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a b s t r a c t 

The aim of this paper is to study an elliptic bilateral obstacle system (EBOS, for short) in- 

volving a nonlinear and nonhomogeneous partial differential operator and a multivalued 

term which is described by Clarke’s generalized gradient. First, we obtain the weak for- 

mulation of (EBOS) which is a variational-hemivariational inequality, and prove the unique 

solvability of the bilateral obstacle problem. Second, we consider a nonlinear optimal con- 

trol problem governed by (EBOS) in which the control variable is the bilateral obstacle, and 

establish the existence of an optimal solution to the obstacle control problem under mild 

conditions. Then, employing the regularization technique and penalty approach, we intro- 

duce a family of approximating problems corresponding to the optimal control problem 

under consideration. Finally, a convergence result that any sequence of solutions for the 

approximating problems converges to an optimal solution of the original optimal control 

problem is delivered. 

© 2021 Elsevier B.V. All rights reserved. 

 

1. Introduction 

In numerous complicated natural phenomena, chemical processes, constitutive law, engineering applications, and math- 

ematical models often are formulated by inequalities instead of the more commonly seen equations. In this context, a class 

of inequality problems has been widely studied, namely, variational inequalities which emerge from applied models with 

an underlying convex structure and have been studied extensively since the early sixties. Some representative references 

include [17,21–25,45] on mathematical theories, and [11,20] on numerical treatment. On the other hand, optimal control of 

partial differential equations (PDEs) and variational inequalities is an expanding and vibrant branch of applied mathematics 

and modern control theory that has found numerous applications. Although the theory and computational techniques for 

optimal control for PDEs and variational inequalities have been studied for quite some time now (see e.g. [3,7,8,19,35] ), it

seems that there are still many unanswered questions and many interesting ideas are still in the making. 
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Nonetheless, in recent years, many important applied models have motivated the study of the optimal control prob- 

lems described by hemivariational inequalities, for instance, mechanics, engineering and physics problems [27,31,36,42,43] . 

As an important generalization of variational inequalities, the theory of hemivariational inequalities was initially introduced 

by P.D. Panagiotopoulos [32–34] to study the nonsmooth mechanical problems in which the main idea behind hemivari- 

ational inequalities is to remove the hypotheses on differentiability and convexity of energy functionals with the help of 

the generalized subgradient of Clarke. This theory provides us a useful and impressive mathematical apparatus for studying 

a diversity of problems arising in various fields such as structural mechanics, elasticity, economics, optimization, financial 

mathematics, and others [12–16,18,26,28,30,37,38,40,41] . However, despite the fact that there are many important models 

leading to hemivariational inequalities, the corresponding optimal control problem is quite poor and the need for results in 

this topic is currently widely recognized. So, to contribute to filling this gap, the aim of the current paper is to investigate an

optimal control problem associated with a complicated partial differential system with mixed boundary conditions involv- 

ing a nonlinear and nonhomogeneous partial differential operator, and a multivalued term which is described by Clarke’s 

generalize gradient. Additionally, because our problem involves the nonsmooth and non-convex feature, so, naturally, the 

question arises whether we can apply appropriate regularity and smooth methods to approximate the original optimal con- 

trol problem. The second goal of this paper is to give positive answer for the question. 

Let � ⊂ R 

N be a bounded domain with a C 1 , 1 –boundary ∂ � such that ∂ � is divided into three measurable and dis-

joint parts �1 , �2 , and �3 with meas (�1 ) > 0 . Also, let z d ∈ L p (�) be a given target profile and α, β > 0 be regularized

coefficients. More precisely, in the present paper, we consider the bilateral obstacle optimal control problem as follows. 

Problem 1. Find (φ∗, �∗) ∈ U ad such that 

(φ∗, �∗) ∈ arg min 

(φ, �) ∈ U ad 

L (φ, �) , namely, L (φ∗, �∗) ≤ L (φ, �) for all (φ, �) ∈ U ad , (1.1) 

where the cost function L : W × W → R is defined by 

L (φ, �) := 

1 

p 

∫ 
�

|S(φ, �)(x ) − z d (x ) | p dx + 

α

p 
‖ 	φ‖ 

p 

L p (�) 
+ 

β

p 
‖ 	�‖ 

p 

L p (�) 
, (1.2) 

 ad ⊂ W × W is the set of admissible obstacle (see (3.2) , below). 

Here S(φ, �) is the unique weak solution to the following elliptic inclusion problem corresponding to the bilateral ob- 

stacle (φ, �) . 

Problem 2. Given (φ, �) ∈ U ad , find a function u : � → R such that 

− μ∗ div 
(
a (x, ∇u (x )) 

)
+ ∂ j(x, u (x )) 	 f 0 (x ) in �, (1.3) 

φ(x ) ≤ u (x ) ≤ �(x ) in �, (1.4) 

u (x ) = 0 on �1 , (1.5) 

∂u (x ) 

∂νa 
:= μ∗(a (x, ∇u (x )) , ν

)
R N = f 2 (x ) on �2 , (1.6) 

⎧ ⎪ ⎨ ⎪ ⎩ 

∣∣∣∣∂u (x ) 

∂νa 

∣∣∣∣ ≤ g(x ) 

∂u (x ) 

∂νa 
= −g(x ) 

u (x ) 

| u (x ) | if u (x ) 
 = 0 

on �3 , (1.7) 

where ∂ j(x, u (x )) is the generalized subdifferential operator of j with respect to its second variable, μ∗ > 0 , f 0 ∈ L 2 (�) and

f 2 ∈ L 2 (�2 ) . 

The main contribution of the present work is threefold. The first contribution is to prove the existence and uniqueness

of the weak solution for the elliptic bilateral obstacle problem, Problem 2 , in which our method is based on the recent

result [41, Theorem 8] . The second one is to consider the optimal control problem, Problem 1 , driven by Problem 2 , and

to establish an criterion for the existence of an optimal solution to Problem 1 . Whereas, the last contribution of the pa-

per is to apply regularization method together with penalty approach to introduce a family of approximating problems (see 

Problem 18 ) associated with Problem 9 , and prove the convergence result that any sequence of solutions for Problem 18 con-

verges to a solution of Problem 9 . 

The outline of the paper is as follows. Section 2 collects the necessary notations and preliminary results. In Section 3 , we

formulate an optimal control problem governed by the nonlinear and nonsmooth elliptic system, and provide an existence 

theorem for the optimal control problem. Section 4 delivers an convergence result for the bilateral obstacle optimal control 

problem, Problem 1 , in which our method is based on penalty technique and regularization method. The paper ends with

some concluding remarks. 
2 



J. Liu, X. Yang and S. Zeng Commun Nonlinear Sci Numer Simulat 102 (2021) 105938 

 

 

 

 

 

 

 

 

 

 

2. Mathematical prerequisites 

In the section, we recall basic notation, definitions and necessary preliminary material, which will be used to obtain the 

main results of this paper. More details can be found, for instance, in Barbu and Korman [2] , Denkowski et al. [4 , 5 ], Gasi ́nski

and Papageorgiou [9] , Migórski et al. [30] , Zeidler [39] . 

Everywhere below, the symbols 
w −→ and → stand for the weak convergence and the strong convergence, respectively, 

in a certain space Y . Given a Banach space Y, we also adopt the notation ‖ · ‖ Y and Y ∗ for a norm and the dual space of Y,

respectively. We say that a function A : V → V ∗ is of type (S) + (or F satisfies the (S + ) –property), if any sequence { u n } with

u n 
w −→ u in V as n → ∞ for some u and lim sup n →∞ 

〈 Au n , u n − u 〉 ≤ 0 , then the sequence { u n } converges strongly to u in V .

Denote by R + := [0 , + ∞ ) . 

Let (Z, ‖ · ‖ Z ) be a reflexive Banach space. We say that a function J : Z → R is locally Lipschitz at u ∈ Z if there exist a

neighborhood N(u ) of u in Z and a constant L u > 0 such that 

| J(w ) − J(z) | ≤ L u ‖ w − z‖ Z for all w, v ∈ N(u ) . 

Definition 3. Given a locally Lipschitz function J : Z → R , we denote by J 0 (u ; v ) the directional derivative in the sense of

Clarke (or generalized directional derivative) of J at u ∈ Z in the direction v ∈ Z defined by 

J 0 (u ; v ) = lim sup 

λ→ 0 + , w → u 

J(w + λv ) − J(w ) 

λ
. 

