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In the paper an elliptic quasi-variational-hemivariational inequality with constraints in a
Banach space is studied. First, we apply the Minty technique, the KKM principle and the
theory of nonsmooth analysis to establish the solvability of the inequality problem. Then,
we employ a generalized penalty and regularization method for the inequality and intro-
duce a family of penalized and regularized problems with no constraints and with Gateaux
differentiable potentials. Through a limit procedure, we prove that the Kuratowski upper
limit with respect to the weak topology of the solution sets to penalized and regularized
problems, is a nonempty subset of the solution set to the original inequality problem. Next,
if a set-valued operator in the inequality has (S).-property, then the Kuratowski upper
limits with respect to the weak and strong topologies for the solution sets coincide. Finally,
we illustrate our results by examining a nonlinear elliptic inclusion with the subgradient
term of a locally Lipschitz function, mixed boundary conditions and an obstacle unilateral
constraint which appears in a semipermeability problem.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

The theory of hemivariational inequalities has been introduced in early 1980s with the pioneering works of Pana-
giotopoulos, see [33-35], who initially used it to analyse several nonsmooth problems in mechanics involving set-valued
nonmonotone operators. The theory is based on the notion of the generalized subgradient of Clarke [4] defined for a class of
locally Lipschitz, non-differentiable and nonconvex energy functionals. The hemivariational inequalities has been extensively
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studied in many aspects and emerged as one of the most promising branches of pure and applied mathematics. Applications
of hemivariational inequalities include models that describe various complex phenomena arising in physics, solid and fluid
mechanics, economics, engineering sciences, optimization, control, etc (see [30-32,44,47,48]).

Nowadays, variational-hemivariational inequalities represent a natural generalization of both variational and hemivari-
ational inequalities. They allow to enlarge significantly numerous applications involving the convex and nonconvex po-
tentials. Recent advances in variational-hemivariational inequalities concern existence results [10,11,14,16,18,19,22,23,26-
28,37,38,46], convergence, continuous dependence, and stability, see, e.g., [1,2,13,17,41,42,45], and numerical analysis, see,
e.g., [9,12,13,29,43] and the references therein.

In this paper we explore a class of variational-hemivariational inequalities which serves as a variational formulation of a
sempermeability model. The latter arises in several situations in heat conduction, fluid flow through porous media, hydraulic,
and electrostatics, where the solution represents the temperature, the pressure and the electric potential [7]. The motivation
to study such semipermeability problem comes from a prototype model in [7, Chapter I] (where the maximal monotone
semipermeability relations were considered), and [33, Chapter 5.5.3] and [24,34,40] (where nonmonotone relations were
studied).

In Section 4 we concentrate on an interesting real-world application. We study a semipermeability model for the station-
ary heat equation which involves two relations of subdifferential type. The first one is the multivalued nonmonotone law
—f e dj(u) in the domain between the heat source f and the temperature u, where dj denotes the generalized subgradient
of a locally Lipschitz function j. The second relation is the monotone law on the boundary of the domain between the heat
flux and the temperature —g—g € 0.\ (u) with the convex subdifferential 9. ¥ of a convex potential W. The semipermeabil-
ity model under consideration leads to the following formulation. Let V and X be reflexive Banach spaces with their dual
spaces V* and X*, respectively, (.,-) stand for the duality brackets between V* and V. Let K be a nonempty, closed, and
convex subset of V. We shall study the elliptic quasi-variational-hemivariational inequality of the following form.

Problem 1. Find u € K such that u* € Fu and
W v—u)+J°(yu; yv—yu) + ) — @) > (f, v—u) forall vek.

Here, the operators F : V — 2V" and y : V — X, and the functions ] : X - R and ¢ : V — R := RU {400}, and the element
f e V* will be specified in Section 3. In a particular case, when F is a single-valued mapping, Problem 1 reduces to the
one, which has been considered only recently in [42]. The novelty of the semipermeability model relies also on a unilateral
obstacle effect in the domain which is modelled by the set K of constraints.

The main goal of this paper is threefold. The first contribution is to establish the existence of solution, as well as the
weak compactness, convexity and boundedness of the solution set to Problem 1. In the proofs we apply the KKM principle,
use the Minty approach, and the theory of nonsmooth analysis. The second aim is to investigate a generalized penalty and
regularization method. To this end, we introduce a family of penalized and regularized problems without constraints and
with the Gateaux differentiable potentials. We shall establish the following assertions:

(i) the upper limit in the sense of Kuratowski with respect to the weak topology of the sequence of solution sets to the
penalized and regularized problems, denoted by w — limsup,,_, ., Sp, is nonempty, and it satisfies
w—limsup S, C S,
n—oo
where the sets S, and S are the sets of solutions to the penalized and regularized problem, Problem 8, and Problem 1,
respectively.
(ii) further, if the operator F has (S, )-property, then the identity holds
w—limsupS, =s —limsupS, C S.
n—oo n—oo
(iii) under the hypothesis that F has (S).-property, for each u € s — limsup,_, ., Sp and any sequence {iiy} with i, € Sy
and

|tih —ul| < |[w—u| forall weS,,
there exists a subsequence of {ii,} that converges strongly in V to u.

Our third goal is to illustrate the applicability of the aforementioned theoretical results and study an elliptic inclusion
problem with mixed boundary conditions, which comes from the modeling of semipermeability phenomena.

The outline of the paper is as follows. Section 2 recalls the necessary notation and preliminary material. In Section 3,
we establish the nonemptiness, closedness, convexity and boundedness of the set of solutions to Problem 1. Then, we em-
ploy a generalized penalty and regularization method to Problem 1 and deliver a convergence theorem, Theorem 9. Finally,
Section 4 explores an elliptic problem involving a set-valued operator and the Clarke subgradient term.

2. Preliminaries

In this section we shall recall a preliminary material which will be used in the next sections, see [3-6,15,25,39] and the
references therein.
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Throughout the paper, we adopt the notation “ -, » and “->" to denote the weak and the strong convergence, respec-
tively. The set of all subsets of Y is denoted by 2Y. Given topological spaces X and Y, we say that a set-valued mapping
F:X — 2Y is upper semicontinuous (u.s.c., for short) at x € X if, for every open set @ c Y with F(x) c O, there exists a
neighborhood N(x) of x such that

FINx) = F(y) cO.

YeN(x)

If this holds at every x € X, then F is called upper semicontinuous.
We now recall the definition of the Kuratowski limits for a family of sets.

Definition 2. Let (X, T) be a Hausdorff topological space and {An},-1 c 2X. We define
T — liminfA, := {xeXlx:t— lim x,, x, €A, forall n>1 }
n—oo n—oo
and

T —limsupA, := {xeX |x=1— limxp, Xg, €Ap,, M <Nz <...<MNj < }
n—oo k— o0
The sets T — liminf,_, o An and v —limsup,_, ., A, are called the r-Kuratowski lower and upper limits of the sequence A,
respectively. Further, if
A=1— lirI"ﬂ infA, = T — limsupA;,
— 00

n—oo

then the set A is called the T-Kuratowski limit of the sequence A;.

Let V be a reflexive Banach space with its dual space V*, and (-,-) be the duality brackets between V* and V. Let A :
V — V* be a single-valued operator. It is called bounded if it maps bounded sets of V into bounded subsets of V*. A is
called monotone if (Av; — Av,, v; — ) > 0 for all v, v, € V. An operator A is called hemicontinuous, if the functional t —
(A(u+tv),w) is continuous on [0, 1] for all u, v, we V. If for all w eV the functional u+— (Au, w) is continuous, i.e., A is
continuous as a map from V to V* endowed with the weak topology, then A is called demicontinuous. It is known, see [6,
Exercise 1.9, Section 1.9] that for monotone operators, the notions of demicontinuity and hemicontinuity coincide. We say
that a set-valued mapping F :V — 2V" is (S.) (or F satisfies (S, )-property, or has (S, )-property), if for any sequences
{un} cV and {u};} c V* with u} € F(up) and uy Y, u for some u e V such that lim Supy,_, o (Uf, Un — u) <0, we have uy, —> u
as n— oo.

Finally, we recall the notion of the generalized gradient, see [4], and some its properties which are needed in what
follows. A function J : X — R defined on a Banach space (X, || - ||x) is locally Lipschitz continuous at u € X, if there exist a
neighborhood N(u) of u in X and a constant L, > 0 such that

Jw) —J)| <Ly ||lw—v|x forall w,veN(u).
We denote by JO(u; v) the generalized directional derivative of J at u € X in the direction v € X defined by
J°(u;v) = limsup w
A—0t, w—u A
The generalized (sub)gradient of ] : X — R at u € X is given by
) ={& eXx [ /°(u;v) = (§,v) forall veX}

The generalized directional derivative and the generalized gradient share useful properties collected below, see [25, Propo-
sition 3.23].

