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Abstract

We propose a communication efficient approach for federated learn-
ing in heterogeneous environments. The system heterogeneity is re-
flected in the presence of K different data distributions, with each user
sampling data from only one of K distributions. The proposed ap-
proach requires only one communication round between the users and
server, thus significantly reducing the communication cost. Moreover,
the proposed method provides strong learning guarantees in hetero-
geneous environments, by achieving the optimal mean-squared error
(MSE) rates in terms of the sample size, i.e., matching the MSE guar-
antees achieved by learning on all data points belonging to users with
the same data distribution, provided that the number of data points
per user is above a threshold that we explicitly characterize in terms
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of system parameters. Remarkably, this is achieved without requiring
any knowledge of the underlying distributions, or even the true number
of distributions K. Numerical experiments illustrate our findings and
underline the performance of the proposed method.

1 Introduction

Federated learning (FL) is a paradigm where many users collaborate, with
the aim of jointly training a model [I]. Formally, the goal is to solve the
problem

argmin F(0) = — S Fi(6), (1)

0cO m —

where © C R? is the parameter space, m € N represents the number of users,
while F; : R*— R, i =1,...,m is the loss of user i.

Unlike in centralized learning, where a single user has access to all the
data, in FL each user stores its data locally. This is an important feature,
as typically huge amounts of users participate in the process and generate
enormous amounts of data, therefore imposing significant storage cost for
a single user. Additionally, the nature of the data is often sensitive, which
incentivizes the users to keep their data private. The training process is co-
ordinated by a central server, which typically includes updating and sharing
the global model with the users.

While such an approach helps alleviate the storage and computation bur-
den for any single user, it imposes significant communication costs on the
system as a whole [2]. To tackle this issue, different approaches have been
proposed, such as quantization [3], [4], [5], gradient sparsification [6], [7], spe-
cialized user sampling [§], [9], [10], local methods [11], [12], [I3] and one-shot
methods [14], [15], [16], [17], [18], to name a few. Another issue associated
with training a global model comes from system heterogeneity. Users that
participate in FL often contain datasets generated by different distributions,
making the system as a whole highly heterogeneous. A global model can
therefore be very bad for an individual user [19], |20].

One way to alleviate the issues stemming from training a global model
is for each user to train their own model. Formally, the goal of such an
approach is to solve the problem

1 m
argmin Fr(61,...,0,) = — F;(6;).
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Such an approach leads to models that can be trained locally and elim-
inates the need for any communication. However, it is completely oblivious
to any underlying similarities that might exist between users. Moreover, a
strictly local approach often suffers from data imbalance - while some users
generate abundance of data, the majority of users generate only a few data
samples. This results in the majority of users being unable to learn useful
models on their own [20].

Many different approaches that address the shortcomings of the global
and purely local models have been proposed. One such approach is person-
alized federated learning (PFL). The goal of PFL is to learn models that
fit each individual user, while utilizing the federation to produce models
that generalize better. Many approaches to personalization have been pro-
posed, such as multi-task learning [21], [22], [23], meta-learning [24], [25],
fine-tuning [26], [27].

Another closely related approach is clustered federated learning (CFL).
The underlying assumption in clustered federated learning is the presence of
K different data distributions Dy, k € [K|, with each user sampling their
data from only one of K distributions. This leads to a natural clustering of
users, i.e., we can define clusters {Cy }re(x], given by

Cr = {i € [m] : user i’s data follows distribution Dy}.

Since each user contains data from exactly one of K distributions, the clusters
form a disjoint partition of the set of all users, i.e., we have

Ure[x)Ck = [m] and Cy N Cj = 0, Vk # j.

In such a scenario the goal is to learn K models associated with the under-
lying clusters, so that users belonging to the same clusters have the same
models. This is somewhat different from the classical PFL approaches, where
the goal is to produce m models, one for each user. Allowing for 1 < K < m,
clustered federated learning can again be seen as an intermediary between
the global and local learning, with K = 1 resulting in a global model, while
K = m resulting in purely local models. There are many works assuming a
clustered structure among users, such as [28|, [29], [30], [31], [32].

While existing works in CFL focus on dealing with heterogeneity and per-
sonalization aspects, none of them focus on communication efficiency. The
aim of this paper is to provide a method for CFL that maintains the bene-
fits of standard clustering-based approaches, while simultaneously achieving
communication efficiency. This is achieved by developing a one-shot feder-
ated learning method, that requires only one round of communication.



Literature review. We next review the related literature, in particular,
one-shot methods in FL. and methods for CFL.

One-shot methods in the context of FL have been studied in [14], [15], [16],
[17], [18]. [14], study one-shot averaging methods. Each user trains a model
on the local data and the server produces the final model by averaging all
the users’ models. The authors show that, for strongly convex loss f;, the
methods can achieve the same MSE guarantees as centralized learning, i.e.,
order-optimal rates in terms of sample size, provided that the number of
samples available to each user is higher than a threshold. [15] propose to
train K < m ensemble based methods for supervised and semi-supervised
problems. [I6] propose a one-shot distillation method, wherein the users send
a distilled version of their local dataset to the server, which then performs
the global model training. [I7] study one-shot methods in federated settings
under constraints on the communication budget. The proposed method is,
under certain regimes, order-optimal up to logarithmic factors, while simul-
taneously relaxing the higher-order smoothness assumptions made in [I4].
[18] introduce a one-shot FL method in heterogeneous settings, designed for
data clustering. The methods [I4] and [I7] provide strong theoretical guar-
anteesﬂ however, they assume that the data across all users follows a single
distribution D. Therefore, they focus on training a single global model to
be used for all users. In modern FL systems the data across different users
typically comes from different distributions, hence violating the IID assump-
tions made in prior works. Moreover, the user heterogeneity stemming from
this phenomena is known to hamper the global model [19]. The methods [I5]
and [16] consider heterogeneous settings, but provide no theoretical analysis
of their methods. To the best of our knowledge, no theoretical results for
one-shot methods are established under the presence of heterogeneity, i.e.,
multiple data distributions in the system.

CF'L has been studied in [28], [29], [30], [31], [32]. [28] and [29] propose
similar methods, that iteratively estimate cluster membership and perform
model updates. [29] show an exponential convergence rate up to an error
floor that is order-optimal up to a logarithmic factor, in the number of sam-
ples and users. [30] propose a robust algorithm for CFL, under the presence
of adversarial users. If there are no adversarial users (the setting that we
consider in this paper), the method is order-optimal up to a logarithmic fac-
tor. [3I] propose a method for CFL that can be applied to any standard
FL method, as a fine-tuning step. The method is based on successive bi-

!The method [I8] provides a theoretical analysis under heterogeneous settings. How-
ever, the method is not a general learning method, but a method designed for clustering.



partitioning of the current set of users, based on cosine similarity and does
not require prior knowledge of the number of clusters K. However, when a
bi-partitioning is performed, each partition needs to do a full FL training on
the newly formed partition/federation, potentially requiring multiple rounds
of model re-training and communication. [32] propose a method that aims to
simultaneously infer the clustering of users and train models. The proposed
method does not require knowledge of K and establishes explicit conditions
under which the true clustering can be recovered. All of the methods re-
quire potentially many rounds of communication and model training. The
methods [28], [29] and [30] require multiple communication rounds and prior
knowledge of the number of clusters K. While the methods in [31] and [32]
do not require knowledge of K, they require many rounds of communication.

Contributions. In this paper we propose a one-shot method for CFL,
that is able to deal with system heterogeneity. We study the convergence
guarantees of the method, in terms of the MSE with respect to the number
of samples, as in [14], [29] and [30]. Our contributions can be summarized
as follows:

1. We propose a one-shot method for CFL under the presence of mul-
tiple data distributions (i.e., system heterogeneity). The method is
communication efficient, by only requiring one round of communica-
tion. Moreover, the proposed method does not require knowledge of
the true number of clusters K.

2. We show that, for strongly convex costs, the method achieves the
order-optimal MSE guarantees in terms of sample size, i.e., it matches
the order-optimal MSE guarantees of centralized learning, provided
that users have sufficient number of samples. This establishes regimes
in which communication beyond the first round is not necessary for
achieving order-optimality.

3. We show that, compared to existing methods, our algorithm reduces
communication cost by a factor of O (%log (%)), while improving
the rates by a factor logarithmic in the number of samples and users.

4. We explicitly derive the expression for the requirements on the number
of data points for the users to achieve the order-optimal MSE rate and
show how it depends on various system parameters, like the size of
clusters, difficulty of the clustering problem, as well as problem related
parameters (e.g., strong convexity constant).



5. We propose a method for discovering the underlying clustering struc-
ture of the users and establish conditions under which the method
recovers the true cluster membership. The proposed method does not

require prior knowledge of the true number of underlying distributions
K.