The generalized gradient of J : Z → R at u ∈ Z is given by 

∂ J(u ) = { ξ ∈ Z ∗ | J 0 (u ; v ) ≥ 〈 ξ , v 〉 for all v ∈ Z } . 
We next collect some critical properties for the generalized gradient and generalized directional derivative of a locally 

Lipschitz function as follows, see, e.g., [30, Proposition 3.23] . 

Proposition 4. Let J : Z → R is a locally Lipschitz continuous function on a Banach space (Z, ‖ · ‖ Z ) . Then, we have 

(i) for every x ∈ Z, the function Z 	 v �→ J 0 (x ; v ) ∈ R is positively homogeneous and subadditive, i.e., 

J 0 (x ;λv ) = λJ 0 (x ; v ) for all λ ≥ 0 and v ∈ Z, 

and 

J 0 (x ; v 1 + v 2 ) ≤ J 0 (x ; v 1 ) + J 0 (x ; v 2 ) for all x, v 1 , v 2 ∈ Z. 

(ii) let x ∈ Z be fixed, for each v ∈ Z, there exists an element ξ (v ) ∈ ∂ J(x ) such that 

J 0 (x ; v ) = 〈 ξ (v ) , v 〉 i.e., J 0 (x ; v ) = max {〈 ξ , v 〉 | ξ ∈ ∂ J(x ) } . 
(iii) the function Z × Z 	 (u, v ) �→ J 0 (u ; v ) ∈ R is upper semicontinuous. 

(iv) the graph of generalized gradient ∂ J : Z → 2 Z 
∗

is closed in Z × (w 

∗–Z ∗) topology, i.e., if { x n } ⊂ Z and { ξn } ⊂ Z ∗ are se-

quences such that 

ξn ∈ ∂ J(x n ) and x n → x in Z, ξn → ξ weakly ∗in Z ∗, 

then ξ ∈ ∂ J(x ) , where (w 

∗–Z ∗) denotes the space Z ∗ equipped with weak ∗ topology. 

Let � ⊂ R 

N be a bounded domain, and 1 < p < + ∞ . Also let p ′ > 1 be the conjugate exponent of p, i.e., 1 
p + 

1 
p ′ = 1 .

Throughout the paper, the norms of the Lebesgue space L p (�) and Sobolev space W 

1 ,p (�) are defined by 

‖ u ‖ L p (�) := 

(∫ 
�

| u (x ) | p dx 

) 1 
p 

for all u ∈ L p (�) , 

and 

‖ u ‖ W 

1 ,p (�) := ‖ u ‖ L p (�) + ‖∇u ‖ L p (�;R N ) for all u ∈ W 

1 ,p (�) , 

respectively. 

Assume that 1 < p < ∞ and ζ ∈ C 1 (0 , ∞ ) is such that 

0 < ̂

 c ≤ ζ ′ (t) t 

ζ (t) 
≤ c 0 and c 1 t 

p−1 ≤ ζ (t) ≤ c 2 (t μ−1 + t p−1 ) for all t > 0 (2.1) 

with some constants c 1 , c 2 > 0 and 1 < μ < p. We, further, consider the abstract nonlinear nonhomogeneous operator a :

� × R 

N → R 

N which satisfies the hypothesis H(a ) . 

H(a ) : a : � × R 

N → R 

N is such that a (x, ξ ) = a 0 (x, ‖ ξ‖ 
R N 

) ξ for all ξ ∈ R 

N and x ∈ �, where a 0 (x, ·) ∈ C(R + ) is such that

a (x, t) > 0 for all t > 0 , x ∈ �, and 
0 

3 
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(i) for all x ∈ �, a 0 (x, ·) ∈ C 1 (0 , + ∞ ) , t �→ a 0 (x, t ) t is strictly increasing on (0 , + ∞ ) , a 0 (x, t) t → 0 + as t → 0 + and 

lim 

t→ 0 + 

a ′ 0 (x, t) t 

a 0 (x, t) 
> −1 , 

where a ′ 0 (x, t) = 

d 

dt 
a 0 (x, t) . 

(ii) there exists c 3 > 0 such that 

‖∇a (x, y ) ‖ R N×N ≤ c 3 
ζ (‖ y ‖ R N ) 

‖ y ‖ R N 

for all y ∈ R 

N \{ 0 R N } and x ∈ �. 

(iii) for every x ∈ �, y ∈ R 

N \{ 0 
R N 

} and ξ ∈ R 

N , the following inequality holds 

(∇a (x, y ) ξ , ξ ) R N ≥
ζ (‖ y ‖ R N ) 

‖ y ‖ R N 

‖ ξ‖ 

2 
R N 

. 

Under the hypothesis H(a ) , the following lemma is a direct consequence of [44, Lemma 3] . 

Lemma 5. If hypothesis H(a ) is satisfied, then 

(i) y �→ a (x, y ) is strictly monotone, continuous, hence also maximal monotone. 

(ii) there exists a constant c 4 > 0 such that 

‖ a (x, y ) ‖ R N ≤ c 4 (1 + ‖ y ‖ 

p−1 

R N 
) for all y ∈ R 

N . 

(iii) for all y ∈ R 

N , the inequality is available 

(a (x, y ) , y ) R N ≥
c 1 

p − 1 

‖ y ‖ 

p 

R N 
, 

where c 1 is given in (2 . 1) . 

In the current paper, we are interesting the nonlinear and nonhomogeneous partial differential operator div a (x, ∇u (x )) .

We, now, provide several concrete examples (see [29, Example 6] ), which fulfill the setting presented in our paper. 

Example 6. Here we only give the concrete examples for function a which are all independent of x . 

(i) if a is specialized by a (ξ ) = ‖ ξ‖ 
R N 

p−2 ξ for all ξ ∈ R 

N with 1 < p < ∞ , then the partial differential operator div a is

the well-known p-Laplacian differential operator, namely, 

div (a (∇u (x ))) = 	p u (x ) := div (‖∇ u (x ) ‖ 

p−2 

R N 
∇ u (x )) 

for all u ∈ W 

1 ,p (�) . 

(ii) when a is formulated by a (ξ ) = ‖ ξ‖ 
R N 

p−2 ξ + ‖ ξ‖ q −2 

R N 
ξ for all ξ ∈ R 

N with 1 < q < p < ∞ , then the partial differential

operator div a becomes the (p, q ) -Laplacian differential operator, i.e., 

div (a (∇u (x ))) = 	p u (x ) + 	q u (x ) 

for all u ∈ W 

1 ,p (�) . 

(iii) if a is given by a (ξ ) = (1 + ‖ ξ‖ 2 
R N 

) 
p−2 

2 ξ for all ξ ∈ R 

N with 1 < p < ∞ , then div a is the generalized p-mean curvature

differential operator 

div (a (∇u (x ))) = div 

(
(1 + ‖∇u (x ) ‖ 

2 
R N 

) 
p−2 

2 ∇u (x ) 
)

for all u ∈ W 

1 ,p (�) . 

(iv) if we take a by a (ξ ) = ‖ ξ‖ p−2 

R N 

(
1 + 

1 

1+ ‖ ξ‖ p 
R N 

)
ξ for all ξ ∈ R 

N with 1 < p < ∞ , then div a corresponds the following

differential operator 

div (a (∇u (x ))) = 	p u (x ) + div 

(‖∇u (x ) ‖ 

p−2 

R N 
∇u (x ) 

1 + ‖∇u (x ) ‖ 

p 

R N 

)
for all u ∈ W 

1 ,p (�) . 

(v) let a be such that a (ξ ) = 

(
‖ ξ‖ p−2 

R N 
+ ln (1 + ‖ ξ‖ 2 

R N 
) 
)
ξ for all ξ ∈ R 

N with 1 < p < ∞ , then div a becomes the following

differential operator 

div (a (∇u (x ))) = 	p u (x ) + div 
(
ln (1 + ‖∇ u (x ) ‖ 

2 
R N 

) ∇ u (x ) 
)

1 ,p 
for all u ∈ W (�) . 

4 
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Let us introduce the nonlinear operator A : W 

1 ,p (�) → W 

1 ,p (�) ∗ defined by 

〈 A (u ) , v 〉 = 

∫ 
�

(
a (x, ∇u (x )) , ∇v (x ) 

)
R N dx for all u, v ∈ W 

1 ,p (�) . (2.2)

The next proposition summarizes the main characteristic of this map, see, for example, Bai et al. [1] and Gasi ́nski and

Papageorgiou [10] . 