Proposition 3. Assume that the function J : X — R is locally Lipschitz. Then

(i) for all x € X, the function X > v~ JO(x; v) € R is positively homogeneous and subadditive, i.e., JO(x; \v) = AJ°(x; v) for all
A>0,veX and JO(x; v + 1) <JO(x; 1q) +JO(x; 1) for all vy, v € X.
(ii) for all v € X, it holds JO(x; v) = max { (§,v) | £ € JJ(x) }.
(iii) the function X x X 5 (u, v) — JO(u; v) € R is upper semicontinuous.
(iv) the graph of the map 9] : X — 2X" is closed in X x (w* — X*) topology, i.e., if {x,} c X and {&,} c X* are sequences such
that

&1 e dJ(Xy), Xp—xinX and &, — & weakly* in X*,

then & € dJ(x), where w* — X* denotes the space X* equipped with weak* topology.

3
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3. General existence and convergence results

In this section we study existence of solution to the quasi-variational-hemivariational inequality stated in Problem 1.
We use the KKM principle, the Minty approach, and results from nonconvex and nonsmooth analysis. Then, we introduce a
family of generalized penalty and regularization problems corresponding to Problem 1. Finally, we establish a convergence
theorem on the Kuratowski upper limit for the generalized penalty and regularization problem.

Let (V.| -||) and (X, || - ||x) be reflexive Banach spaces with duals (V*,| - ||y+) and (X*, || - ||x+), respectively. To explore
existence of solution to Problem 1, we need the following hypotheses.

H(p): ¢ :V — R :=RU {+oo} is a proper, convex and lower semicontinuous function.

H(y): vy :V - X is a bounded and linear operator.

H(J): ] : X — R is a locally Lipschitz function.

H(h): h:V — R is a function such that h(0y) <0 and

(i) limsup;_, g+ @ >0forallveV.
(i) for all {v,} c V with v, =% v inV, it holds h(v) < limsup,_, ., h(v).

H(f): feV*
H(F): F : V — 2V satisfies the following conditions:

(i) F is u.s.c. and has compact values.
(ii) the set-valued map u +— Fu + y*dJ(yu) c V* is relaxed h-monotone, namely, the inequality

(W= u—v)+ (& =&, YU —V)x-xx = h(u—7v)

holds for all u* € Fu, v* € Fv, §, € dJ(yu), & € 0J(yv) and all u, v e V.
(iii) there exists vy € K ndom(g) such that

liminf  \Mrerao (U7 1 — Vo) + infe, oy (Eu, ¥ (U — Vo) )x-xx
ueV, |lull-+oo ”u”

H(K): K is a nonempty, closed, convex subset of V.
H(T): T :V — V* is a bounded, hemicontinuous and monotone operator.
We now consider the following inequality problem.

Problem 4. Find u € K such that u* € Fu and
W+ Tu,v—u) +°(yu; yv—yu) + @) — @) > (f,v—u) forall vek.

The first main theorem of this section is the following result on existence and uniqueness of solution, and convexity and
weak compactness of the solution set to Problem 4.

Theorem 5. Assume that H(¢), H(y), H(J), H(h), H(f), H(F), H(K), and H(T) are fulfilled. Then the following statements hold:
(i) u € K is a solution to Problem 4 if and only if, u solves the following problem: find u € K such that

W —f+Tv,v—u) + &, Y0 —w)xxx + @) — @) = h(v—u) (3.2)

for all v* € Fv, & € 0J(yv) and v e K.
(ii) the set of solutions to Problem 4, denoted by Sr, is nonempty and weakly compact in V.
(iii) if h : V — R is convex, then St is convex as well.
(iv) if h(v) > 0 for all v e V \ {Oy}, then Problem 4 has a unique solution.

Proof. (i) We can argue as in the proof of [21, Lemma 3.3] and apply the Minty approach to conclude the desired assertion.
(ii) For the existence part, we first suppose that the constraint set K is additionally a bounded subset of V. Consider the
set-valued mapping Z : K — 2K defined by

Ew):={vek | inf (W w-v)+(Tw-fw-v)+ inf (£, yW—1))x.x
weeF(w) Ewed](yw)

+ow) —e) = h(wfv)} for weK.

Keeping in mind that h(0y) <0 and w € E(w) for every w € K, it follows that the mapping E is well-defined. Besides, we
assert that E has weakly closed values. Indeed, let w € K and {v,} ¢ E(w) be such that vy, 2, vinV as n — oo. Hence

W5 w—vn) + (Tw— fLw—1n) + Ew. YW —U))xexx + @ (W) —@(Vn) = h(w — 1)

for all w* € F(w) and &, € dJ(yw). We pass to the upper limit in the last inequality and apply condition H(h)(ii) to get

4
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W' w—v) +(Tw — f,w —v) + (w, Y (W = 1)) g + (W) — (V)

> lim [(w*, w—vn) + (Tw — f,w = vn) + (Euw, ¥ (W = U))xsx | + 9 (W)

—lign info(vy,) > limsuph(w —v,) > h(w —v),

where we have used the hypothesis that ¢ is l.s.c. Hence, we obtain

inf (W w-v Tw—ffw—v inf LY (W —1))xe i
Lot )+ (Tw—fow—v) 40l (& y (= 0))xeax

+oWwW) —@) = h(w-v),

which means that the set E(w) is a weakly closed subset of V.
Further, if & is a KKM mapping, then we are in a position to apply the KKM principle (see, e.g., [20, Lemma 2.6]) to
conclude

ﬂ B(w) # 0.

wekK

So, there exists an element u € K such that
W w—u) +(Tw— fw—u) + w, y (W = U))xx + (W) — @ (u) > h(w —u)

for all w* € F(w), &w € dJ(yw) and w € K. By virtue of assertion (i), one has u € Sr.

-

On the other hand, consider the situation that E is not a KKM mapping. This means that there are elements
{wi,wy,...,wy} and wy = Z’,:”:] tewy € K (since K is convex) such that

M M
ty € [O, 1], Ztk =1 and wo ¢ U E(Wk)
k=1 k=1

Hence, for any k=1, 2,..., M, one has

inf (Wi, wi — wo) + (Twy — f, wy — wo) + @(Wy) — @ (wWo)
wieF (wy)

+ inf (&, v (We — wo))x-xx < h(Wy — Wp). (3.3)
Eced] (ywy)

Next, we claim that there exist a neighborhood U of wy such that for every v e U NK, it holds

inf (Wi, wi —v) + (Twy — fwe—v) + inf (&, ¥ (W — ))x-xx
wEeF(wk) Eed] (ywy)

+o (W) — @) < h(w, —v) (34)
for each k=1, 2, ..., M. Suppose that this claim is not true. Thus, we are able to find a sequence {v,} such that
Up — Wwp in V, as n — oo,
and

inf (Wi Wi, — Un) + (Twy, — f, Wy, — Un) + @(Wg,) — @ (V)
w; eF(wy,) n

+ inf (& v (W, — V))xexx = h(wy, —vn).
&1 €0J (Y wi,)

Hence, for n large enough, we can find kg € {1, 2, ..., M} such that

(Wi, Wiy = Un) + (Twy, — fo Wiy — Un) + (s ¥ Wiy — Un) Dxexx

TP Wi,) = @(Vn) = h(Wy, — Vn)
for all wzo € F(wy,), &k, € 9J(ywy,) and all n e N. We take the upper limit, as n — oo, in the inequality above and find

(Wi, Wiy — Wo) + (Twy, — f, Wy, — Wo) + (§k,» ¥ (Wi, — Wo))x-xx
+(p(wk0) - (p(WO)
> JLHQO[(WZO, Wiy — Un) + (Twyy — f, Wy, — Vn) + (kg ¥ Wiy — Vn))xexx]

+o(Wy,) — li)gn inf(vy) > limsup h(wy, — vn) > h(wy, — wo)
—00 n—oo

5
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for all WZO € F(wy,) and &, € dJ(ywy,). The latter implies

inf (W, Wi, — wo) + (Twy, — f. Wi, — o) + @(Wy,) — 9(Wo)
w,*(oeF(ka)

inf LY (W, —w, x> h(w, —wp),
+§kOEBJ(VWkO)<$kO ¥ (Wi, — Wo))x-xx = h(wy, —wp)

which contradicts the inequality (3.3). Therefore, the claim (3.4) is valid.
Let U be the neighborhood of wy such that (3.4) is satisfied. We shall verify that the element wy € K is a solution to
Problem 4. Form the inequality (3.4), we obtain

(Wi, v =wp) + (Twy — f, v = wy) + (&, ¥ (V — Wi) )x-xx
+o ) — (W) > —h(w, —v)
for some wj; € F(wy) and &, € 3J(ywy). Next, due to the monotonicity of the operators F(-) + y*dJ(y-) and T, we get

W v—we) +(Tv— fv—we) + & Yy 0 = Wi))xx + @) — (W) = 0

for all v* € F(v), & € dJ(yv) and k=1,2,..., M. Multiplying the above inequality by t, and summing up the resulting in-
equalities from k = 1 to k = M, we have