6. We verify our theoretical findings via numerical experiments on linear
regression problems, showing the proposed method achieves the order-
optimal MSE rate and matches the performance of oracle methods that
know the true cluster membership beforehand.

Paper organization. The rest of the paper is organized as follows.
Section [2] introduces the relevant background and formally states the prob-
lem. Section [3] describes the proposed method. Section [ presents the main
results of the paper. Section [5] presents numerical results. Finally, Section [0]
concludes the paper. The reminder of the section introduces the notation
used throughout the paper.

Notation. The set of real numbers is denoted by R, while R? denotes
the corresponding d-dimensional vector space. N denotes the set of positive
integers. (-,-) denotes the Euclidean inner product and || - || denotes the
induced norm. In a slight abuse of notation, we will also use ||-|| to denote the
corresponding matrix norm. [m] denotes the set of positive integers up to and
including m € N, i.e., [m] = {1,2,...,m}. For a collection of sets {S } e[k,
we use S to denote the k-th largest set. The notation O(-), (-) refers
to the standard "big O" and "big Omega" notation, respectively, i.e., for
two non-negative sequences {a,}nen and {b, }nen, the relation a, = O(by,)
implies the existence of a global constant C7; > 0 and n; € N, such that
an, < Ciby, for all n > ny, while a,, = Q(b,,) implies the existence of a global
constant Cy > 0 and ngy € N, such that a,, > Csb,,, for all n > ns.

2 Problem formulation and preliminaries

In this section, we begin by formally stating the problem of interest. We in-
troduce some assumptions and discuss their implications. In Subsections|2.1
and we introduce the method from [I4] and convex clustering, respec-
tively. We begin by introducing the notions of population and empirical
loss.

Consider m users, ¢ = 1,...,m, that participate in a federated learning
system. The goal of standard FL approach is to train a shared model, by



solving , where F; : © — R is the population loss of user i, given by
Fy(0) = Ex,~p,[£(6; Xi)). (2)

Here, © C R¢ is the parameter space, D; is the data distribution of user i,
X; € X is the data generating random variable distributed according to D;,
X c R? is the data space, while £ : © x X — R is a loss function.

In practice, users only have access to a finite data sample, hence the aim
of federated learning systems is to solve

argmin £(0) = — 3 fi(0), )
1=1

0cO

where f; : © — R is the empirical loss of user i, given by
1 &
fi(8) = Ezg(‘%l‘i]’)- (4)
(] le

Here, n; € N represents the number of data samples available to user 4, while
xy; € X, j =1,...,n;, represents independent, identically distributed (IID)
samples available to user 4, sampled from the population X;. However, as
we proceed to argue in the reminder of the section, solving — is not an
optimal approach under the presence of strong user heterogeneity. To that
end, we formally state the main assumption used throughout the paper.

Assumption 1. There exist K different data distributions in the system,
with 1 < K < m, such that each user samples their data from only one
of the distributions, i.e., for each i € [m|, we have D; = Dy, for some
k € [K]. Moreover, the population optimal models of each cluster 65 =
argming, cq Fi(0k), k € [K], satisfy

in || — 0| > 0.
gl;;llk K>

Denote by D the minimal distance between population optima of different
distributions, i.e.,
D= min |65 — 67| > 0.
kl€[K], k£l
Assumption provides a natural partitioning of the set of all users [m], given
by
Cr = {i € [m] : user i’s data follows distribution Dy}.

We then have Uy (xCr = [m] and Cr N Cp = 0, for all k # . We will denote
the resulting partition of [m] by C, i.e., C = {Cy }rex)-
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Remark 1. Assumption [1] can be interpreted as a measure of distance be-
tween different distributions. Intuitively, it states that the optimal model
corresponding to one of the K different populations will not be a good model
for any other population. In general, Assumption [1] can be relaxed, to allow
for existence of m different distributions, one corresponding to each user,
while requiring that some of them are sufficiently close. We refer the reader
to Lemma[7 in the Appendiz, for a formal result of this argument.

Remark 2. Assumption [1] also gives a lower bound on the error caused by
using models coming from different clusters. To see this, let i,j € [m] be
two users such that i € Cy, j € Cy, k # 1 and n; > nj. If user j, due to a
lack of available samples, decides to use the model trained by user i, given by
é\i = argming, g fi(6;), then the error stemming from such an approzimation
is

16; — 0711 = 1165 — 07 [| — 1I6% — 0ill- (5)
By Assumption the first term on the right hand side of is lower bounded

by D. For the second term, under certain regularity conditions (to be for-
malized below), we can apply results from learning theory, e.g., [33], to get

—~ N 1

16 — 071 m—a(m).
The above equation tells us that the error floor of using a model from a dif-
ferent cluster grows with both D and the number of samples available to user
ICwl
IC k)l
that allows our method to achieve order-optimal MSE rates, the error floor
wn the ideal case of balanced cluster sizes becomes

~ 1

0; — 07| >2—-Q =Q(1),

18,61 >2 -2 (=) =20
thus showing that the error of using a model coming from a different cluster
has a constant error floor.

i. For example, as we will show in Corollary|1| ahead, for D > 2 > 2

Under Assumption , the population loss in can be rewritten as

G
F(0) =y CEF(0). (6)
k=1

Similarly, the empirical loss in can be cast as
K
|Ck|
70) =32 SEgi(0), (7
k=1
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where g : © — R is the cluster-wise loss

%@=K%§jmw

1€Cl

Note that both @ and have a clear clustering structure. These formu-
lations suggest a natural approach model training, where the goal is to find
K different models, one corresponding to each cluster. Thereafter, each user
from the cluster is assigned the cluster-wide optimal model. Formally, the
goal is to find K models, by solving

31
. k
arg min — g (O)- (8)
01,050 f— M

To see why such an approach is optimal recall that, for a user i € Cf, the
optimal population model is given by ¢} = argming, cg Fi(0)). If we denote
the empirical risk minimizers (ERMs) as 6; = arg ming, cg fi(0;), under some
regularity conditions (to be formalized below), we know from, e.g., [33], that
the following MSE guarantee holds

~ 1
E *_i2: .
I 82 =0 ().

(3

where n; is the number of samples available to user i. Let 6’Ak be minimizer of
the empirical cluster-wise cost, i.e., 0y = argming, cg 9k (0r). We then have
the following MSE guarantee

~ 1
B0 — 0l = 0 | =——— | .
Zz‘eCk n;
1

which shows the clear benefits of clustered learning, as o

i€Cy
i € Ck. On the other hand, by Assumption [I]and cluster design, the benefits
of further merging (and/or modifying) the clusters, in terms of sample size,
can potentially be significantly outweighted by the distribution skew between
two different clusters (recall Remark [2]).

We now state the rest of the assumptions used throughout the paper.

< o, for all

Assumption 2. The parameter space © C R% is a compact, convex set, with
0; € int©, for all k € [K].

Remark 3. Assumption[dis a standard assumption on the parameter space
in statistical learning literature, e.g., [T4l], [33], [34)]-



Remark 4. Assumption [ implies the existence of a global constant R > 0
such that, for all 8 € ©
10]] < R.

Assumption 3. For any fized x € X, the loss function £(-;x) : © — R is:
1. Nonnegative, i.e., for any 0 € O, £(0;x) > 0.
2. Conver, i.e., for any 0,0’ € ©, we have

00 52) > 0(0;x) + (VL(O;x),0 — 0).

3. Smooth, i.e., there exists a constant L > 0 such that, for any 6,0" € ©,
we have

00 2) < U(0;2) 4+ (VE(b;2),0" — 6) + gH@’ -0

Remark 5. Assumption[3 requires £ to be non-negative, convex and smooth.
It is a straightforward exercise to show that this in turns implies non-negativity,
convezity and smoothness of all of F, f, Fy, and g, k € [K] and f;, i € [m].

Remark 6. Note that the constant L for the smoothness condition is in-
dependent of the choice of x, i.e., L is a global constant that holds for any
choice of x € X.

Remark 7. Recall that, under convezity of £, the smoothness condition is
equivalent to Lipschitz continuous gradient of £, i.e., for any fired x € X and
any 0,0 € ©, we have

IVE(0;x) — VL@ 2)| < L|j0— ']

From Remark [7] we can see that, for each fixed = € X, the gradients of
¢ are continuous. Using the compactness of ©, we can conclude that ¢ has
bounded gradients over ©, for any fixed x € X. Denote by S the global
gradient bound, i.e., S = sup,cy, geo [|VL(O;2)||.

Next, from Remark 5| and compactness of ©, we can conclude that each
Fy, k € [K] and each f;,i € [m], have bounded gradients on ©. Denote the
corresponding gradient bounds by G, and Gy,, respectively, ie., Gp =
maxgeo ||VFi(0)|, k € [K] and G, = maxgee ||V fi(#)], 7 € [m]. Appealing
to the mean value theorem, we can conclude that Fj, is Lipschitz continuous,
with constant G, k € [K].