Proposition 7. Let hypothesis H(a ) be satisfied and A : W 

1 ,p (�) → W 

1 ,p (�) ∗ be the map defined by (2.2) . Then A is bounded,

continuous, monotone (hence maximal monotone) and of type (S + ) . Moreover, if a satisfies the inequality (
a (x, y ) − a (x, z) , y − z 

)
R N ≥ m a ‖ y − z‖ 

p 

R N 
for all y, z ∈ R 

N and a.e. x ∈ �, (2.3)

with m a > 0 , which is independent of x, y and z, then A is strongly monotone with constant m a . 

Remark 8. For p ≥ 2 , it should be mentioned that when the function t �→ a 0 (x, t ) t − c a t 
p−1 is increasing on [0 , ∞ ) with

some c a > 0 , then we are able to find a constant m a > 0 such that inequality (2 . 3) holds (its detailed proof can be found

in Bai et al. [1 , Lemma 11]). 

3. Existence results 

The current section is devoted to explore the existence of an optimal solution for the nonlinear optimal control prob- 

lem, Problem 9 . We deliver the weak formulation of the elliptic inclusion problem, Problem 2 , which is a variational-

hemivariational inequality. Then, we employ [41, Theorem 8] to show the unique solvability of Problem 2 , and establish

an existence theorem for Problem 9 under mild assumptions. 

Let p ≥ 2 and introduce a subspace V of the Sobolev space W 

1 ,p (�) defined by 

V := { v ∈ W 

1 ,p (�) | γ v (x ) = 0 for a.e. x ∈ �1 } , (3.1) 

where γ : W 

1 ,p (�) → L p (�) is the trace operator. Korn’s inequality and Poincaré’s inequality reveal that V equipped with

the norm 

‖ u ‖ = ‖∇u ‖ 

p 

L p (�;R N ) for all u ∈ V, 

is a reflexive Banach space. From Sobolev trace theorem, we know that γ is linear continuous and compact. Set W = V ∩
 

2 ,p (�) and U ad ⊂ W × W by 

U ad := { (φ, �) ∈ W × W | φ(x ) ≤ �(x ) for a.e. x ∈ �} . (3.2) 

For any (φ, �) ∈ U ad fixed, let us consider the constraint set K(φ, �) defined by 

K(φ, �) := { u ∈ V | φ(x ) ≤ u (x ) ≤ �(x ) for a.e. x ∈ �} . (3.3) 

Obviously, we can see that the set K(φ, �) is nonempty, closed and convex in V for any (φ, �) ∈ U ad . 

Let u ∈ K(φ, �) be a smooth function such that (1.3) –(1.7) are satisfied. For any v ∈ K(φ, �) , we multiply (1.3) by v − u

and apply Green’s formula to get ∫ 
� μ∗( a ( x, ∇u ( x ) ) , ∇ ( v ( x ) − u ( x ) ) ) R 

N dx + 

∫ 
� ξ ( x ) ( v ( x ) − u ( x ) ) dx 

= 

∫ 
� f 0 ( x ) ( v ( x ) − u ( x ) ) dx + 

∫ 
�

∂u ( x ) 
∂νa 

( v ( x ) − u ( x ) ) d�, 

where ξ : � → R is such that ξ (x ) ∈ ∂ j(x, u (x )) for a.e. x ∈ � and 

−μ∗ div 
(
a (x, ∇u (x )) 

)
+ ξ (x ) = f 0 (x ) for a.e. x ∈ �. 

Note that ∫ 
�

∂u ( x ) 
∂νa 

( v ( x ) − u ( x ) ) d � = 

∫ 
�1 

∂u ( x ) 
∂νa 

( v ( x ) − u ( x ) ) d �

+ 

∫ 
�2 

∂u ( x ) 
∂νa 

( v ( x ) − u ( x ) ) d � + 

∫ 
�3 

∂u ( x ) 
∂νa 

( v ( x ) − u ( x ) ) d �, 

we use the boundary conditions (1.5) and (1.6) to obtain ∫ 
�

∂u ( x ) 

∂νa 
( v ( x ) − u ( x ) ) d � = 

∫ 
�2 

f 2 ( x ) ( v ( x ) − u ( x ) ) d � + 

∫ 
�3 

∂u ( x ) 

∂νa 
( v ( x ) − u ( x ) ) d �. 

Hence, ∫ 
� μ∗( a ( x, ∇u ( x ) ) , ∇ ( v ( x ) − u ( x ) ) ) R 

N dx + 

∫ 
� ξ ( x ) ( v ( x ) − u ( x ) ) dx 

= 

∫ 
� f 0 ( x ) ( v ( x ) − u ( x ) ) dx + 

∫ 
�2 

f 2 ( x ) ( v ( x ) − u ( x ) ) d�

+ 

∫ 
�3 

∂u ( x ) 
∂νa 

( v ( x ) − u ( x ) ) d�. 

(3.4) 

By virtue of definition of convex subgradient, it is not difficult to prove that the boundary condition (1.7) can be reformu-

lated to the following inclusion 

−∂u (x ) 

∂ν
∈ g(x ) ∂ c | u (x ) | , 
a 

5 
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where ∂ c | r| is the convex subdifferential operator of the modulus function r �→ | r| . So, it has 

−
∫ 
�3 

∂u ( x ) 

∂νa 
( v ( x ) − u ( x ) ) d � ≤

∫ 
�3 

g ( x ) | v ( x ) | d � −
∫ 
�3 

g ( x ) | u ( x ) | d �. 

Taking account into the inequality above and (3.4) , it yields ∫ 
�

μ∗(a (x, ∇u (x )) , ∇(v (x ) − u (x )) 
)
R N dx + 

∫ 
�3 

g(x ) [ | v (x ) | − | u (x ) | ] d�

+ 

∫ 
�

ξ (x )(v (x ) − u (x )) dx ≥
∫ 
�

f 0 (x )(v (x ) − u (x )) dx + 

∫ 
�2 

f 2 (x )(v (x ) − u (x )) d�. 

However, the generalized subgradient in the sense of Clarke points out ∫ 
�

ξ (x )(v (x ) − u (x )) dx ≤
∫ 
�

j 0 (x, u (x ) ; v (x ) − u (x )) dx. 

So, we obtain ∫ 
�

μ∗(a (x, ∇u (x )) , ∇(v (x ) − u (x )) 
)
R N dx + 

∫ 
�

j 0 (x, u (x ) ; v (x ) − u (x )) dx 

+ 

∫ 
�3 

g(x ) | v (x ) | d� −
∫ 
�3 

g(x ) | u (x ) | d�

≥
∫ 
�

f 0 (x )(v (x ) − u (x )) dx + 

∫ 
�2 

f 2 (x )(v (x ) − u (x )) d�. 

In summary, we are now in a position to provide the variational formulation of Problem 2 as follows. 

Problem 9. Given (φ, �) ∈ U ad , find u ∈ K(φ, �) such that ∫ 
�

μ∗(a (x, ∇u (x )) , ∇(v (x ) − u (x )) 
)
R N dx + 

∫ 
�

j 0 (x, u (x ) ; v (x ) − u (x )) dx 

+ 

∫ 
�3 

g(x ) | v (x ) | d� −
∫ 
�3 

g(x ) | u (x ) | d�

≥
∫ 
�

f 0 (x )(v (x ) − u (x )) dx + 

∫ 
�2 

f 2 (x )(v (x ) − u (x )) d�

for all v ∈ K(φ, �) . 

To establish the existence and uniqueness of solution of Problem 9 , we impose the following assumptions. 

H(0) : μ∗ > 0 , f 0 ∈ L p 
′ 
(�) , f 2 ∈ L p 

′ 
(�2 ) , and g ∈ L p 

′ 
(�3 ) + with g 
≡ 0 . 

H( j) : j : � × R → R is such that 

(i) for all r ∈ R , x �→ j(x, r) is measurable on �, and the funciton x �→ j(x, 0) belongs to L 1 (�) . 

(ii) the function r �→ j(x, r) is locally Lipschitz continuous for a.e. x ∈ �. 