(", v = wo) + (Tv = f,v—wo) +]°(yv: ¥ (V= Wo)) + (V) — (o)

> (V5 v—wo) + (Tv— f,v—wo) + (&, Y (V—Wo) ) x-xx + @ (V) —@(Wp) = 0 (3.5)

for all v* € F(v), & € dJ(yv) and all ve UNK. Let w € K be arbitrary, and t € (0,1) be small enough such that v; :=tw +
(1 -t)wg e UNK. So, letting v = v in the inequality (3.5), it gives

(V. w—wp) + (Tve — fow —wo) +J°(YUe; ¥y (W — wp)) + @(w) — p(wp) >0 (3.6)

for all v} € F(v¢), where we have used the positive homogeneity of the map v+ J(u; v) and the convexity of ¢. Recall that
F is w.s.c. and has compact values, so for each sequence {v;} fixed, without any loss of generality, we may assume that

vf > wi(w) inV*, as t— 0"

for some wj(w) € F(wp). We use the demicontinuity of T, the upper semicontinuity of the map u — J%(u; v), and pass to
the upper limit, as t — 0%, in (3.6) to deduce

(W (w), w—wp) + (Two — f.w — wo) +J°(ywo: ¥y (W —wp)) + @ (W) — p(wp) > 0.
In consequence, for each w € K, there exists w§(w) € F(wp) such that
(W (w), w—wo) + (Two — f,w —wp) +J°(ywo; ¥y (W —wp)) + ¢(w) — p(wp) > 0.

Moreover, applying the same arguments as in the proof of [8, Proposition 3.3], we are able to find an element wj, € F(wp)
such that

(W w —wo) + (Two — f.w —wo) +J° (Y wo: ¥ (W — wp)) + @ (W) — @ (wp) > 0

for all w € K. Therefore wg € Sr.
Further, we consider the case when K is an unbounded set in V. For every n € N, let us introduce the set K, defined by

Ky:={weK | |w| <n},
and consider the following intermediate problem: find wy € K, and w}, € F(wy) such that
(Wi, v = Wn) + (Twy — f, U = W) + 2 (YWn: ¥ (V= Wn)) + @(V) — 9(Wn) = 0 (3.7)

for all v € K. We now claim that there is a constant Ny > 1 large enough such that for a solution to problem (3.7) with
n = Ny, it holds

lwn, Il < No. (3.8)
Suppose, contrary to our claim, that for each n € N and every solution w, to problem (3.7), we have
[wall = n.
Let n be large enough such that ||vg|| < n. Setting v = v into (3.7) and using the monotonicity of operator T, we deduce
(Wy. Vo — Wn) + (Tvo — f. vo — wn) +J°(yWn: ¥ (Vo — Wn)) + ¢ (Vo) — ¢ (Wn)
= (Wp, Vo — Wa) + (TWn — £,V — Wn) +J° (Y Wn: ¥ (Vo — Wn)) + @ () — @ (Wn) = 0,

and hence
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ITvo — fllv-(

> (Wyy, Wn — Vo) + (&n. ¥ (Wi — 10) ) xwx + @ (Wn)

for some &, € 9J(ywy) satisfying (£n, ¥ (Vg — Wn))x+xx =JO(yWn; ¥ (Vg — wy)). Since ¢ is a proper, convex and Ls.c. function,
so, it follows from [5, Proposition 5.2.25] that there exist oy, B, > 0 such that

o) > —ayllv|| - By forall veV. (3.9)

We combine the last two inequalities to obtain

llvoll @) + By
Tvg — *(1+ )+
ITvo = Fllv- AT+ i Twal

[Wall + llvoll) + @ (o) = (Tvo — f,vo — W) + @ (Vo)

+ 0y

- (Wi, Wn — Vo) +infe, cojpwn) (Ens ¥ (Wi — Vo) ) xexx
- [lwall .

Because of ||wy|| = n, we pass to the limit as n — oo in the inequality above and use the condition H(F)(iii) to get

ITvo — f

which is a contradiction. So, we deduce that there exists Ny € N such that (3.8) holds.
We now claim that wy, is a solution to Problem 4. For any v € K, we take ¢ € (0,1) small enough such that vt =tv +
(1 - t)wy, € Ky,- We consider (3.7) with n = Ny and choose v = v; to get

V* +(¥(p Z +OO,

(Wi V—wWi,) + (Twy, — f,v = wy,) + (Y Whys ¥ (0 = Wi,)) + (1) — 9(wy,) > 0

with w?(,o € F(wy,). Since v € K is arbitrary, so, we conclude that wy, solves Problem 4.

Next, we shall prove the weak closedness of the set St of solutions to Problem 4. Let {w,} C St be such that
w .
w, — winVas n— o
for some w € K (since K is closed and convex). The assertion (i) guarantees that
(V' = f+Tv,v—wy) + (5. ¥ (V= Wn))x-nx + @ (V) — 9(Wn) = h(V — wp)

for all v* € F(v), §y € dJ(yv) and all v € K. We pass to the upper limit, as n — oo, in the inequality above and employ the
weak lower semicontinuity of ¢. We have

W —f+Tr,v—w)+ &, YV —W))xux + () —@(w) > h(v —w)

for all v* € F(v), & € dJ(yv) and all v € K. We use assertion (i) again and conclude that w € Sy. Hence, the set Sy is weakly
closed.

For the boundedness of the solution set Sy, we proceed by contradiction. Assume that there exists a sequence {wy} in
Sr such that

[wn|| = o0 as n — oo.
Arguing as before, by a simple calculation, one finds

V*<1+ ||vO||)+¢(vO)+ﬂw

llwall [[wnll

ITvo — f

+ Oy

- (Wi, Wn — Vo) + infy co5m) (Ens ¥ (Wn — Vo) ) xexx
- [lwall ’

Passing to the limit in the inequality above, we get a contradiction. Consequently, Sy is a bounded set. In conclusion, by the
above analysis and the reflexivity of V, we infer that Sy is nonempty and weakly compact.
(iii) Let u, w € St, t € (0, 1), and u; = tu + (1 — t)w. From the assertion (i), one has

WV = F+Tv, v —ue) + (&, ¥ (V= Ue) ) xxx + 9 (V) — @ (ur)
=tV = f+Tv,v—u) + (G y 0 —))xex + 9 (V) — 9]
+A =DV = f+Tv, v =w) + (£, y (V= W))xesx + 9 (V) — p(W)]

>th(v—u)+ (1 -t)h(v—-w) > h(v —u)

for all v* € F(v), & € dJ(yv) and v € K. So, by virtue of the assertion (i) again, we conclude that u; € Sy. Thus, Sy is a convex
set.
(iv) Let wq, w; € St be arbitrary. So, for i = 1, 2, there exists w} € F(w;) such that

(Wi = f+Twi v = w) + 2 (ywis y (v = w) + o) — (W) = 0

7
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for all v e K. Inserting v = w, and v = wy, respectively, into the above inequality for i =1 and i =2, and summing up the
resulting inequalities, we get
W) —w3 + %8 — v &+ Twy — Twy, wy —wy) <0,
where &; € dJ(ywy) and &, € dJ(yw,) are such that
(E1.y (wa —w1))xox =2 (ywis v (wa —wy)),
(&2, Y (W1 = W2))xoux =S (ywai ¥y (Wy — w)).
Hence and from the monotonicity of operators T(-) and F(-) + y*J(y-), we have
h(wy —wy) < (W] —w3 +y7§1 — y*& +Twy — Twa, wy —w,) < 0.

Now the assumption h(v) > 0 for all v e V \ {Oy} yields w; = w,. Therefore, Problem 4 admits a unique solution. This com-
pletes the proof of the theorem. O

If T =0, then we have the following consequence of Theorem 5.
Corollary 6. Assume that H(¢), H(y), H(J), H(h), H(f), H(F), and H(K) are fulfilled. Then the following statements hold:
(i) u € K is a solution to Problem 1 if and only if, u solves the following problem: find u € K such that

W —fv—u)y+ &, y@-w)xwx+o®) —@)>h@v-u) (3.10)

for all v* € Fv, & € 0J(yv) and v e K.
(ii) the set of solutions to Problem 1, denoted by S, is nonempty and weakly compact in V.
(iii) if h : V — R is convex, then S is convex too.
(iv) if h(v) > 0 for all v e V \ {Oy}, then Problem 1 has a unique solution.

Remark 7. Theorem 5(i) reveals the fact that Problem 4 is equivalent to problem (3.2). Further, arguing as in the proof of
Theorem 5(i), we also can show that u € Sy, if and only if it solves the following Minty inequality: find u € K such that

W —f+Tv,v—u) +(yv; y 0 —w) + @) — @) > h(v —u)

for all v* € Fv and v € K. In particular, when F is a single-valued mapping and T = 0, then Theorem 5 reduces to a recent
result of [42, Theorem 8].