The next assumption considers the behaviour of the cluster population
losses Fy, k € [K].

10



Assumption 4. For each k € [K], the population loss Fi,(0) = Ex,~p, [£(0; X))
is strongly convex, i.e., there exists a constant pp, > 0, such that, for all

0,0 € ©, we have
FL(0') > Fi(6) + (VEL(0),6' = 0) + 5216 — 0'|”

Remark 8. In addition to requirements of Assumption[3, that implies con-
vezity of each Fy,, we require them to be even "better" behaved, i.e., we require
them to be strongly convex. This will facilitate the rest of the analysis and
allow for stronger bounds to be obtained.

Assumption 5. For each k € [K], there exists a neighborhood U = {6 €
O : [|0 — 0|l < pr}, where 0 = argming, cq Frx(0k), px > 0, such that, for
any fixed x € X, the loss ¢ has Lipschitz continuous Hessian, i.e., there exists
a constant P, > 0, such that, for any 0,0" € Uy, we have

V26(6; 2) — V20(0'; )| < P60 — 0]

Remark 9. Assumption [9 requires each population loss to be well-behaved
in a neighborhood of the optimal model. Akin to Assumption C in [T, this
assumption is required for averaging methods to work. We refer the reader
to [14)] and references therein, for an elaborate discussion on this requirement.

Note that, for each k € [K], the set Uy is compact. Using the continuity
of the Hessian on Uy, via Assumption 5, we can conclude that the Hessian of £
is bounded on all U, k € [K]. Denote the bounding constants as Hy, k € [K],
ie.,

Hy = sup,cv, geo V260 2)]), k € [K].

Assumptions are standard in the literature, e.g., the reader is referred
to [14], [34] and the references therein. The authors in [I4] require that the
population loss be strongly convex only in a neighborhood of the optimal
model, which is more relaxed than the requirement of Assumption 4l How-
ever, this condition is required in [34], whose results we apply to construct
a high probability bound in the following sections.

Note that the formulation implicitly assumes the knowledge of the
true clustering structure. In reality, the distributions and their associated
clustering structures are not known. Moreover, even the exact number of
different distributions, K, is typically not available. Therefore, the formu-
lation is impossible to obtain and solve in practice. In what follows, we
propose a method that is able to deal with these issues, by correctly identify-
ing the true clusters and producing models that offer the same order-optimal
MSE guarantees, as the models with knowledge of the true clustering struc-
ture, obtained by .

11



2.1 The method from [14]

The authors in [14] study the problem of finding the optimal model for (T,
under the assumption that all the distributions are the same, i.e., Dy = D,
for all k € [K]. They propose the following two-step method, that requires
only one round of communication:

~

1. Each user ¢ obtains a local model 0;, by solving
f; = arg minycg fi(6) and sends it to the server.

2. The sever receives the local models and produces the final model by
averaging, i.e., 0 = L3 0,

Assuming n; = n, i € [m], for some n € N, the authors show that, when
n > m, the method results in the order-optimal MSE, i.e., we have

Ef— 6|2 =0 <1> .
mn

Here, 6* = argmingcg F'(0) is the optimal model for the entire population.

2.2 Convex clustering

Convex clustering is a well-studied approach to clustering, e.g.. [35], [36] [37],
wherein the clustering problem is formulated as a strongly convex opti-
mization problem with group lasso regularization. As such, the method
is guaranteed to have a unique solution and, moreover, does not require
knowledge of the true number of clusters K. Formally, for a given dataset
A={ay,...,a,} C R? the problem of convex clustering is formulated as

arg min *Z”az —UzH2+)\ZHUz ujll, (9)

Ul,.- ,UnER i<j

where A > 0 is a tunable parameter. Let V = {Vj}i¢x] be a partition of
A, such that Upeg)Vi = A and Vi N V) = 0, k # [. The authors in [37,
Corollary 7] show that, if A satisfies

diam(Vy,) [c(Vi) — c(VD)l

max ZUVE) oy o pip 1K) Z AR 10
I AR S TR AR 1o

the partition, i.e., the clustering, is recovered, in the sense that, for a mapping
P(zi) = uf, we have uf = u; for all i,j € Vi, and uj # uj, for all i € Vj,
jeV,k 75 l. Here, {u * o= {uf (N} is the (umque) optimal solution
produced by (9), diam( S) = max{||z — y|| x,y € S}, is the diameter of a
set S C RY, while ¢(S) = ﬁ Y zeg T, is the centroid of S.

12



3 Algorithm design

In this section, we outline our one-shot algorithm for FL in heterogeneous
environments. Subsection describes the proposed one-shot method. Sub-
section [3.2] outlines some considerations when applying the method in prac-
tice.

3.1 The proposed method

In order to deal with the presence of multiple data distributions, we propose
a method that works as follows:

1. Each user ¢ obtains a local model gi, by  solving
0; = argming, .o fi(¢;) and sends it to the server.

2. The server receives the local models {@};’;1, chooses a value A > 0
(check Subsection ahead) and runs the convex clustering algo-
rithm @, with the local models as inputs, resulting in K’ clusters

CI e {C]/c’}k‘/E[K']'

3. The server then averages the local models according to the resulting
clusters, i.e., for each obtained cluster Cj,, k' € [K'], the server per-

1 n
forms Gk/ = W ZiEC’I'C/ 02.

4. The server then sends the models to each user, corresponding to their
cluster assignment, i.e., each user i € C}, receives the model 0.

Note that the main difference between the method in [14] and the pro-
posed method is in step 2, where the server performs clustering of the models.
This step is necessary, as we aim to identify the true clustering structure,
and produce a model that maintains the guarantees of the clustered ap-
proach . We chose the convex clustering method, e.g., [37], [35], as it
does not require knowledge of the exact number of clusters K. Note that, if
knowledge of the number of clusters was available, a simpler algorithm, like
K-means, e.g., [38], [39], or gradient clustering, e.g., [40], can be applied.

3.2 Practical considerations

The lower and upper bounds in the recovery condition both depend on
the recovered clustering, which in turns depends on the value of A, via @
This shows that (and ahead) can only be verified in "a posteriori"
manner, after @D is solved. Therefore, choosing an appropriate value of A

13



can be difficult in practice. In this subsection we provide an algorithm that
includes practical guidelines on choosing an appropriate value of the param-
eter A, elaborating on step 2) from the previous subsection. The algorithm
works as follows:

1. Each user ¢ obtains a local model é\i, by  solving
0; = argming, g fi(6;) and sends it to the server.

2. The server receives the local models {@}i’;l and chooses a range of
strictly increasing values of A\, {A1, Ag,..., AN}, such that solving the
convex clustering problem (9) results in the number of clusters K, sat-
isfying K\, = m and K, = 1El The server runs the convex clustering
algorithm for each value of A\; and verifies the condition .

(a) If the condition is verified for some values of \;, the server
takes a value \; (and the associated clustering) such that the same
number of clusters K, is recovered for the largest number of A;’s
verifying .

(b) If the condition is not verified for any value of \;, the server
takes a value \; (and the associated clustering) such that the
violation of the condition is minimal, i.e., take a \; such that
the difference between the associated lower and upper bounds is
the smallest.

3. The server then averages the local models according to the resulting
clusters C' = {C}, }we[k7, i-e., for each obtained cluster Cy,, k' € [K'],
the server performs 6 = \TI,Q,I ZieC;, 0;.

4. The server then sends the models to each user, corresponding to their
cluster assignment, i.e., each user i € C}, receives the model 6.

The procedure in step 2 is known as "clusterpath", e.g., [36]. The intu-
ition behind it is to either take a value of A that results in a clustering that is
the likeliest to be "true", or to take a value of A\ for which the resulting clus-
tering is the likeliest to be "close" to a true clustering. Note that in general,
the recovery guarantees of convex clustering hold only when A satisfies ([10)).
However, in practice, convex clustering is known to perform well even when

2From the formulation of convex clustering @, it is obvious that, for A\ sufficiently
small, the optimal solution is going to be uj = a;, i € [m], i.e., Kx = m. On the other
hand, the authors in [4I] show that, for A sufficiently large, we have K = 1. Hence, the
choices of A guaranteeing Ky = m and K, = 1 always exist.

14



the condition is not met, e.g., [37] show that exact clustering can be
recovered even for values of A not in , with, e.g., [36], [42], validating the
performance on real data, without the knowledge of .

4 Theoretical guarantees

In this section, we present the theoretical guarantees of the proposed method.
In this section, for the sake of simplicity, we assume n; = n, for all ¢ € [m)].
Subsection 1] introduces some technical details and lemmas used in our
work and presents the main result of the paper. Subsection offers a
detailed comparison of our method with the method from [29]. Subsection[d.3]
presents the MSE guarantees if the exact solutions of the local empirical risks
are replaced by approximate ones.