(iii) there exists a constant c j > 0 satisfying 

| ∂ j(x, r) | ≤ c j (1 + | r| p−1 ) 

for all r ∈ R and a.e. x ∈ �. 

(iv) there is a constant m j ≥ 0 such that 

(ξ1 − ξ2 )(r 1 − r 2 ) ≥ −m j | r 1 − r 2 | p 
for all ξi ∈ ∂ j(x, r i ) , r i ∈ R , i = 1 , 2 and for a.e. x ∈ �. 

Remark 10. In fact, condition H( j) (iv) is equivalent to the following inequality 

j 0 (x, r 1 ; r 2 − r 1 ) + j 0 (x, r 2 ; r 1 − r 2 ) ≤ m j | r 1 − r 2 | p 
for all r 1 , r 2 ∈ R and for a.e. x ∈ �. 

Let X = L p (�) . In what follows, we denote by η : W 

1 ,p (�) → L p (�) the embedding operator from W 

1 ,p (�) to L p (�) ,

which is, obviously, linear, bounded and compact. Besides, we introduce a function J : X → R defined by 

J(w ) := 

∫ 
�

j(x, w (x )) dx (3.5) 

for all w ∈ X . 

Under the hypothesis H( j) , arguing as in the proof of [30, Theorem 3.47] , we derive the lemma. 

Lemma 11. Let H( j) be fulfilled. Then the following statements hold 
6 
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(i) J : X → R , defined in (3.5) , is locally Lipschitz continuous and ⎧ ⎪ ⎨ ⎪ ⎩ 

J 0 (w ; z) ≤
∫ 
�

j 0 (x, w (x ) ; z(x )) dx 

∂ J(w ) ⊂
∫ 
�

∂ j(x, w (x )) dx 

for all w, z ∈ X. 

(ii) there exists a constant c J > 0 such that 

‖ ∂ J(w ) ‖ X ∗ ≤ c J (1 + ‖ w ‖ 

p−1 
X 

) 

for all w ∈ X. 

(iii) the inequality holds 

J 0 (w ; z − w ) + J 0 (z; w − z) ≤ m j ‖ w − z‖ 

p 
X 

for all w, z ∈ X. 

We, now, give the following theorem concerning the existence and uniqueness of solution to Problem 9 . 

Theorem 12. Assume that H(a ) , H(0) and H( j) are fulfilled. If, in addition, there exists a constant m a > 0 satisfying (2 . 3) , and

the inequality holds 

m a μ
∗ > m j ‖ η‖ 

p , (3.6) 

then Problem 9 has a unique solution u ∈ K(φ, �) . 

Proof. We, first, consider the following intermediate problem: find u ∈ K(φ, �) satisfying 

〈 F u − f, v − u 〉 + J 0 (ηu ;η(v − u )) + ϕ(v ) − ϕ(u ) ≥ 0 (3.7) 

for all v ∈ K(φ, �) , where F : V → V ∗, ϕ : V → R and f ∈ V ∗ are given by 

〈 F u, v 〉 := μ∗
∫ 
�

( a (x, ∇u (x )) , ∇v (x ) ) R N dx (3.8) 

ϕ(v ) := 

∫ 
�3 

g(x ) | v (x ) | d� (3.9) 

〈 f, v 〉 = 

∫ 
�

f 0 (x ) v (x ) dx + 

∫ 
�2 

f 2 (x ) v (x ) d� (3.10) 

for all u, v ∈ V, here f is uniquely determined by using Riesz’s representation theorem. Lemma 11 (ii) points out that a

solution of problem (3.7) solves Problem 9 too. Based on the fact, we shall use [41, Theorem 8] to verify that problem

(3.7) has at least one solution, i.e., Problem 9 is solvable. 

It follows from Proposition 7 and the definition of F (see (3.8) ) that F is a bounded, continuous, and strongly monotone

operator with the constant m F = m a μ∗. However, utilizing Lemma 11 (iii), we have 

〈 F u − F v , u − v 〉 + 〈 ξu − ξv , η(u − v ) 〉 X ∗×X 

≥ 〈 F u − F v , u − v 〉 − J 0 (ηu ;η(v − u )) − J 0 (ηv ;η(u − v )) 
≥ m a μ

∗‖ u − v ‖ 

p − m j ‖ η(u − v ) ‖ 

p 
X 

≥ (m a μ
∗ − m j ‖ η‖ 

p ) ‖ u − v ‖ 

p 

for all ξu ∈ ∂ J(ηu ) , ξv ∈ ∂ J(ηv ) and u, v ∈ V . This combined with the smallness condition (3.6) implies that V 	 u �→ F (u ) +
η∗∂ J(ηu ) ⊂ V ∗ is strongly monotone, where η∗ : X ∗ → V ∗ is the dual operator of η. For any v 0 ∈ K(φ, �) fixed (particularly,

we can take v 0 = φ or v 0 = �), Lemma 11 (ii) turns out 

‖ ξv 0 ‖ X ∗ ≤ c J (1 + ‖ ηv 0 ‖ 

p−1 
X 

) (3.11) 

for all ξv 0 ∈ ∂ J(η(v 0 )) . Hence, for any ξv 0 ∈ ∂ J(η(v 0 )) and ξu ∈ ∂ J(ηu ) , (3.6) and the following estimates 

〈 F u, u − v 0 〉 + 〈 ξu , η(u − v 0 ) 〉 X ∗×X 

= 〈 F u − F v 0 , u − v 0 〉 + 〈 F v 0 , u − v 0 〉 + 〈 ξu − ξv 0 , η(u − v 0 ) 〉 X ∗×X 

+ 〈 ξv 0 , η(u − v 0 ) 〉 X ∗×X 

≥ (μ∗m a − m j ‖ η‖ 

p ) ‖ u − v 0 ‖ 

p − ‖ F v 0 ‖ V ∗‖ u − v 0 ‖ − ‖ ξv 0 ‖ X ∗‖ η‖‖ u − v 0 ‖ 

indicate 

lim 

u ∈ V, ‖ u ‖→∞ 

〈 Fu , u − v 0 〉 + in f ξ∈ ∂ J ( ηu ) 〈 ξ , η( u − v 0 ) 〉 X ∗×X 

‖ u ‖ 

= + ∞ , 
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where we have used the inequality (3.11) , the boundedness of F , and p ≥ 2 . Obviously, from the formulation of ϕ, we can

see that ϕ is a convex and continuous function. 

Therefore, all conditions of [41, Theorem 8] are available. We are now in a position to apply this theorem to conclude

that problem (3.7) has at least one solution. So, Problem 9 is solvable. 

For the uniqueness, let u 1 , u 2 be two solutions to Problem 9 . A simple calculating gives (
μ∗m a − m j ‖ η‖ 

p 
)‖ u 1 − u 2 ‖ 

p 

≤ 〈 F u 1 − F u 2 , u 1 − u 2 〉 − ∫ 
� j 0 ( x, u 1 ( x ) ; u 2 ( x ) − u 1 ( x ) ) dx − ∫ 

� j 0 ( x, u 2 ( x ) ; u 1 ( x ) − u 2 ( x ) ) dx 
≤ 0 . 

Whereas the smallness condition (3.6) guarantees that u 1 = u 2 , namely, Problem 9 has a unique solution. �

In the sequel, we denote by S : W × W → V the solution map of Problem 9 , i.e., 

S(φ, �) := u φ, � for all (φ, �) ∈ U ad , 

where u φ, � ∈ V is the unique solution of Problem 9 corresponding to the bilateral obstacle (φ, �) . 

We end the section by providing the following existence theorem for the optimal control problem, Problem 1 . 

Theorem 13. Under the assumptions of Theorem 12 , there exists an optimal solution (φ∗, �∗) ∈ U ad to Problem 1 . 

Proof. From the definition of L, we can see that L is bounded from below. So, there exists a minimizing sequence

{ (φn , �n ) } ⊂ U ad satisfying 

lim 

n →∞ 

L (φn , �n ) = inf 
(φ, �) ∈ U ad 

L (φ, �) =: l ∗. (3.12) 

Hence, we are able to find a sequence { ε n } ⊂ R + with 

ε n > 0 and ε n → 0 as n → ∞ 

such that 

L (φn , �n ) ≤ l ∗ + ε n 

for each n ∈ N , that is, 

α

p 
‖ 	φn ‖ 

p 

L p (�) 
+ 

β

p 
‖ 	�n ‖ 

p 

L p (�) 
≤ l ∗ + ε n . 