Next, we draw our attention to the penalized and regularized inequality associated with Problem 4. In the study the
generalized penalty and regularization approximation procedure, we need the following hypotheses on the data.

H(pn): pn >0 forallneN, and p, — 0 as n — co.

H(P;): B, : V — V* is a bounded, hemicontinuous and monotone operator for all n € N such that

(i) for each v € K, there is a sequence {v,} c V with the properties
Py =0y. forall neN and v, - v in V asn— oc.
(ii) there exists an operator P : V — V* such that

(ii); Pu = Oy« implies u € K,
(i), for any sequence {up} with u, % u in V and limsup,_,, (Prtn, Un — u) < 0, we have

li)gn inf (Pyup, up —v) > (Pu,u—v) forall veV.

H(p)': ¢ :V — R is a convex and Ls.c. function.
H(gp): ¢p 1V — R is such that

(i) ¢, is convex and Gateaux differentiable, for each p > 0,
(ii) there exists hy : Ry — R, such that

{h(p(p) —0as p— 0F,
lop (V) —@p)| <hy(p) forall veV, p>0.
H(F)(iii): There exists vy € K such that the coercivity condition holds

minf infy.cpy (U, U — V) +infe, copu (Eur ¥ (U — V) xoxx e

li
veB(vp,1), ueV, |[ul|—+oo ”u”

H(y):y :V — X is a linear, continuous and compact operator.
In what follows, we set ¢, := @,,. Consider the following penalized and regularized problem associated with Problem 4.

8



J. Cen, L. Li, S. Migorski et al. Commun Nonlinear Sci Numer Simulat 103 (2021) 105998

Problem 8. Find u, € V such that u} € Fu, and

1
(up — fov—up) + o (Pattn, V — tn) +J° (YUn: Y (U = tn)) + @n (V) — @n(up) > 0
for all veV.

The second main result of this section concerns the convergence of the sets of solutions to the penalized and regularized
problems, Problem 8.

Theorem 9. Assume that H(g)', H(J), H(h), H(f), H(K), H(F) (i) — (ii), H(F)(iii)’, H(y)', H(¢p), H(pn), and H(P;) hold, and
h:V — R is bounded. Then the following statements are true:

(i) for each n € N, the set of solutions to Problem 8, denoted by Sy, is nonempty and weakly compact in V.
(ii) ¥ #w —limsup,_, ., Sn C S.
(iii) if F has (Sy)-property, then the equality holds

w —limsup S, = s — limsup S,.

n—-oo n—-oo
(iv) if F satisfies (S)..-property, then for each u € s — limsup,,_, ., Sy and any sequence {ti,} with i, € Sy and
Ity —ul| < ||lw—u| forall wesS,

for each n e N, there exists a subsequence of {uy} such that it converges strongly in V to u.

(v) if Problem 1 has a unique solution u € K, then Problem 8 has a unique solution u,, and the whole sequence of solutions,
{un}, of Problem 8 converges weakly to u. Moreover, if, in addition, F satisfies (S)-property, then the whole sequence {un},
of solutions to Problem 8 converges strongly in V to u.

Proof. (i) For each n e N fixed, hypotheses H(P;) and H(¢,) indicate that the operator #Pn :V — V* is bounded, hemicon-
tinuous and monotone, and ¢, : V — R is a convex and l.s.c function. Then, the assertion follows directly from Theorem 5(ii).
(ii) The proof of this assertion is divided into the following three steps. O

Step 1. The set UpenSy is uniformly bounded in V.
Assume by contratiction that we can find a sequence {u,} with u, € S, satisfying

lun|l = o0 as n — oco.

Then, for each n € N, one has u}, € F(u,) and

(uy, — fiv—up) + %(Pnun, V=) +°(Yun; YV — yun) + ©n(v) — @a(uy) =0 (3.11)
for all v e V. Condition H(g,)(ii) implies that

en(V) =) +hy(on) and @ (V) = @ V) — hy(0n) (3.12)
for all v e V and n € N. We take into account the last two inequalities to get

(= £~ ) + (Bt 0= ) +J° (7t Y0 = V) + 9(0) = () + 2l () = 0 (313)
for all v € V. Keeping in mind that vy € K (see H(F)(iii)’), we use condition H(P,)(i) to find a sequence {v;} c V such that

P, =0y. forall neN and v, > 19 inV as n— oo (3.14)
Letting v = v, in the inequality (3.13), one has

(Up = fo tn = Vn) + @ (Un) = @Wn) —J° (Y tin: Y Vn — Y in)
< 2hy(on) + pl(Pnun — Pyun, Uy — Uy).

n
Since operator P, is monotone, we obtain
2hy (pn) = (U — f,un — vn) + @ (Un) — @(Vn) _]O(Vum YU — YUn)
= (= o ttn = vn) + @ (tn) = (W) = (0. ¥ Wn = Un))x-cx

> (up, Up — V) — O‘rp”un” - ﬂ(ﬁ —@Wn)— sup  (&n, ¥ (Un — Un))xexx
&ned](yun)
ve(

—Ilf

|unll + llvall).
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here the constants o, B, > 0 are defined in (3.9), and “;‘Nn € dJ(yuy) satisfies
Pt yUn = ytn) = G,y Wn = tn))xeex
Hence, we deduce

2hy(pn) _ (Ui = f. Un — Vn) + @ (Un) — @(WVn) —J° (Y n: Y Vn — Y Uin)
luall = l[ua

N infye g, (Wi, Un — Un) +10fg, 50, (En ¥ (Un = Un) ) xexx
- llunll

By + @ Wn) + || fllv-Mo
SRR ~ (@ + 1f1lv)

with My = ||1g]ly + 1. Because of the convergence ||u,|| — oo as n — oo, we are now in a position to use hypothesis H (F)(iii)’
to conclude that

0> infye cp ) (W — £ tn — V) + @(Un) — @ (Vn) =2 (YUn: YVn — Y Un) -
- llunll

where we have used the convergences v, — vy in V, pp — 0%, and hy(on) — 0 (see condition H(g,)(ii)), as n — oco. This,
obviously, leads to a contradiction. Hence, it follows that the set U,cnSp is uniformly bounded in V.

Step 2. ¥ #w — limsup,_, ., Sn.

We take any sequence {up} c V with u, € S, for all n € N. By Step 1, this sequence is bounded in V. So, by passing to a
subsequence if necessary, we can suppose that

0,

U, % u inVas n— oo (3.15)
with some u € V, which implies w — limsup,,_, . Sn # ¥.
Step 3. w — limsup,,,Sn C S.

Let us take any element u € w — limsup,,_, ., Sn. So, there is a sequence {u,} c V with u, € S, for every n e N satisfying
(3.15). We are going to show that u € K. For every n € N, it holds uj}, € F(u,) and
1
o (Puttn, tin = V) < {1ty = .V = thn) + 0y tn; YV — yn) + 9(v) — ¢ (un) + 2hy (pn)
n
for all v € V, where we have used the inequalities (3.12). Invoking the monotonicity of operator F(-) + y*dJ(y-), we obtain
1
E(Pnunv Un — V)

< (up = v, v—un) +J°(Yun; YV — yun) + 2 (YV: yUun — yv)
+( = fov—un) = J°(yv: yun — yv) + () — 9(Un) + 2y (n)

< (' = fv—un) = J°(yv; yn — yv) + @) — 9(un) — h(Un — v) + 2hy (0n)
for all v eV and v* € F(v). A simple calculation shows that

x [y v = unll

n

1
;(Pnun, up — V) < [v* = fllv-[lv —unll + 18] (yv)

+o) —@(uy) - h(u, —v) +2h¢(pn)

for all v eV and v* € F(v). Note that h is a bounded function and the mapping F has compact values, so, for every veV,
we are able to find a constant c(v) > 0, which depends on v but is independent of n, satisfying

(Pattn, up — v) < pac(v).