4.1 Main result

Specializing to our method, we can see that, for the clustering in step
3 of our approach to be correct, i.e., to have K’ = K and for all k € [K],
a unique k' € [K'] to satisfy C}, = Cj, we need the following condition
satisfied Giam(W W -
am(We) _ - fle(Wi) = (W)

max ,
kelk]  [Wi| T kféé{ﬁm—lml—lml

(11)

where W, = {Hi (i€ Ck}, k € [K] is the cluster containing the ERMs of

all users belonging to cluster Cj. Using the definitions of diam(-), ¢(-) and
Wi, k € [K], we get that is equivalent to

max M < A< min Hgk _ EZH . (12)
kelK],ijeCr  |Ckl kA 2m — |Cy| — |
k,l€[K]

Remark 10. Note that in general, condition (and equivalently )
might not hold. However, in what follows, we consider all the possible out-
comes and quantify the probability of being satisfied.

Next, we state some important results used in the rest of the section,
from [14] and [34].

Lemma 1 (Theorem 3 in [34]). Under Assumptions for any k € [K],

any i € C and any 0 < § < %, € > 0, with probability at least 1 — 29, we
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have

16R2LC(,0) | BRIV Ai(0)]log 3
n n

+ <8RL + Gy, + W) ¢,

Fi(0;) — Fio(65) <

N 8LFy(07)log 2
KR,

where C(e,0) =2 (log% + dlog %).
Lemma 2 (Theorem 1 in [14]). Under Assumptions for each k € [K]

2 1
and Oy, = 177 > icc, Ui, we have

2Ek 5 2
+ ——— (H{logd + Ei) E
n|Cy| M%ﬂ‘?( ko8 k) B

e (|ckr1n*2) +On),

E[fx — 05> <

where By, = E||V2F,(07)~1Ve(05; X)|)2.

Note that the original results in [14] and [34] concern the global pop-
ulation loss and the corresponding empirical loss . These directly
translate to each individual cluster in our framework, i.e., to each compo-
nent in . Additionally, note that Lemma [2 assumes knowledge of the true
clusters C, as the averaging is performed across the true clusters.

We are now ready to state the main result of the paper.

Theorem 1. Let Assumptions hold. If the number of samples per user
satisfies n > 3 and moreover
n__ 2M (2m — |Cig_1)| — |Cii)|)?
logn 1Cl)[P(D — 2v)? ’

where > 1 and 0 < v < % are tunable parameters, while M = M(B) =
max; jec, ke[k] Mik + Mjg, and for alli € Cy, k € [K]

64RL (log?2 + dlog6R + (d + 1)3)
HEy,
N 16LFk(9,:)2(log2 +5) n 16R||V fi(03)||(log 2 + B)
HE, WE,
N 2Gp, + 16RL (1 +1log2+ dlog6R + (d+1)p)
HEy,

M, =

)
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then, for any choice of A € [\/ 2M7110gn’ 2mCC(‘I((1)<|_(i|_2|B(K)>, we have that, for
all k € [K], the models produced by the proposed method achieve the MSE

2B, AKER?  AKR?|C|?
n|Ck| = n|Cr)ly? nf

logd Klogd 1
o(55) ro(TaF) o ()
K 1 K
0 (egare) +© (5s) +o (o)
where By, = E||V2Fp(05) 7'V X)|?, E = % Ypei Be and |C? =

%Zke[[ﬂ ‘Cklz-

Theorem [T] provides the MSE rate of the proposed method. If, in addition
to the conditions of Theorem [1} we have n > |C(y)[, then, for the choice of
B > 2, we have that the MSE rate is dominated by the first two terms, i.e.,

E[0r — 0;]1* <

2F,  AKFER?

+ . 13
n|Ck|  n|Cix)ly? (13)

Since 0 < v < % is a tunable parameter, if D > 2 \‘g((;ll’ we can choose
7= ||CC'Y<(;1())‘\, so that becomes

2B AKER?

n|Cy|  n|Cuyl

This observation directly leads to the following corollary.

Corollary 1. Let conditions of Theorem hold. If additionally D > 2 ||g((11<))||
and n > |Cy|, then for the choices of f > 2 and v = “g((;))l, we have the

following MSE, for all k € [K]

— 1
E||g, — 052 <O [ —— ).

Corollary [l shows that, if the populations are sufficiently separated, our
method can achieve the order-optimal MSE rate for each cluster, provided
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that users have sufficient number of samples available. This rate is equivalent
to the rate achieved by training a centralized learner on each cluster and
as we discuss in Subsection ahead, it is a stronger result compared to
the current literature, where the convergence rate depends on the size of
the smallest cluster, ]C( K)\. Remarkably, this is achieved with significant
communication savings, requiring only a single communication round. Some
remarks are now in order.

Remark 11. The MSE guarantees in Lemma[g are established without any
requirements on the sample size n. This stems from the fact that the method
from Lemmalg can be seen as an oracle method that knows the true clustering
structure.  On the other hand, the sample size requirement in Theorem []]
stems from the fact that our method does not know the true clustering, hence
a sufficiently large sample size that guarantees the true clustering can be
recovered, is required.

Remark 12. Recall that the parameters B > 1 and 0 < v < % are tunable.
From Theorem (1, we can see that both parameters offer a trade-off between
convergence speed and sample requirements. In particular, larger values of 5
and v result in faster convergence, at the expense of higher sample require-
ments.

Remark 13. Recall the condition on the number of samples, given by

n_ 2M(2m — |Cg 1)l — |Cix)|)?

where B> 1 and0 < v < % are tunable parameters, while M = max; jec, re(x] Mik+
My, and for alli € Cy, k € [K]

64R?L (log2 + dlog 6R + (d + 1)3)
KEy,
N 16 LF(05)(log 2 + B) N 16R||V f;(65)||(log 2 + B)
'U’%?k HFy,
N 2Gp, + 16RL (1 +log2 + dlog 6R + (d + 1)6)‘
pr,

M, =

We can identify three components of the condition that quantify the complex-
ity of different aspects of the system.:

o M - quantifies the difficulty of the learning problems, as it depends on
problem parameters, such as the dimension of the parameter space d,
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the smoothness and strong convexity parameters L, GF,, iF,, etc. It
also depends on the population minimal value Fy,(65) and the proximity
of the population and local empirical risks in the form of ||V f;(67)|l-
Hence, an easier learning problem tmplies smaller M.

2m—|C ) |—IC(k—1y])?
ICxy 2
example, when the clusters are well balanced, so that |Cy| = %, for
— _ 2
all k € [K], we have @G |1 Gue-n)” 4(K — 1)%, while in the

ICxl?
- o Cm—|Cu)|—ICk—_y)*
extreme case of |C )| = |Cx—1y| = 1, we have Co P =

- quantifies how well balanced the clusters are. For

4(m —1)2. As K < m, this again shows that balanced clusters are
favored over unbalanced ones.

o (D —27v)72 - quantifies the difficulty of the clustering problem. If D is
smaller, population optima corresponding to different populations are
closer to one another and it is more difficult to cluster the local ERMs
correctly, hence requiring more samples. On the other hand, for larger
D, the clustering problem becomes easier and we require fewer samples
per user for correct clustering.

IC )l
ICyl

When the clusters are well balanced, so that |Cy| = %, k € [K], our method
can achieve order-optimal rates if the minimal separation between population
optima of different clusters is D > 2, i.e., independent of any problem pa-
rameters. On the other hand, in the worst case, we can have D > 2v/m — 1,
if there are only two clusters Cy, Co, such that |C1| =1, |Ca| =m — 1.

Remark 14. Recall the condition on D in Comllary D > 2

Proof of Theorem[1. We start by noting that, for any event ¥, we have
E||6y — 651> = E[|6), — 6[*To + E|10x — 67 °Lu, (14)

where Iy is the indicator random variable. We now proceed to define a
specific event ¥ and establish the resulting bounds.
Applying Lemma [1| for the choice of § = € = n%’ for some 5 > 0, we get
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that, for all k € [K] and all i € Cj, we have

32R2LC(6,5) 16LFk(9*)(log2 + Blogn)
nyg, nUFk
. 16R[IVi(6;)l|(log 2 + Slogn)
nyLE,
(16RL + 26, + SHLCD)

16: — 6311* <

_|_

)

nﬁ,qu

with probability at least 1— B , where C'(¢,0) = 2 (log2 + dlog6R + (d + 1) logn).
Here, we used strong convexity of Fj, which implies

16— 631 < —— (@) — Fulop)

Fy,

Note that, for 5 > 1 and n > 3, the dominating term in , in terms of

105 ”) We can therefore upper-

bound the right-hand side of ((15] . by Mik log” , where My, i € Cy, k € [K] is
defined as follows

the number of samples n, is of the order O (

64R2L (log2 + dlog6R + (d + 1)3)