This means that the sequence { (φn , �n ) } is bounded in W × W . Passing to a subsequence if necessary, we may assume

that ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

φn 
w −→ φ∗ in W, 

�n 
w −→ �∗ in W, 

φn → φ∗ in V, 

�n → �∗ in V, 

φn (x ) → φ∗(x ) for a.e. x ∈ �, 

�n (x ) → �∗(x ) for a.e. x ∈ �, 

as n → ∞ . (3.13) 

Owing to (φn , �n ) ∈ U ad , the closedness of U ad in V × V ensures that (φ∗, �∗) ∈ U ad . Set u n := S(φn , �n ) , i.e., u n is the

unique solution to Problem 9 associated with the bilateral obstacle (φn , �n ) . Then, one has 

〈 F u n , v − u n 〉 + 

∫ 
�

j 0 (x, u n (x ) ; v (x ) − u n (x )) dx + 

∫ 
�3 

g(x ) | v (x ) | d� (3.14) 

−
∫ 
�3 

g(x ) | u n (x ) | d� ≥
∫ 
�

f 0 (x )(v (x ) − u n (x )) dx + 

∫ 
�2 

f 2 (x )(v (x ) − u n (x )) d�

for all v ∈ K(φn , �n ) . We claim that the sequence { u n } is bounded in V . Inserting v = φn into the inequality above gets 

〈 F u n , φn − u n 〉 + 

∫ 
�

j 0 (x, u n (x ) ;φn (x ) − u n (x )) dx + 

∫ 
�3 

g(x ) | φn (x ) | d� (3.15) 

−
∫ 
�3 

g(x ) | u n (x ) | d� ≥
∫ 
�

f 0 (x )(φn (x ) − u n (x )) dx + 

∫ 
�2 

f 2 (x )(φn (x ) − u n (x )) d�. 

The boundedness of F infers 

〈 F u n , u n − φn 〉 = 〈 F u n − F φn , u n − φn 〉 + 〈 F φn , u n − φn 〉 
≥ μ∗m a ‖ u n − φn ‖ 

p − ‖ F φn ‖ V ∗‖ u n − φn ‖ 

≥ μ∗m a ‖ u n − φn ‖ 

p − m 0 ‖ u n − φn ‖ , (3.16) 
8 
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where m 0 > 0 is such that ‖ F φn ‖ V ∗ ≤ m 0 for all n ∈ N . The conditions H( j) (iii) and (iv) deduce ∫ 
�

j 0 (x, u n (x ) ;φn (x ) − u n (x )) dx 

= 

∫ 
�

j 0 (x, u n (x ) ;φn (x ) − u n (x )) dx + 

∫ 
�

j 0 (x, φn (x ) ; u n (x ) − φn (x )) dx 

−
∫ 
�

j 0 (x, φn (x ) ; u n (x ) − φn (x )) 

≤ m j ‖ u n − φn ‖ 

p 

L p (�) 
+ 

∫ 
�

c j (1 + | φn (x ) | p−1 ) | u n (x ) − φn (x ) | dx. 

Applying Hölder inequality, we have ∫ 
�

j 0 (x, u n (x ) ;φn (x ) − u n (x )) dx 

≤ m j ‖ η‖ 

p ‖ u n − φn ‖ 

p + m 1 (1 + ‖ φn ‖ 

p−1 

L p (�) 
) ‖ η‖‖ u n − φn ‖ 

≤ m j ‖ η‖ 

p ‖ u n − φn ‖ 

p + m 2 ‖ u n − φn ‖ , (3.17) 

where m 2 > 0 satisfies m 1 (1 + ‖ φn ‖ p−1 
L p (�) 

) ‖ η‖ ≤ m 2 for all n ∈ N . Employing hypothesis H(0) and Hölder inequality, we

have ∫ 
�3 

g(x ) [ | φn (x ) | − | u n (x ) | ] d� −
∫ 
�

f 0 ( x )( φn ( x ) − u n (x )) dx 

+ 

∫ 
�2 

f 2 (x )(φn (x ) − u n (x )) d�

≤
(‖ g‖ L p ′ (�3 ) 

‖ γ ‖ + ‖ f 0 ‖ L p ′ (�) ‖ η‖ + ‖ f 2 ‖ L p ′ (�2 ) 
‖ γ ‖ 

)‖ φn − u n ‖ . (3.18) 

Taking account into (3.15) –(3.18) , it finds 

(μ∗m a − m j ‖ η‖ 

p ) ‖ u n − φn ‖ 

p−1 

≤ ‖ g‖ L p ′ (�3 ) 
‖ γ ‖ + ‖ f 0 ‖ L p ′ (�) ‖ η‖ + ‖ f 2 ‖ L p ′ (�2 ) 

‖ γ ‖ + m 0 + m 2 . 

Therefore, the sequence { u n } is bounded in V due to the bounded of { φn } in V . 

We may assume that along a relabeled subsequence one has { 

u n 
w −→ u in V, 

u n → u in X, 

u n (x ) → u (x ) for a.e. x ∈ �, 

as n → ∞ . (3.19) 

Because of u n ∈ K(φn , �n ) , it has 

φn (x ) ≤ u n (x ) ≤ �n (x ) for a.e. x ∈ �. 

This together with (3.13) and (3.19) concludes 

φ∗(x ) ≤ u (x ) ≤ �∗(x ) for a.e. x ∈ �, 

namely, u ∈ K(φ∗, �∗) . Set w n = inf { sup { u, φn } , �n } . It is not difficult to prove that 

w n ∈ K(φn , �n ) , and w n → u in V as n → ∞ , (3.20) 

where we have utilized the convergences (3.13) . We shall show that u is the unique solution of Problem 9 corresponding to

the bilateral obstacle (φ∗, �∗) . Letting v = w n into the inequality (3.14) turns out 

〈 F u n , u n − w n 〉 ≤
∫ 
�

j 0 (x, u n (x ) ; w n (x ) − u n (x )) dx + 

∫ 
�3 

g(x ) | w n (x ) | d�

−
∫ 
�3 

g(x ) | u n (x ) | d� −
∫ 
�

f 0 (x )(w n (x ) − u n (x )) dx −
∫ 
�2 

f 2 (x )(w n (x ) − u n (x )) d�. 

Passing to the upper limit as n → ∞ and using the following equalities 

lim sup 

n →∞ 

〈 F u n , u n − w n 〉 
= lim sup 

n →∞ 

〈 F u n , u n − u 〉 + lim 

n →∞ 

〈 F u n , u − w n 〉 
= lim sup 

n →∞ 

〈 F u n , u n − u 〉 , 
it gives 

lim sup 

n →∞ 

〈 F u n , u n − u 〉 ≤ lim sup 

n →∞ 

〈 F u n , u n − w n 〉 
9 
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≤ lim sup 

n →∞ �
j 0 (x, u n (x ) ; w n (x ) − u n (x )) dx + lim 

n →∞ �3 

g(x ) | w n (x ) | d�

− lim 

n →∞ 

∫ 
�3 

g(x ) | u n (x ) | d� − lim 

n →∞ 

∫ 
�

f 0 (x )(w n (x ) − u n (x )) dx 

− lim 

n →∞ 

∫ 
�2 

f 2 (x )(w n (x ) − u n (x )) d�

≤ 0 , 

where we have used the convergences u n → u in L p (�) and X (by Sobolev trace and embedding theorems), the upper

semicontinuity of (s, r) �→ j 0 (x, s ; r) and Lebesgue dominated convergence theorem. Keeping in mind that u n 
w −→ u in V as

n → ∞ , the inequality 

lim sup 

n →∞ 

〈 F u n , u n − u 〉 ≤ 0 , 

and the (S + ) –property of F guarantee that 

u n → u in V as n → ∞ . (3.21) 

Let v ∈ K(φ∗, �∗) be arbitrary. We consider the sequence { v n } given by 

v n := inf { sup { φn , v } , �n } . 
Evidently, it is valid 

v n ∈ K(φn , �n ) , and v n → v in V as n → ∞ . (3.22) 

Taking v = v n into (3.14) and passing to the upper limit as n → ∞ for the resulting inequality, we get 

〈 F u, v − u 〉 + 

∫ 
�

j 0 (x, u (x ) ; v (x ) − u (x )) dx + 

∫ 
�3 

g(x ) | v (x ) | d� −
∫ 
�3 

g(x ) | u (x ) | d�

≥ lim 

n →∞ 

〈 F u n , v n − u n 〉 + lim sup 

n →∞ 

∫ 
�

j 0 (x, u n (x ) ; v n (x ) − u n (x )) dx 

+ lim 

n →∞ 

∫ 
�3 

g(x ) | v n (x ) | d� − lim 

n →∞ 

∫ 
�3 

g(x ) | u n (x ) | d�

≥ lim 

n →∞ 

∫ 
�

f 0 (x )(v n (x ) − u n (x )) dx + lim 

n →∞ 

∫ 
�2 

f 2 (x )(v n (x ) − u n (x )) d�

= 

∫ 
�

f 0 (x )(v (x ) − u (x )) dx + 

∫ 
�2 

f 2 (x )(v (x ) − u (x )) d�. 