Here, we have used the convergence ujy 2. uinV as n— oo, and hypotheses H(g)’ as well as H(g,)(ii). We apply
condition H(p,) and pass to the upper limit as n — oo in the last inequality to obtain

lim sup(P,un, up —v) <0

n—oo
for all v e V. By choosing v = u, exploiting convergence (3.15) and the condition H(P,)(ii),, we have
(Pu,u—v) < lilgninf(Pnun, up — v) < limsup(Buy,, uy, —v) <0.
—>00 n—oo

Since v € V is arbitrary, this shows that (Pu,v) = 0 for all v € V. Hence, Pu = Oy-. Thus, the hypothesis H(P,)(ii); points out
that u e K.
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Subsequently, we shall demonstrate that u is a solution to Problem 1. Let v € K. The hypothesis H(P,)(i) allows to find a

sequence {v,} c V such that
Py =0y and v, - v inV as n— oo. (3.16)

For each n e N, it follows from Remark 7 that

1
(Vi un — Vn) + h(Un — up) < (f,un —vn) + ;(Pnunv Up — Un) + @(Vn)
n

— @ (Un) + 2hy (Pn) +J°(Y Vn; Y Vn — Yin)
for all v}, € F(vy). By the monotonicity of the operator P, and the fact P,vn, = Oy«, we note that
Vi, un — vn) + h(vn — un)

1
<{(fiupn—wn) + ;(Pnun — PaVn, Uy — Un) + (&, ¥ (Un — Un) ) xoxx

n

+@(Vn) — @ (up) + 2hy(0n)
< (fiun —vn) 4 (&n, ¥ (Wn — Un))xexx + @ (Un) — @(Un) + 2hy (0n) (317)
for all v}, € F(vy), where &, € dJ(yvy) is such that

]O(an? YUn —YUn) = (En, Y Wn — Un) ) xexx-

Next, keeping in mind that v, — v as n — oo and the map x — 9J(x) is locally bounded, it follows that sequence {&,} is
bounded in X* too. We may assume that along a relabeled subsequence, we have

& — £ in X*asn— oo

for some & € X*. So, Proposition 3(iv) points out that & € dJ(yv). On the other hand, by the continuity and convexity of ¢
(see H(p)’) as well as the compactness of y, we deduce

En.y (Wn —un))xenx = &,V (V—1))xux. (3.18)
[2mm] limsup (¢ (Un) — ¢ (un)) < lim @ (vn) = liminfe(un) < (V) - @W). (3.19)

Let us fix a sequence {v};}. Since F is u.s.c. and has compact values, without any loss of generality, we may suppose that
vi > v inV*as n— oo (3.20)
with some v* € F(v). We pass to the upper limit, as n — oo, in (3.17) and take into account (3.18)-(3.20) to conclude

(v, u—-v)+h(v-—u)
<{fiu-v)+ & v@-wxx+ o) —p)

< (fu-v)+(yvyv—yw) + o) - o),
where we have used the relation & € dJ(yv) and the convergences

limsuph(v, —uy) > h(v—u) and nlim hy (on) = 0.

n—oo

This means that for any v € K, there exists an element v*(v) € F(v) such that

(@) = fv—uw) + (v yv—yuw) + ) — ) = h(v —u).
We apply the Minty formulation and the same arguments as in the proof of [8, Proposition 3.3], and conclude that there
exists u* € F(u) such that

(W —fov—u) +(yu; yv—yu) + o) — (u) 2 0.

for all v € K. Hence, u € K is a solution to Problem 1, i.e., u € S. Therefore, it holds w — limsup,,_, ., Sn C S.
(iii) Suppose now that F has (S;)-property. It is trivial to see that s — limsup,_, ., Sn € w — limsup,,_, ., Sn, so, we shall
prove the opposite inclusion

w—limsup S, C s — limsup S,.

n—oo n—oo

Let u € w— limsup,,_, ., Sp be given. Passing to a subsequence if necessary, we are able to find a sequence {up} with u, € S,
such that

w .
U, — u inVas n— oo.

1
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We claim that u, — u in V as n — oo. Since u € K, it is clear that there exists a sequence {v;} c V satisfying P,vp = Oy
and v; — u in V as n — oo. Hence, there is uj; € F(u,) such that

1
(up — fiv—up) + ;(Pn”ns V—un) + @) — @Un) + 2hy(on) +]0(Vun§ yU—yuy) >0 (3.21)
n
for all v € V. Inserting v = v, into the inequality above implies

(up, un — V) < (f, Un — V) + @(Wn) — @(Un) + 2hy (0n) ""]0(7/”11? YUn — YUn).

Passing to the upper limit as n — oo in the above inequality, using the compactness of the operator y, and the following
result

lim sup(us, up — vp) = limsup(u, up — U +u — vp)

n—oo n—oo

= limsup(uy, u, —u) + nlim (up, u—vn) = limsup(uj, up —u),
— 00

n—oo n—oo

we get

limsup(uj;, u, —u) <0
n—oo

We combine the latter with the (S),-property of F, and the convergence u, 2, uinV as n — co to conclude
U, - u inVas n— oo.
This means that u € s — limsup,,_, ., Sp. Therefore, it holds

s—limsup S, = w — limsup S,.

o0 n—o0
(iv) Let u € s — limsup,,_, ., Sp be arbitrary. So, passing to a subsequence if necessary, we are able to find a sequence {u,} cV
with u, € S, such that

U, - u inV asn— oo.
Since Sy is nonempty and weakly compact, thus, for each n € N, there exists i, € S; such that

i, —u|l < |lw—u| forall wesS,.

Recall that U, (S, is uniformly bounded (by Step 1), and hence, {ii,} is bounded as well. Then, without any loss of generality,
one may suppoe that

~ w ~ .

U, — u inVas n— o
for some U € V. As before, we infer that i € K. On the other hand, hypothesis H(P,;)(i) allows one to find a sequence {v,} c V
satisfying

UVp— U inVas n— oo, and P, =0.
By the monotonicity of P, and condition H(¢,)(ii), we have u} e F(ui;) and

(uz, Up — VUn) < {f, Un —vn) + @(vn) — Qo(ﬁn) + Zhw(,on) +]0()/17n$ YVUn — Vﬁn)~
Passing to the upper limit as n — oo in the last inequality, using the compactness of y, the continuity of ¢, and the upper
semicontinuity of (u, v) — JO(u; v), we obtain

lim sup(u}, U, — ) = limsup(u}, i, — U) + lim (ui, i — vy) < 0.

n—oo n— n—oo

Recalling that F has (S, )-property, we conclude that i, — @ in V and there exists a subsequence of {u}}, denoted still by
{uz}, such that u - u* in V* as n — oo with u* e F(il). Hence, i € s — limsup,,_, ., Sy C S.
Next, we are going to prove that u = ii. The definition of i, implies

lltn —ull = d(u, Sn) < llu—unll

with up € Sy. Since up, — u in V as n — oo, the above results show ||ii;, — u|| — 0 as n — oo. This together with the conver-
gence i, — U in V as n — oo implies u = 1.

(v) Suppose that Problem 1 has a unique solution, i.e., S = {u}. It is not difficult to see that, for each n € N, Problem 8 also
has a unique solution u, € V. Since ¥ # w — limsup,_, ., Sn ¢ S = {u} (see assertion (ii)), we deduce that every converging
subsequence of {u,} converges weakly to the same limit u. Therefore, the whole sequence {u,} converges weakly in V to u.

Moreover, if F has (S),-property, then we can see that every converging subsequence of {u,} converges strongly to
the same limit i, owing to @ # w — limsup,_, ., Sp =S — limsup,_, ., Sn = S = {u}. Consequently, the whole sequence {u,}
converges strongly in V to u. O
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Remark 10. Given a closed and convex subset C of V, we denote by P- the metric projection of V onto C. Then, under

the hypotheses of Theorem 9(iv), we can see that for any u € s — limsup,,_, ., Sn, the sequence {Ps, (u)} has a subsequence
converging strongly in V to u.

We are now ready to complete this section with a series of colloraries.

Corollary 11. Let F : V — V* be a continuous function such that

(F,) the set-valued map u — Fu+ y*dJ(yu) c V* is relaxed h-monotone, i.e., the inequality
(Fu—Fv,u—v) + (§u =&, ¥y (U= V)x-xx = h(u —v)

holds for all &, € d](yu), & € dJ(yv) and all u, v eV,
(E,) there exists vy € K such that the coercivity condition holds
<Fu’ u— U> + infée&](yu) (Elh )/(u - v))X*xX

liminf =400
veB(vp,1), uev, |Jul|—+oo ||u||

Assume that H(g)', H(J), H(h), H(f), H(K), H(y), H(¢p), H(pn) and H(P;) hold, and h:V — R is bounded. Then the
following statements are true:

(i) for each n e N, the set of solutions to Problem 8, denoted by Sy, is nonempty and weakly compact.
(ii) ¥ #w —limsup,_, ., Sn C S.
(iii) if F has (Sy)-property, then the equality holds
w —limsup S, = s — limsup S,.

n—oo n—oo
(iv) if F satisfies (S).-property, then for each u € s — limsup,,_, ., Sp and any sequence {iiy} with iy € S, and
|y —ull < ||lw—u| forall wesS,

for each n e N, there exists a subsequence of {u,} strongly convergent in V to u.
(v) if Problem 1 has a unique solution u € K, then Problem 8 has a unique solution u,, and the whole sequence of solutions

{un} of Problem 8 converges weakly in V to u. If, in addition, F satisfies (S).-property, then the whole sequence {u,} of
solutions to Problem 8 converges strongly in V to u.

Next, when we just use a generalized penalty method to Problem1, we have the following conclusion.