KU,
16LFk(9*)(10g 2+ 6) 16R||V £:(6%)||(log 2 + B)
'U’Fk HFy,
| 2Gr +16RL (1 +log2 + dlog6R + (d +1)8)
KE, ’

My, =

As % is an upper bound on the right-hand side of , we can therefore
conclude that, for any i € Cy, k € [K]

~ N M. logn 2
P (Hei — 07|12 < n) >1— 5 (16)

Next, define the events

2(M;y, + Mjg) logn
Ez’j—{ H6; - 85)% < — :

M. logn
1= {6 - gy < M B
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for all 7,5 € Cy, i # j, k € [K]. Noting that
16:; — 0511* < 2(10; — 0 [1* + 21165 — 6511,
we can conclude that, for all i,j € Cy, k € [K]

For ¥ = N jec, izjke[k]2ij> we then get the following bound

P(T)>1— > P =1- > PTinTy)e)

£ C1#E]
1,JECY 1,jE€ECK
ke[K] ke[K]
4 2
>1- Z 213 Z |C| (ICk| — 1)
i#] ke[K]
ke[K]
2
>1- 2K|C| ,
nB

where |C)2 = + > kelK] |Ck|?, the first inequality follows from the union
bound, the second inequality follows from , while the third inequality
follows from the union bound and . Next, for any k,l € [K], we have
that o B B

10k = Oull = [16% — OF || — 110k — 0%l — 116: — 671 (18)
For any v > 0 and any k € [K], applying Chebyshev’s inequality and
Lemma [2| we get the following bound

n. _ nx||12
< E|0 29kH < 2E, :
¥ n|Cly

5 (H}logd + Ey) Ey, < 1 > ( 1 >
+ +O0( s | +O (]
W |Cleln?y? niy?

P([10x — 05l > 7)
(19)
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Define the event A = Nyexy {w : [0 — ]| < ~}. We then have

P(A) =1~ ) P([[6k — 63l >7)

kE[K]
2F 5(H?logd + Ej) E,
2 (”ICJWQ = kuzg n?y? o
ke[K] B

1 1
o (ICk\n272> o <n372> )

ok B 5K (H*logd+ E) B

n|Cxe)ly? pg  n2y?

K K
—ol—— Yo ="
(i) =2 (7).

where E = %ZkG[K] Ey, H? = %Zke[}(] H}, Emax = maxyepr] Ep and

Py = Minge(g] pr,- Recall that D = mingy [|0F — 0f[|. Applying , we
then have that on A, for any k,[ € [K]

>1

10k — 6.]| > D — 27, (20)

which is valid for any v < %. Next, notice that on X, for all 4,57 € Cj,

k € [K], we have

18— 3y < o 20t M) ogm, 21)

Plugging and in , we get that the true clustering can be recov-
ered if

2M logn < |C(K)’(D —27)
n 2m — |Cg—1)l = |Cx)l’

where M = max; jec,, kejx)(Mix + Mj). For to hold we need the
number of samples per user to be such that

(22)

no_ 2M (2m — |Cg—1)| — |Ci)|)?
logn 1Cl) [P(D — 2v)?

(23)

We then have that on ¥ = X N A, if the number of samples per user satis-
fies , the true clustering can be recovered and Lemma [2| applies to our
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method. On the other hand, we have
P(V) = P(3) +P(A) —

ok 5K (H*1ogd+ E) B
n2

>1-

2

n|Cx)|v? g nPy

K C|?
o K N\ _g K\ 2K|C| ’
|C ) In?y? ny? n’
which implies

OKE 2K|C|2 K
P(TC) < -
) < LCmh? TP “9(10 T2y )

5K (fﬂlogd—kf‘?) Ernax —|—(9< K2)

+
,LL% ' n272

Combining everything in (14), we finally get
E[6x — 0} < E|6 — 65]° 1y + R*P(T°)
2B, 2K ER? 2KR2\CP ( )
~ |Gyl n|Cu |2 |Cr|n?

5E RQK EIn x
s (HRlogd + By) + ~5——2 ([ logd + E)
Fk mm
K 1
+0 () +0 < > +0 ( >
|C ) In?y? n? 3y?
for n satisfying (23). O

4.2 Comparison with order-optimal CFL methods

In this section we compare the results from Theorem [1| with the guarantees
of other CFL methods. As discussed in the Introduction, many methods for
CFL have been proposed, with various requirements and guarantees. For
example, we can split the methods into the ones requiring knowledge of the
number of clusters K, e.g., [28], [29], [30] and the ones not requiring it,
e.g., [31], [32]. On the other hand, we can split them into the ones that
estimate the true clustering iteratively, e.g., [28], [29], [31], [32] and the ones
that perform clustering only ones during training, [30]. While all the pro-
posed methods offer certain advantages (as illustrated by the previous clas-
sification), we specifically compare our method with two methods, namely
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Iterative Federated Clustering Algorithm (IFCA), from [29], and the method
from [30]. The main reasons for comparing with these specific methods are:
1) both methods analyze their performance in terms of statistical guaran-
tees; 2) both methods are order-optimal, up to logarithmic factors and 3)
both methods derive explicit requirements for the number of communication
rounds. In what follows, due to some similarities of the methods and their
performances, we will provide a detailed outline of IFCA, while highlighting
where [30] differs significantly.

IFCA is an iterative algorithm for CFL that alternates between the fol-
lowing two steps: inferring cluster membership and updating the models. To
that end, IFCA is initialized by first producing K different models {69} ke[K]»
where the superscript denotes the iteration counter. The method then pro-
ceeds as follows, for t =0,...,T — 1:

1. The server broadcasts {0}, }re[x] to each user.
2. Each user evaluates the models on their local data and chooses the

model 01(51')’ where (i) = arg ming ) fi(6},)-

3. Each user computes the local stochastic gradient gf = \Y fi(Gfi)), eval-

uated at 97(52.). Users send the gradients back to the server, along with
L (i)=3J
0, (i) #3

a one-hot encoding vector s; € RX such that 8ij = {
notifying the server which model was updated by user 1.

4. The server forms clusters of users that updated specific models, based
on the received tokens {s;};c[m and performs the model update, i.e.,

t+1 _ gt 1 t - - Qe OF —
0, =0, — e ZieC}i g;, where a > 0 is the step-size, while C}, =
{i € [m] : s; = 1} is the cluster of users that updated model k at
iteration ¢.

On the other hand, the method in [30] can be seen as a modular method,
as it depends on the following three steps:

1. Each user trains the local ERMs and sends them to the server.
2. The server performs a clustering procedure.

3. A FL algorithm is run on the resulting clusters for T iterations to
produce the final models.
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From the algorithm above, we can see that both IFCA and the method [30]
require knowledge of the true number of distributions K (or at least a good
estimate), which is typically unavailable or would require running a separate
learning algorithm in practice (e.g., community detection). Secondly, both
require T’ rounds of communication, whereas our method requires a single
round of server-user communication. Comparing to our algorithm, IFCA al-
leviates the computational requirements on the server side, by only requiring
the server to average the received models. On the other hand, our algorithm
assumes that the server has enough computation resources to run the con-
vex clustering algorithm and perform inference on the underlying clustering
structure, significantly decreasing the communication cost.

Assumptions. Similarly to our algorithm, IFCA assumes that the pop-
ulation risks Fj, k € [K] are L-smooth and pp, strongly convex. The
method [30] requires a stronger assumption - namely, that the loss func-
tion £ is strongly convex. Additionally, IFCA assumes bounded variance of
¢ with respect to all Dy, k € [K], i.e.,

Ex~p, [(€(6; X) — Fi(9))?] <07,

for some n > 0. Intuitively, this assumption is made to ensure that the
empirical loss f; of user ¢ € C} stays close to the true population loss Fy,
enabling clustering inference via the local loss. An additional assumption
made by IFCA, that is required for the convergence of the algorithm is
sufficiently close initialization, i.e., for all k € [K], the authors require

1 HE. .
00_ * < - _D min
168 - 651 < (5 - a0 Dy 5.

where ag € (0, %) is a tunable parameter that determines the proximity of the
initialization to the true population optima. Note that such an assumption
is quite strong, as it requires ||0) — 05| < 3D, for all k € [K]. In order to
find such an initialization, the knowledge of underlying clusters, as well as
D, would have to be available. The method [30], like our method, does not
require such an assumption. IFCA requires three further assumptions:

L |Cul 2 log(mn)ﬁ i.e., the size of the smallest cluster has to grow at
least logarithmically in the number of total samples available in the
system;

3Note that the authors in [29] use n' = 57 in their theoretical analysis, i.e., they
require that each user contains n = 27'n’ samples and all conditions in the original paper
are expressed in terms of n’. However, for the sake of simplicity, we will represent the
conditions in terms of n, effectively reducing the original sample size requirement by a
factor of 27'.
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2
> Knpt
2' nr\J a%y{% D4>

min

i.e., each user contains a sufficient number of samples;

3.D>0 (max {ao_%n_%, ao_l/sm_l/"'n_l/3}>, i.e., the population opti-

mal models across different populations are sufficiently well separated.