Because v ∈ K(φ∗, �∗) is arbitrary. Hence, u is the unique solution of Problem 9 associated with the bilateral obstacle

(φ∗, �∗) , i.e., u = S(φ∗, �∗) . However, the result that every convergent subsequence of { u n } converges strongly to the same

limit u = S(φ∗, �∗) in V indicates that the whole sequence { u n } converges strongly to u = S(φ∗, �∗) in V . 

Finally, we are going to prove that (φ∗, �∗) is an optimal solution to Problem 1 . It follows from the weak lower semi-

continuity of ‖ · ‖ L p (�) and the convergence, S(φn , �n ) = u n → u = S(φ∗, �∗) that 

L (φ∗, �∗) = 

1 

p 

∫ 
�

|S(φ∗, �∗)(x ) − z d (x ) | p dx + 

α

p 
‖ 	φ∗‖ 

p 

L p (�) 
+ 

β

p 
‖ 	�∗‖ 

p 

L p (�) 

≤ lim inf 
n →∞ 

1 

p 

∫ 
�

|S(φn , �n )(x ) − z d (x ) | p dx + lim inf 
n →∞ 

α

p 
‖ 	φn ‖ 

p 

L p (�) 
+ lim inf 

n →∞ 

β

p 
‖ 	�n ‖ 

p 

L p (�) 

≤ lim inf 
n →∞ 

[
1 

p 

∫ 
�

|S(φn , �n )(x ) − z d (x ) | p dx + 

α

p 
‖ 	φn ‖ 

p 

L p (�) 
+ 

β

p 
‖ 	�n ‖ 

p 

L p (�) 

]
= lim inf 

n →∞ 

L (φn , �n ) . 

Combining the estimates above, (3.12) and the fact, 

inf 
(φ, �) ∈ U ad 

L (φ, �) ≤ L (φ∗, �∗) , 

we have 

inf 
(φ, �) ∈ U ad 

L (φ, �) ≤ L (φ∗, �∗) ≤ lim inf 
n →∞ 

L (φn , �n ) = inf 
(φ, �) ∈ U ad 

L (φ, �) . 

∗ ∗
This means that (φ , � ) ∈ U ad is an optimal solution to Problem 1 . �

10 
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4. Convergence results 

This section is concerned with the convergence analysis to the bilateral obstacle optimal control problem, Problem 1 , in

which our method is based on penalty technique and regularization method. For convenience, in the section, we assume 

that all conditions of Theorem 13 are satisfied. 

Let us introduce a function ρ : R → R + , which is the density of a probability distribution on R with finite absolute mean,

i.e., it satisfies the condition H(ρ) . 

H(ρ) : ρ : R → R + is such that 

(i) ρ is Lebesgue integrable on R . 

(ii) 

∫ 
R 

ρ(s ) ds = 1 . 

(ii) it holds 

r 0 := 

∫ 
R 

| s | ρ(s ) ds < + ∞ . (4.1) 

Denote by s : R → R + the plus function, i.e., s (r) = r + = max { 0 , r} for all r ∈ R . For any ε > 0 , we consider the regularized

(or smoothing) function R ε : R → R corresponding to the plus function s defined by 

R ε (r) = 

∫ 
R 

s (r − εt ) ρ(t ) dt = 

∫ r 
ε 

−∞ 

s (r − εt ) ρ(t ) dt (4.2) 

for all r ∈ R . 

The following proposition reveals that R ε is a smooth approximating function of the plus function s, its detailed proof

can be found in Facchinei and Pang [6 , Proposition 11.8.10]. 

Proposition 14. Assume that H(ρ) is satisfied. Then for every ε > 0 , we have 

(i) the inequality is true 

|R ε (t) − s (t) | ≤ r 0 ε for all t ∈ R . (4.3) 

(ii) R ε is convex and twice continuously differentiable on R such that 

R 

′ 
ε (t) = 

∫ t 
ε 

−∞ 

ρ(τ ) dτ, R 

′′ 
ε (t) = 

1 

ε 
ρ
(

t 

ε 

)
, 

and R 

′ 
ε (t) ∈ [0 , 1] for all t ∈ R . 

Remark 15. It should be mentioned that there are many possibilities for the density function ρ, for instance, ρ could be

chosen by the smooth functions or discontinuous functions 

• smooth functions: 

ρ(t) = 

e −t 

(1 + e −t ) 2 
, or ρ( t) = 

2 

( t 2 + 2 

2 ) 
3 
2 

for all t ∈ R . 
• discontinuous functions: 

ρ(t) = 

{
1 , if − 1 

2 
≤ t ≤ 1 

2 
, 

0 , else , 
or ρ(t) = 

{
1 , if 0 ≤ t ≤ 1 , 

0 , else . 

Recall that | t| = t + + (−t) + , we also can introduce the smooth approximating function for the modulus function m : R →
R + , m (t) = | t| by 

m ε (t) = R ε (t) + R ε (−t) (4.4) 

for all t ∈ R . 

From Proposition 14 , it is easy to verify the following corollary. 

Corollary 16. Assume that H(ρ) is satisfied. Then for every ε > 0 , we have 

(i) the inequality is true 

| m ε (t) − m (t) | ≤ 2 r 0 ε for all t ∈ R . (4.5) 

(ii) m ε is convex and twice continuously differentiable on R such that 

m 

′ 
ε (t) = 

∫ t 
ε 

− t 
ε 

ρ(τ ) dτ, m 

′′ 
ε (t) = 

1 

ε 

[ 
ρ
(

t 

ε 

)
+ ρ

(
− t 

ε 

)] 
, 

′ 
and m ε (t) ∈ [0 , 2] for all t ∈ R . 
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On the other side, let us introduce another regularized function h : R → (−∞ , 0] given by 

h (t) = 

{ 

0 , if t ≥ 0 , 

−t 2 , if t ∈ [ −0 . 5 , 0) , 

t + 

1 
4 
, if t < −0 . 5 . 

(4.6) 

Observe that h is a C 1 function with 

h 

′ (t) = 

{ 

0 , if t ≥ 0 , 

−2 t, if t ∈ [ −0 . 5 , 0) , 
1 , if t < −0 . 5 . 

and min { 0 , t} ≤ h (t) ≤ 0 for all t ∈ R . 

Let { ε n } be a sequence such that 

ε n > 0 for all n ∈ N , and ε n → 0 as n → ∞ . (4.7) 

In what follows, we denote by m n = m ε n . We, now, study the following approximating problem corresponding to Problem 9 .

Problem 17. Given (φ, �) ∈ U ad , find a function u ∈ V such that ∫ 
�

μ∗(a (x, ∇u (x )) , ∇(v (x ) − u (x )) 
)
R N dx + 

∫ 
�

j 0 (x, u (x ) ; v (x ) − u (x )) dx 

+ 

1 

ε n 

∫ 
�

[ h (u (x ) − φ(x )) − h (�(x ) − u (x )) ] (v (x ) − u (x )) dx (4.8) 

+ 

∫ 
�3 

g(x ) m n (v (x )) d� −
∫ 
�3 

g(x ) m n (u (x )) d� ≥
∫ 
�

f 0 (x )(v (x ) − u (x )) dx 

+ 

∫ 
�2 

f 2 (x )(v (x ) − u (x )) d�

for all v ∈ V . 