Corollary 12. Assume that H(g)’, H(J), H(h), H(f), H(K), H(F) (i) — (ii), H(F)(iii)’, H(y )", H(¢,), H(pon) and H(P,) are satis-
fied, and h : V — R is bounded. Then the following statements are true:

(i) for each n € N, the set of solutions (denoted by Sp) to the following problem: find u, € V and u}, € Fu, such that

(up — f,v—un) + %(Pnun, V—1n) +2(YUn Yy (V= tn)) + @n (V) — @n(n) = 0 (3.22)

for all v €V, is nonempty and weakly compact in V.
(ii) ¥ #w —limsup,_, ., Sn C S.
(iii) if F has (S;)-property, then the equality holds
w —limsup S, = s — limsup Sj,.

n—oo n—oo
(iv) if F satisfies (S),-property, then for each u e s — limsup,,_, ., Sy and any sequence {ii,} with i, € Sy and
Iy —ull < ||lw—u| forall weS,
for each n e N, there exists a subsequence of {i,} such that it converges strongly in V to u.

(v) if Problem 1 has a unique solution u € K, then problem (3.22) has a unique solution u,, and the whole sequence of solutions

{un} of problem (3.22) converges weakly in V to u. If, in addition, F satisfies (S),-property, then the whole sequence {u,}
of soltions to problem (3.22) converges strongly in V to u.

Remark 13. Note that if F is a single-valued mapping, which satisfies all conditions of Corollary 11 except H(¢,), then
Corollary 12 reduces to a recent result of [42, Theorem 10].

Recall that an operator P:V — V* is said to be a penalty operator of set K if P is bounded, hemicontinuous, mono-
tone and K = {u € V | Pu = 0}. Further, if P, is specified as a penalty operator P :V — V* of K, then we have the following
corollary.

Corollary 14. Let P:V — V* be a penalty operator of K. Assume that H(¢)’, H(J), H(h), H(f), H(K), H(F) (i) — (ii), H(F)(iii)’,
H(y), H(pp) and H(pn) hold, and h : V — R is bounded. Then the following statements are true:

13



J. Cen, L. Li, S. Migorski et al. Commun Nonlinear Sci Numer Simulat 103 (2021) 105998
(i) for each n € N, the set of solutions (denoted by Sp) to the following problem: find u, € V and u}, € Fu, such that
1
(up — fLv—up) + ,07<Pun7 V—up) +JO(Vun; YW —un)) +@n(V) — @n(un) =0 (3.23)
n

for all v €V, is nonempty and weakly compact in V.
(ii) ¥ #w —limsup,_, ., Sn C S.
(iii) if F has (S;)-property, then one has
w —limsup S, = s — limsup S,.

n—oo n—oo
(iv) if F satisfies (S).-property, then for each u € s — limsup,,_, ., Sy and any sequence {uiy} with iy € Sy and
ltn —ull < |lw—u| forall wes,

for each n e N, there exists a subsequence of {ii,} convergent strongly in V to u.

(v) if Problem 1 has a unique solution u € K, then problem (3.23) has a unique solution uy, and the whole sequence of solutions
{un} of problem (3.23) converges weakly in V to u. Moreover, if, in addition, F satisfies (S).-property, then the whole
sequence {un} of solutions to problem (3.23) converges strongly in V to u.

4. Elliptic problem with mixed boundary conditions and obstacle effect

To illustrate the applicability of the theoretical results established in Section 3, we now investigate a mixed boundary
value problem involving the Clarke subgradient term of a locally Lipschitz function, and an obstacle effect. From the phys-
ical point of view, the elliptic inclusion problem under consideration originates from the modeling of semipermeability
phenomena with nonconvex and nonsmooth potentials.

We assume that  is a bounded domain in RN (N > 2) with Lipschitz boundary such that

r=ryul,urls;, and F,-ﬂl"j:ﬂwithi#jfori,j:1,2,3

and meas(I"y) > 0. In what follows, we denote by n the outward unit normal to the boundary I". Let j: 2 xR — R be a
function such that r — j(x, 1) is locally Lipschitz continuous for a.e. x € 2. For convenience, in the sequel, the symbol dj
stands for the generalized subdifferential operator in the Clarke sense of the locally Lipschitz function j: Q2 x R — R with
respect to its last variable. The classical formulation of the elliptic inclusion problem is given as follows.

Problem 15. Find a function u : Q — R such that

—div(e(®)Vu(x)) + 9j(x, u(x)) > fo(x) in 2, (41)
u(x) < d(x) in L, (4.2)
u(x)=0on Iy, (4.3)
351:‘) 1= a(®)(Vu(x), Mgy = fo(x) on Ty, (4.4)
| D | < g(x),
{351(.") = —g@) g if u®) #£0 on Ts. (4.5)

We note that Problem 15 is motivated by the study of semipermeability phenomena which may appear in the interior
and on the boundary of the body €2, and are met, for instance, in electrostatics, magnetostatics or stationary heat transfer.
The problem serves as a mathematical model which describes the behavior of natural and artificial semipermeable mem-
branes of finite thickness, temperature control problems, etc., see [33-35] and the references therein. The unknown function
u:Q — R in the problem usually represents the electric potential, magnetic potential or temperature field, accordingly,
while the function « : 2 — R could be understood as the dielectric coefficient, the magnetic permeability or the thermal
conductivity in the body occupied by a non-isotropic and heterogeneous material, and fy = fp(x) is a given source term.
Moreover, condition (4.2) represents an additional unilateral constraint for the solution. It is not difficult to see that the
relation (4.5) could be rewritten in the following inclusion form

_Bu(x)
on,

where d.¥ denotes the convex subdifferential with respect to its second variable of the function W (%, s) = g(x)|s| for (x.s) €
Fg x R.

€ . V(x, u(x)) on I's,
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In order to derive the weak variational formulation of Problem 15, we need the space

V={veH (Q)|v(x)=0 for ae xel}.
Moreover, by the Poincaré inequality, we know that V endowed with the inner product

(u,v) =/ (Vu(x), Vv(x))dx for all u,veV,

Q

is a Hilbert space. Additionally, we denote by y the embedding operator from H!(2) to X := L2(T"). Obviously, y : V — X is
linear, continuous, and compact. Let us introduce the constraint set K defined by

K:={veV|vx) <d(x) forae xcQ}

We also need the following assumptions for our problem.
H(a): a € L*°(2) .
H(j): j: 2 xR — R is such that

(i) for a.e. x € 2, s+ j(x,s) is locally Lipschitz,
(i) for any s € R, x — j(x,s) is measurable on © and there exists e € L2(Q2) satisfying j(-, e(:)) € L'(R),
(iii) there are constants ¢; > 0, & € [1,2) and a function B; € L'(R), such that

o —r) < Bij(x) + cj|r|9 for a.e. x € Q and all r e R,
(iv) there exists m; > 0 such that
P@riry—r) + P& o — 1) <mjlry — o
fora.e.xec Qand all ry, 5 e R.

H(0): fo € [2(R), f, € [2(T'y), ® e V with ®(x) > ¢y > 0 for ae. x € 2,
~ gel®(I'3) with g(x) > 0 for a.e. x e I'; and g # 0.

Assume now that u e K is a smooth function such that (4.1)-(4.5) hold. For any v € K fixed, it follows from Green'’s
formula and the equality (4.1) that

/Qa(x)(Vu(x), Vu(x) — Vu(x))pn dx—i—/ E@)(V(x) —u(x))dx
8u(x)

=/Qfo(x)(v(x)—u(x))dx+/ (v(®) —ux))dr,

where £ : Q — R satisfies £ (x) € 9j(x, u(x)) for a.e. x € Q and
—div(e(®)Vu(x)) + £(x) = fo(x) for ae. xe Q.
By Riesz’s representation theorem, see, e.g., [25, Theorem 1.30] we define an element f € V* which satisfies

(f.v) = /Q fo@(x)dx + /r f®v(x)dr (456)

for all v € V. From equality

/rau(x)(V(x)—u(x))dI‘ /au(X)(U(X)—U(X))dF

+/r2 3g(x) (v(x) —u(x))dl’ +/ ag(X) ((x) —u(x))drl,

and boundary conditions (4.3) and (4.4), we obtain
/Qoz(x)(Vu(x), Vu(x) — V(X)) gy dx + /Q EX)(v(x) —u(x))dx
au(x)

=({fiv-u)+ (v(®) —u(x))dr.

I3

From the definition of the Clarke subgradient, we get

/ a(®)(Vu(x), Vu(x) — V() )gw dx+/ O u@®); v(x) —u(x))dx
Q Q

+ [ gt - ) dr = (f.v-u).
3
We are now in a position to state the variational formulation of Problem 15 which reads as follows.

15
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Problem 16. Find u € K such that
/ a(®)(Vu(x), V(x) — VU() )pw dx+f P& u®); vx) —ux))dx
Q Q

+ [ g6 ~ @) r = (f.v-u)
3
for all v e K.
The following result provides conditions on existence of a weak solution to Problem 16.

Theorem 17. Assume that H(a), H(j) and H(0) hold. If, in addition, ot || () = m; I |12, then the set of solutions to Problem
16 is nonempty and weakly compact in V. Moreover, if ||a||j~(q) > m; lly |2, then Problem 16 has a unique solution.