Here, the operator x 2 y indicates the existence of global constant C' that
does not depend on the problem parameters, such that = > C'y (the operator
x < y is defined similarly), while O(-) hides logarithmic factors that do
not depend on m and n. On the other hand, both our method and the
method [30] do not require any assumptions on the separation parameter D
or on the size of the smallest cluster |C(g|, effectively covering the cases
for which IFCA might fails, i.e., highly unbalanced clusters, e.g., |C(x| =
O(1) and small separation between optimal models of different populations.
Comparing the requirements on the number of samples of our method, IFCA
and [30], we have, respectively,

no_ 2M (2m — |Cig_1)| — |Cii)|)?
logn 1Cly (D = 27)? ’
Kn?

7.9
QM

min

nZ o
. G%.  Llogm

- 3 )
HE,

min

where G, = maxpe(kja p,- We can first see that that for our method, the
requirement is expressed in terms of 7/logn, which, for n > 3 is always more
relaxed than placing requirements directly on n. Comparing the right-hand
sides of the inequalities, we can see that the dependence of IFCA on K is
(2m—|Cix_1)|—IC(r)|)?
IC iy |?
to 4(K — 1)? in the best case, while being 4(m — 1)? in the worst case. The
method [30] depends logarithmically on m. For D > 1, the dependence of
IFCA is again better, while, for D < 1, our method has a much better de-
pendence. Finally, the dependence on the problem parameters, encapsulated

evaluates

much better, as (recall Remark the term

in M, are again better for IFCA, as typically one would expect M > 2772 )

Frin
However, we stress that IFCA and [30] are iterative algorithms, allowing
for multiple rounds of communication, whereas the method we propose is
a one-shot method. Therefore, the higher requirements on the number of
samples are to be expected, but uncover regimes in which communicating

beyond one round to achieve order-optimality is redundant. Additionally,
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our method does not require knowledge of K, while both IFCA and [30]
assume the knowledge of the true value of K. All of these facts lead to less
strict requirements of IFCA on the number of samples per user, with respect
to different problem parameters (in some cases).

Guarantees. The guarantees of IFCA are given it terms of high prob-
ability bounds, while our guarantees, expressed in terms of the MSE, are
sharper. IFCA provides the following guarantee (Corollary 2 in [29]): after
T = %bg (%) communication rounds, with probability at least

165 — Oxll < <,

where

_ < OmaxK Llog(mn) (7/iCus))’

~ 1
S (9< >
) 5 / C n+/m

%_nzb%WVanD2kﬂogUnn)
'ul}l?min 5D4n .

We can see that, assuming n > |C(y)|, the dominating term in (24) becomes

log(mn)

\/PCx)l ,

for all k € [K], which is almost order-optimal, up to a logarithmic factor and
dependence on the smallest cluster size. The guarantees of [30] are similar,

i.e., via Theorem 1 in [30], we have that: after T'= O (L+“Fmax log (Fhpax ))

H min

communication rounds, with high probability, for all k € [K]

I
l6F —op <o | —222 )
V' 1|Ckl

On the other hand, from Theorem |1} for n > [C(y)|, we have

165 — 0%l = ©

1

/1 Cu| ’

for all k& € [K], which is almost order-optimal, with the dependence on
the smallest cluster size. Therefore, we can see that our method removes

E[|0x — 0%l = O
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the logarithmic dependence on the total number of samples, of both IFCA
and [30], while simultaneously reducing the communication cost by a factor

of O (% log (%)) with respect to IFCA (and similar with respect to [30]),

. L . C .
> 1 is the condition number, while p = a0l < 1 is the

m

L

where Kk =

min

fraction of users belonging to the smallest cluster, reflecting the difficulty of
the clustering problem.

However, we can see that Theorem [I] provides guarantees in terms of
the size of the smallest cluster, |C k)|, while Theorem 1 in [30] provides the
guarantees in terms of the true cluster size |Cy|, for each k € [K]. Applying
ICw)
ICry 1’
individual cluster sizes of [30], while removing the logarithmic dependence
on the total number of samples, thus achieving the order-optimal rate

Corollary for D > 2 our method matches the dependence on

1

/7 Cm)|

for all k£ € [K], while still providing a reduction in communication cost by

E[|0y — 0;ll = O

a factor of O (% log (%)) Hence, we can see that our method provides

order-optimal convergence guarantees, improving on the guarantees of both
IFCA and [30] by a factor logarithmic in the total number of samples in
the system. Remarkably, this is achieved while simultaneously reducing the

communication cost by a factor of O <% log (%)) and without requiring any

knowledge of the underlying structure, while both IFCA and [30] assume
knowledge of K.
4.3 Inexact ERMs

In this section we consider replacing the ERM model 6; = arg ming g fi(0:),
i € [m], by an inezact estimate, i.e., an estimate 6; € ©, such that

for some € > 0. To that end, we need an additional assumption on the strong
convexity of the empirical losses f;, i € [m].

Assumption 6. For alli € [m] the empirical loss f; is strongly convez, i.e.,
there exists a constant g, > 0, such that, for all 6,0' € ©, we have

F(0) = £:06) + (V£i(0),0' = 0) + EL 1o — 0/,

28



Denote by py = minge(m,) iy, -

Remark 15. Note that in general, Assumption [0 allows for the loss func-
tion ¢ to be convex, as long as the average across local samples, f;(0) =
%Z?:l 0(0; xi5) is strongly convex.

Assumption [6] allows for each user to apply iterative solvers, to obtain
parameters /0\2 that satisfy . A standard choice is the stochastic gradient
descent (SGD) algorithm [43]. SGD follows a simple update rule, given by

(9t+1 — et _ ntgt’
where 6! is the estimate of the parameter of interest at iteration ¢, ' is the
step-size and ¢’ is a stochastic gradient, evaluated at 6°.

SGD can be implemented in both the online setting, where users only
have access to a single stochastic gradient at a time and in the batch setting,
where users have access to the entire local dataset. Additionally, SGD offers
the most general guarantees with respect to the mini-batch size and can be
implemented even with a mini-batch size of 1. We discuss at the end of the
section how different assumptions can allow for the implementation of more
efficient algorithms, in terms of the local iteration complexity per user. Next,
we state an additional assumption on the stochastic gradients of f;.

Assumption 7. For each i € [m] and all § € O, stochastics gradient g;
of fi, evaluated at 0, are unbiased, i.e., E[g;] = Vfi(0). Additionally, the
stochastic gradients have bounded variance, i.e., there exists a o; > 0, such
that for all 6 € ©, we have

Ellgi — V£i(0)|* < o}

Remark 16. Assumption [7 is standard in the analysis of stochastic algo-
rithms, e.g., [14), [35), [76).

Remark 17. Recall the discussion in Section[3 and Remarks[3{7, that imply
bounded gradients of f;, with constant Gy,. Combining with Assumption m
it then follows that, for all 6 € ©

Ellgi||* < 2E[lg; — Vfi(0)|1* + 2V £i(0)|* < 207 + 2G7,.
Define I'? := 202 + 2G?‘¢’ i € [m] and denote by I'? = mMaX;e ] r7. We

now state two well-known result on the convergence of SGD from [44], used
in the rest of the section.
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Lemma 3 (Lemma 1 in [44]). Under Assumptions 19 [3 [ and [ for all

i € [m)], if we set the step-size rule of SGD as n' L it holds for any

P
T >1 and any i € [m] that

412

Bl6Y — B < L.

1y,
Lemma 4 (Lemma 2 in [44]). Let Assumptions|[d, [3, [6 and[] hold and let
llgt||? < T2, with probability 1. Then, for alli € [ | and any 6 € (0,1/e), T
4, if we set the step-size rule of SGD as n' = u et it holds with pmbabzlzty
1-9, foranytE{S,...,T—l T} and cmyze[ |, that

)log (log(t)/s)

0 2
6t Bl < :

(121G +1
it

We are now ready to state and prove counterparts of Lemmas [1| and
when an inexact ERM estimator is used.