From Theorem 12 , we can see that Problem 17 has a unique solution u ∈ V, because of the continuity and monotonicity of

r �→ h (r − φ(x )) − h (�(x ) − r) . Let (φ∗, �∗) ∈ U ad be an optimal solution to Problem 1 fixed. We also consider the following

approximating optimal control problem associated with Problem 1 . 

Problem 18. Given ε n > 0 , find (φ∗
n , �

∗
n ) ∈ U ad such that 

(φ∗
n , �

∗
n ) ∈ arg min 

(φ, �) ∈ U ad 

L n (φ, �) , 

namely, 

L n (φ
∗
n , �

∗
n ) ≤ L n (φ, �) for all (φ, �) ∈ U ad , (4.9) 

where the cost function L n : W × W → R is defined by 

L n (φ, �) := 

1 

p 

∫ 
�

|S n (φ, �)(x ) − z d (x ) | p dx + 

α

p 
‖ 	φ‖ 

p 

L p (�) 
+ 

β

p 
‖ 	�‖ 

p 

L p (�) 

+ δ1 ‖ φ − φ∗‖ 

p 

L p (�) 
+ δ2 ‖ � − �∗‖ 

p 

L p (�) 
for all (φ, �) ∈ U ad , (4.10) 

and S n (φ, �) is the unique solution to Problem 17 corresponding to the bilateral obstacle (φ, �) ∈ U ad , here δ1 , δ2 > 0 are

two regularized parameters. 

Lemma 19. For any (φ, �) ∈ U ad fixed, let u n = S n (φ, �) be the unique solution to Problem 17 . Then, it holds ∫ 
�

μ∗(a (x, ∇u n (x )) , ∇(v (x ) − u n (x )) 
)
R N dx + 

∫ 
�

j 0 (x, u n (x ) ; v (x ) − u n (x )) dx 

+ 

∫ 
�3 

g(x ) m n (v (x )) d� −
∫ 
�3 

g(x ) m n (u n (x )) d� (4.11) 

≥
∫ 
�

f 0 (x )(v (x ) − u n (x )) dx + 

∫ 
�2 

f 2 (x )(v (x ) − u n (x )) d�

for all v ∈ K(φ, �) . 

Proof. For any (φ, �) ∈ U ad fixed, let u n = S n (φ, �) be the unique solution to Problem 17 . For any v ∈ K(φ, �) , we have 

• if u n (x ) ≥ φ(x ) , then h (u n (x ) − φ(x ))(v (x ) − u n (x )) = 0 , 
• if u n (x ) < φ(x ) , then h (u n (x ) − φ(x ))(v (x ) − u n (x )) ≤ 0 (due to v (x ) ≥ φ(x ) > u n (x ) and h (u n (x ) − φ(x )) < 0 ), 
• if u n (x ) ≤ �(x ) , then h (�(x ) − u n (x ))(v (x ) − u n (x )) = 0 , 
•
 if u n (x ) > �(x ) , then h (�(x ) − u n (x ))(v (x ) − u n (x )) ≥ 0 (due to v (x ) ≤ �(x ) < u n (x ) and h (�(x ) − u n (x )) < 0 ). 

12 
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Hence, 

1 

ε n 

∫ 
�

[ h (u n (x ) − φ(x )) − h (�(x ) − u n (x )) ] (v (x ) − u n (x )) dx ≤ 0 . 

So, for any v ∈ K(φ, �) , by virtue of (4.8) , we obtain the desired inequality (4.11) . �

To deliver the main result of the section, we, next, give a critical convergence result. 

Lemma 20. Let { (φn , �n ) } ⊂ U ad be a sequence such that 

(φn , �n ) → (φ, �) in V as n → ∞ , (4.12) 

for some (φ, �) ∈ U ad . Then the sequence { u n } with u n = S n (φn , �n ) converges strongly to u = S(φ, �) in V . 

Proof. For each n ∈ N , Lemma 19 points out that (4.11) holds. We assert that the sequence { u n } is bounded in V . Inserting

v = φn into (4.11) , we have 

(μ∗m a − m j ‖ η‖ 

p ) ‖ φn − u n ‖ 

p 

≤ 〈 F u n − F φn , u n − φn 〉 −
∫ 
�

j 0 (x, u n (x ) ;φn (x ) − u n (x )) dx 

−
∫ 
�

j 0 (x, φn (x ) ; u n (x ) − φn (x )) dx 

≤ −〈 F φn , u n − φn 〉 −
∫ 
�

j 0 (x, φn (x ) ; u n (x ) − φn (x )) dx 

+ 

∫ 
�3 

g(x ) m n (φn (x )) d� −
∫ 
�3 

g(x ) m n (u n (x )) d�

−
∫ 
�

f 0 (x )(φn (x ) − u n (x )) dx −
∫ 
�2 

f 2 (x )(φn (x ) − u n (x )) d�. 

It follows from Corollary 16 (i), the convergence (4.12) , Hölder inequality and hypothesis H(0) that there exists a constant

m 4 > 0 such that 

(μ∗m a − m j ‖ η‖ 

p ) ‖ φn − u n ‖ 

p ≤ m 4 (1 + ‖ φn − u n ‖ + ε n ) . 

Employing Young’s inequality, we are able to find a constant m 5 > 0 , which is independent of n, such that 

‖ u n ‖ ≤ m 5 , 

where we have used the fact ε n → 0 as 0 → ∞ . Passing to a subsequence if necessary, we may assume that 

u n 
w −→ u in V as n → ∞ (4.13) 

for some u ∈ V . 

We are going to demonstrate that u = S(φ, �) . Let w n = inf { sup { u, φn } , �n } , so, w n ∈ K(φn , �n ) and w n → u in V as

n → ∞ . Putting v = w n for (4.11) , a direct computing finds 

〈 F u n , u n − w n 〉 
≤

∫ 
�

j 0 (x, u n (x ) ; w n (x ) − u n (x )) dx + 

∫ 
�3 

g(x )[ m n (w n (x )) − m n (u n (x ))] d�

−
∫ 
�

f 0 (x )(w n (x ) − u n (x )) dx −
∫ 
�2 

f 2 (x )(w n (x ) − u n (x )) d�

≤
∫ 
�

j 0 (x, u n (x ) ; w n (x ) − u n (x )) dx + 

∫ 
�3 

g(x )[ | w n (x ) | − | u n (x ) | ] d�

+ 4 r 0 ‖ g‖ L 1 (�3 ) ε n −
∫ 
�

f 0 (x )(w n (x ) − u n (x )) dx −
∫ 
�2 

f 2 (x )(w n (x ) − u n (x )) d�, 

where we have applied Corollary 16 (i). Passing to the upper limit as n → ∞ for the inequality above, it yields 

lim sup 

n →∞ 

〈 F u n , u n − u 〉 ≤ lim sup 

n →∞ 

〈 F u n , u n − w n 〉 

≤ lim sup 

n →∞ 

[ ∫ 
�

j 0 (x, u n (x ) ; w n (x ) − u n (x )) dx + 

∫ 
�3 

g(x )[ | w n (x ) | − | u n (x ) | ] d�

+ 4 r 0 ‖ g‖ L 1 (�3 ) ε n −
∫ 
�

f 0 (x )(w n (x ) − u n (x )) dx −
∫ 
�2 

f 2 (x )(w n (x ) − u n (x )) d�
] 

≤ 0 . 
13 
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This combined with (4.13) and the (S + ) –property of F concludes that u n → u in V as n → ∞ . Also, it is available that u ∈
K(φ, �) . 

Let v ∈ K(φ, �) be arbitrary. Likewise, set v n = inf { sup { φn , v } , �n } . So, v n ∈ K(φn , �n ) and v n → v in V as n → ∞ . Taking

v = v n into (4.11) and passing to the upper limit as n → ∞ for the resulting inequality, we obtain ∫ 
�

μ∗(a (x, ∇u (x )) , ∇(v (x ) − u (x )) 
)
R N dx + 

∫ 
�

j 0 (x, u (x ) ; v (x ) − u (x )) dx 

+ 

∫ 
�3 

g(x ) | v (x ) | d� −
∫ 
�3 

g(x ) | u (x ) | d�

≥
∫ 
�

f 0 (x )(v (x ) − u (x )) dx + 

∫ 
�2 

f 2 (x )(v (x ) − u (x )) d�. 