Proof. Let X :=[%($2). We introduce the operator F : V — V*, and functions J : X — R and ¢ : V — R defined by

(Fu, v) = / @ ®) (Vu®), Vo))gn dx, (4.7)
Q

J(w) ::/Qj(x, w(x)) dx, (4.8)

o = [ glucolar (49)

for u, v eV and w e X. We first consider the following intermediate problem: find u € K such that

(Fu—fiv—uw)+yu:y(w—u)) +o®) —@u) >0 forall vek, (4.10)
where y :V — X is the embedding operator from H'(Q) to X. Employing [25, Theorem 3.47] we obtain that J is a locally
Lipschitz function such that

mes[fmwwm®Mx
Q
1) (W) ll2 @) < dj +V2¢i 1wl @)

for all w, z € X with some d; > 0. Observe that u € K is a solution to problem (4.10), then it solves Problem 16 as well.

To show that problem (4.10) admits a solution, we apply Corollary 6. We will prove that all conditions of this corollary
are satisfied. It is easy to see that ¢ is a continuous and convex function, and F is a linear and bounded operator which is
coercive in the following sense

(4.11)

(Fu,u) > flall~qllull® forall ueV.
We combine the following estimate

(Fu,u) + inf (&, yu)xux = (Fu,u) — (€, =y ) xexx
§ed](yu)

= lletll e lull® = J° (s —yu),
the growth condition H(j)(iii) and (4.11) to deduce

(Fu, u) + infy g0 (€, Y U)xeux Jo Bi(®) + cjlu(®)]? dx
ul > |lat]l =@ llull = Tl ,

where & € dJ(yu) is such that inf coppuy (€, YU xenx = (€, yu)x+«x. Keeping in mind that 6 € [1,2), we use the Young in-
equality with ¢ > 0 to get

Fu, u) + infg; LY U X
T+ Wt &I - (g - o)l -

Jo Bi(®) dx +c(e)

[[ull

with some c(¢) > 0. Therefore, choosing & = %||a||Loc(Q) and passing to the limit as ||u|| — oo with u € K, we derive

(Fu, u) + infe c;0u) (€, YU)xexx _
uek. ||uf|— oo [[ull

Further, the monotonicity of F, the condition H(j)(iv) and the properties (4.11) imply the monotonicity of the operator
u+ Fu+y*dJ(yu).

We are now in a position to apply Corollary 6 with h =0 to conclude that problem (4.10) has at least one solution.
Hence, Problem 16 is solvable. Moreover, the boundedness and weak closedness of the solution set to Problem 16 can be
obtained directly by using the same arguments as the proof of Theorem 5.

16
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Finally, if ||| () > m; lly 112, then it can observed that the function h can be specified as h(u) = (eIl oo () —

mjlly 12)|lul|? for u e V. Therefore, employing Corollary 6(iv), we conclude the uniqueness of solution to Problem 16, which
completes the proof. O

Let us consider the sequence of functions {®,} with
O, - inVasn— oo (4.12)
From condition H(0), without any loss of generality, we may assume that
O,(x) >0 forae. xcQ andall neN.
For any p, > 0, consider the penalized and regularized problem corresponding to Problem 15.

Problem 18. Find a function u, : € — R such that

—div(a(x)Vunoc))+81<x,un<x))+plwn(x)—cbn(x))*afo(x) in

up(x) =0 on .
ala"if: ) i @) (Vin (%), W = () on I
duin(X) g () on Ts,

ma " Sl + o2

where r+ = max{0, r} stands for the positive part of r € R.

Next, we define the operator P, : V — V* by
(Pau,v) = / (ux) — P,(x))*v(x)dx for u,veV and neN. (4.13)
Q

In fact, the family of operators {P,} satisfies condition H(P,;) in Section 3, for its detailed proof, see [42, Lemma 20].

Lemma 19. If the sequence {®,} satisfies (4.12), then the family of operators {P,} defined by (4.13) satisfies condition H(P,) of
Section 3.

Let p > 0. We introduce the function ¢, : V — R defined by
0o i= [ g0\ uGP +p?ar (414)
3

for u € V. The following result shows that for each p > 0, the function ¢, satisfies condition H(¢,).
Lemma 20. Assume that H(0) holds. Then, for each p > 0, ¢, satisfies condition H(¢p,).

Proof. It follows from the definition of ¢, and [36, Lemma 5.28] that for each p > 0, the function ¢, is Gdteaux differen-
tiable and

(Ve ). w) = /r g(x)

u®)w(x)

———dr
VIu@)[? + p?

for all u, w e V. Additionally, arguing as in the proof of [36, Lemma 5.29], it is not difficult to see that the operator V¢, :
V — V* is Lipschitz continuous and monotone. Therefore, by virtue of [36, Proposition 1.32], we have that ¢, is convex.
Hence, condition H(¢,)(i) is verified.

Moreover, a simple calculation gives

6o (W) — p(w)| < p/r g(x)dr

(4.15)

for all w e V and p > 0. This means that condition H(¢, )(ii) is also valid. O
Using the same procedure as we have done before, we derive the variational formulation of Problem 18.

Problem 21. Find u, €V such that

[ a @) (Vi (X), VU(X) = Vit (X)) g dX + / JO(®, un (%); V(X) — un(x)) dx

Q Q

L / (Un (%) — B (X)) (U(%) — 11y (%)) dx + / 2@) V@) 2 + p2 dl
Pn JQ I3 "

—/r g@)/|un (@2 + p2dT > (f.v—uy)

17
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forallveV.
We are now in a position to invoke Lemmata 19 and 20, and Corollary 11 to obtain the following convergence results.
Theorem 22. Under the assumptions of Theorem 17, if, in addition, (4.12) holds and {pn} is a sequence such that
Ppn>0 and p, — 0 as n— oo,
then we have

(i) the set of solutions to Problem 21, denoted by Sy, is nonempty and weakly compact,
(ii) it holds

w—limsup S, =s — limsup Sy,

n—oo n—oo

(iii) for any u e s — limsup,,_, ., Sy, let {i;} be the sequence such that i, € S, and
|ty —ul| < |lw—ul| forall wes,

for each n e N, then there exists a subsequence of {ii,} that converges strongly in V to u.
(iv) if [leellzo (@) > m; ¥ ||, then Problem 21 has a unique solution up, which converges strongly in V to the ungiue solution u
of Problem 16.

Credit Author Statement
The authors contributed equally in the paper.
Declaration of Competing Interest

The authors declared that they have no conflicts of interest to this work. We declare that we do not have any commercial
or associative interest that represents a conflict of interest in connection with the work submitted.

Acknowledgement

This project has received funding from the NNSF of China Grants Nos. 12001478 and 12026256, the European Union’s
Horizon 2020 Research and Innovation Programme under the Marie Sklodowska-Curie grant agreement No. 823731 CON-
MECH. It is also supported by the National Science Center of Poland under Preludium Project No. 2017/25/N/ST1/00611,
the Beibu Gulf University Project No. 2018KYQDO3, the Startup Project of Doctor Scientific Research of Yulin Normal Uni-
versity No. G2020ZK07, NSF of Guangxi Grants Nos: 2018 GXNSFAA281353 and 2020]JJB110001, and the projects financed
by the Ministry of Science and Higher Education of Republic of Poland under Grants Nos. 4004/GGPJII/H2020/2018/0 and
440328/PnH2/2019.

References

[1] Bai YR, Migérski S, Zeng SD. Well-posedness of a class of generalized mixed hemivariational-variational inequalities. Nonlinear Anal RWA
2019;48:424-44.
[2] Bai YR, Migérski S, Zeng SD. A class of generalized mixed variational-hemivariational inequalities I: existence and uniqueness results. Comput Math
Appl 2020;79:2897-911.
[3] Barbu V, Korman P. Analysis and control of nonlinear infinite dimensional systems. Boston, Academic Press; 1993.
[4] Clarke FH. Optimization and nonsmooth analysis. Wiley, Interscience, New York; 1983.
[5] Denkowski Z, Migérski S, Papageorgiou NS. An introduction to nonlinear analysis: theory. Kluwer Academic/Plenum Publishers, Boston, Dordrecht,
London, New York; 2003.
[6] Denkowski Z, Migérski S, Papageorgiou NS. An introduction to nonlinear analysis: applications. Kluwer Academic/Plenum Publishers, Boston, Dordrecht,
London, New York; 2003.
[7] Duvaut G, Lions JL. Les inéquations en mécanique et en physique. Dunod, Paris; 1972.
[8] Giannessi F, Khan AA. Regularization of non-coercive quasi variational inequalities. Control Cyber 2000;29:91-110.
[9] Han W. Numerical analysis of stationary variational-hemivariational inequalities with applications in contact mechanics. Math Mech Solids
2018;23:279-93.
[10] Han W, Migérski S, Sofonea M. A class of variational-hemivariational inequalities with applications to frictional contact problems. SIAM ] Math Anal
2014;46:3891-912.
[11] Han W, Sofonea M, Barboteu M. Numerical analysis of elliptic hemivariational inequalities. SIAM J Numerical Anal 2017;55:640-63.
[12] Han W, Sofonea M, Danan D. Numerical analysis of stationary variational-hemivariational inequalities. Numer Math 2018;139:563-92.
[13] Han W, Zeng SD. On convergence of numerical methods for variational-hemivariational inequalities under minimal solution regularity. Appl Math Lett
2019:105-10.
[14] Khan AA, Motreanu D. Existence theorems for elliptic and evolutionary variational and quasi-variational inequalities. ] Optim Theory Appl
2015;167:1136-61.
[15] Kuratowski K. Topology, vol. I. New York: Academic Press; 1966.
[16] Liu ZH, Migérski S, Zeng SD. Partial differential variational inequalities involving nonlocal boundary conditions in banach spaces. ] Differential Equa-
tions 2017;263:3989-4006.
[17] Liu ZH, Motreanu D, Zeng SD. Generalized penalty and regularization method for differential variational-hemivariational inequalities. SIAM ] Optim
2021;31:1158-83.