Lemma 5. Let Assumptions @ (mdlj hold and ||g*||> < T'? with prob-
ability 1. If each user runs SGD locally for T iterations, with the step-size

rule nt = u ——, to produce 9 , 1 € [m] and T is chosen such that T > 15 and

loglgg(T) > <1I2LI?: +8G(121G + 1)(1 + log(ls)) E%, then for any k € [K], any

1€Cpandanye>0,0<6< %, with probability at least 1 — 3§, we have,
for any i € Cy, k € [K]

16R2LC (e, §) | SRIVA©G) log 2
n n

4RLC&¢D>

Fi(67) — Fi(6f) <
N 8LF;(0}) log 2

HE, T
+€GFk,

€

+ <8RL +GpE, +
where C(e,6) == 2 (log 2 + dlog °£).
Proof. For any 6 € ©, any k € [K] and any ¢ € C}, we have

Fiu(0) — Fu(67) < ]Fk Fiu(0:)] + Fu(@:) — Fy(67). (26)

We can bound the second term on the right hand side of using Lemma
To bound the first term, we use Lipschitz continuity of Fj, (recall the discus-
sion in Section , to get

|FL(8) — F(8)] < G llo - Bl 27)
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Next, applying Lemma [ we have that, with probability at least 1 — §

log (log(T /6)

67— 8P < -

(121G + 1) ———+=
Ky

As T > 15, we can use the following upper-bound, with probability at least
1-96

1212 log log(T)
T

167 — ;) <
ni

+8G(121G + 1) <1 +log =

5) log log(T)

T

From the conditions of the Lemma, we can then conclude that
167 — 6ill < e. (28)

Plugging into and combining in , we finally get that, with
probability at least 1 — ¢

Fi(07) — Fi(0}) < eGr, + Fio(6;) — Fi(67).

The result is completed by applying Lemma [1f to the second term on the

right hand side of the final inequality. O
Lemma 6. Let Assumptzons hold and each user runs SGD locally for T
iterations, to produce 0F. If T > > , then for 0}, = |C | > ico, of, k € [K],
we have

4F 10
12 < ‘C’“, s

+0 <\Ck] n- ) + (’)(n_g) +e,

E||6) — 0% (Hl€ logd + Ey) Ej,

where By, = E||V2F,(07)~1Ve(07; X)|)?.
Proof. From Lemma , we know that, for each ¢ € [m], running SGD locally

2 . . .
for T > % iterations results in
¥

El67 — ;)% <. (29)

. . . o1 T
Define the across-cluster average of e-inexact approximations as 0, = e Zz’eCk 0;
We then have

E||0x — 611> < 2E|8x — 6;1|> + 2E[|6; — bk, (30)
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where 6}, = ﬁ ZieCk 5, We can bound the first term on the right-hand
side of using Lemma [2| For the second term, we use , to obtain

~ _ 1 -~
E|0x — Okl < = Y E6] - 0;])% = <.
‘Ck| 1€C

Combining the results and plugging in , we get

~ AR, 10
E|0, — 052 < —% + —— (H2logd + Ey,) Ej,
[ | A M%kng( k )

+O (|c,€|—1 n_2> L Om ) +e,
which completes the proof. O

Lemmas [5] and [6] give us the counterparts of Lemmas [I] and [2]in the case
where an approximate solution to the ERM is used instead of the exact one.
We can apply them to prove the following.

Theorem 2. Let Assumptions hold and ||gt||* < T? with probability 1.
If each user runs SGD locally for T iterations to produce QZ-T, i € [m] and the
number of samples per user n and the number of local iterations T are such

that n > 3, T > max {15, f};z} and moreover
¥

—1
n (D — 29)*|C i) |2
>2M —4eS
log <<2m —1Cuol =1k~ "
T 12172 1’
> 121G + 1)(1 + 81 =
loglog (T) = ( M?« +8G(121G+1)(1+ B 0gn)> =

where B> 1 and 0 < v < g are tunable parameters, Sp = maxXye(k] Tﬁ",
k
while M = M(8) = max; jec, re(x] Mix + Mji, and for all i € Cy, k € [K]

_ 64R?L (log2 + dlog6R + (d+ 1)3)
B HE,
| 16LFy(05) (1082 +8)  16R|Vfi(67)|(log2 + 5)
17, [F,
N 2GF, + 16RL (1 +log?2 + dlog6R + (d + 1))
HEy,

My,

9
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. 2M logn ‘C(K)KD 27)
then, for any choice of \ € {\/ +4eSF, 5— Co—nlICl | e have

that, for all k € [K], the models produced by the inexact method achieve the
MSE

2 4E,  4AKER? 3KR%CP?

E|6, — 05|12 < +
16 =0 < Siel + alCome T
10E 10R?2KE, ~ ~
Sy (HElogd + By) + —— "= (H*logd + )
ILLFkn MFminn ")/

1 K 1
+0(1amm) + (mme) + 0 (5s)
K 2R2K
+0 < ) + e <1 +— > ,
’Y i

where Ek = EHVQFk 9*)71V£(9;;; )”2 max = manE[K] Ek, =% Zke Ek,
KZke Hj, and |C’2 KZke |Ci|?.

We can provide an analogue to Corollary [I]in the inexact ERM scenario.

Corollary 2. Let conditions of Theorem@hold If additionally D > 2 |'CC<1>'|
and n > |Cy)|, then for the choices of B > 2 and v = ||C(1)| , we have the

following MSE, for all k € [K]

~ 1
]E _ A% 2< o .
1B~ 631 <0 (i +¢)

The proof of Theorem [2] follows the same idea as the proof of Theorem [T}
replacing the results of Lemmas [I] and [2] with results from Lemmas [5] and [6]
For the sake of brevity, we omit the proof. Some comments are now in order.

Remark 18. Comparing the MSE rates of Theorem [1] and Theorem [3, we
can see that the main difference is the presence of an additional term in

Theorem[3, that being
< 2R2K>
1+ ,
'7

with € > 0 representing the accuracy up to which we solve the local ERM. We
can therefore see that, as long as the local ERMs are solved up to precision

e=0 (m), the rates of Theorem are recovered, i.e., the final MSE
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is of the order O (m), for all k € [K]. This in turns leads to a local

) . . 4n|C(qy|T2
iteration requirement of T > max {15, %} and
4

T 6LI2 ) )
> .

Remark 19. We can see from Corollary[3 that, if we solve the local problems
up to precision € = m, we again obtain the order-optimal MSE rates

~ " 1
1.~ 6117 = 0 ().

for all k € [K].

Remark 20. Note that the sample size requirement tmplicitly places a re-
quirement on the precision up to which we solve the local ERMs, i.e., we
have

(D = 29)|C x|
4Sp(2m — [Cy| = |Cx—1))*

This requirement can again be seen in terms of the "problem difficulty”, with
respect to different system aspects. For example, if the clusters are well
separated, so that D—2v is large, we can solve the local ERMs up to moderate,
or even low precision, while for clusters that are not well separated, we need
to solve the local ERMs to high precision in order to achieve the optimal
rates. Similarly, if the clusters are well balanced, i.e., |Cyx| = %, for all

e<

C 2 g
k € [K], the term (2m—|C(L<)(IIi)I|C<K_1)I)2 evaluates to m, while in the
extreme case of |C ()| = |C(x—1)| = 1, the term evaluates to m. For

K < m, we see that balanced clusters (easier clustering problem) again lead
to a lower precision requirement than the imbalanced clusters case. Finally,

G
recall that Sp = maxpc|k| %,
k
(not the gradient!), while pp, is the strong convexity constant of Fy, hence
showing that, if F},’s are strongly convex (high pr, ) and don’t have big jumps
(low Lipschitz consant G, ), the overall precision to which we have to solve

the local ERMs is relazed.

where G, s the Lipschitz constant of Fj,

Remark 21. The choice of SGD as the local solver is based on the flexibility
offered by the algorithm. The results from Lemmas[3 and[{] do not depend on
either the setting being online or locally stored data, nor do they place any
requirement on the mini-batch size used. This however leads to sub-optimal
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dependence on e in the requirements on the number of local iterations each
user has to run.

Remark 22. If all the n local data samples were available to each user, vari-
ance reduction methods such as SAGA [{J] and SVRG [{6] could be applied,
making the number of iterations T dependence on € only logarithmical, i.e.,

T:O(log%).

Remark 23. Finally, we remark that Assumption [0 is the most general
form assumption on the loss function and as such, leads to the requirement
of solving the ERM to precision €. As shown in [33], Theorem 2, if the loss
18 a generalized linear loss, then it suffices to solve the ERM up to precision
€. While such an assumption is satisfied by a certain class of strongly convex
loss functions, such as support vector machines, linear and logistic regression,
it is less general than Assumption [0

5 Numerical experiments

In this section we present numerical experiments on linear regression prob-
lem. All of the experiments are implemented in python. To solve the local
empirical risk problems, we use CVXPY [47]. The results presented in sub-
sections below are averaged across 20 runs.