The arbitrariness of v ∈ K(φ, �) points out that u is the unique solution of Problem 9 corresponding to (φ, �) , i.e., u =
S(φ, �) . Since every convergent subsequence of { u n } converges strongly to the same limit u = S(φ, �) . Consequently, the

whole sequence { u n } converges strongly to u = S(φ, �) . �

Particularly, we have the following corollary. 

Corollary 21. For any (φ, �) ∈ U ad fixed, the sequence { u n } with u n = S n (φ, �) converges strongly to u = S(φ, �) in V . 

By a careful verification, we derive the following byproduct. 

Lemma 22. The set of solutions of Problem 1 , denoted by 
∏ 

, is weak compact in W × W . 

Proof. From the definition of the cost function L, we know that the set of solutions of Problem 1 is bounded in W × W,

hence, 
∏ 

is weakly compact in W × ×W, thanks to the reflexivity of W × W . We now show that 
∏ 

is weakly closed. Let

{ (φn , �n ) } ⊂ ∏ 

be such that 

(φn , �n ) 
w −→ (φ, �) in W × W as n → ∞ . 

The compact embedding from W × W to V × V implies 

(φn , �n ) → (φ, �) in V × V as n → ∞ . 

Arguing as in the proof of Lemma 20 , we have S(φn , �n ) → S(φ, �) . But, the weak lower semicontinuity of the norm ‖ · ‖ p 
admits 

L (φ, �) = 

1 

p 

∫ 
�

|S(φ, �)(x ) − z d (x ) | p dx + 

α

p 
‖ 	φ‖ 

p 

L p (�) 
+ 

β

p 
‖ 	�‖ 

p 

L p (�) 

≤ lim inf 
n →∞ 

1 

p 

∫ 
�

|S(φn , �n )(x ) − z d (x ) | p dx + lim inf 
n →∞ 

α

p 
‖ 	φn ‖ 

p 

L p (�) 
+ lim inf 

n →∞ 

β

p 
‖ 	�n ‖ 

p 

L p (�) 

≤ lim inf 
n →∞ 

[
1 

p 

∫ 
�

|S(φn , �n )(x ) − z d (x ) | p dx + 

α

p 
‖ 	φn ‖ 

p 

L p (�) 
+ 

β

p 
‖ 	�n ‖ 

p 

L p (�) 

]
= lim inf 

n →∞ 

L (φn , �n ) = inf 
( ̃  φ, ̃  �) ∈ U ad 

L ( ̃  φ, ̃  �) , 

so, (φ, �) ∈ 

∏ 

, where the last equality is gotten by using the fact that { (φn , �n ) } ⊂ ∏ 

. Therefore, 
∏ 

is weak compact in

 × W . �

The main result of the section concerning the existence and convergence of Problem 18 is formulated by the following

theorem. 

Theorem 23. Let (φ∗, �∗) ∈ U ad be the optimal solution to Problem 1 and (φn , �n ) be an optimal solution to Problem 18 . Then

the convergences hold 

(φn , �n ) 
w −→ (φ∗, �∗) in W × W, (4.14) 

(φn , �n ) → (φ∗, �∗) in V × V, (4.15) 

u n := S n (φn , �n ) → u := S(φ∗, �∗) in V, (4.16) 

lim 

n →∞ 

L n (φn , �n ) = L (φ∗, �∗) . (4.17) 
14 
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Proof. We first show that the sequence { (φn , �n ) } ⊂ U ad is bounded in W × W . For every n ∈ N , one has 

L n (φn , �n ) ≤ L n (φ
∗, �∗) 

= 

1 

p 

∫ 
�

|S n (φ∗, �∗)(x ) − z d (x ) | p dx + 

α

p 
‖ 	φ∗‖ 

p 

L p (�) 
+ 

β

p 
‖ 	�∗‖ 

p 

L p (�) 
. (4.18) 

However, Corollary 21 points out that {S n (φ∗, �∗) } is bounded in V . So, from the definition of L n , it finds that the sequence

{ (φn , �n ) } is bounded in W × W . Without loss of generality, we may assume that { 

(φn , �n ) 
w −→ (φ, �) in W × W , 

(φn , �n ) → (φ, �) in V × V , 

(φn (x ) , �n (x )) → (φ(x ) , �(x )) for a.e. x ∈ �, 

as n → ∞ (4.19) 

for some (φ, �) ∈ U ad (due to the closedness of U ad in V × V ). Additionally, employing Lemma 20 concludes that 

u n := S n (φn , �n ) → u := S(φ, �) in V as n → ∞ . (4.20) 

Whereas the weak lower semicontinuity of ‖ · ‖ L p (�) , and (4.19) and (4.20) confess 

1 

p 

∫ 
�

|S(φ, �)(x ) − z d (x ) | p dx + 

α

p 
‖ 	φ‖ 

p 

L p (�) 
+ 

β

p 
‖ 	�‖ 

p 

L p (�) 

+ δ1 ‖ φ − φ∗‖ 

p 

L p (�) 
+ δ2 ‖ � − �∗‖ 

p 

L p (�) 

≤ lim inf 
n →∞ 

1 

p 

∫ 
�

|S n (φn , �n )(x ) − z d (x ) | p dx + lim inf 
n →∞ 

α

p 
‖ 	φn ‖ 

p 

L p (�) 

+ lim inf 
n →∞ 

β

p 
‖ 	�n ‖ 

p 

L p (�) 
+ lim inf 

n →∞ 

δ1 ‖ φ − φ∗‖ 

p 

L p (�) 
+ lim inf 

n →∞ 

δ2 ‖ � − �∗‖ 

p 

L p (�) 

≤ lim inf 
n →∞ 

L n (φn , �n ) . (4.21) 

On the other side, passing to the upper limit as n → ∞ for the inequality (4.18) , it yields 

lim sup 

n →∞ 

L n (φn , �n ) 

≤ lim inf 
n →∞ 

1 

p 

∫ 
�

|S n (φ∗, �∗)(x ) − z d (x ) | p dx + 

α

p 
‖ 	φ∗‖ 

p 

L p (�) 
+ 

β

p 
‖ 	�∗‖ 

p 

L p (�) 

= 

1 

p 

∫ 
�

|S(φ∗, �∗)(x ) − z d (x ) | p dx + 

α

p 
‖ 	φ∗‖ 

p 

L p (�) 
+ 

β

p 
‖ 	�∗‖ 

p 

L p (�) 

= L (φ∗, �∗) , (4.22) 

where the first equality is obtained by using Corollary 21 . Combining (4.21) and (4.22) and the fact that (φ∗, �∗) is an

optimal solution to Problem 1 , it finds 

L (φ, �) + δ1 ‖ φ − φ∗‖ 

p 

L p (�) 
+ δ2 ‖ � − �∗‖ 

p 

L p (�) 

= 

1 

p 

∫ 
�

|S(φ, �)(x ) − z d (x ) | p dx + 

α

p 
‖ 	φ‖ 

p 

L p (�) 
+ 

β

p 
‖ 	�‖ 

p 

L p (�) 

+ δ1 ‖ φ − φ∗‖ 

p 

L p (�) 
+ δ2 ‖ � − �∗‖ 

p 

L p (�) 

≤ L (φ∗, �∗) 

≤ L (φ, �) . 

Therefore, we conclude that (φ, �) = (φ∗, �∗) . Recall that every convergent subsequence of { (φn , �n ) } converges weakly to

the same limit (φ∗, �∗) in W × W, so, the whole sequence { (φn , �n ) } satisfies the convergences (4.14) and (4.15) . 

Finally, the convergence (4.17) can be obtained directly from the estimates (4.21) and (4.22) . �

5. Conclusion 

In this paper, we have introduced and studied an elliptic bilateral obstacle system (EBOS, for short) involving a nonlinear 

and nonhomogeneous partial differential operator and a multivalued term which is described by Clarke’s generalized gra- 

dient. Using the existence result [41, Theorem 8] , a unique solvability theorem for (EBOS) is established. Then, a nonlinear

optimal control problem governed by (EBOS) is investigated, and a sufficient theorem for the existence of optimal solutions 

to the obstacle control problem is obtained. Moreover, we introduced a family of approximating problems for the optimal 

control problem under consideration, and proved a convergence result that any sequence of solutions for the approximating 

problems converges to an optimal solution for the original optimal control problem. 

In fact, problems of this type are encountered in contact mechanics problems. In the future we plan to explore the

necessary conditions for the optimal control problem, Problem 1 . 
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