18


http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0001
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0001
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0001
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0001
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0002
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0002
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0002
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0002
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0003
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0003
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0003
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0004
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0004
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0005
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0005
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0005
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0005
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0006
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0006
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0006
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0006
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0007
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0007
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0007
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0008
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0008
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0008
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0009
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0009
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0010
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0010
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0010
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0010
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0011
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0011
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0011
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0011
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0012
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0012
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0012
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0012
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0013
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0013
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0013
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0014
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0014
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0014
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0015
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0015
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0016
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0016
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0016
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0016
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0017
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0017
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0017
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0017

J. Cen, L. Li, S. Migorski et al. Commun Nonlinear Sci Numer Simulat 103 (2021) 105998

[18] Liu ZH, Motreanu D, Zeng SD. Positive solutions for nonlinear singular elliptic equations of p-Laplacian type with dependence on the gradient. Calc
Var Partial Differential Equations 2019;58:1:22.

[19] Liu ZH, Motreanu D. A class of variational-hemivariational inequalities of elliptic type. Nonlinearity 2010;23:1741-52.

[20] Liu ZH, Motreanu D, Zeng SD. Nonlinear evolutionary systems driven by mixed variational inequalities and its applications. Nonlinear Anal RWA
2018;42:409-21.

[21] Liu ZH, Motreanu D, Zeng SD. Nonlinear evolutionary systems driven by quasi-hemivariational inequalities. Math Meth Appl Sci 2018;41:1214-29.

[22] Liu ZH, Zeng SD, Motreanu D. Evolutionary problems driven by variational inequalities. ] Differential Equations 2016;260:6787-99.

[23] Liu ZH, Zeng SD, Motreanu D. Partial differential hemivariational inequalities. Adv Nonlinear Anal 2018;7:571-86.

[24] Migérski S, Ochal A. Boundary hemivariational inequality of parabolic type. Nonlinear Analysis Theory Methods and Applications 2004;57:579-96.

[25] Migérski S, Ochal A, Sofonea M. Nonlinear inclusions and hemivariational inequalities. models and analysis of contact problems. Advances in Mechanics
and Mathematics, 26. New York: Springer; 2013.

[26] Migérski S, Ochal A, Sofonea M. A class of variational-hemivariational inequalities in reflexive banach spaces. ] Elasticity 2017;127:151-78.

[27] Migoérski S, Zeng SD. Hyperbolic hemivariational inequalities controlled by evolution equations with application to adhesive contact model. Nonlinear
Anal RWA 2018;43:121-43.

[28] Migérski S, Zeng SD. A class of differential hemivariational inequalities in banach spaces. ] Global Optim 2018;72:761-79.

[29] Migérski S, Zeng SD. Rothe method and numerical analysis for history-dependent hemivariational inequalities with applications to contact mechanics.
Numer Algor 2019;82:423-50.

[30] Migorski S, Khan AA, Zeng SD. Inverse problems for nonlinear quasi-variational inequalities with an application to implicit obstacle problems of
p-laplacian type. Inverse Probl 2019;35. ID 035004

[31] Migérski S, Khan AA, Zeng SD. Inverse problems for nonlinear quasi-hemivariational inequalities with application to mixed boundary value problems.
Inverse Probl 2020;36. ID 024006

[32] Migorski S, Sofonea M, Zeng SD. Well-posedness of history-dependent sweeping processes. SIAM ] Math Anal 2019;51:1082-107.

[33] Naniewicz Z, Panagiotopoulos PD. Mathematical theory of hemivariational inequalities and applications. Marcel Dekker, New York, Basel, Hong Kong;
1995.

[34] Panagiotopoulos PD. Nonconvex problems of semipermeable media and related topics. Z Angew Math Mech (ZAMM) 1985;65:29-36.

[35] Panagiotopoulos PD. Hemivariational inequalities, applications in mechanics and engineering. Springer-Verlag, Berlin; 1993.

[36] Sofonea M, Matei A. Mathematical models in contact mechanics. London Mathematical Society Lecture Notes, Cambridge University Press; 2012.

[37] Sofonea M, Migérski S. Variational-hemivariational inequalities with applications. Chapman & Hall/CRC, Boca Raton 2017.

[38] Tang GJ, Huang NJ. Existence theorems of the variational-hemivariational inequalities. ] Global Optim 2013;56:605-22.

[39] Zeidler E. Nonlinear functional analysis and applications. New York: II A/B, Springer; 1990.

[40] Zeng B, Liu ZH, Migérski S. On convergence of solutions to variational-hemivariational inequalities. Z Angew Math Phys 2018;69:87.

[41] Zeng SD, Liu ZH, Migédrski S. A class of fractional differential hemivariational inequalities with application to contact problem. Z Angew Math Phys
2018;69(36):23.

[42] Zeng SD, Liu ZH, Migoérski S, Yao JC. Convergence of a generalized penalty method for variational-hemivariational inequalities. Commun Nonlinear Sci
Numer Simulat 2021;92. ID: 105476

[43] Zeng SD, Migérski S. A class of time-fractional hemivariational inequalities with application to frictional contact problem. Commun Nonlinear Sci
Numer Simulat 2018;56:34-48.

[44] Zeng SD, Migérski S, Khan AA. Nonlinear quasi-hemivariational inequalities: existence and optimal control. SIAM ] Control Optim 2021;59:1246-74.

[45] Zeng SD, Migérski S, Liu ZH. Well-posedness, optimal control, and sensitivity analysis for a class of differential variational-hemivariational inequalities.
SIAM ] Optim 2021. Accepted

[46] Zeng SD, Bai YR, Gasinski L, Winkert P. Existence results for double phase implicit obstacle problems involving multivalued operators. Calc Var Partial
Differential Equations 2020;59(5):18. Paper No. 176

[47] Zeng SD, Migoérski S, Liu ZH. Nonstationary incompressible navier-stokes system governed by a quasilinear reaction-diffusion equation. Sci China Math
2021. doi:10.1360/SCM-2020-0396.

[48] Zeng SD, Bai YR, Gasinski L. Nonlinear nonhomogeneous obstacle problems with multivalued convection term. ] Geom Anal 2021. Accepted.

19


http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0018
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0018
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0018
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0018
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0019
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0019
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0019
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0020
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0020
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0020
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0020
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0021
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0021
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0021
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0021
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0022
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0022
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0022
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0022
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0023
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0023
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0023
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0023
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0024
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0024
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0024
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0025
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0025
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0025
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0025
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0026
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0026
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0026
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0026
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0027
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0027
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0027
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0028
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0028
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0028
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0029
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0029
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0029
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0030
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0030
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0030
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0030
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0030
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0031
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0031
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0031
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0031
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0031
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0032
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0032
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0032
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0032
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0033
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0033
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0033
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0034
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0034
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0035
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0035
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0036
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0036
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0036
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0037
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0037
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0037
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0038
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0038
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0038
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0039
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0039
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0040
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0040
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0040
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0040
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0041
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0041
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0041
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0041
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0042
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0042
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0042
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0042
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0042
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0042
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0043
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0043
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0043
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0044
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0044
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0044
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0044
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0045
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0045
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0045
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0045
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0045
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0046
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0046
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0046
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0046
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0046
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0046
https://doi.org/10.1360/SCM-2020-0396
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0048
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0048
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0048
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0048
http://refhub.elsevier.com/S1007-5704(21)00310-5/sbref0048

	Convergence of a generalized penalty and regularization method for quasi-variational-hemivariational inequalities
	1 Introduction
	2 Preliminaries
	3 General existence and convergence results
	4 Elliptic problem with mixed boundary conditions and obstacle effect
	Credit Author Statement
	Declaration of Competing Interest
	Acknowledgement
	References


