) t € J

o<t <t

define

Pe(t) = Sq(t)[wo—g(l’)H/o 76(15—S)qfqu(t—S)G(&U(S))dSJr Y. Tult—te)In(a(ty)) ,t€J

0<tp<t—e

= Sq(t)[xo—g(x)]—i-Tq(e)/o _g(t—s)qfqu(t—s—e)G(s,u(s))ds+T(e) Z To(t—te—e)Ir(x(ty ), t € J

0<tp<t—e

since {T4(t)}+>0 is compact, the set Vi(t) = {¢c(t) : ¢ € N2(B,)} is relatively compact in €2 for
everye, 0 <e <t
for every ¢ € Na2(B;)

() — @) < /ti I(t = )" Tyt = )G(s,uls)lids + D~ 1 Talt —te — ) Iu(a(ty)|

t—e<tp<t

M /t g1 M
< — t—s gr(s)ds + —— Li(r
@ ), et 2, L)

Therefore, let ¢ — 0 we can see that there are relatively compact sets close to the set {o(t) : ¢ €
(N2B;)} is relatively compact in €.

As a sequence of the above steps and the Arzela-Ascoli theorem we can conclude that Vs is a
compact operator. These arguments enable us to conclude that N = N; + N, is a condensing map
on B, and by using the fixed point theorem of Sadoviskii, there exist a fixed point z(.) for N on B,..
Therefore the non-local system (1.1)-(1.2) has a mild solution (16).
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4 Applications

consider the following nonlinear integro- partial differential equation of fractional order(17):

Surlett) = [ b ) = Sz lata) = [ b)steel p)dy] + hie, (e )

0<t<b,0<ae<mtAt,k=1,2,..m  (4.1)
2(t,0) = z(t,m) =0 (4.2)
2(t5) — 2(t;, )—]k( ( )) k=1,2,...,m, (4.3)
2(0, z) —|—Zf0f0 2(ti, y)dy = 20, 0<z<m (4.4)
where pis a posmve mtegerO <tp < ...<tp<l,and 0<t; <tz <..tm <b. the function
zor € X = L*([0,7]) and A is defined by Af = f” with the domain D(A) = {f() e X : f,f €
X, £(0) = f(x) =0} .

then A generates a strongly continuous semigroup T(.) which is compact ,analytic and self adjoint

Furthermore A has a discrete spectrum and has an eigenvalues —n*,n € N, with the corresponding
normalized eigenvectors.

Zn(x) = \/g sin(nx) .then the following properties hold :

(a)if f € D(A) , then

Af =32 0% < f,20 > zn.

(b) the operator Arf = Soean< fizn > zn

on the space D(A%) ={feX, X n< fzn>2zn€ X}

We assume that the following conditions hold:

(¢)The function b is measurable and

fow foﬂ b (y, = dydm < 00.

(u) the functlon b(y, z) is measurable ,b(y,0) = b(y, 7) = 0 and let

=y Jo (% dydaz]Z < oo

(m) For the functlon h J x R — R the following three conditions are satisfied :
(1) for eacht € J, h(t,.) is continuous
(2) for each z € X, h(., z) is measurable
(3) There are positive functions h1, hs € L*(J) such that
|h(t, z)| < hi(t)|z] + ha(t) , forevery (t,z) € J x X.
(iv) the function I (z,x),k = 1,2, ....,m and there exist nondecreasing functions
Ly € (J,R4),k=1,2,....,m such that for each = € X || Ii(z)|| < Lx(||z||)
Wedefine F,G: X x X - X andg: Q2 — X by
F(t,z) = Z1(2),
G(t, 2)(z) = h(t,=(x)),
g((w t))) = Kw( i),w € Q (Q is defined in section 3) , where
fo y,2)z(y)dy
=Jo k y)dy

Then G satlsfles condltlon (2)in section (3) while g verifies condition (4) in section (3) (noting that
K : X — X is completely continuous ).
from(i) it is clear that Z; is a bounded linear operators on X

furthermore , Z(z) € D[A2] and || A2 Z,|| < Nj. in fact from the definition of Z; and (ii) it follows
that
< Z1(2), 20 >= [ zn(x)[ [y by, z \/7 < Z(z),cos(nx) > ,whereZ is defined by:

Z(2)(x) = [q $:0(y,)=(y)dy
from (ii) we know that Z : X — X is abounded linear operator with || Z|| < Ny .
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hence ||A%Z1(z)|| = ||Z(z)|| which implies the assertion. Therefore the condition (H1)-(H5) are
all satisfied .

hence from theorem (3.1) the system (4.1) -(4.4) admits a mild solution on J under the above
assumptions additionally provided that (3.1) and (3.2) hold.
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