We consider a linear regression problem, where the data generating pro-
cess for each cluster is given by

y=(z,up) +e

where € ~ N(0,1), i.e., € follows a standard Gaussian distribution. The
number of clusters is set to K = 10. The vectors uj are d-dimensional,
with d = 20, and each component is drawn from a uniform distribution,
independent of one another. Specifically, we drew u}’s as: u}; ~ U([L,2]),
us; ~ U([4,5]), uz; ~ U([7,8]), uj; ~ U([10,11]) and u}; ~ U([13,14]), with
ug through uj, begin generated from the corresponding negative intervals,
ie., uf ~ U([—2,—1]), through to uj, ~ U([—14, —13]), respectively, for all
i € [d]. Such a choice of u}’s ensures that D > 0. Each cluster is assigned a
total of N = 100000 points, where the datapoints x are generated as follows:
for each 2 € RY, we choose 5 random components in [d] that are distributed
according to N(0,1), while the other components are set to zero. A similar
setup was considered in [14], with K = 1.
To measure the error, we use the quadratic loss, i.e.,

E((w,y);u) = (y - <$7u>)2'
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Under the proposed loss, we have that uj’s are the population optimal mod-
els, i.e., uf = argmin, Fj(u), k € [K].

We consider a FL system with m = 100 users and a balanced clustering,
ie, |Ck| = ® = 10, for all k € [K]. Each user i € Cj is assigned n
points uniformly at random, from the corresponding sample N, such that
no data point is assigned to two different users, effectively simulating an ITD
distribution of data within clusters. We benchmark the proposed method
with the following methods:

e Oracle Averaging - an oracle method that knows the true clusters be-
forehand and applies the averaging method from [I4] on each individual
cluster, i.e.,

with 4; the local ERM of user i and Cy, k € [K] being the true under-
lying clustering;

e Cluster Oracle - an oracle method that contains all of the data points
assigned to the users from the same clusters, i.e., a total of &+ data
points per cluster and trains the models on all of the data, i.e.,

K
u = argmin = 3 fifu),
u m :
1€Cl

with f;’s given by ;
e Local ERMs - ERMs trained on each user’s local data;

e Naive averaging - the method from [14], that averages the local ERMs
across all users, oblivious to system heterogeneity.

Cluster Oracle is the equivalent of centralized learning, i.e., is the method
that trains on all the data available in the cluster, achieving the best order-

optimal MSE rate O (ﬁ) (e.g., [33]). On the other hand, [I4] show that

Oracle Averaging matches the performance of Cluster Oracle if the sam-
ple size is above a threshold. Therefore, using Cluster Oracle and Oracle
Averaging as benchmarks illustrates: 1) how fast our method attains the
order-optimal MSE rate and 2) the additional requirements on the sample
size to reach the order-optimal rate, compared to Oracle Averaging, that
stem from not knowing the true clustering.

36



To measure the quality of performance, we present the average normal-
ized MSE, i.e., for each of the above estimators, we compute

1 [ — P

1 , (32
2

where ua) denotes the population optima associated with user ¢, while wu;
is the estimator associated with user 7. For example, if we measure the
performance of Oracle Averaging estimator from (31)), (32]) evaluates to

1y Im gl
K2l

To select the parameter A, we first compute the lower and upper bounds
in . If the condition is satisfied, so that the lower bound is strictly smaller
than the upper bound, we choose A uniformly at random from the interval
defined by the lower and upper bounds in . Otherwise, for simplicity, we
take lambda to be equal to the upper bound.

Figure [1] presents the performance using the linear regression models. On
y-axis we plot the averaged normalized MSE , while on the z-axis, we
present the number of samples n available to each user. We can see that, for
a small number of samples (less than 300), our method clusters each user to
an individual cluster, effectively performing like the local ERMs. This can be
explained by the fact that in the small sample size regime, the condition
is not satisfied (with high probability) and typically the upper bound will
be small, hence resulting in a large number of clusters. The results can po-
tentially be improved by running clusterpath, but for illustrative purposes,
we went with the simple choice of setting lambda to be equal to the upper
bound. On the other hand, as n grows, we see a sharp phase transition in
the quality of our estimator, in the interval between 300 and 400 samples,
after which the performance of our method matches the order-optimal per-
formance of both the oracle methods, as predicted by the theory. Oracle
Averaging performs slightly worse than Cluster Oracle in the small sample
regime, but quickly matches the performance of Cluster Oracle, as expected.
The difference in the number of samples required for reaching order-optimal
rates of our proposed method and the Oracle Averaging (450 and 350 samples
required, respectively), as outlined above, stems from the additional require-
ments of our method to produce an exact clustering. Finally, we see that
the naive averaging method consistently performs badly, as it is completely
oblivious to the clustering structure, hence illustrating that a global model
approach can be bad in the presence of system heterogeneity.
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Figure 1: Performance of different methods for linear regression, versus the number of
samples available per user. We can see that our method matches the order-optimal MSE
rates for a sufficiently large sample size.
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Figure 2: Number of clusters produced by convex clustering for linear regression, versus
the number of samples available per user. We can see that convex clustering is able to
recover the exact clustering for a sufficiently large sample size available to each user.

Figure [2| presents the performance of convex clustering. On y-axis, we
plot the number of clusters produced by the convex clustering algorithm. On
x-axis, we again plot the number of samples n. Figure [2]is consistent with
the results from Figure[l] as it shows that, for small n (less than 300), convex
clustering clusters each user separately, which, due to the low sample regime
and our sub-optimal choice of ), is to be expected. On the other hand, there
is a sharp phase transition in the number of clusters for n between 300 and
400, after which convex clustering consistently produces K’ = 10 clusters.
Moreover, we can see that the clustering produced by the convex clustering
method is correct, as our method matches the performance of both oracle
methods that know the true clustering.
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6 Conclusion

We proposed a one-shot approach for CFL, based on a simple inference and
averaging scheme. The proposed approach is communication efficient, as it
requires a single round of communication. Moreover, our theoretical analy-
sis showed that the method provides order-optimal MSE rates, in terms of
the sample size. Compared to the state-of-the-art algorithms that require
multiple rounds of communication, our method improve the existing results
by a factor that is logarithmic in the total number of samples in the sys-
tem, our metod provides significant communication reduction. Remarkably,
unlike other methods that require knowledge of K, e.g., [29], [28],[30], our
method does not require any knowledge of the underlying number of clusters
K. Numerical experiments corroborate our findings.
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A Appendix

In this Appendix we show conditions under which it is suitable for two users
with different distributions to form a cluster by merging their respective
data. As in the main body, we use 6} and 6; to denote the population
optimal of cluster k& € [K] and local ERM of user i € [m], respectively,
ie., 0f = argmingcg F1(0) and 0; = argmingcg fi(f). We then have the
following result.

Lemma 7. Let Assumption [3 hold and assume € is strongly convex. Let
all users sample data from a unique distribution, i.e., each user i samples
data following D;, i € [m|. Denote by Dy the mizture of distributions D;
and Dy, i.e., the distribution such that F,(8) = p;Fi(0) + p;F;(0), where
0 < pi,p; <1, such that p; +p; = 1. If the distributions D; and D; are such
that

10; - 0312 < e,

then, with high probability

~ 1
r%—%W=O< +Q,
n,-—i—nj

with m = i, j, where 0}, = arg mingeg pifi(0) + p; f;(0).

Some remarks are now in order.
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—1—6 < mln{ LL }, i.e.,

Remark 24. Lemmaﬂ tells us that, as long as - rytl
J

min{n;,n;}

€< max{ni,nj}(riﬂrnj)’

users i and j is beneficial to both users. For example, when n; = n, Vi € [m],

the condition on € evaluates to € < %

we have that the model tmmed on the joint datasets of

Remark 25. If Py
T

ficial to treat the users i and j as belonging to the same cluster. Therefore,
averaging the local ERMs trained by users i and j leads to mutual benefits,
even though the two users come from different, but mutually close distribu-
tions (as measured by the distance of the population optima). Therefore, it
1s beneficial to treat users i, j as belonging to the same cluster, justifying the
assumption that 1 < K < m.

+ € < min {ni, ni , Lemma |7 tells us that it is bene-
i’ Ty

Proof of Lemma[7 Applying the results of [33], we have that, with high

probability
~ 1
15012 =0 ().
n;

Denote by 67 the population optima of the mixture distribution Dj. We
then have

16 — 511> < 2/10% — 6511* + 2] — 071

1 33
go( )+w%—@w (33)
n; + n;

where the second inequality again follows from [33]. Using strong convexity
of F’s, we have that
Blor — 02|12 < Fu(67) — Fiu(0;
5 10k — 67117 < Fi(67) — Fi(67)
= piF5(07) + p; F5(07) — piFi(0F) — p; F(0F)
< p; (F5(67) — F5(67))
= p; (F3(07) — F;(05) + F;(07) — F;(0F))
< p; (E5(07) = F5(67)) ,
where we used the fact that 0, = argmingcg F,(6), m € {7, j} in the second

and third inequalities, respectively, with u the strong convexity parameter
of £. Finally, using L-Lipschitz continuous gradients of F’s, we get that

* * L * *
Fj(@-) - Fj(ej) < 5”91' - 9]'”2 = O(e). (34)
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Combining and , we get, with high probability

H@-@W:O( L +Q.
m—l—nj

Analogous results can be obtained for user j, hence the claim follows. O
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